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AMERICAN  MATHEMATICAL  SOCIEfty 


SURFACES  OF  REVOLUTION  OF  MINIMUM 
RESISTANCE. 


The  problem  of  finding  the  surface  of  revolution  of  minimum 
resistance  may  be  thought  of  as  the  oldest  problem  of  the 
calculus  of  variations.  A  first  solution  was  given  by  Newton* 
in  1686.  It  has  since  been  considered  by  L'Hospital,  August, 
Silvabelle,  Kneser,  and  others.  The  results  obtained  by  these 
writers  are  based  on  the  Newtonian  law  of  resistance,  which 
states  that  the  resistance  R  is  given  by  the  formula 
fi  =  /.  sin^  a, 

where  /  is  the  force  and  a  the  angle  which  the  line  of  force 
makes  with  the  tangent  to  the  surface  at  the  point  of  applica- 
tion. However,  physical  experiment  does  not  always  verify 
this  law.  Especially  does  it  failf  when  the  angle  a  is  small. 
As  a  result  of  this,  several  different  laws  of  resistance  have 
been  given;  some  being  derived  mathematically,  others  being 
stated  as  verifying  experiment.  Amone  these  the  laws  of 
von  Lossl,t  Duchemin,§  and  Kirchhoff|{  have  received  the 
greater  notice.     They  are  given  by  the  following  formulas: 

B  =  }Ana,    R=f^^^.    «-/''  +  ""'■". 
'  1  +  sm'  a  4  +  x  sm  a 

*See  Principia  Philosophise  Naturalis,  II;  Sect,  vii,  Prop,  xxxiv, 
Scholium. 

t  For  an  account  of  the  various  phyaical  causes  underlying  this,  see 
Eneyklop&die  der  mathematiechen  Wissenschaft^n,  IV,  17,  H  4,  5,  6. 

t  F.  V.  Loasl,  Die  Luftwiderstandsgesetze,  Wien,  1896,  p.  96. 

I  Duchemin,  Experimentaluntereuchungen  Uber  den  Wideretand  der 
FlQssigkeiten,  Braunschweig,  1844,  p.  101.  This  law  has  been  verified 
by  Luwley,   Experimento  m  Aerodynamics,  Washington,   1891,  p.  101. 

U  G.  KirchhoS,  Journal /lir  Mathematik,  vol.  70  (1869). 


-obvGoo»^lc 


2  .  -'sOaFACBB  OP  BEVOLUTION.  [Oct., 

The  pre36q^'paper  had  its  origin  in  a  study  of  the  surfaces  of 
revolutibn  resulting  from  these  separate  laws.  In  each  case 
it  w{ij-{ouhd  that  the  curve  determining  the  surface  had  pro- 
pei:fi^^<iuite  analogous  to  those  of  the  newtonian  curve.  This 
.nirtiilfally  suggested  the  determination  of  a  general  law  of 
.,  'instance  having  properties  which  would  include  the  preceding 
'''As  special  cases.  Such  a  taw  is  stated  in  §1.  In  this  section 
the  discussion  of  the  properties  of  the  curves  resulting  from 
this  law  is  given.  In  the  following  three  sections  the  theory  of 
the  special  cases  will  be  taken  up  in  the  order  mentioned  as 
applications  of  the  general.  This  general  case  also  includes 
the  newtonian  law  of  resistance  and  from  it  the  well  known 
results*  for  this  law  can  be  obtained. 

§  1.    Surface  qf  Revolution  of  Minimum  Remtiance  for  a 

General  Law  of  Resistance. 
In  formulating  the  problem  it  will  be  supposed  that  the 
surface  is  formed  by  the  revolution  of  an  arc  AB 

x  =  x{t),    y  =  y(t)  ih^t^k). 

about  the  .T-axis,  where  the  point  A  is  taken  at  the  origin  and 
B  in  the  interior  of  the  first  quadrant.  The  direction  cosines 
of  the  tangent  are  then  given  by  the  expressions  a;' (I)  and  y'(0. 
Let  this  arc  be  such  that  y>0  except  for  (  =  (i.  Further  it 
will  be  supposed  that  the  body  moves  in  the  direction  of  the 
negative  X-axis  with  constant  velocity. 

Consider  then  the  surface  resulting  from  the  law  of  resistance 
expressed  by  the  formula 

(1)  «=/■«■(!'.»'), 

where  the  function  <p{3f,  y')  is  homogeneous  and  of  dimension 
zero  in  x'  and  'tf,  and  /  again  represents  the  force.  It  is  readily 
shown  that,  aside  from  a  numerical  factor,  which  is  indepen- 
dent of  the  form  of  the  curve,  the  resistance  is  given  by  the 
definite  integral 

(2)  J~fy^ri^,^)Si. 

However  from  physical  considerationsf  it  is  necessary  to  limit 

*  For  a  very  complete  suminai^  of  the  work  done  on  this  claameal  problem 
Bee  BoUa,  Vorlesungen  fiber  VarUtionsrechung,  pp.  407-418. 
t  See  August,  Jcnmcd  far  MathemOik,  vol.  103  (1888),  p.  1. 
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the  discussion  to  curves  such  that  along  the  arcs  AB  odc  has 

x'SO,    /SO. 

Consequently  the  problem  under  consideration  may  be  stated 
thus; 

Among  all  ordinary  eunea  which  go  from  the  origin  A  to  d 
■point  B  given  in  the  inierior  of  the  first  quadrant  and  which 
be*idea  aatiafying^  the  regional  rettriction 

(3)  y^>  0    for    ti<tSii 
aho  aaiiify  the  slope  condition 

(4)  a/SO,    y'SO    for    d^fSfe, 

it  is  required  to  find  that  one  whieh  minimizes  the  integral  (2), 
Since  the  restriction  has  been  made  that  the  expression 
f>(z',  y")  is  homogeneous  and  of  dimension  zero  it  follows  that 
it  can  be  written  as  a  function  of  q,  say  v>(9)  tot  simplicity, 
where 

(5)  q  =  x'ly'  =  cot  0. 

0  b^g  the  angle  which  the  tangent  makes  with  the  positive 
X-axis. 
The  following  restriction  will  now  be  imposed  on  the  function 

Its  derivative  p'(g)  firal  decreases  continwmaly  from  zero  to  a 
finite  minimum  value  and  then  constantly  increases  to  the  value 
zero  as  q  increases  from  0  io  +  *  ■ 

Graphically  the  function  ip'(,q)  is  as  shown  in  Fig.  1.  If  c 
denotes  the  value  of  q,  when  ip'{q)  has  its  minimum,  then 
ip'(,q)  assumes  all  values  between  0  and  p'(c)  twice. 

These  conditions  are  fulfilled  in  all  the  special  cases  to  be 
considered. 
Suppose  now  that  an  arc  of  the  minimizing  curve  is  con- 
sidered which  is  of  class  C  and  such  that 

(6)  I*  >  0,    y'  >  0. 

This  arc  must  then  satisfy  the  Eulcr  differential  equation, 
from  which  it  follows  that  a  first  integral  is  given  by  the 
equation 

(7)  iw'd*»(«'.  v')/a*'  -  yv'ia)  =  -  a. 
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where  a  is  a  constant  of  integration  which  must  be  positive  on 
account  of  the  above  conditions.    Hence  it  follows  that 


'fi'i.q) 


=  aY{q). 


But  from  the  relation  (5)  ^  is  seen  to  have  the  value 


■p'^ii) 


•!</■ 


and  therefore  x  is  of  the  form 


-aX{q)  +  h,     X{q)=    f^?' 
J   v'  (9) 


The  two  equations 

(8)  x=aX{q)  +  h,     y=aY{q), 

furnish  the  most  general  solution  of  the  Euler  differential 
equations  in  terms  of  the  parameter  q,  when  the  inequality 
(G)  is  satisfied. 

But  in  as  much  as  the  general  extremal  can  be  obtained  from 
the  special  curve 


(9) 


X  =  X(,) 


J    p'  (o) 


Y  -  y(q)  . 


by  means  of  the  similarity  transformation 
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(10)  x=aX+b,    y=aY, 

it  is  only  oecessary  to  study  the  special  curve  (9)  in  order  to 
find  the  general  properties  of  the  extremal  curve. 

In  order  to  discuss  the  curve  (9)  the  derivatives  will  be 
computed  and  the  eitpression  for  the  curvature  determined 
under  the  assumption  that  both  X  and  Y  are  infinite  for 
q  =  +  Q  and  q  =  +  <x>.    It  is  readily  verified  that 


A-  =  ^^q,  r-  =  - 

(10)    jc»^^V"+g/^--2g/-'^     j,,,^. 


f'^iq) 


Fio.2. 

Hence  the  curve  has  a  cusp  when  >fi"{q)  =  0.  Let  the  corre- 
sponding value  of  g  be  9  =  c.  Further,  for  the  range  of 
values 

OSqSc 

the  curve  has  an  infinite  branch  which  is  convex  towards  the 
^-axis,  and  for 

c^q  <  +00 
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6  aUBFACEB  OF  KETOLDTION.  [Oct., 

an  infinite  branch  concave  towards  the  X-axis.    The  curve  is 
then  as  shown  in  Fig.  2. 

However  the  Legendre  condition,  Fi  ^  0,  shows  that  the 
following  inequality  must  hold 


This  excludes  the  possibility  of  the  convex  arch  of  the  curve 
ever  furnishing  a  minimum  and  thus  leaves  only  the  concave 
arch  to  be  considered. 

Further  consideration  shows  that  in  general  the  Weierstrass 
condition  excludes  a  part  of  this  arch.  For  recalling  the 
definition  of  the  Weierstrass  £J-function,  viz., 

Eix,  y.  y,  /;  x',  f)  =  F(x.  y.  ^,  y') 

-  [i'/*.-  {X.  y,  x>,  /)  +  yf^.  Car,  y,  x>,  /)] 

it  is  seen  that  in  this  case 

£(«,  y\  x!,  /;  ?,  ff')  =  ^'  I  v(x',  yO  -  <p{x!,  y') 

-f,y'v^{x^.y')-y'v^(.x',y')^ 

=  yy'iviq)  ~  *>(?)  -  [9  -  9lv'(?)|. 

Since  however  y  and  y'  are  both  positive,  it  is  seen  that  the 
£-function  will  be  positive  under  the  following  condition: 

(11)  *{?)  -  v>(q)  -  f(q)  -Iq-  Vl/C?)  S  0, 

for  c  ^  g  <  +  00  and  0  S  9  <  +  00. 
Consider  now  the  derivative  of  *(?)■    This  is 

*'(?)  =  •p'iq)  -  f'(q)- 

From  the  graph  of  <p'(q}  it  follows  that  the  second  term  of  the 
above  derivative  is  always  positive,  while  ¥''(9)  is  always 
negative,  decreasing  from  zero  to  a  finite  negative  value  when 
q=  c  and  then  increasing  to  0  as  9  approaches  infinity. 
Hence  for  any  fixed  value  of  q  in  the  range  cSq<  +00  the 
derivative  *'(g)  is  first  positive  in  an  interval  0  ^  j  <  90, 
where  go  is  the  value  of  q  which  makes  ip'(q)  =  v'(q).  Then 
in  the  interval  qo<  qSq  the  derivative  is  negative.  Finally 
for  q  Sq  <  +00  the  derivative  is  again  positive.    Hence 
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in  these  intervals  the  function  #(9)  first  increases,  then  de- 
creases to  the  value  0  and  agun  increases,  as  shown  in  Fig.  3. 


Therefore  in  order  that  *(?)  may  always  be  positive  it  it 
ythat 


(12)  v»(0)  -  *'(9)  +  ?*/(?)  S  0  for  c  g  ?  <  +  « ; 

i.  e.,  if  <p(0)  —  v(,c)  +  cv'ic)  ^  0,  then  tke  Weisrstrass  condition 
is  satisfied  at  each  point  of  the  coTieave  arch  of  the  curve  and  a 
strong  minimum  resvUs.    If  however 

(13)  *.(0)  -  vie)  +  cv'(c)  <  0, 

then  the  equation 

(14)  *,(0)  -  p(9)  +  gv'iq)  =  0 

has  one  root  d>  e  and  the  Weierstrasa  condition  requires  that 
qS:d.  Only  that  part  of  the  concave  arch  beyond  the  point 
where  q  =  d  furnishes  a  strong  mimmum. 

§  2.  The  von  LSssl  Surface, 
In  case  the  law  of  re^stance  is  taken  as  that  of  von  Lossl 
equation  (1)  becomes 

R  =  /-sin  6, 
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and  the  curves  defining  the  surface  of  revolution  must  be 
found  among  those  which  minimize  the  definite  integral 


(15) 


=r 


x"  +  / 


A  first  integral  of  Euler's  equation  follows  at  once  and  the 
equations  of  the  extremal  curves  in  terms  of  the  parameter 
q  are  

i-«ri(9=+i)'-(?"+i)>+iog5^^^^9^]+'' 

(16)  ^  1  A 

"  q 

In  order  to  find  the  value  of  q  for  which  the  extremal  has  a 
cusp  it  is  necessary  to  solve  the  equation 

«>"(«)  -  0 
for  g,  where 


W?)  = 


Vg'+l 


This  condition  requires  that  2q'  —  I  =  0.  So  for  this  problem 
c  =  111^2  and  therefore  the  angle  which  the  cusp  tangent 
makes  with  the  X-axis  is 

0  =  54"  44'. 

But  not  all  of  the  concave  arch  furnishes  a  minimum,  for  it 
can  be  verified  that  the  inequality  (13)  is  satisfied.  Hence  in 
order  to  find  where  the  minimum  actually  begins  it  is  necessary 
to  solve  the  equation  resulting  from  (14),  viz., 

(17)  (g^+i)l_2(y^+l)+l  =  0. 

This  is  a  cubic  of  the  form 

a^  -  2a:  +  1  ■  Car  -  IKx'  -  x  -  1)  =  0, 

where  ((f  +  1)*  has  been  replaced  by  x.  The  value  x  =  I 
is  at  once  excluded  since  this  would  mean  that  q  had  the  value 
zero.  Solving  the  quadratic  factor  for  x  and  taking  the  posi- 
tive root,  it  is  at  once  verified  after  substituting  that  q  has  the 
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value  q  —  1.2719  +  m  d  and  the  corresponding  value  of  0  is 

0  =  38°  10'  +. 

Hence  beyond  the  point  where  0  has  thia  value  the  von  L&aalian 
curve  fumiakes  a  ttrong  minimum. 

Further  consideration  shows*  that  if  the  inequalities  (6)  are 
not  satisfied  on  an  arc  of  the  minimizing  curve,  then  this  arc 
is  a  segment  of  the  straight  line  x  =  constant  or  j/  =  constant. 
Consequently,  if  a  minimizing  curve  exists  it  must  be  com- 
posed of  a  finite  number  of  combinations  of  von  Losslian  curves 
and  segments  of  these  straight  lines.  But  it  is  found  on 
applj'ing  the  comer  condition  for  discontinuous  solutions  that 
the  only  combination  which  satisfies  all  the  conditions  is  the 
one  where  a  portion  of  the  ^axis  is  followed  by  a  von  Losslian 
curve. 

Finally,  by  a  method  similar  to  that  given  by  Kneserf  for 
the  newtonian  problem  it  can  be  shown  that  through  each 
point  Pj  in  the  interior  of  the  first  quadrant  there  passes  one 
and  but  one  von  Losslian  curve  which  makes  the  angle  38°  10'  + 
wiih  the  positive  x-axis  at  its  initial  point  in  the  positive  y-axis. 

§  3.   The  Duchemin  Surface. 
For  Duchemin's  law  of  resistance, 
2 -sing 
'*"■'' I  +  sin»  9' 
aside  from  a  constant  factor,  the  resistance  integral  is 


^*i  x'  +  2y' 


Expressed  in  terms  of  the  parameter  q,  the  minimizing  curve 
13  then  found  to  have  the  equations 


(18) 

y=a 


{i(2^-.)tf+l)'+M+6.ogi±^+i, 
(<'  +  2)V+l)' 


*  This  statemeDt  cao  be  proved  by  a  discusuon  quite  analogous  to  that, 
found  in  Bolu,  1.  C,  p.  412. 

t  Arehiv  der  Matkanatik  und  Phynk,  ser.  3,  vol.  2  (1902),  p.  273. 
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Since  in  this  case  

the  equation  which  gives  the  cusp  is 

(19)  2^  -  35=  -  6  -  0. 

From  this  it  is  seen  that 

,      3  +  1/57 
f ^. 

■and  therefore  the  angle  which  the  cuspidal  tangent  makes  with 
the  J-axis  is 

e  =  31°  37'. 

Again  it  is  at  once  veriBed  that  not  all  of  the  concave  arch 
furnishes  a  mimmum.  In  order  to  find  </  it  is  necessary  to 
Bolve  the  eqiution 


<20) 


1  _  l-V  +  1 /   _ 

2  3^  +  2        (9*  +  2)Wq'  +  1 


After  reduction  by  the  substitution  of  x  for  V'if  +  1,  equation 

(20)  assumes  the  form 

(21)  (x  -  1)V  -  2x»  -  3i  -  2)  =  0. 

The  value  a:  =  1  is  again  excluded  and  the  positive  root  of 
the  cubic  is  found  to  be 


from  which 
and  therefore 


=  18" 


Hence  the  concave  arch  of  the  curve  beyond  the  point 
where  8  =  18°  30*  furnishes  a  oiinimum. 

As  in  the  first  example,  the  most  general  solution  is  found 
to  consist  of  a  portion  of  the  ^axis  followed  by  one  of  the 
above  curves.  Furthermore  there  is  always  a  unique  deter- 
mination of  the  constants  for  such  curves  when  only  the  part 
of  the  curve  furnishing  a  strong  minimum  is  considered. 
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§4.  The  Kirchhoff  Surface. 

According  to  Kirchhoff,  the  law  of  resistance  should  be 

D      t    (4  +  t)  sin  g 


Neglecting  a  constant  factor  which  does  not  affect  the  shape 
of  the  minimizing  curve,  the  resistance  integral  is  found  to  be 


-r^ 


-^ — .<. 


where  e  =  ir. 
The  equations  of  the  minimizing  curve  are  then  found  to  be 

*-«[-*(«■+  1)'  +  (1  +  VX?"  +  n>  +  ef 
<22)  +(,  +  ^)i„gl±!^l+_?f-2elog,]  +  i. 


From  the  value  of  <p{q)  it  is  found  that  the  equation  defining 
the  cusp  value  of  q  is 

(23)  2a*  -  ar  -  .7854  =  0, 

where  again  Vl  +  if  has  been  replaced  by  x.    The  positive 
root  of  this  equation  is  found  to  be 

X  =  1.34603 

and  hence  q  =  c  =  .90098.    Therefore  at  the  cusp  the  tangent 
makes  an  angle 

e  =  47"  59' 

with  the  positive  ^-axis. 

However  the  inequality  (13)  is  again  satisfied  and  so  the 
root  d  of  equation  (14)  must  be  found.  For  this  problem  the 
equation  (14)  becomes 

a»-2a^-ear+I  +  e=  (x-  l){x*-  I-  (l  +  fi)i  =0, 

where  x  has  the  same  meaning  as  above.     The  root  x  =  1  does 
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not  satisfy  the  previous  conditions.    The  positive  root  of  the 
quadratic  factor  is 

X  =  1.9266. 
From  this 

qmd='  1.64676 
and  therefore 

e  =  31°  16'. 

Hence  the  concave  arch  of  the  curve  (22)  furnishes  a  minimum 
for  the  integral  J  beyond  the  point  where  the  tangent  makes  an 
angle  of  31°  16'  with  the  positive  x-axis. 

A  statement  similar  to  those  in  the  two  preceding  sections 
regarding  the  most  general  solution  and  the  determination  of 
the  constants  holds  for  this  problem. 

It  should  be  noted  that  in  neither  of  the  three  cases  con- 
sidered is  the  angle  9  corresponding  to  q=  d  bs  large  as  that 
of  the  newtonian  problem  where  d  =  45".  So  whether  or  not 
the  newtonian  law  fails  for  small  values  of  the  angle  a,  it  is 
certain  that  these  laws  hold  only  for  smaller  values  of  the 
angle  than  in  the  newtonian  problem. 
Sheffield  Scientific  School, 
Vaix  UmvEBfliTT. 


SHORTER  NOTICES. 

Les  Systimes  d'Equationa  aux  Dirivies  partielles.  By 
Charles  Riquier.  Paris,  Gauthier-Villars,  1910.  xxvii 
+  590  pp. 

DtTRiNG  the  past  twenty  years  Professor  Riquier  has  pub- 
lished a  large  number  of  memoirs  on  the  theory  of  systems  of 
partial  differential  equations.  The  main  results  of  his  inves- 
tigations are  now  made  more  accessible  to  mathematicians 
by  incorporating  them  in  a  systematic  treatise  where  they  are 
presented  from  a  uniform  point  of  view.  The  theory  of  the 
most  general  system,  containing  any  number  of  equations 
involving  any  number  of  functions  of  any  number  of  inde- 
pendent variables  with  their  partial  derivatives  of  arbitrary 
order — is  naturally  extremely  difficult,  and  the  author  is  to 
be  congratulated  for  the  clearness  of  his  treatment.  The 
symbolism  and  terminology  are  carefully  chosen,  the  main 
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theorems  are  stated  in  italics,  and  the  proofs,  which  are  some- 
times very  long — that  for  the  convei^ence  of  the  integrals 
of  an  orthonome  system,  for  example,  occupies  thirty  pages — 
are  divided  into  numbered  parts,  so  that  the  reader  may 
catch  his  breath. 

Five  of  the  fourteen  chapters  into  which  the  work  is  divided 
are  of  general  introductory  nature,  dealing  with  continuity, 
series  in  general  and  power  series,  olotrope  functions,  analytic 
prolongation,  implicit  functions.  The  treatment  is  confined 
to  ideas  and  results  used  in  the  sequel.  These  chapters 
really  constitute  a  fairly  complete  treatment  of  the  theory  of 
analytic  functions.  The  author  follows  M6ray  in  general 
— Weierstrass  is  not  mentioned — but  finds  it  convenient  to 
modify  M^ay's  definition  of  an  olotrope  function  by  requiring 
that  the  region  in  which  the  function  is  defined  shall  be  normal 
(that  is,  any  two  points  can  be  connected  and  every  point  is 
interior).  The  chapter  on  implicit  functions  is  very  elaborate, 
covering  almost  fifty  pages.  From  the  outset  the  author 
considers  functions  of  n  variables,  which  may  be  real  or  com- 
plex. 

The  dbcussion  of  analytic  prolongation  (calcul  par  chem- 
inement)  is  rather  meager.  The  difficult  subject  of  the  pro- 
longation of  the  solutions  of  partial  differential  equations 
is  treated  in  a  few  of  the  author's  memoirs,  but  as  the  results 
are  incomplete  this  aspect  of  the  theory  is  not  included  in  the 
present  treatise. 

In  order  to  economize  space  the  author  finds  it  necessary 
to  introduce  a  large  number  of  new  technical  terms.  For 
example,  a  set  of  n  integers  ai,  at,  ■  ■  ■ ,  o,  is  said  to  be  of  taxe 
inferieure  to  another  set  61,  61,  ■  ■  • ,  6»  provided  the  first  non- 
vanishing  difference  oi  —  ii,  oj  —  fc2,  ■■■,  a„  —  bn  is  negative. 
Again,  if  two  systems  of  analytic  equations  (numerical  or 
d^erential)  are  such  that  each  equation  of  the  one  system 
can  be  obtained  by  adding  multiples  of  the  equations  of  the 
other  system  (the  factors  being  arbitrary  analytic  functions), 
the  two  systems  are  said  to  be  in  correlation  multiplicatolre. 
An  index  of  these  terms  would  have  been  of  distinct  value. 

The  theory  of  partial  differential  equations  here  presented 
deals  exclusively  with  power  series.  Its  object  is  to  complete 
the  discussion  of  the  Cauchy-Kowalewski  existence  theorems. 
The  boundary  value  problem  is  thus  excluded.  The  first  step 
is  to  show  that  for  given  initial  conditions  series  can  be 
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calculated  which  formally  satisfy  the  given  differential  equa- 
tions; the  second  step  is  to  show  that  the  series  are  convergent. 
This  is  carried  out  for  orthonome  systems  (including  the 
Kowalewski  type  as  a  very  special  case)  in  Chapter  VII; 
the  results  ore  extended  and  simplified  in  various  directions  in 
the  following  chapters.  Be^des  the  general  theory  the  author 
includes  two  important  applications  illustrating  the  advantage 
of  his  methods:  the  finite  deformations  of  a  continuous 
medium,  and  the  determination  of  orthogonal  curvilinear 
coordinates,  both  for  n  dimensions. 

In  the  final  chapter  it  ia  shown  that,  given  any  system  of 
equations,  it  is  possible  by  a  finite  number  of  steps  to  find  out 
whether  the  system  is  incompatible  or  compatible;  and  in 
the  latter  event  to  reduce  it  to  an  equivalent  completely 
integrable  system  whose  general  solution  involves  a  finite 
number  of  arbitraries  (functions  or  constants).  The  opera- 
tions involved  in  the  reduction  are  those  that  Lie  describes 
as  performable,  namely,  differentiations  and  eliminations. 
There  are  certain  unsettled  difficulties  as  to  the  implicit 
functions  which  arise  in  the  reduction.  The  author  states 
(page  557):  "la  trds  grande  g£n6ralit&  du  probldme  pos£  ne 
nous  permettra  d'obtenir,  dans  les  raisonnements  qui  vont 
suivre,  ni  une  rigueur  absolue,  ni  une  precision  irreprocbable." 

In  discussing  the  degree  of  generality  or  the  degree  of 
infinitude  of  the  solution  of  partial  differential  equations,  the 
reviewer  has  found  the  following  notation  very  convenient. 
I^t  the  symbol/,  denote  an  arbitrary  (analytic)  function  of  n 
independent  arguments;  in  particular  /,  denotes  an  arbitrary 
constant.  Then  the  number  of  particular  solutions  contained 
in  a  general  solution  involving  h  arbitrary  functions  of  m 
arguments  may  be  denoted  by 


For  example,  the  number  of  curves  in  a  plane  is  •*>■'' ;  the 
number  of  curves  in  space  is  oo^;  the  number  of  surfaces  in 
space  is  oo^«;  the  number  of  surfaces  of  revolution  is  oo-''+*'», 
liat  is,  00''+*,  since  00'°  is  the  same  as  oo'.  The  notation  is 
capable  of  abuse  and  its  chief  value  is  heuristic. 

Certain  fundamental  questions  of  dimensionality  suggest 
themselves.  Thus,  it  is  known  that  the  manifolds  w"  and  «", 
n>  m,  are  distinct  in  the  sense  that  no  continuous  one-to-one 
correspondence  can  be  established  between  them.    This  is 
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in  all  probability  true  for  the  manifolds  oo"-'',  oo'^',  n>  m; 
and  for  «/',  oo*,  i>  j;  but  where  is  a  proof  to  be  found? 
The  question  is  of  interest  both  for  analytic  functions  and 
for  general  continuous  functiobs. 

Edward  Kasnbr. 

Vorleaungen  aber  avsgewdhUe  Gegenat&nde  der  Geometrie.  Erstes- 

Heft:  Ebens  analytische  Kunen  und  zu  ihnen  gekdrige  Ab- 

bUdungen.    Von  E.  Stddt.    Leipzig,  Teubner,  1911.     126 

pp.    M.  4.  80. 

As  the  title  indicates,  this  monograph  contains  the  first  part 
of  a  series  of  lectures  on  a  number  of  selected  geometric  topics 
and  deals  with  the  geometry  in  the  complex  domain,  defined 
as  a  carte^an  plane  with  ordinary  complex  numbers  as  co- 
ordinates. Points  of  such  a  domain  are,  for  example,  imagi- 
nary points  of  intersection  of  algebraic  curves. 

In  die  introduction  we  find  a  summary  of  von  Staudt's  famous- 
treatment  of  imaginary  elements  by  elliptic  involutions.  The 
disadvantage  of  this  method  is  that  in  order  to  apply  it  to  the 
solutions  of  even  some  very  simple  problems  concerning  posi- 
tional relations  a  very  clumsy  apparatus  has  to  be  set  in 
motion. 

It  is  therefore  desirable  to  devise  a  scheme  by  which  prob- 
lems involving  imaginaries  can  be  handled  in  a  simpler  and 
more  effective  manner.  This  is  exactiy  what  Study  accom- 
plishes in  a  very  thorough  manner  in  his  valuable  monograph. 

He  starts  out  by  defining  the  first  and  second  picture- 
(erstes  und  zweites  Bild)  of  an  imaginary  point  (f,  ij)  in  a 
plane.  Designating  by  ^  and  rj  the  conjugates  of  £  and  i],  the 
first  picture  is  obtained  as  the  real  pair  of  points  of  intersections 
of  the  left  and  right  handed  minimal  lines  through  (£,  ij)  and 
(J,  ri).  As  indicated  in  a  footnote  on  page  10,  this  representa- 
tion is  (apparently)  due  to  Laguerre.  It  is  well  to  state  at 
this  point  explicitly  that  as  a  pioneer  in  the  field  of  the  complex 
domain  Laguerre  accomplished  as  much  as  any  other  man  and 
may  be  justly  put  on  tiie  same  level  with  von  Staudt.  As 
early  as  1S53  Laguerre  found  the  remarkable  result  that  the 
radian  measure  of  an  angle  may  be  defined  as  the  product 
of  Jv'—  1  =  Ji  and  the  cross-ratio  formed  by  the  two  side* 
of  the  angle  and  the  isotropic  lines  through  its  vertex.  In  two- 
further  articles  "Sur  I'emploi  des  imaginaires  en  g^om^trie,"* 
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which  in  1870  also  appeared  in  the  NouveUet  Anrudes  de 
Math£matiques,  he  laid  the  foundation  of  the  theory  which 
Study  so  aptly  calls  geometry  in  tfae  complex  domain. 

In  this  connection  also,  the  author  ought  not  forget  to 
mention  the  valuable  contribution  of  Darboux  in  Sur  une 
Classe  remarquable  de  Courbes  et  de  Surfaces,*  in  which  by 
means  of  the  "points  associ^s,"  t  corresponding  to  Study's 
"  first  picture,"  he  established  the  focal  properties  of  conies  and 
generalized  cassinians  and  lemniscates. 

As  the  "second  picture"  (zweites  Bild)  Study  introduces  a 
second  couple  of  real  points  (Z,  W)  on  the  line  joining  (£,  ij) 
with  (J,  S),  which  have  the  same  middle  point  as  the  first  real 
couple  (z,  w)  and  whose  distance  differs  from  the  purely 
imaginary  distance  '(^  —  f)*+  {jj  —  ij)*  by  a  primitive 
fourth  root  of  unity.  According  to  Study,  this  idea  also  is 
not  new  and  may  be  traced  back  to  a  number  of  independent 
investigators.  The  credit  of  being  the  first  to  make  a  sys- 
tematic application  of  these  representations  to  geometry  is 
according  to  Study  due  to  Segre.J  Study  however  follows 
an  entirety  independent  path  leading  to  a  great  number  of 
original  views  and  results. 

Without  entering  into  a  detailed  account  of  the  rest  of  the 
subject  matter,  the  nature  and  scope  of  the  book  will  perhaps 
best  appear  from  an  explicit  statement  of  a  few  propositions. 

The  points,  z,  w,  Z,  W  form  the  vertices  of  a  square.  Evi- 
dently the  segment  ZiV  may  be  obtained  from  the  segment 
zw  by  turning  the  latter  about  its  middle  point  through  a 
positive  angle  Jtt.  This  periodic  process  which,  after  repeating 
it  four  times,  leads  to  identity  is  called  "positive  change  of 

front"  (positive  Schwenkung)  of  the  couple  zw.     The  process 

*  A.  UeriDaan,  Paris,  1st  ed.  1873, 2d  ed.  1896.  Davia,  in  the  University 
ot  Nebraska  Studies,  vol.  10,  pp.  1-58  (1910)  also  Rives  a  method  estab- 
liehii^  ft  (1,  1)  rorree^ndewce  between  im^nary  points  and  real  elements. 
Recently  Mathews  in  Proc.  London  Math.  Society,  vol.  10,  part  3, 
pp.  173-190  (1911)  has  established  a  similar  method. 

t  It  can  easily  be  shown  that  an  imafcinary  point,  its  conjugate,  and 
their  associated  real  couple  (eretes  Bild,  points  assorife)  may  be  represented 
by  the  intersections  of  two  orthogonal  equilateral  hyperbolas.  In  other 
words  every  imaginary  point  may  be  reprpscnted  by  two  real  orthogonai 
equilateral  hyperbolas.  The  tour  intersections  form  an  orthogonal  quad- 
rangle with  the  circular  paints  as  two  of  the  diagonal  points. 

t  "Un  nuovo  campo  di  rieerche  geometriche,"  Alii  di  Torino,  vol.  25, 
pp.  35-71,  vol.  26,  pp.  276-301,  430-*57,  692-612  (1899). 
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which  results  from  three  repetitions  he  calls  "negative  change 
of  front"  (negative  Schwenkung).  The  relations  between 
these  couples  lead  incidentally  to  some  interesting  kinematic 


If  two  opposite  vertices  of  a  variable  square  move  with 
constant  vdodties  on  two  straight  lines,  then  the  same  is  true 
of  the  other  vertices. 

If  two  oppodte  vertices  of  a  variable  square  move  in  the 
same  sense  on  two  circles  with  velocities  proportional  to  the 
radii,  then  the  same  is  true  of  the  other  vertices.  The  middle 
points  of  the  four  circles  also  form  a  square. 

The  principal  object  is,  of  course,  the  investigation  of 
analytic  curves  by  means  of  the  real  pictures.  An  analytic 
curve  consists  of  all  complex  points  and  only  of  such  points 
(with  finite  coordinates  io,  va)  in  whose  neighborhood  the  de- 
pendence of  (  and  I)  can  be  expressed  at  least  by  one  of  the 
developments 

n-uo -?((«-&}-)       (m=l,2,  ■■■  ), 
£-&=¥((i-W-)      (n=  1,2,-.-), 

where  the  ^'s  represent  convergent  power  series  with  positive 
integral  or  fractional  exponents,  wiUiout  a  constant  term. 

Every  complex  point  of  an  analytic  curve  may  be  represented 
by  either  its  first  or  second  picture.  If  this  is  done  for  all 
points  of  the  curve,  the  first  and  second  pictures  of  the  curve 
result,  whose  properties  appear  from  the  theorems: 

The  first  picture  of  an  analytic  curve  is  generally  any  real 
improper  (uneigenthch)  conformal  transformation  z-*w. 
The  second  picture  is  generally  a  special  real  proper  trans- 
formation preserving  areas  (flachentreue  Transformation). 

As  an  analytic  thread  (Faden)  Study  defines  with  Segre 
the  set  of  w'  complex  points  whose  picture  in  space  of  four 
dimensions  is  a  real  branch  of  an  analytic  curve.  An  analytic 
membrane  is  a  set  of  oo' complex  points  whose  fouinjimensional 
picture  is  a  real  sheet  of  an  analytic  surface. 

In  the  succeeding  articles  the  differential  elements  of  arcs 
in  the  first  and  second  picture,  the  points  of  special  behavior 
of  an  analytic  curve  and  its  pictures  are  discussed.  The 
ellipse  and  catenary  serve  as  examples. 

Finally  a  chapter  is  devoted  to  the  analytic  continuation  of 
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the  potential  function.  It  contains  aome  valuable  suggestions 
and  pertinent  remarks  on  the  legitimate  use  of  higher  complex 
number  systems.  It  is  shown  that  the  analytic  continuation 
through  the  bicomplex  domain,  for  instance,  cannot  yield 
anything  new  for  the  ordinary  complex  domain  which  cannot 
also  be  obtained  by  analytic  continuation  in  the  latter  domain. 

On  the  other  band  it  is  pointed  out  that  certain  systems  of 
complex  quantities,  which  do  not  obey  the  commutative  law 
of  multiplication  have  been  particularly  useful  for  the  applica- 
tions in  the  theory  of  groups  and  in  geometry.  "Accordingly 
we  must  beware  of  any  kind  of  dogmatism.  Science  disregards 
artificial  restrictions  and  acknowledges  only  its  own  laws,  but 
no  authorities." 

In  conclusion  it  is  shown  that  the  entire  projective  geometry 
in  space  may  be  interpreted  in  the  euclidean  plane  by  means  of 
the  real  point  couples  or  pictures.  A  number  of  suggestions 
are  also  made,  how  the  methods  used  by  the  author  may  be 
extended  to  space. 

The  little  book,  on  the  whole  very  carefully  prepared,  thus 
proves  very  profitable  reading  and  suggestive  for  further 
research. 

Arnold  Emch. 

Vector  Analysis.  By  J.  G.  Coffin.  Second  edition.  Wiley 
and  Sons,  New  York,  1911.  12mo.  xxii+262  pages.  S2.50. 
The  first  edition  of  this  book  was  reviewed  in  this  Bulletin, 
volume  17  (1910-11),  page  101.  The  present  edition  differs 
little  from  the  first,  the  important  additions  occurring  in  the 
examples  and  the  appendices.  Some  few  errors  have  been 
corrected,  and  a  few  statements  reworded.  Thus,  we  find  the 
definition  of  vector  now  given  as  follows:  "A  vector  is  a 
directed  segment  of  a  straight  line  on  which  are  distinguished 
an  initial  and  a  terminal  point."  Exactly  what  this  new 
definition  means,  is  hard  to  see.  The  last  clause  is  super- 
fluous if  the  main  clause  means  anything,  for  a  segment 
necessarily  has  end-points,  and  if  "  directed "  one  end  is 
necessarily  initial  and  the  other  terminal.  Why  the  end  points 
are  specially  important  is  not  made  clear.  Further,  the 
term  vector  as  used  in  the  text  does  not  mean  a  segment  of  a 
straight  line,  but  any  one  of  an  infinity  of  parallel  segments 
of  the  same  currency.    It  would  therefore  seem  better  to 
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define  vector*  as  "  the  straight  segment  from  an  initial  point 
to  a  tenninal  point."  The  assumption  of  the  equivalence  of 
"  free  vectors  "  should  then  be  aet  forth  explicitly. 

On  page  75,  line  13,  the  three  coefficienia  of  i,  j,  k  are  equal 
to  zero, — there  are  no  three  components  of  i,  j,  k.  On  page 
122,  line  15,  V-u  should  be  V-t. 

On  page  107,  despite  a  minor  correction,  the  paragraph  on 
"Total  Derivative  of  a  Function"  remains  badly  confused. 
The  statement  "Thb  is  the  same  thing  as  the  directional 
derivative  along  ri  multiplied  by  dr"  is  not  at  all  correct,  unless 
it  be  assumed  that  r  is  to  vary  only  along  its  own  direction. 
Equation  (114)  holds  for  any  differential  vector  dx  and  gives 
the  total  differential  (not  derivatiiie)  of  V  due  to  the  differential 
variation  of  r.  This  may  be  taken  in  the  direction  ri  or  in  any 
other  direction.  The  author  has  indeed  given  on  page  103  a 
diagram  in  which  dr  is  marked  plainly,  and  b  not  in  the 
direction  of  r.  Hence  a  student  is  certain  to  be  confused  in 
reading  this  paragraph. 

The  additional  examples  have  been  well-chosen  for  the 
purposes  of  the  text.  The  additions  to  the  appendix  begin 
on  page  240.  They  distinguish  between  free  and  sliding 
vectors;  give  some  differential  geometry  of  curves  including 
Frenet's  formulae;  a  brief  study  of  the  motion  of  an  electron 
in  a  magnetic  field ;  further  proofs  of  Stokes'  theorem,  Gauss' 
theorem,  and  two  theorems  in  integration  analogous  to  the 
divergence  theorem.  The  first  proof  given  of  Stokes'  theorem 
on  page  249  differs  in  no  essential  feature  from  the  more 
general  deduction  in  Joly'a  Manual  of  Quaternions,  pages 
72-73,  and  the  two  theorems  on  pages  252-253  are  given 
substantially  by  Tait,  Treatise  on  Quaternions,  3rd  edition, 
§  499,  page  384.  The  second  proof  of  Stokes'  theorem  on  pages 
249-250  is  given  by  Tait,  §  500,  page  385.  These  two  refer- 
ences were  surely  books  on  vectors,  if  not  on  Vector  Analysis. 

We  desire,  in  supplying  these  few  corrections  and  comments, 
to  see  a  third  edition  of  this  successful  book  even  better  than 
the  first  two. 

Jaheb  Byrnie  Shaw. 

*Cf.  Appell  et  Dautherille,  Precis  de  M^canique  rationnelle,  p.  1. 
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Berickte  und  MiUeilungen  der  Intemationalen  mathematischen 

UvienicUakommiasion.    Hefte  IV-VII.    Teubner,  Leipzig 

und  Berlin,  19(»-1911.    Pp.  39-128. 

These  four  pamphlets  comprise  the  German  reports  of  the 
progress  and  proceedings  of  the  International  Commission 
on  the  Teaching  of  Mathematics  for  the  years  1909-1911. 
They  are  edited  by  W.  Lietzmann  and  cover  the  meeting 
of  delegates  at  Brussels  in  August,  1910,  and  the  first  inter- 
national  congress  on  the  teaching  of  mathematics,  held  at 
Milan,  in  September,  1911. 

We  may  sum  up  the  progress  which  has  been  made  by  the 
commission  up  to  the  present  year,  as  given  in  these  reports, 
by  stating  that  committees,  well  organized,  are  now  working 
in  twenty-three  countries  of  the  world.  Under  the  leader- 
ship of  Klein  these  have  issued  about  100  pamphlets;  and 
many  others  are  in  preparation,  in  manuscript,  and  in  press. 
As  is  well  known,  the  plan  is  comprehensive  and  covers 
all  fields  in  which  mathematics  is  taught,  from  the  kinder- 
garten to  the  research  university.  Germany  and  France 
have  contributed  most  to  the  literature  issued.  The  United 
States  has  also  joined  in  the  movement  and  besides  the  four 
reports  published  in  the  Bulletin  there  have  appeared  lately 
five  other  reports  of  special  committees  issued  by  the  United 
States  Bureau  of  Education.  These  have  already  been  widely 
distributed. 

The  report  of  the  proceedings  of  the  first  international 
congress  held  at  Milan,  at  which  plans  were  made  for  a 
meeting  with  the  fifth  international  congress  of  mathematicians 
held  at  Cambridge,  England,  August,  1912,  shows  that  eleven 
countries  were  represented  by  mathematicians  of  world-wide 
renown  headed  by  Klein.  The  special  subjects  considered 
dealt  with  the  emphasis  placed  on  various  methods  used  in  the 
teaching  of  geometry,  the  teaching  of  mathematics  (pure  and 
applied)  to  students  with  major  interest  in  the  sciences,  and 
the  fusion  in  the  teaching  of  the  various  branches  of  mathe- 
matics. These  problems  were  handled  in  a  finished  and 
scientific  manner  which  make  the  proceedings  of  many  con- 
ferences held  in  this  country  on  similar  topics  seem  crude 
in  comparison.  However  it  must  be  said  that  the  practical 
spirit  of  this  country  has  already  adopted  and  used  for  some 
time  the  so-called  reform  methods  now  learnedly  discussed  by 
the  commission. 
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The  commissioii  expects  to  complete  its  labors  and  report  in 
full  to  the  Congress  at  Stockholm,  in  1916.  When  the  various 
reports  and  special  articles  are  published  in  full,  they  will  give 
a  comprehensive  cross-secttDnal  view  of  the  teaching  of 
mathematics  as  it  exists  to-day. 

ElUmST  W.  PONZER. 

Taschenbuch  fur    MaihemaiiJcer    und   Pkyriker.     Edited    by 

Felix  Atterbach   and    Rudolf  Rothe.     2ter  Jahrgang, 

1911.     Teubner,  Leipzig  und  Berlin,     ix  +  567  pp. 

Pocket  and  hand  books  of  more  or  less  ambitious  size  have 

been  in  use  by  engineers,  astronomers,  and  others  for  a  long 

time.    The  book  under  review  is  the  second  volume — the  first 

appeared  in  1909 — of  a  series  of  pocket  books  planned  along 

similar  lines  for  the  daily  use  of  mathematicians  and  physicists. 

The  two  sciences  are  combined  in  one  book  because  they 

naturally  have  much  in  common,  and  the  1911  edition  also 

covers  in  part  other  fields  of  science. 

It  may  seem  a  novel,  and  certainly  an  ambitious,  project  to 
publish  each  year  a  volume  which  shall  remain  a  reference 
book  and  yet  not  be  a  duplicate  in  great  part  of  former  volumes 
issued.  It  may  also  be  questioned  if  a  series  of  such  separate 
books  would  make  reference  easy.  There  might  also  be  a 
question  of  the  number  of  pockets  required.  However,  while 
the  project  might  not  appeal  to  an  American  publisher,  it 
must  be  said  that  the  firm  of  Teubner  has,  as  usual,  done  its 
part  with  its  usual  standard  of  excellence. 

The  articles  are,  as  might  be  expected,  very  much  condensed; 
in  fact  in  many  places  definitions  and  references  to  books 
which  are  authorities  in  the  fields  under  consideration  suffice. 
The  results  given  are  always  more  than  formulas  alone, 
though  it  would  be  quite  impossible  to  have  treatises  on  the 
many  subjects  considered.  Take  the  case  of  mathematics, 
pure  and  applied.  There  are  56  articles  by  various  authors 
covering  180  pages.  Among  these  such  subjects  as  Mengen- 
lehre,  quadratic  forms,  theory  of  numbers,  etc.,  are  included 
for  pure  mathematics,  while  the  theories  of  probability,  approxi- 
mations, and  vector  analysis  are  discussed  in  the  section  on 
applied  mathematics. 

Many  parts  of  mechanics  are  treated.  The  tables  of 
logarithms  and  trigonometric  functions  given  seem  totally 
inadequate.     Astronomy  is  touched  upon  to  the  extent  of 
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inserting  the  calendar  for  1911  and  an  article  on  the  determi- 
nation of  tbe  orbits  of  planets  and  comets. 

The  part  devoted  to  physics  starts  with  a  most  excellent 
article  by  Willy  Wien,  of  Wiirzburg,  which  is  almost  popular 
in  nature  and  yet  so  fundamental  in  treatment  as  to  be  worth 
many  a  perusal.  The  various  fields  of  physics  are  covered 
by  articles  and  many  tables  of  constants  and  coeffidents, 
admirable  for  reference,  are  included.  Fundamental  prin- 
ciples expressed  in  mathematical  language  abound.  In  fact, 
throughout  the  book  the  authors,  owing  to  the  lack  of  space, 
cannot  elaborate  much. 

An  article  on  radioactivity  by  Greinacher,  of  Zurich,  is  of 
the  same  character  as  the  one  on  relativity  by  Willy  Wien. 

Several  articles  on  chemical  subjects  are  included;  tbe 
fields  of  technology  touched  upon  are  those  dealing  with  the 
theory  and  design  of  electrical  machinery.  All  are  treated 
from  the  viewpoint  of  the  mathematics  in  the  case. 

Of  the  special  articles  we  mention  the  obituary  notice  of 
the  late  Minkowski  by  Hilbert  and  Weyl,  of  Gottingen,  and  the 
article  on  the  present  tendencies  in  the  teaching  of  mathe- 
matics in  Germany  by  Lietzmann,  of  Barmen. 

For  both  the  fields  of  mathematics  and  physics  fairly  com- 
plete lists  of  journals,  proceedings,  recent  books,  and  firms 
dealing  in  apparatus  are  given  at  the  end  of  the  book.  A 
mortuary  record  for  1909-1910  and  a  list  of  teachers  in  the 
Hochschulen  of  Germany  are  added.  Of  course,  a  complete 
index  closes  the  volume. 

Ernest  W.  Ponzer. 

Non-Euclidean  Geometry.  A  critical  and  historical  study  of  ite 
development.  By  R.  BoNOLA.  Authorized  English  trans- 
lation with  additional  appendices  by  H.  S.  Carslaw,  With 
an  introduction  by  F.  Enhiques.  Chicago,  Open  Court 
Publishing  Co.,  1912.     xii  +  268  pp. 

The  recent  untimely  death  of  Professor  Bonola  lends  un- 
usual interest  to  this  book.  In  a  review  of  the  original 
Italian  edition  which  appeared  in  the  Bulletin  in  1910  I 
spoke  of  the  desirability  of  having  "an  English  edition  of  so 
valuable  and  interesting  a  work."  This  want  is  now  well 
supplied  by  Professor  Catslaw's  translation.  In  a  new  appen- 
dix (the  fifth)  the  translator  has  also  materially  improved  the 
book  by  adding  a  discussion  of  a  subject  which  seemed  con- 
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spicuoua  by  its  absence  from  the  original,  namely,  the  Klein- 
Poinc&r£  representation  of  a  non-euclidean  plane  on  a  euclideaa 
plane  by  means  of  a  system  of  circles  orthogonal  to  a  given 
circle. 

In  another  new  appendix  (the  fourth),  the  author  shows 
very  neatly  how  to  construct  projective  geometry  on  the  basis 
of  Lobachefskian  metrical  geometry  by  adjoining  ideal  points, 
lines  and  planes.  This  meaning  of  the  word  "ideal"  is  sanc- 
tioned by  common  usage.  In  the  fifth  appendix,  however,  the 
term  "ideal  line"  is  used  in  a  totally  different  sense,  namely, 
for  a  circle  which  images  or  represents  a  straight  line.  This 
"double  entendre"  seems  perhaps  a  trifle  unfortunate.  The 
translator  has  produced  a  very  readable  and  satisfactory 
English  version  of  the  best  historical  introduction  we  have  to 
the  elements  of  non-euclidean  geometry. 

Abthttr  Ranum. 

Dr.  George  Bruce  HaUted — Giomitrie  RaiioneUe,  TraiU  ilSmen- 
taire  de  la  Science  de  I'Eapace — Traduction  Fran9aise  par 
Paul  Barbarin,  avec  une  preface  de  C.  A.  Laisant. 
Paris,  Gauthier-VUlars,  1911.  iv  +  296  pp. 
From  the  time  of  Farrar  and  Bowditch  a  number  of  French 
mathematical  works  have  been  translated  into  English,  but 
although  several  American  mathematicians  have  had  their 
works  translated  into  German,  to  Dr.  Halsted  belongs  the 
honor  of  being  the  first  to  be  translated  into  French. 
Novelties  in  geometry  appeal  to  the  French — witness  their 
creations  in  connection  with  the  geometry  of  the  triangle, 
nomography,  geometrography,  anall^matic  curves  and  sur- 
faces, and  how  Moray's  somewhat  radical  work  is  coming  to 
its  own.  As  could,  then,  he  almost  predicted,  when  the  first 
edition  of  Professor  Halsted's  hook  appeared  in  1904  under 
the  title  "  Rational  Geometry,  a  Text-Book  for  the  Science  of 
Space  based  on  Hilhert's  Foundations,"  it  was  sympathetically 
received  in  France.  Barbann,  already  well  known  by  his 
writings  on  non-euclidean  geometry,  wrote  among  other 
notices  (of  the  first  and  second  editions  of  Dr.  Halsted's  book) 
a  ten-page  review  for  Darboux's  Bidletin* 

In  Germany  the  work  was  not  received  so  whole-heartedly 
and  Dehn's  somewhat  vigorously  expressed  critidsmst   (di- 

•  86t.  2,  vol.  31  (1907),  p.  309-319. 

f  JaArt^>eriM  der  Deattchen  MathematUcer-Vereinigung,  Nov.,  1004, 
vol.  13,  p.  S93-596. 


-obvGoo»^lc 


24  BHORTEB  NOTICES.  [Oot, 

rected  chiefly  agunst  discus^on  involving  continuity  and  the 
style  of  treatment  for  a  professedly  elementary  text)  seem  to 
have  been  recognized  as  just  by  the  author.  For,  in  the 
"thoroughly  revised"  and  slightly  abridged  second  edition 
(in  which  "Based  on  Hilbert's  Foundations"  is  erased  from 
the  title  page)  changes  are  made  at  most  points  to  which  Dehn 
took  exception,  even  in  a  case  (mensuration  of  a  drcle)  where 
Professor  S.  C.  Davisson  rather  took  issue*  with  Dehn, 

A  detailed  account  of  the  content  and  ideals  of  the  later 
editions  of  Professor  Halsted's  strikingly  original  book  would 
be  merely  a  repetition  of  Professor  Davisson's  review  which 
has  already  appeared  in  the  Bulletin.*  I  shall  therefore 
confine  myself  to  remarks  on  certain  changes  introduced  into 
this  latest  edition  and  to  comment  on  topics  which  do  not 
seem  to  have  been  referred  to  in  other  reviews.t 

The  French  edition  is  not,  strictly  speaking,  a  translation  of 
either  of  those  in  English,  but  is  rather  a  third  edition  based 
upon  the  second  English  edition.  The  titles  are  the  same. 
The  heading  on  page  iv,  "Preface  de  I'&iition  anglaise"  is 
misleading,  as  the  prefaces  of  both  English  editions  have  been 
combined  and  translated  as  that  of  an  original  work.  The 
total  of  numbered  paragraphs  is  the  same  as  in  the  second 
English  edition,}  but  several  are  new  and  revision  has  taken 
place  throughout.  There  are  694  exercises  instead  of  700 
and  this  change  was  made  by  leaving  out  some  (e.  g.,  206,  692) 
and  introducing  others  (e,  g.,  674-6).  The  French  edition 
has  only  184  figures  while  the  second  had  23S.  Although  the 
table  of  contents  is  given  in  slightly  expanded  form,  the  index 
has  been,  unfortunately,  left  out.  To  the  improvement  of  the 
work.  Professor  Halsted's  "Table  of  Symbols"  has  been 
omitted  and  in  the  text  and  problems  of  the  French  edition 
only  the  ordinary  abbreviations  and  symbols  appear.  While 
the  English  editions  had  as  foot-note  to  Appendix  I:  "These 
proofs  are  due  to  my  pupil,  R.  L.  Moore,  to  whom  I  have  been 
exceptionally  indebted  throughout  the  making  of  the  book," 
the  French  edition  merely  gives,  "  Demonstration  due  &  R.  L. 

*  In  the  course  of  a  review  of  the  fiivt  edition  of  Profeaeor  Halsted's 
book  in  the  Bulletin,  March,  1905,  vol.  11,  p.  330-336. 

tHathftway,  Science,  vol.  21  (1905),  p.  183;  i'jengeipnemenf  MaM- 
moHque,  vol.  7  (1905),  pp.  160  ff.;  Malhemalical  Oazetle,  vol.  3  (1905),  pp. 
180-182.    Vftilati,  Boil.  BMiog.  Storia  Sc.  mofam.  (Torino),  vol.  8  (1905), 

go.  74-77.     Eiedand,   Amer.  Math.  Monthly,  vol.  19  (1912),  pp.  91-94. 
akw,  Prw.  Roy.  Soe.  Canada,  vol.  12  (1905),  pp.  111-126. 
t  That  is,  counting  paragraph  389,  wluch  was  left  out  of  this  ediUon. 
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Moore,  &ive  de  G.  B.  Halsted."  Barbarin  was  hard  pressed 
to  find  angle-word  equivalents  for  some  of  Professor  Halsted's 
terms  and  he  omits  such  words  as  "symtra"  and  "tanchord." 
In  other  cases  he  introduces  additional  terms;  for  example, 
beside  the  word  centroid  (first  adopted  as  synonymous  with 
center  of  gravity  by  T,  S.  Davies*)  he  also  gives  "  barycentre."" 

Professor  Halsted  associates  names  of  mathematicians  with 
theorems  in  perhaps  a  score  of  instances;  for  example: 
Archimedes  (pages  70,  218),  Pascal  (page  73),  Heron  (page 
110),  Pappus  (page  157),  Euler  (page  183),  Lexell  (page  255), 
Bordage  (page  261),  Joachimstal  (sic,  page  262).  In  practically 
no  case  (outside  of  the  historical  note  on  »)  is  there  any  indica- 
tion when  the  mathematician  lived,  and  in  the  whole  book 
there  is  only  a  single  exact  reference  to  another  book,  namely, 
to  Heiberg's  text  for  Archimedes's  axiom.  Unless  some  such 
information  is  given  in  connection  with  all  of  the  names  I  see 
no  use  in  introducing  them  into  a  scientific  work.  And  be- 
sides, which  Heron  is  meant?  Who  unacquainted  with  less 
prominent  French  mathematical  periodicals  ever  before  heanf 
of  Bordage? 

But  if  names  are  to  be  introduced,  great  care  should  be 
exercised.  On  page  278  Professor  Halsted  gives  the  example: 
"  If  from  any  point  P  on  the  circumcircle  of  a  triangle  ABC, 
PX,  PY,  PZ  be  drawn  perpendicular  to  the  sides,  the  points. 
X,  Y,  Z  are  collinear  on  the  Simson  line  of  the  triangle  with 
respect  to  P."  In  the  new  (1911)  edition  of  the  Century 
Dictionary  Professor  Halsted  gives  this  same  definition.  Now, 
for  years  it  has  been  knownt  that  this  theorem  is  not  to 
be  found  in  either  the  published  or  unpublished  work  of 
Simson.  On  the  other  band  as  William  Wallace  did  enunciate 
the  theorem  the  line  should  be  known  as  Wallace's  Line,}  if 
special  denomination  be  required. 

Lexell 's  theorem  is  stated:  The  vertices  of  spherical  tri- 
angles of  the  same  angle-sum  on  the  same  base  are  on  a  circle 
copolar  with  the  straightest  bisecting  their  sides.  I  cannot 
find  this  in  any  of  Lexell's  papers.     But  the  following  theorem 


vorie^ungen  uoer  ijescmcuie  aer  AiatnematiK,  voi.  <>■  ^ivuij,  page  o^^. 

t  YaA  remarked  in  1SS5  by  Dr.  Thomas  Muir  (Proc.  EivOfargh  Math.. 
&>c.,Tol.  3,  page  104).  See  uy  "Historical  NoCfr'*^ in.  the  same  Proceed-- 
ingt,  vol.  2S  (1910),  p.  64. 
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first  discovered  by  Lexell  was  published  in  1784:*  The  vertices 
V  of  spherical  triangles  ABV  with  the  same  angle-sum  on  the 
same  base  AB  are  on  a  certain  small  circle.  Lexell  givesf 
the  following  construction  for  this  small  circle:  Through  C 
the  middle  point  of  AB  draw  the  great  circle  CZM,  normal  to 
the  great  circle  AB  and  meeting  it  again  in  M;  let  the  great 
circles  AV,  BV  meet  the  great  circle  ABM  in  0  and  N  respec- 
tively. Draw  the  great  circle  AXO  making  with  ABO  an 
angle  equal  to  one  half  of  the  excess  of  the  given  angle-sum 
over  180*.  Through  0  draw  a  great  circle  perpendicular  to 
AXO  to  meet  CZM  in  P;  then  with  P  as  pole  and  distance 
PO  describe  a  small  circle  and  this  is  the  required  locus.  In 
the  course  of  his  proof  Lexell  shows  that  PO  =  PN  =  PV, 
Hence  the  small  drcle  NOV  is  fixed  by  the  points  diametrically 
opposite  to  the  ends  of  the  base.  Steiner  therefore  incorrectly 
cl^ms  priority!  in  the  discovery  of  this  result. 

Again,  since  1860,§  it  is  clear  that  we  should  no  longer  refer 
to  the  theorem  concerning  convex  polyhedra  as  the  theorem  of 
Euler,  even  though  he  enunciated  and  proved  it  as  early  as 
1758.||  For,  more  than  75  years  earlier  the  same  theorem  was 
formulated  by  Descartes.  As  Euler  was  merely  a  rediscoverer, 
the  theorem  should  be  known  as  the  theorem  of  Descartes  for 
polyhedra. 

On  the  other  hand  in  connection  with  the  elegant  but  little 
known  prismoidal  two-term  formula 


which  "domine  toute  la  mesure  des  volumes,"  the  name  of  the 
Swiss  mathematician  Hermann  Kinkelin  who  published  the 
formula  in  1862"  might  well  be  introduced.  It  was  apparently 
rediscovered  and  discussed  at  least  twice*'*  before  it  appeared 

*  Ada  aoademim  aetenJiorum  impervdia  pelropolilana  pro  anno  udcclxxxi  j 
Pmh  prior  .  .  .  PetropoU,  MBCCUtxxiv.  "Solutioproblematis  geometric! 
ex  doctiiiu  aphaericonim,"  p.  112-126. 

tL.  c„p.  123. 

i  CrelU's  Jmimol,  1827,  vol.  2,  p.  45. 

j  Oeuvrea  LnMitea  de  Descartes,  id.  par  Foucher  de  Careil,  vol.  2,  p. 
2Ufl. 

II  JVoCT  Comment.  Acad.  Sc.  petrop.,  vol.  4  (1752-1753),  1758,  p.  109-160. 

^  Where  h  is  the  hmght,  B  the  area  of  either  end. and  S  the  area  of  the 
section  two  thirda  of  the  cfiatance  from  that  end  to  the  other. 

**  "Zur  Theoriedee  Prismoides,"  Archin  der  MaihenuUik  wid  Phytik 
(Grunert) '  vol.  39,  p,  1S5. 

***  J.K.  Becker,    Einfachate  Fortnel  for  das  Volumea  des  Prismatoida," 
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in  Professor  Halsted's  Elementary  Treatise  on  Mensuration, 
1881.*  Judging  by  the  preface  to  the  fourth  edition  of  this 
work  and  by  its  denomination  as  "New  prismoidal  formula" 
it  would  appear  that  the  author  believed  the  result  to  originate 
with  himseU. 

The  historical  note  on  x  (pages  151-2)  needs  to  be  revised. 
Ludolf  van  Ceuien  indicated  the  equivalent  of  the  number  w 
to  35  decimal  places  not  30.t  Vega  gave  only  136  decimal 
places  correctly,  not  140.J 

Except  for  the  lack  of  an  index  the  French  is  a  great  im- 
provement on  the  English  edition.  Apart  from  the  figures 
(e.  g.,  58,  63,  91,  108,  113  are  by  no  means  up  to  the  usual 
standard  set  by  Gauthier-Villars)  the  pages  are  exceedingly 
attractive  and  it  is  to  be  hoped  that  a  third  English  edition 
introducing  still  further  improvements  may  not  be  long 
delayed.  The  work  is  full  of  interest  and  deals  with  a  dis- 
cussion of  fundamentals  in  geometry,  in  an  attractive  style; 
and  there  can  be  little  doubt  that  the  number  of  universities 
using  Professor  Halsted's  text  in  connection  with  courses  on 
the  Foundations  of  Geometry,  will  steadily  increase. 

The  Japanese  edition  of  the  Rational  Geometry  which 
Sommerville  lists§  as  published  in  1911  has  not  yet  (in  May, 
1912)  appeared.' 

R.  C.  Archibald. 

Elementary  Analysis.  By  P.  F.  Smpth  and  W.  A.  Gran- 
ville. Boston,  Ginn  and  Company,  1910.  x  +  223  pp. 
The  number  of  textbooks  in  analytic  geometry  and  cal- 
culus is  rapidly  increasing.  But  nearly  all  are  intended  for 
the  use  of  students  in  engineering  or  for  students  who  intend 
to  specialize  in  pure  or  applied  mathematics.  In  view,  how- 
ever, of  the  recent  remarkable  development  of  the  natural 
stuences  along  mathematical  lines,  a  brief  course  in  analytic 
geometry  and  calculus  is  desirable  for  the  general  student 
who  takes  one  year  of  mathematics  as  an  elective  beyond 

ZeiltehriftfOT  MalhemaUk  und  Pkygik,  vol.  23  (1878),  p.  413  (dated  Mai, 
1877).— T.  Sinram,  Archiv  der  Mathematik  und  Phvsik  (Grunert),  vol.  63, 
p.  443  (November,  1878). 

•  Page  130. 

t  Bierens  de  Haan.  MeMenger  of  Math.,  vol.  3  (1874),  p.  25;  copy  of  in- 
Brription  oa  van  Ceulen's  tombatoae. 

IG.  Vega,  Thesaurus  Logon thmonun,  Leipzig,  1794,  p.  633,  and  W. 
Shanks.  Contributioai  to  Mathematics,  London,  1853,  p.  86. 

S  Bibliography  of  Non-EncUdean  Geometry,  ISU. 
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the  required  trigonometry  and  college  algebra.  The  present- 
day  tendency  is  also  to  correlate  the  various  branches  of 
mathematics,  which,  no  doubt,  is  a  step  in  the  right  direc- 
tion, provided  the  idea  of  correlation  is  not  carried  too  far. 

The  little  book  under  consideration  is  an  attempt  to  solve 
the  problem  of  writing  a  textbook,  especially  adapted  to  a 
brief  course  in  analytic  geometry  and  calculus,  in  which  the 
two  subjects  are  brought  into  closer  contact.  The  object 
of  the  authors  b  to  provide  a  course  which  will  give  the  student 
a  broad  outlook  and  which  possesses  a  distinct  cultural  value. 
In  this  attempt  the  authors  has  been  very  successful. 

The  book  is  adapted  to  a  course  of  about  seventy-five 
lessons.  The  first  five  chapters  deal  with  the  elements  of 
analytic  geometry  including  cartesian  coordinates,  curves  and 
equations,  lines  and  drcles,  and  curve  plotting.  No  chapter 
is  devoted  to  conic  sections,  as  is  usually  done  in  most 
textbooks.  Examples  illustrating  the  different  kinds  of  conic 
sections  are  given,  but  they  appear  simply  as  illustrations  of 
general  analytic  methods. 

In  the  next  seven  chapters  the  fundamental  principles  of  the 
differential  calculus  are  treated,  and  the  topics  considered 
are  differentiation  of  ordinary  functions,  tangents,  maxima 
and  minima,  rates,  and  differentials.  The  last  four  chapters 
deal  with  integration  of  the  standard  elementary  forms,  con- 
stants of  integration,  and  applications  to  areas  and  volumes 
of  solids  of  revolution. 

The  treatment  throughout  the  book  is  very  clear  and  to  the 
point,  and  the  great  number  of  attractive  and  well-selected 
problems  will  be  greatiy  appreciated  by  the  teacher.  Great 
emphasis  is  laid  on  graphical  representation,  and  one  prom- 
inent feature  is  the  discussion  of  concrete  examples  before  the 
discussion  of  a  general  formula  is  taken  up.  It  is  also  very 
pleasing  to  note  the  great  care  and  simplicity  with  which  su(^ 
subjects  as  the  angle  between  two  lines,  the  area  of  a  tri- 
angle, the  limiting  value  of  a  function,  and  several  others 
are  treated. 

One  of  the  greatest  difficulties  in  writing  an  Introductory 
textbook  in  calculus  is  to  give  definitions  and  proofs  which 
a  beginner  can  understand,  and  at  the  same  time  to  avoid 
making  any  statements  which  are  not  correct.  It  is,  of  course, 
impossible  to  employ  the  refinements  of  modem  rigor  in  a 
book  of  this  kind.    The  authors  make  the  distinction  between 
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proof  and  illustratioo  very  dear  and  are  very  successful  in 
avoiding  positive  inaccuracies.  The  only  place  where  the 
discussion  might  have  been  made  a  little  clearer  is  on  page  126, 
where  the  number  e  is  defined  as  the  limiting  value  of  (l+z)'\ 
The  typography  and  arrangement  of  matter  on  the  page 
are  excellent,  and  the  book  as  a  whole  is  very  attractive. 
Jacob  Westlund. 

Second  Course  in  Algebra.  By  H.  E.  Hawkes,  W.  A.  LoBT 
and  F.  C.  Tooton.  Ginn  and  Company,  1911.  vii  + 
264  pp. 

In  arranging  this  Second  Course  to  follow  the  first  year's 
work  in  algebra  the  authors  have  made  the  student's  return 
to  the  study  of  mathematics  both  interesting  and  easy.  The 
review  of  the  main  features  of  their  First  Course  in  Algebra 
as  given  in  the  earlier  pages  of  this  book  is  of  course  quite 
essential.  It  is  presented  in  a  way  that  leads  the  reader  to 
more  mature  and  accurate  habits  of  thought;  he  is  frequently 
shown  certain  limitations  on  what  he  supposed  were  very 
easy  and  familiar  operations.  From  the  very  beginning  of 
the  text  there  is  evident  a  definite  effort  to  induce  him  to 
discriminate  accurately  and  logically.  We  regret  to  note 
later  in  the  book  a  few  unfortunate  digressions  from  the 
rigorous  method  of  presentation  that  is  so  admirable  at  the 
beginnii^.  The  treatment  of  linear  equations  is  given  a  new 
interest  for  the  reader  by  the  introduction  of  second  and 
third  order  determinants.  With  these  of  course  no  proofs 
are  given  and  little  use  is  made  of  even  the  more  elementary 
theorems  in  determinants.  Simply  to  teach  the  student  the 
actual  use  of  determinants  in  the  solution  of  systems  of 
linear  equations  is  certainly  the  wisest  procedure  at  this 
stage.  Graphs  are  used  quite  extensively  in  the  solution  of 
both  linear  and  quadratic  equations.  A  number  of  very 
instructive  iUustratioos  are  given  in  which  the  solution  of 
two  quadratic  equations  may  be  reduced  to  the  solution 
of  a  system  of  linear  equations.  The  straight  lines  are  shown 
in  the  graph  to  pass  through  the  intersections  of  the  conies. 
This  visualizing  process  ought  to  give  the  algebraic  manipula- 
tion a  much  more  tangible  significance.  The  reviewer  does  not 
advocate  any  proofs  with  regard  to  the  properties  of  these 
conies,  with  the  possible  exception  of  the  drcte,  but  be  does 
feel  that  the  straight  line  and  linear  equation  should  be 
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treated  rigorously  when  the  student  knows  a  little  plane 
geometry.  Neither  in  the  First  Course  nor  in  the  present 
work  do  the  authors  offer  more  than  an  intuitional  explanation 
of  the  fact  that  a  first  degree  equation  defines  a  straight  line. 
This  plan  of  making  merely  plausible  what  could  easily  be 
proved  rigorously  is  followed  in  the  treatment  of  maxima 
and  minima.  One  might  question  seriously  the  desirability 
of  trying  to  find  the  maximum  and  minimum  values  of  func- 
tions of  higher  degree  than  the  second  by  means  of  elementary 
algebra.  While  quadratic  functions  can  be  treated  rigorously 
by  completing  the  square  (no  mention  of  which  is  made  in 
the  text),  the  cubics  and  others  will  usually  present  difficulties. 
When  the  desired  information  cannot  be  obtained  accurately 
by  the  methods  available,  we  are  inclined  to  doubt  the  ad- 
visability of  encouraging  the  student  to  guess  at  results  from 
a  picture. 

In  example  23,  page  165,  the  length  of  time  required  to 
reduce  the  velocity  2  feet  per  second  should  be  mentioned. 
The  word  "therefore,"  line  4,  page  172,  is  not  justified  by  the 
statements  which  precede  it;  the  theorem  in  question  is  not 
proved  for  the  general  case.  The  word  "hmit"  can  scarcely 
be  used  with  propriety  on  page  173  when  it  is  not  defined 
until  page  176.  The  expression  "about  to  stop"  in  example 
17,  page  173,  is  too  inexact  to  merit  serious  criticism.  The 
authors  are  to  be  commended  for  the  emphasis  placed  on  the 
exponential  nature  of  logarithms.  The  chapter  is  arranged 
so  as  to  teach  the  student  to  handle  logarithmic  and  exponen- 
tial equations  with  equal  readiness  and  to  change  from  one  to 
the  other  with  ease  and  certainty.  The  treatment  of  complex 
numbers  is  careful  and  instructive.  That  quite  erroneous 
results  may  be  obtained  by  careless  multiplication  and  division 
of  imaginaries  is  emphasized  and  a  number  of  excellent 
illustrations  are  given. 

J.  V.  McKelvet. 

Le  Cfdcul  jrUcanique.    Par  L.  Jacor.    Paris,  Doin  et  Fils,  1911. 

xvi+412  pp.  with  184  figures  in  the  text.    5  fr. 

This  concise  presentation  of  mechanical  calculators  is  the 
n\ore  valuable  and  interesting  to  the  reader  because  of  the 
author's  style  and  systematic  treatment.  The  scientific 
classification  follows  that  adopted  in  the  conferences  in  1893 
at  the  Conservatoire  des  Arts  et  Metiers  held  by  M.  d'Ocagne 
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and  reported  in  the  volume  entitled  "  Calcul  simplifi^." 
The  several  chapters  describe  instnimenta  having  a  common 
purpose  or  having  the  same  purpose  and  involving  a  common 
mechanical  principle.  At  the  end  of  each  chapter  there  is 
given  an  almost  complete  chronological  list  of  the  instruments 
of  the  type  described  therein,  with  the  names  of  inventors, 
dat«3,  and  frequently  a  remark  to  indicate  the  special  charac- 
teristic. Frequent  references  are  made  to  the  articles  by  R. 
Mehmke  and  M.  d'Ocagne  respectively  in  the  German  and 
French  editions  of  the  Enc>'clopedia  of  Mathematical  Sciences 
(French:  tome  I,  volume  4,  fascicule  2),  which  follow  the 
same  classification  and  supplement  the  volume  under  review. 
There  are  treated  instruments  for  the  solution  of  problems 
of  arithmetic,  of  algebra,  and  of  analysis.  These  three  broad 
types  are  further  divided  into  numerous  groups  and  classes, 
each  with  its  history  and  development,  with  a  description  of 
the  principle  involved,  a  well-marked  figure  and  enough  detail, 
in  many  instances,  at  least,  to  enable  even  the  amateur 
mechanician  to  make  a  similar  instrument  or  machine. 

Chahles  C.  Ghove. 

Maihemaiiache      Tkeorie     der     astronomiscken     Finttemisse. 

By  P.  ScBWAHN.    Leipzig  und  Berlin,  B.   G.  Teubner, 

1910.     128  pp.  +  20  figures  in  the  text. 

This  very  readable  book  forms  part  8  of  Jabnke's  "Mathe- 
matisch-physikalische  Schriften  fur  Ingenieure  und  Studier- 
ende."  Its  aim  is  to  give  to  students  of  natural  sdences  at 
large  a  clear  and  simple  presentation  of  the  theory  of  the  eclipses 
of  the  Moon  and  the  Sun,  the  passages  of  Mercury  and  Venus 
over  the  disc  of  the  Sun,  and  the  occultations  of  stars  by 
the  Moon.  The  theory  of  Bessel,  on  account  of  its  inherent 
elegance  was  certainly  best  adapted  for  this  purpose  and  the 
autiior  has  done  well  to  select  it  in  preference  to  those  of 
Chauveuet  and  Wollaston.  Since  the  book  was  not  intended 
to  serve  as  a  guide  to  the  astronomer  at  an  almanac  office, 
the  author  has  introduced  simplifications,  wherever  this 
could  be  done  without  injury  to  the  final  object  the  book  was 
written  for.  The  size  of  the  book  and  the  clear  presentation 
of  the  material  will  make  it  a  welcome  gift  to  the  professional 
astronomer,  especially  when  reference  to  Bessel's  original 
or  to  Chauvenet's  more  lengthy  presentation  of  Hansen's, 
method  is  not  required.    The  publishing  house  of  B.  G. 
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Teubner  deserves  great  credit  for  issuing  the  smaJl  library 
of  science  texts  under  Professor  Jahnke's  able  editorsliip. 
It  is  believed  that  a  similar  undertaking  in  this  country 
would  be  of  decided  benefit  to  our  colleges  and  high  schools, 
where  often  the  lack  of  proper  information  is  likely  to  turn 
'valuable  men  from  the  realm  of  science.  A  glance  at  the 
list  of  authors  of  the  Jahnke-Teubner  series  will  show  that  in 
-Germany  the  professor  of  the  gymnasium  is  considered  as 
preeminently  fitted  for  this  kind  of  work,  »nce  his  daily 
contact  wiUi  the  student  who  has  not  yet  specialized  in  a 
given  field  makes  him  for  these  intermediate  texts  a  most 
■excellent  interpreter. 

KuET  Laves. 

MSoanvpu  gociale.    By  Sp.  C.  Habet.    Paris  and  Bucharest, 

Gauthier-Villars,  1910.    256  pp. 

This  book,  which  presents  rather  entertaining  reading  to 
the  student  of  mechanics  tries  to  describe  in  mathematical 
language  the  phenomena  of  sociology.  The  social  body — 
an  assemblage  of  individuals,  who  act  on  each  other  and  are 
subject  besides  to  exterior  forces  of  intellectual,  economical 
and  moral  character — is  considered  for  simplicity  to  be  of 
invariable  form,  for  a  given  length  of  time.  Each  individual 
is  characterized  by  three  rectangular  coordinates,  of  which  x 
stands  to  show  the  economic,  y  the  intellectual,  z  the  moral 
-asset  of  the  individual.  On  this  basis  it  is  not  difficult  to 
write  out  the  differential  equations  of  motion  in  this  "social 
space."  The  author  does  not  feel  any  hesitation  in  trans- 
<:ribing  into  this  social  space  the  axioms  and  theorems  of 
rational  mechanics,  .but  it  need  not  be  pointed  out  to  a  mathe- 
matical audience,  that  the  difficulties  here  encountered  are 
-enormous.  The  material  in  the  hands  of  the  sociolo^st 
today  is  hardly  in  such  a  shape  that  the  mathematician  may 
properly  step  in  with  such  an  ambitious-looking  set  of  differ^ 
■ential  equations  as  our  author  does,  and  deduce  from  them 
statements  which  have  a  meaning  only  in  the  realm  of  physics, 
AS  far  at  least  as  we  know  at  present. 

Kurt  Laves. 


-obvGoo»^lc 


1912.] 


NOTES. 

The  July  oumber  (volume  13,  number  3)  of  the  Trana- 
actiona  of  the  American  Mathematical  Society  contains  the 
following  papers:  "Quaternion  developments  with  appli- 
cations," by  J.  B.  Shaw;  "Theory  of  finite  algebras,"  by  H.  S. 
Vakdiveb;  "On  the  degree  of  convergence  of  the  development 
of  a  continuous  function  according  to  Legendre's  polynomials," 
by  Dunham  Jackson;  "Functional  differential  geometry," 
by  Loms  Ingold  ;  "  On  the  extension  of  a  theorem  of  Poincar^ 
for  difference-equations,"  by  E.  B.  Van  Vleck;  "One-para- 
meter projective  groups  and  the  classification  of  coUineations," 
by  E.  B.  Van  Vleck;  "  Bicombinants  of  the  rational  plane 
quartic  and  combinants  of  the  rational  plane  quintic,"  by 
J.  E.  RowE. 

The  July  number  (volume  34,  number  3)  of  the  American 
Journal  of  Maihematics  contains:  "Minimal  surfaces  in 
euclidean  four  space,"  by  L.  P.  Eisenhaht;  "A  contribution 
to  the  foundations  of  Fi^het's  Calcul  Fonctionel,"  by  T.  H. 
HiLDEBRANDT;  "On  the  perspective  JonquiJres  involutions 
associated  with  the  (2,  1)  ternary  correspondence,"  by  P.  P. 
Boyd;  "Some  geometrical  theorems  connected  with  Laplace's 
equation  and  the  equation  of  wave  motion,"  by  H.  Bateman. 

The  June  number  (volume  13,  number  4)  of  the  Annals  of 
Mathemaiics  contains:  "On  the  rectilinear  congruence  realizing 
a  circular  transformation  of  one  plane  into  another,"  by 
A.  Emch;  "On  Duhamei's  theorem,"  by  R.  L.  Moore;  "On 
linear  equations  with  an  infinite  number  of  variables,"  by 
Maxime  B6cher  and  L.  Brand;  "On  the  theory  of  corre- 
lation with  special  reference  to  certain  significant  loci  on  the 
plane  of  distribution  in  the  case  of  normal  correlation,"  by 
H.  L.  RiETZ. 

The  Society  for  the  Promotion  of  Engineering  Education 
has  reprinted  as  a  separate  volume  the  Syllabus  of  Mathe- 
matics compiled  by  its  committee  on  the  teaching  of  mathe- 
matics to  students  of  engineering.  The  syllabus  covers 
elementary  algebra,  geometry  and  mensuration,  plane  trigo- 
nometry, analytic  geometry,  calculus,  and  complex  quantities. 
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The  volume,  which  is  neatly  bound,  ia  sold  at  cost  price, 
seventy-five  cents.  Orders  should  be  addressed  to  the  Secre- 
tary of  the  society,  Professor  H.  H.  Norris,  Cornell  University, 
Ithaca,  N.  Y. 

The  publishing  house  of  Mattel  and  Co.  is  Pavia  announces 
that  the  following  books  are  in  press:  C.  Butuli-Fohti  and 
R.  Mahcolongo,  "Analyse  vectorielle  g£n6rale,  11.;  Appli- 
cations physico-m^niques " ;  T.  Boggio,  "Analyse  vectori- 
elle g^D^rale:  III.  Hydrodynamique";  G.  Vivanti,  "Eserdzi 
d)  analisi  infinitestmale." 

The  publishing  house  of  B.  G.  Teubner  in  Leipzig  and 
Berlin  announces  that  the  following  books  are  in  press: 
A.  Brill,  "Einfiihrung  in  das  Relativitatsprinzip " ;  R. 
Mehhee,  "  Vorlesungen  iiber  Punkt-  und  Vektorenrechnung"; 
G.  Hessenbehg,  "Transzendenz  von  e  und  ir";  E.  R. 
NEXniANN,  "Beitrage  zu  einzelnen  Fragen  der  hoheren 
Potentialtheorie " ;  O.  Perron,  "  Lebre  von  den  Ketten- 
briiehen";  R.  PaiCKE  and  F.  Klein,  "Vorlesungen  iiber 
automorphe  Funktionen"  (concluding  fascicule);  L.  Leweni, 
"Konforme  Abbildung";  G.  LoRU,  "Vorlesungen  iiber 
darstellende  Geometrie,  II";  H.  E.  TlMERDlNO,  "Die  Fall- 
gesetze";  M.  Zacharias,  "Einfiihrung  in  die  projective 
Geometrie." 

The  annual  list  of  American  doctorates  published  in 
Science  presents  for  the  academic  year  1911-1912,  492  names, 
of  which  273  are  credited  to  the  sciences.  The  following  22 
successful  candidates  offered  mathematics  as  major  subject 
(the  titles  of  the  theses  are  appended);  H.  DeF,  Arnold, 
Chicago,  "Limitations  imposed  by  slip  and  inertia  terms 
upon  Stokes's  law  for  the  motion  of  spheres  through 
liquids";  S.  E.  Brasefield,  Cornell,  "A  study  of  certain 
force  fields";  E.  W.  Chittenden,  Chicago,  "Infinite  devel- 
opments and  the  composition  property  (A'ufli),  in  general 
analysis";  A.  L.  Daniels,  Yale,  "On  the  librations  of 
bodies  whose  periods  are  one  third  that  of  the  disturbing 
body";  W.  W.  Denton,  Ilhnois,  "Projective  differential 
geometry  of  developable  surfaces";  L.  L.  DiNES,  Chicago, 
"The  highest  common  factor  of  a  system  of  polynomials 
with  an  application  to  implicit  functions";  C.  A.  Fischer, 
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Chicago,  "Some  contributions  to  the  theory  of  functions 
of  lines";  T.  Fort,  Harvard,  "Problems  connected  with  the 
linear  difference  equations  of  the  second  order  with  spedal 
reference  to  equations  with  periodic  coefficients";  Miss 
C.  B.  Hennel,  Indiana,  "Certain  transformations  and 
invariants  connected  with  difference  equations  and  other 
functional  equations";  C.  G.  P.  Kuschke,  California, 
"The  abelian  equations  of  the  10th  degree,  irreducible  in  a 
given  rational  domain";  J.  Lipke,  Columbia,  "Natural 
families  of  curves  in  a  general  ciir\'ed  space  of  n  dimen- 
sions"; F.  M.  Morgan,  Cornell,  "Involutorial  transfonna- 
tions";  R.  £.  Root,  Chicago,  "Iterated  limits  in  general 
analysis";  L.  P.  Siceloff,  Columbia,  "Simple  groups  from 
order  2001  to  order  3640";  W.  M.  Smith,  Columbia,  "Simply 
infinite  systems  of  plane  curves.  A  study  of  isogonals, 
equitangentials  and  other  families  of  trajectories";  C.  T. 
Sullivan,  Chicago,  "Properties  of  surfaces  whose  asymptotic 
lines  belong  to  linear  complexes";  J.  I.  Tracey,  Johns 
Hopkins,  "Researches  on  the  rational  quintic";  E.  £, 
Whttpord,  Columbia,  "The  Pell  equation";  H.  R.  Willard, 
Yale,  "On  a  family  of  osdllating  orbits  of  short  period 
(with  a  chart)";  A.  H.  Wilson,  Chicago,  "The  canonical 
types  of  nets  of  quadratic  forms  in  the  Galois  field  of 
order  p"";  R.  M.  Wingeb,  Johns  Hopkins,  "On  self-projective 
rational  curves  of  the  fourth  and  fifth  order";  B.  M. 
Woods,  California,  "A  discussion  by  synthetic  methods  of 
two  projective  pencils  of  conies." 

The  following  university  courses  in  mathematics  will  be 
offered  at  German  universities  during  the  winter  semester: 

Universitt  of  Bonn. — By  Professor  E.  Study:  Differ- 
ential and  integral  calculus,  II,  four  hours;  Seminar,  two 
hours;  Colloquium  on  the  theory  of  invariants,  one  hour. — By 
Professor  F.  London:  Descriptive  geometry,  II,  with  exer- 
cises, four  hours;  Analytical  mechanics,  four  hours. — By 
Professor  F.  HAuaDORFF:  Analytic  geometry,  four  hours; 
Linear  differential  equations,  two  hours. — By  Dr.  J.  O. 
MtJLLER:  Introduction  to  algebra  and  the  theory  of  determi- 
nants, three  hours;  Exercises  in  the  calculus,  one  hour. 

Univebsitt  of  Halle. — By  Professor  A.  Wangehin: 
Analytic  geometry  of  space,  three  hours;  Partial  differential 


-obvGoo»^lc 


36  NOTES.  [Oct., 

equations  of  mathematical  physics,  four  hours;  Selected 
chapters  from  the  theory  of  surfaces,  one  hour;  Seminar,  two 
hours. — By  Professor  A.  Gutzmer:  Integral  calculus,  with 
exercises,  four  hours;  Descriptive  geometry,  with  exercises, 
four  hours;  Seminar,  two  hours. — By  Professor  V.  Ebebhard: 
Algebraic  equations,  four  hours;  Colloquium,  two  hours. 

Universitt  of  Leipzig. — By  Professor  O.  Holder:  Mech- 
anics, five  hours;  Foundations  of  arithmetic,  two  hours; 
Seminar,  two  hours. — By  Professor  K.  Rohn:  Applications 
of  the  calculus  to  surfaces  and  space  curves,  four  hours; 
Descriptive  geometry,  II,  with  exercises,  four  hours. — By 
Professor  G.  Herglotz:  Differential  and  integral  calculus, 
five  hours;  Calculus  of  variations,  two  hours;  Seminar,  two 
hours. — By  Professor  P.  Koebe:  Analytic  geometry  of  space 
and  determinants,  with  exercises,  five  hours;  Theory  of 
functions,  II,  two  hours;  The  problem  of  space,  one  hour. — 
By  Dr.  G.  Koniq:  Introduction  to  the  theory  of  numbers,  II, 
two  hours;  Exercises  in  mechanics,  two  hours;  Exercises  in 
descriptive  geometry,  two  hours. 

University  of  Munich.— By  Professor  A.  Pringsheim: 
Algebra,  four  hours;  Theory  of  functions,  four  hours. — By 
Professor  F.  Lindemann:  Foundations  of  geometry,  two 
hours;  Plane  analytic  geometry,  four  hours;  Analytic  me- 
chanics, four  hours;  Seminar. — By  Professor  A.  Voss:  Theory 
of  algebraic  curves,  three  hours;  Differential  calculus,  four 
hours;  Seminar. — By  Professor  H.  Bronn:  Elements  of  higher 
mathematics  and  descriptive  geometry,  four  hours. — By 
Professor  G.  Hahtogs:  Differential  calculus,  two  hours; 
Integral  calculus,  four  hours;  Exercises,  one  hour. — By  Dr.  K. 
Bohm:  Theory  of  integral  equations,  two  hours;  Statistics, 
two  hours;  Life  insurance,  four  hours. 

University  of  Strassbuhq.— By  Professor  H.  Weber: 
Calculus,  four  hours;  Elliptic  functions,  two  hours;  Geometry 
of  numbers,  one  hour;  Seminar,— Bj'  Professor  F.  ScHUR: 
Projective  geometry,  four  hours;  Foundations  of  geometry, 
two  hours;  Seminar, — By  Professor  J.  Wellstein:  Algebraic 
functions  and  their  integrals,  four  hours;  Rlemann  surfaces, 
two  hours, — By  Professor  R.  v.  Mises:  Analytic  geometry, 
four  hours;  Integral  equations,  two  hours;  Seminar, — By 
Professor  P.  Epstein:  Theory  of  numbers,  three  hours. — By 
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Professor  M.  Simon:  History  of  mathematics  in  antiquity,  , 
three  hours. — By  Dr.  A.  Speiser:  Differential  equations  and 
transformation  groups,  two  hours. 

The  following  advanced  courses  in  mathematics  are  offered 
at  the  Italian  universities  during  the  academic  year  1912- 
1913.  Courses  in  algebra,  analytic  geometry,  projective  and 
descriptive  geometry,  and  elementary  courses  in  the  calculus, 
mechanics,  astronomy,  and  geodesy  are  not  included: 

Univebsity  of  Bologna. — By  Professor  P.  Burgatti: 
Troubled  motion  of  the  planets,  classical  and  modem  theories, 
three  hours. — By  Professor  L.  Donati:  Thermodynamics  and 
its  correlations  to  the  electrodynamics  of  moving  bodies,  three 
hours. — By  Professor  F.  Enriques:  Theory  of  algebriuc 
functions,  three  hours. — By  Professor  S.  Pincherle:  Ad- 
vanced calculus,  elementary  theory  of  integral  equations, 
three  hours. 

University  of  Catanu. — By  Professor  M.  DeFranchis: 
Hyperelliptic  surfaces,  four  hours. — By  Professor  G.  Lauri- 
cella:  Orthogonal  functions,  applications  to  developments 
and  integral  equations,  three  hours. — By  Professor  G.  Pen- 
NACCHiETTi:  Elliptic  functions  with  particular  regard  to  their 
applications  in  mechanics,  four  hours. — By  Professor  C. 
Severini:  Integral  equations,  four  hours. 

University  of  Genoa. — By  Professor  E.  E.  Levi:  Differ- 
ential equations,  four  hours. — By  Professor  G.  Lohia:  Differ- 
ential geometry  of  curves  and  surfaces,  three  hours. — By 
Professor  O.  Tedone:  Acoustics,  three  hours. 

University  of  Naples. — By  Professor  F.  Amodeo:  History 
of  mathematics  from  Galileo  to  Newton,  three  hours. — By 
Professor  A.  Del  Re:  General  analysis  of  Grassmann  with 
applications  to  geometry  and  mechanics,  four  and  one-half 
hours. — By  Professor  G.  Galluci:  Theory  of  configurations, 
two  hours. — By  Professor  R.  Marcolongo:  Theory  of  elasti- 
city, vibrations  of  elastic  bodies,  elastic  membranes,  three 
hours. — By  Professor  D.  Montesano:  General  theory  of 
surfaces,  surfaces  of  the  third  order,  four  and  one-half  hours; 
Geometry  of  the  imaginary  elements,  three  hours. — By 
Professor  E.  Pascal:  Riemann  surfaces  and  functions  on 
them,  three  hours. — By  Professor  L.  Pinto:  Propagation  of 
heat,  four  and  one-half  hours. 
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Univebsitt  of  Padua. — By  Professor  F.  D'Arcaib: 
Functions  of  a  complex  variable  with  classical  applications, 
four  hours. — By  Professor  U.  Cisotti:  Mathematical  theory 
of  elasticity  with  technical  applications,  three  hours. — By 
Professor  P.  Gazzaniqa:  Theory  of  numbers,  three  hours. — 
By  Professor  T.  Levi-Civita:  Analytical  mechanics  with 
applications  to  thermodynamics  and  relativity,  four  and  one- 
half  hours. — By  Professor  G.  Ricci;  Potential  theory  with 
applications,  four  hours. — By  Professor  F.  Severi:  Non- 
euclidean  geometry,  four  hours. — By  Professor  G.  Veronese: 
Principles  of  elementary  geometry,  three  hours. 

University  of  Palermo. — By  Professor  G.  Baqnera: 
Theory  of  integral  equations  and  their  applications  in  analysis, 
three  hours. — By  Professor  M,  Gebbia:  Vector  fields,  theory 
of  electricity  and  magnetism,  four  and  one-half  hours. — By 
Professor  G.  B.  Guccia:  General  theory  of  algebraic  curves 
and  surfaces,  four  and  one-half  hours. — By  Professor  A. 
Venturi:  General  and  special  perturbations  of  the  planets, 
eulerian  cycle  and  movements  of  the  terrestrial  pole,  three 
hours. 

Univehsitt  of  Pavia. — By  Professor  L.  Berzolam: 
Differential  geometry,  three  hours. — By  Professor  F.  Ger- 
baldi  :  Functions  of  a  complex  variable,  elliptic  functions,  three 
hours. — By  Professor  G.  Vivanti:  Theory  of  contact  trans- 
formations, three  hours. — By :  Mathematical  physics, 

three  hours. 

UNiVEHsriT  of  Pisa. — By  Professor  E.  Bertini:  Pro- 
jective geometry  of  hyperspaces,  three  hours. — By  Professor 
L.  Bianchi  :  Functions  of  a  complex  variable,  elliptic  functions, 
four  and  one-half  hours. — By  Professor  U.  DiNi:  Fourier 
series,  development  of  an  arbitrary  function  of  a  real  variable 
in  terms  of  the  integrals  of  a  linear  differential  equation  of  the 
second  order,  four  and  one-half  hours. — By  Professor  G.  A. 
Maqgi:  Analytic  dynamics,  electronic  theory  of  the  electro- 
magnetic field,  four  and  one-half  hours. — By  Professor  G. 
PizzETTi:  General  spherical  astronomy,  determination  of 
orbits,  principles  of  the  theory  of  perturbations,  four  and 
one-half  hours. 

Universitt  of  Rome. — By  Professor  L.  Bisconcini: 
Geometrical  applications  of  the  calculus,  three  hours. — By 
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Professor  G.  Castelndovo:  Differential  geometry,  three  hours. 
— By  Professor  V.  Volterra:  Differential  equations  of 
mathematical  physics,  three  hours;  Functions  which  depend 
on  other  functions,  with  applications  to  mechanics,  three 
hours. — By :  Higher  analysis,  three  hours. 

Universftt  of  TimiN. — By  Professor  T.  BooGio:  Hydro- 
dynamics, three  hours. — By  Professor  G.  Fubini:  Euclidean 
and  noD-eudidean  geometry,  congruent  partitions  of  plane 
and  space,  functions  of  a  complex  variable,  automorphic 
functions,  three  hours. — By  Professor  G.  Sannia:  Differ- 
ential geometry,  two  hours. — By  Professor  C.  Seghe:  Geo- 
metric entities  connected  with  linear  systems  of  curves  and 
surfaces  of  the  second  order,  three  hours. — By  Professor  C. 
Souiguana:  Theory  of  elasticity  with  applications,  three 
hours. 

The  Prussian  academy  of  sciences  has  advanced  M800 
toward  the  preparation  of  a  new  edition  of  Poggendorff'a 
biographisch-literarisches  Lexikon. 

Tee  Paris  academy  of  sciences  has  awarded  the  Poncelet 
prize  (2,000  fr.)  in  pure  mathematics  to  Professor  E.  Maillet, 
of  the  Ecole  des  Ponts  et  Chauas^,  for  his  contributions  to 
mathematics.  The  Francoeur  prize  (1,000  fr.)  was  awarded 
to  the  estate  of  the  late  Dr.  £.  Lehoine  for  the  totality  of  his 
work  in  mathematics. 

Dr.  Alfred  Ackeruann,  senior  member  of  the  publishing 
house  of  B.  G.  Teubner,  has  presented  the  sum  of  !M20,000 
to  the  University  of  Leipzig,  to  establish  the  "Alfred  Ackei^ 
mann-Teubner  memorial  prize  for  the  promotion  of  mathe- 
matical sciences,"  to  he  awarded  under  the  following  con- 
ditions. 

(1)  For  the  present  a  cash  prize  of  MlOOO  shall  be  awarded 
in  the  year  1914,  and  at  intervals  of  two  years  thereafter. 

(2)  The  unused  interest  shall  be  applied  to  the  original 
capital  until  it  reaches  M60000. 

(3)  If  circumstances  permit,  the  prize  shall  he  awarded 
annually  from  that  time,  and  may  be  increased  to  correspond 
to  the  income. 

(4)  The  prize  shall  be  awarded  in  the  following  subjects, 
as  defined  in  the  Encyklopadie,  in  sequence:   1,  history, 
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philosophy,  didactics  and  pedagogy;  2,  arithmetic  and  algebra; 
3,  mechanics;  4,  mathematical  physics;  5,  analysis;  6,  astron- 
omy and  the  theory  of  errors;  7,  geometry;  8,  applied  mathe- 
matics. 

(5)  While  not  excluding  others,  German  competitors  are 
to  be  considered  first. 

Professor  P.  Dhhem,  of  the  University  of  Bordeaux,  has 
been  elected  a  member  of  the  royal  institute  of  Venice. 

Pbofessoh  L.  Hefpteh,  of  the  University  of  Freiburg,  has 
been  elected  to  membership  in  the  academy  of  sciences  of 
Halle. 

Cambridge  University  has  conferred  its  honorary  doctorate 
of  science  on  Professor  E.  Picard  of  the  University  of  Paris. 

Professor  O.  Bolza,  of  the  University  of  Freiburg,  has 
been  elected  to  membership  in  the  academy  of  sciences  of 
Halle. 

The  Italian  society  of  sciences  (the  forty)  has  awarded  its 
gold  medal  to  Professor  E.  Almansi,  of  the  University  of 
Pavia,  for  bis  researches  in  mechanics  and  mathematical 
phy^cs. 

PROFEseoR  O.  Henrici,  of  the  City  and  Guilds  Engineering 
College,  London,  has  retired  from  active  service.  In  recog- 
nition of  his  association  with  the  institution,  a  gold  medal, 
to  be  known  as  the  Henrici  medal,  will  be  awarded  annually 
for  proficiency  in  mathematics. 

Professor  E.  Almansi,  of  the  University  of  Pavia,  has 
accepted  a  professorship  of  rational  mechanics  at  the  Uni- 
versity of  Rome. 

S.  P.  PeSalver  t  Bachiller  has  been  appointed  professor 
of  higher  analysis  in  the  University  of  Sevilla. 

Dr.  J.  KouNOWSKi  has  been  appointed  docent  in  geometry 
at  the  Bohemian  technical  school  at  Prague. 

Dr.  M.  Rtchlie  has  been  appointed  docent  in  mathematics 
at  the  Bohemian  University  of  Prague. 

Professor  G.  Kohn,  of  the  University  of  Vienna,  has  been 
promoted  to  a  full  professorship  of  mathematics. 
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Professor  S.  Finbterw alder  has  been  promoted  to  the 
professorship  of  descriptive  geometry  of  the  technical  school 
of  Munich,  held  by  Professor  L.  Bmnnester,  who  has  retired. 

Dr.  a.  N.  Whitehead  has  been  appointed  reader  in  geo- 
metry in  University  College,  University  of  London. 

Dr.  M.  Power,  of  the  University  of  Dublin,  has  been 
appointed  professor  of  mathematics  at  the  University  College 
of  Galway. 

I*R0FE880B  E.  T.  Whittaker  has  been  called  to  the  Uni- 
versity of  BMinburgh  to  succeed  the  late  Professor  G.  Chrystal 
in  the  chair  of  mathematics. 

Mr.  W.  D.  Evans,  lecturer  in  mathematics  at  Hartley 
College,  has  been  appointed  Richardson  lecturer  in  mathe- 
matics at  the  University  of  Manchester. 

At  the  Bedford  College  for  Women,  Dr.  H.  B.  Hetwood 
has  been  appointed  an  assistant  lecturer  in  mathematics  and 
Miss  M.  Long  has  been  appointed  an  assistant  in  mathematics. 

Dr.  G.  Scorza,  of  the  University  of  Palermo,  has  been 
appointed  professor  of  projective  and  descriptive  geometry 
at  the  University  of  Cagliari. 

Professor  K.  Doehlemann,  of  the  University  of  Munich, 
has  accepted  a  full  professorship  of  mathematics  at  the 
technical  school  of  Munich. 

Mr.  C.  L.  Lang  has  been  appointed  professor  of  mathe- 
matics and  physics  at  the  College  of  Agriculture,  University 
of  Porto  Rico. 

The  formal  ceremonies  attending  the  opening  of  the  Rice 
Institute,  at  Houston,  Texas,  will  take  place  on  October  10-12. 
The  inaugural  exercises  will  include  courses  of  lectures  by 
distinguished  foreign  scientbts,  in  mathematics  Professors 
Borel  and  Volterra.  The  following  appointments  have 
heenmadein  the  department  of  mathematics:  Professor,  Presi- 
dent E.  O.  Lovett;  assistant  professor.  Dr.  G.  C.  Evans; 
research  associate  in  applied  mathematics,  P.  J.  Daniell, 
M.A.  (Cambridge). 
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Mr.  E.  p.  R.  Duval,  of  Princeton  University,  has  been 
appointed  assistant  professor  of  mathematics  in  the  University 
of  Kansas. 

Professor  R.  D.  Carmichael,  of  the  University  of  Indiana, 
has  been  promoted  to  an  associate  professorship  of  mathe- 
matics. 

At  Brown  University  Dr.  R.  G.  D.  Richardson  has  been 
promoted  to  an  associate  professorship  of  mathematics. 

Dr.  E,  W.  Sheldon  has  been  promoted  to  the  professorship 
of  mathematics  in  the  University  of  Alberta. 

Dr.  W.  M.  Smith,  of  Lafayette  College,  has  been  appointed 
assistant  professor  of  mathematics  in  the  University  of 
Oregon. 

Mr.  R.  B.  Stone  has  been  appointed  instructor  in  mathe- 
matics at  Purdue  University. 

Dr.  E.  T.  Bell,  of  Columbia  University,  has  been  appointed 
instructor  in  mathematics  at  the  University' of  Washington. 

Professor  O.  D.  Kellogg,  of  the  University  of  Missouri, 
is  spending  a  half-year's  leave  of  absence  abroad. 

Professor  M.  W.  Haskell,  of  the  University  of  California, 
has  received  a  half-year's  leave  of  absence,  which  he  will 
spend  abroad. 

Professor  Gustave  Legras,  of  the  College  of  the  City  of 
New  York,  died  July  25  at  the  age  of  fifty-four  years.  He  had 
been  associate  professor  of  mathematics  in  the  College  since 
1884,  and  was  one  of  the  earliest  members  of  the  American 
Mathematical  Society,  having  entered  in  December,  1889. 

Professor  E.  L.  Richards,  emeritus  professor  of  mathe- 
matics in  Yale  University  since  1906,  died  August  6  at  the 
age  of  74  years. 

The  death  is  announced  of  Professor  J.  L.  Ptasiceu, 
professor  of  mathematics  at  the  University  of  St.  Petersburg. 

Professor  K.  v.  der  Muhll,  of  the  University  of  Basel, 
died  May  8,  at  the  age  of  70  years.  He  had  been  an  associate 
editor  of  the  Mathemaiiscke  Annalen  since  1873. 
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Pbofessor  J.  Henri  PoiNCARfi,  of  the  University  of  Paris, 
died  July  17,  1912,  from  an  embolism  after  a.  two  weeks'  ill- 
ness. He  was  born  in  Nancy,  April  29,  1854,  received  the 
degree  of  doctor  of  science  from  the  University  of  Paris  in 
1879,  was  elected  to  the  academy  of  sciences  in  1S87,  and 
to  the  French  academy  in  1908,  besides  holding  membership 
in  nearly  all  the  learoed  societies  of  Europe.  In  1885  he  was 
awarded  the  Poncelet  prize,  and  in  1896  the  Reynaud  prize, 
both  by  the  academy  of  sciences  of  Paris;  moreover,  he 
received  the  King  Oscar  II  prize  in  1889,  the  gold  medal  of 
the  royal  astronomical  society  in  1900,  the  Sylvester  medal 
in  1901,  the  Lobachevsky  prize  in  1904,  the  first  award  of 
the  Bolyai  prize  in  1905,  and  the  gold  medal  of  the  French 
association  for  the  advancement  of  science  in  1909.  Regarding 
his  contributions  to  the  theory  of  functions,  to  the  foundations 
of  geometry,  to  the  theory  of  relativity,  and  his  influence  in 
mathematical  thought  in  general,  appropriate  mention  will 
be  made  in  another  place. 

Catalogue  of  second  hand  mathematical  books:  Mayer  & 
MuUer,  Prinz  Louis  Ferdinand  Strasse  2,  Berlin,  catalogue 
268,  about  30OO  titles. 
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NEW  PUBLICATIONS, 
1.    HIGHER  MATHEMATICS. 

Baker  (W.).    The  calculus  for  be^nnen.    Londoo,  Bell,  lfll2.    8vo. 

174  pp.  38. 

Bakidon  (P.),    See  BtiRAU-FoBTi  (C), 
B0RAU-FORTI  (C.)  et  Marcolonoo  (R.).    Analyrc  vectorielle  s^rale. 

I:    TmiBformatioQB  lin^AireB.    Traduit  de  1  italien  par  P.  Buidon. 

Favia,  Mattel,  1912.    8vo.  L.  6.00 

Darboux  <G.).    filoges  acad^Doiques  et  discours.    Volume  public  par  le 

comity  du  jubil£  scientifique  de  M.  Gaston  Darfooux.    Fane,  Hennami, 

1912.    8vo.    £36  pp. 
D5u>  (H.).    GnindcOge  und  Aufgaben  der  t^iffereutial-  und  Int^gral- 

rechnuDg  Debet  den  Reeultaten.    Neu  bearbeitet  voo  E.  Netto.     13te 

Auflage.    Gieasen,  Tdpelmann,  1912.    8vo.    3+216  pp.  M.  1.80 

FXbmat.    Oeuvrea,  publiefis  par  lea  Boina  de  P.  Tannery  et  C.  Henry, 

Tome  IV:    Compl^mente,  par  C.  Henry.    Suppl^ent  a  la  corT«- 

Bpondence.     Appendice.    Notes  et  Tables.    Pans,  Gauthier-Villars, 

1912.    4t«.  Fr.  14.00 

FoRSTTH    (A.    R.).    Lehrbuch    dw    IMfferentialgldchiu^en.    Mil    den 

Aufldsungen  der  Aufgaben  von  H.  Maser.    2te  autonuerte  Auflage. 

Nach  der  3ten  dea  englischen  OnKuiab  besorgt  und  mit  rauem  Anhang 

von  ZuaAtien  veraehen  von  W.  Jacobstbal.    Braunschweig,  Vieweg, 

1912.    Svo.    22+921  pp.  M.  21.50 

Gauss   (C.   F.).    Allgemcine  FUlchentheorie.     (Disquimtionea  generales 

circa  superficies  curvaa.)     (1827.)    Deutsch  herauagegeben  vod  A. 

Wangeiin.    4le  Auflage.     (Ostwald'a  Klaasiker.    Neue  Auflooe.   Nr. 

5.)     Leipsig,  Engelmann,  1012.    Svo.    64  pp.  M.  030 
.    Allgemeine  Lehrs&tze  in  Betiehung  auf  die  im  verkehrten  Verb&lt- 

nisse   dea  Quadrata  der   Entfernung   wirkenden   AuEiehunga-   und 

^betosBungs-Kr&fte.      (1840.)    Herausgeseben    von    A.    Wangeiin. 

3te  Auflage.     (Ostwald'a  Klasaikerder  e](a£l«n  Wissenschaft«D.     Neue 

Auflage.    Nr.  2.)    Leipzig,  Engelmann,  1912.    Svo.    61pp.    M.  0.80 
Heiberg  (J.  L.).    See  Tannery  (P.). 
Henrt  (C.).    See  Feruat. 
Hbbb  (W.).    Beweis  dass  die  Gleichung  c"*'  =  o"*'  +  6"*'  unlOabar  iat, 

wenn  a,  b,  e,  d  gaose  Zahlen  >  Null.    Dresden,  Kdhler,  1012.    Svo. 

4  pp.  M.  0.50 

HoBSON  (E.  W.).    Treatise  on  plane  trigonometry.    3d  edition.    Cam- 
bridge, University  Press,  1012.    Svo.  128. 
HuLBURT  (L.  8.).    DilTerential  and  integral  calculus;  an  introductory 

course  for  college  and  eiwneering  schools.    New  York,  Longmana. 

Svo.     18+481  pp.    Cloth.  S2.25 

Jacobstbal  (W.).    See  Forsyth  (A.  R.). 
Lewent     (L.).      Konfonne     Abbildung.      (Mathematiach-phyaikalische 

Schriflen  fUr  Ingenieure  und  St.udierende.)    Leipzig,  Teubner,  1912. 

Svo.     U2  pp. 
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Maboou>noo  (R.).    See  Borau-Fobti  (C.)- 

Mjlskb  (H.)-     See  FoBsne  (A.  R.)- 

Mebceb  (J.  W.}.  Exereiaee  from  the  Calculus  for  B^inners.  Cam- 
bridge, UDivermty  Press,  1912.    8vo.     108  pp.  3e. 

Milne  (J.  J.}.  Elementary  treatise  on  croes-ratio  geometry;  with  hia- 
toric&l  notes.    New  York,  Putnam,  1912.    8vo.    24+288  pp.    $2.00 

MoNTEiL  (P.  L,).  Throne  du  point.  Geometric  rectiligne  et  curviligne. 
Edition  Douvelle.  Cett«  Ouvrose  contient  les  solutions  de  la  quadra- 
e  du  cercle,  la  tr^section  de  I'angle,  et  la  proposition  de  Fermat. 


Paris,  Dunod  et  PinaX,  1012. 
Nnro  (K).    See  IWlp  (H.). 

Nioi  BOCHBR  liber  NaturwissenBchaftcn  und  Mathematik.  (Die  Neuig- 

keiten    des    deutscben    Bucbbaudels.)    Mitgeteilt    Frilhjahr    1912. 

Leiprig,  Hinrichs.    Svo.    pp.  1-22.  M.  0.30 

Salomon  <G.).    Easais  de  ma^e  arithm^tique  polygonale.  Parm,  Gau- 

tbier-ViUais,  1912.    Svo.    24  pp.  Fr.  1.50 


Paris,  Gauthier-Villars,  1912.    Svo.     19+466  p 
Thcb    (A.).    Ueber  einen   ZusammenhanE   iwiechen  den  Gl^chungen 

Ak"  +  Bl/»  +  C?"  =  Dxyt,  Px+Qy  +  Rz-O.     (VidenskapsselBkapeta 

ekritt«r.     1, 1911.  Nr.  20.)    Kriatiania,  Dybwad,  1912.    8vo.  20  pp. 

M.  1.00 
VoLL  (W.).     LOsung  dee  Fermat-Probtems.    Berlin,  Mayer  und  MUller, 

1912.    Svo.     15  pp.  M.O.SO 

Wanqebin  (A.).    See  Gaubs  (C.  F.). 
WiELEtTKEB  (H.).    IKe  meben  Elechnui^sarteD  mit  alkemeinen  Zahlen. 

(Matbematische  BUiliotbek,  Heft  7.)    Leipzig,  TcuDoer,  1912.     Svo. 

4+71  pp.  M.0.80 

Zeuthen  (G.  H.).    See  Takneky  (P.). 

II.    ELEMENTARY  MATHEMATICS. 

Amiecx  (MUe  A.)  et  Nieweniilowsei  (B.).  £l6menta  de  gtem^trie.  4e 
et  5e  ann^es.    Paris,  Delagrave,  1912.     ISmo.    238  pp.  Fr.  2.75 

Batbb  (E.  L.)  and  Chaklesvortb  (F.).  Practical  mathematics  and 
geometry.  Part  11:  Advanced  course.  New  York,  Von  Nostrond, 
1912.    Svo.    330  pp.    Cloth.  $1.50 

Behbendsen  (O.)  und  GOrnNU  (E.).  Lehrbuch  der  Mathematik  nach 
modemen  Grundsfttsen.  Oberstufe.  Ausgabe  A.  Leipzig,  Tcubner, 
1912.    Svo.    S+394  pp.    Cloth.  M.  3.60 

.  Lehrbuch  der  Mathematik  nach  modemen  GnindsatMn.  Ober- 
stufe.   Ausgabe  B.    Leipzig, Teubner,  1012.   Svo.  8+608pp.    Cloth. 

M.  4.00 

Beuchte  und  Mitteilimgen,  veranlaest  durch  die  intemationale  mathe- 
matische  UnterrichtakommisBion.  Nr.  VII,  Leiprig,  Teubner  1012. 
Svo.    pp.  80-127.  M,  1.60 

Bluheb  (S.).  Methodischee  Lehr-  und  UebungBbuch  fUr  den  eraten 
Unterricht  in  Algdrira.  Itn  Teil.  Zurich,  Scbultbess,  1012.  Svo. 
5+64  pp.  M.  1.00 
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Boa(H.).    Geometm  elemental.    Paria,  Hacbette,  1012.    16roo.    287  pp. 

Ft.  3.00 
BorCHENT  (G.)  et  GuiaiMBT  (A.).    L'algibre  au  coma  compl^ment^ie. 

Paris,  LaiDUsse,  1012.    8to.     128  pp.  Pr.  1.40 
.    La  g6om6trie  au  coun  compldmentaiie.    Pam,  Laivusee,  1012. 

8vo.    336  pp.  Fr.  2.80 

Camman  (P.)  et  Fabsbihdeb  (C).    Alg^bre  et  gfomitne.    Classe  de  lie 

A  et  B.    Parifl,  Gigord,  1912.    ISmo.    162  pp. 
.    Alg&re  et  gfomitrie.    Claase  de  2e  A  et  B.    Paria,  Gigord,  1912. 

ISmo.    156  pp. 


Charlesworth  (F.).    See  Batss  (E.  L.). 

CoAN  (C.  A.).    See  Colman  (S.). 

CoLUAK  (S.).  Nature's  haimonic  umty:  a  treatise  on  ita  relation  to 
propomonal  fonn;  with  mathematical  analjraia  by  C.  A.  Coon.  New 
York,  Putnam.    8vo.    8+327  pp.  $3.60 

CoMBBRODaeB  (C.).    See  Bavcat  (E.). 


Dupuie  (J.) .    Tables  de  logarithmefl  &  sept  d^imales.    Edition  stereotype. 

Paris,  Hachette,  1012.    8vo.     12+580  pp.  Fr.  8.50 

DuRELL  (F.).    Advanced  arithmetic.    New  York,  Merrill.  12ffio.  458  pp. 

$0.60 

.    Introductory  algebra.    New  York,  Merrill.     12mo.    286  pp, 

$0.60 
FABSBiNnEn  (C).    See  Camuan  (P.). 
GoDFRET  (C.)  and  Siddokb  (A.  W.).    Algebra  for  be^nnera.    Cambridge, 

University  Press,  1912.    8vo.    284  pp.  28.  6d. 

GftmNQ  (E.).    See  Behrbitdben  CO.). 
GwoNON  (A.).    See  Cauman  (P.). 
Gu^BiNET  (A.).    See  Boocbent  (G.). 
GuroN  (L.).    Exercicee  d'alg^ire  avec  leurs  solutions.    Paris,  Cbarles- 

LavauseUe,  1012.    16roo.    335  pp.  Fr.  5.00 

Hart  (C.  A.)  and  others.    Solid  geometry.    New  York,  American  Book 

Co.,  1912.    12mo.     16+200+486  pp.  $0.80 

Hawkeb  (H.  E.)  and  others.    Complete  school  algebra.     (Mathematical 

texts  for  schools,  edited  by  P.  F.  Smith.)    Boston,  Ginn,  1912.     12mo. 

11+607  pp.    Cloth.  $1.26 

HoPFUANN  (B.).    Mathematische  Himmelskunde  und  nledere  Geodfiue 

an  den  h&heren  Schulen.     (Abhandlungen  iiber  den  maUiematiscben 

Unterricht  in  Deutschland.    3ter  Bond,  4te8  Heft.)    Leiprig,  Teubner, 

1912.    Svo.    5+68  pp.  M.  2.00 

HOfler  (A.).    Die  neuesten  Einrichtungen  in  Oesterrnch  tiSr  die  Vorbild- 

ung  der  MittelachiiUebrer  in  Mathematik,  Philoeophie  und  P&dagogik. 

(Berichte  iiber  den  mathematischen  Unterricht  in  Oeaterreich.     12tra 

Heft.)    Wien,  Holder,  1912.    8vo.    4  +  103  pp.  M.  2.00 
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Hopkins  (J.  W.)  and  Underwood  (P.  H.)-  ElementAry  algebra.  It«viBed 
And  enlarged.  With  answera.  New  York,  Macmillan,  1912.  12mo. 
9+341  pp.  S0.75 

Hdbband  (J.).    See  Mobbis  (I.  H.). 

Ja£chow  (H.).  Raumlehre  fOr  Mittelschulen.  2te  Auflage.  Kiel,  LkK 
riue  und  "Hecher,  1912.    Svo.    8+20+241  pp.    Cloth.  M.  2.00 

KiNNSLLT  (A.  E.).  Table  of  eines,  comnee,  tongenta,  cceecanta,  eecanta. 
and  ootangenta  of  real  and  complex  hypnbolic  angles.  Harrard 
E^Ugineering  Jouinal,  1912.    Sto.    28  pp.  tO.25 

Lanner  (A.).  Hie  MathematJk  im  Phynkuntenicht  der  fiaterreichiBchen 
Mitt«lBchulen.  (Berichte  Qber  den  nukthematischen  Unterricht  in 
O^terreich.    lltea  Heft.)    Wien,  Hfilder,  1912.    8to.    S6  pp. 

M.  1.20 

Lauobun  (P.).  Table  of  the  equivalent  of  numbers  from  1  to  10,000. 
Rochester,  N.  Y.,  Connolly,  1912.    4to.    43  pp.  S16.00 

LuBKB  (0.).    See  Schwab  (K). 


8vo.    12+280  pp.    Cloth.  M.  2.40 

Mbhckb    (J.    W.).    Numerical    trigonometiy.    Cambridge,    Univernty 

Preee,  1912.    8vo.     168  pp.  2s.  dd. 

MiLNK  (W.  J.).    Key  to  first  year  alg^ra.     New  York,  American  Book 

Co.,  1912.     12mo.    283  pp.  S0.8S 

MoBRiB  (I.  H.)  and  Hcbband  (J.).    Practical  plane  and  solid  geometiy. 

New  and  revised  edition.    New  York,  Longmans,  1910.     12mo.    8  + 

276  pp.  10.80 

NiEWENOLowsKi  (B.).    See  Ahibux  (Mile  A.). 
NotrvKLLCS  tables  de  logarithmea  k  cinq  d^cimalea  pour  lea  l^es  trigo- 

iiom£triquee  dane  lee  deux  syst^mes.    2e  edition  revue  et  corrigee. 

Paris,  Gauthier-Villars,  1911.    Svo.    252  pp.  Fr.  4.G0 

Paul  (M.  0.).    Mathematisches  Lehr-  und  Uebun^buch  fOr  hdbere 

Midchenschulen.     3t«r   Band:  Geometrie   II.     Leipiig,   Quelle   und 

Meyer,  1912.    Svo.    4+110  pp.  M.  1.40 


Rodch£  (E.)  et  CouBERouBBE  (C.  oe).    Traits  de  g^m^trie.    2e  partie: 

Gtemftiie  dans  I'eapace.    8e  Mition.    Paris,  Gauthier-Villars,  1912. 

Svo.     18+664  pp.  Ft.  9.50 

ScHATBEiTLEtN    (P.).    Ke  Kegelschnitte.    Fflr  die  Schule  beaibdtet. 

(Progr.)  Berhn,  Weidmann,  1912.    Svo.    23  pp.  M.  1.00 

SchlOuilch    (O.).    Fanf8t«Uige    logarithmische    und    trigonometriache 

Tafebi.    6te  Auflage.    fiiauDBchwdg,  View^,  1912.    Svo.    27+182 

pp.  M.  240 

ScHiiEHL  (C).    Lehrbuchdersph&rischenTrigonometrie.    Gieasen,  Roth, 

1912.    Svo.    4 +  112  pp.  M.  2.00 

ScBOi/TB-TiPPBB  (A.).    See  Mehler  (F.  G.). 
gCHWAB  (K.)  und  Lesser  (O.).     Mathematisches  Unterrichtswerk.    2t«r 

Band:  G«ometrie.    Iter  Teil.    Ausgabe  A.    L^piig,  Freytag,  1912. 

Svo.    290  pp.    Cloth.  M.3.60 
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SiDDONS  (A.  W.).    See  Godfret  (C.)- 
Underwood  (F.  H.).    See  Hopkins  (J.  W.). 

in.    APPLIED  MATHEMATICS. 
Appbll  (P.).    CouTB  de  m^canique  de  U  claaae  de  matb&natiquefl  ep^dalea. 

3e  iditioD,  entidrement  refondue.    Paris,  Qauthier-Villflra,  1912.    8vo. 

532  pp.  Ft.  12.00 

AsNOLD  (E.)  et  Lacour  (J.  L.).    Lee  machinee  asyochrones.    Ire  putie: 

Lee  machines  d'induction.    ThiSorie,  calcul,  construction,  fonctionne- 

ment.    Treduit  de  I'allemuid  par  G.  Donnine  et  M.  L.  P^et.     Paris, 

DeUgrave,  1912.    8to.     16+57ft  pp.  Fr.  22.00 

Attwood    (E.   L.).    Textbook   of  theoretical   naval  architecture.    6th 

edition,  revised  and  enlarged.    New  York,  Longmans,  1012.     12mo. 

9+51Spp.  S2.60 

Ball  (L.  de).    Lefarbuch  der  Bpharischen  Astronomie.    LeipuK,  Engel- 

inano,  1912.    8vo.    15+388  pp.    Ctoth.  M.  21.50 

Barbiluon    (L.)    et   Beroeon    (P.).    Machines  dynamo-^lectriques   k 

courant    continu.    Thterie,    enroulement    et    construction.     Paris, 

Geisler,  1912.    8vo.     151  pp. 
BABtrs  (C).    See  Lbctores. 
Beroeon  (P.).    See  Barbiluon  (L.). 
BtOELOW    (S.    L.).    Theoretical    and   phywcal   chemistry.     New   York, 

Century  Co.    8vo.    13+544  pp.  S3.00 

Blancarnoux  (P.).    Toute  la  m^canique  rationelle  et  appliqu^e  k  la 

port^  de  tous.    Tome  8:  CliauS^  et  ventilation.    Paris,  Geisler, 

1912.    8vo.     130  pp. 
Boll  (M.).    See  DRin>E  (P.). 
Bordeaux  (J.).    Etude  raisonn^  de  i'aeroplane  et  description  critique 

dee  modules  actuels.    Avec  une  preface  de  L.  Seguiu.    Paris,  Gautluer- 

Villara,  1912.    8vo.    8+500  pp.  Fr.  15.00 

BocRnsLLE.    Thterie  du  navire.    Tome  I:  Etude  gfomfitrique  et  atati*- 

tique  du  navire.    Tome  2:  Du  navire  en  mouvement.    Paris,  Doin, 

1912.     ISmo.    397+367  pp. 
BouTARic  (A.).    Oscillations  et  vibrations.    Etude  gdn^rale  dea  mouve- 

menta  vibretoiree.    Fane,  Doin,  1912.     ISmo.    6+407  pp. 
BoTBLLE  (G.).    See  Henrt  (L.). 
Branch  (J.  G.).    See  Burns  (E.  E.). 
Brooks  (E.  E.)  and  Pother  (A.  W.).    MwnetiHm  and  electricity;  a 

mi*"""'  for  students  in  advanced  classes.    New  York,  Longmans,  1912. 

12mo.    8+633  pp.    Ooth.  S2.00 

Burns  (E.  E.)  and  Branch  (J.  G.).    Practical  mathematics  for  the  engin- 
eer and  electridan.    Chicago,  J.  G.  Branch,  1912.    12mo.     143  pp. 


"1% 


320  pp. 

— .    Short  course  in  graphic  statics  for  students  of  mechanical  ei^^eer- 
ing.    New  York,  Van  Nostrand,   1911.    12mo.    7+183  pp.    Sl.SO 
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Chafteb  (J.  I.).    See  Cathcart  (W.  L.). 

CoMPLfuEKTS  dee  exercicea  de  K^om^trie  descriptive.  Edition  de  1909. 
Par  F.  G.  M.    Paris,  Gigord,  1912.    8vo.    pp.  1101-1160. 

Crawford  (W.  J.).  Elementary  graphic  statica.  PhiUdetphia,  lippin- 
cott,  1911.    12n)o.    131  pp.  Sl.OO 

Dabrab.  Statiaue  graphique  ^l^ent^re  et  notions  pr^iminairea  de 
rtsistance  Jea  mat^riaux.  Paris,  Dunod  et  IHnat,  1912.  Svo.  6+ 
203  pp.  Pr.  7.60 

Drddb  (P.).  Precis  d'optii^ue.  Refondu  et  complit^  par  M.  Boll. 
Preface  de  P.  Langevin.  Tome  2:  Optique  electro-magn^tique, 
optique  £nei^que.    Paris,  Gauthier-ViUora,  1912.    Svo.    366  pp. 

Ft.  12.00 

DuBOBQ  (T.).    See  Henry  (I,.). 

DccHtNB  (Captain).    The  mechanics  of  the  aeroplane.    A  study  of  the 
principles  of  flight.    Translated  from  the  French  by  J.  H.  Le'  ' 
and  T.  0.  Hubbard.    New  York,  Longmans,  1912. 


The  dynamics  of  mechanical  flight.     London, 
Svo.    223  pp.  Se.  6d. 

GniUiAUUE  (C.  E.)-     Initiation  &  la  m^oanique.     Be  61ition  revue.     Paris, 

Hachette,  1912.     16mo.     14+222  pp.  Ft.  2.00 

Hbnrt  (L.).     Traits  de  g^od^ie  tacbteai^trique.     Nouvelle  Edition  en- 

tiireroent  refondue  par  G.  Boyelle  et  T.  Duboeq.    Paris,  Gauthier- 

Villare,  1911.    Svo.    400  pp.  Fr.  15.00 

HnBBABD  (T.  0.).    See  DucHtNB  (Captain). 
HtJiOBNS  (C).    Treatise  on  light,  in  which  are  explained  the  causes  of  that 

which  occurs  in  reflection  and  in  refraction,  etc.    Rendered  into  English 

by  S.  P.  Thompson.    London,  Macmillan,  1912.    4to.    142  pp.    lOs. 
Jacob    (L.).    Cin^matique    appliqude    et    m^caniames.     (Ehicyclop£die 

Bcientifique.)    Paris,  Doin,  1912.    ISmo.    35+363  pp. 
Jahes  (C.  A.).    Earthwork  diagrams.    White  Haven,  Pa.,  C.  A.  James. 

1912.    13  pp. 
Janet  (P.).    Legons  d'flectrotechnique  gfo^rale.    Tome  111:  Mot«ut8  & 

courants  albernatifa.    Couplage    et   compoundage  des  altemateure. 

Transformateun  polymorphiques.    3e  MitJon  revue  et  aunnent^. 

Paris,  Gauthier-Villare,  1912.    Svo.    4+366  pp.  Fr.  11.00 

Karapbtojf  (V.).    The  electric  circuit.    2d  edition,  rewritten,  enlarged 

and  entirely  reset.    New  Yorii,  McGraw-Hill,  1912.    Svo.     15+229 

pp.  $2.00 


R  (J.  L.}.    See  Arnold  (E.). 

RES  delivered  at  the  celebratio 

..indation  of  Clark  Universit;,,  __^_.    .   __.    __ 
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THE  NINETEENTH   SOIMER   MEETING  OF  THE 
AMERICAN  MATHEMATICAL  SOCIETY. 

The  nineteenth  summer  meeting  of  the  Society  was  held  at 
the  University  of  Pennsjlvania  on  Tuesday  and  ^\'ednesday, 
September  10-11,  1912,  extending  through  two  sessions  on 
Tuesday  and  a  morning  session  on  Wednesday.  The  following 
twenty-nine  members  were  in  attendance: 

Professor  Frederick  Anderegg,  Professor  M.  J,  Babb,  Mr. 
A.  A.  Bennett,  Dr.  Elizabeth  R.  Bennett,  Professor  G.  G. 
Chambers,  Dr.  A.  Cohen,  Professor  F.  \.  Cole,  Dr.  G.  M. 
Conwell,  Professor  E.  S.  Crawley,  Professor  G.  H.  Cresse, 
Professor  E.  W.  Davis,  Professor  W.  P.  Durfee,  Professor 
H.  B.  Evans.  Mr.  Meyer  Gaba,  Professor  O.  E.  Glenn,  Pro- 
fessor G.  H.  Hallett,  Dr.  S.  Lefschetz,  Professor  J.  A.  Miller, 
Dr.  H.  H.  Mitchell,  Mrs.  Anna  J.  Pell,  Professor  M.  B.  Porter, 
Professor  Arthur  Ranum,  Professor  E.  D.  Roe,  Jr.,  Dr.  J.  E. 
Rowe,  Professor  F.  H.  Safford,  Professor  I.  J.  Schwatt,  Pro- 
fessor H.  D.  Thompson,  Professor  Oswald  Veblen,  Professor 
H.  S.  White. 

Ex-President  H.  S.  White  occupied  the  chair,  being  relieved 
by  Professors  Crawley  and  Davis.  The  Council  announced 
the  election  of  the  following  persons  to  membership  in  the 
Society:  Professor  W.  A.  Bratton,  Whitman  College;  Pro- 
fessor Florence  P.  Lewis,  Goucher  College;  Mr.  Leslie  Mac- 
Dill,  Indiana  University;  Professor  H.  W.  March,  University 
of  Wisconsin;  Mr.  M.  R.  Richardson,  University  of  Chicago; 
Dr.' J.  I.  Tracey,  Johns  Hopkins  University;  Mr.  H,  S.  Van-i 
diver,  Philadelphia,  Pa.  Five  applications  for  membership  in 
the  Society  were  received. 

On  both  days  of  the  meeting  luncheon  was  provided  by  the 
University  of  Pennsylvania.  On  Tuesday  evening  twenty-six 
of  the  members  gathered  at  the  usual  dinner.  In  the  interval 
between  the  sessions  the  visitors  were  conducted  through  the 
university  buildings  and  grounds.  On  Wednesday  afternoon 
an  automobile  excursion  about  the  city  was  arranged.  At 
the  close  of  the  meeting  a  vote  of  thanks  was  tendered  to  the 
university  authorities  for  their  generous  hospitality. 

The  following  papers  were  read  at  this  meeting: 

(1)  Professor  R.  D.  Carmichael:  "On  the  theory  of  rela- 
tivity: analysis  of  the  postulates." 
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(2)  Professor  F.  H.  Safford:  "  An  irrational  transformation 
of  the  Weierstrass  P-function  curves  "  (preliminary  communi- 
cation). 

(3)  Dr.  E.  L.  Dodd:  "The  least  square  method  grounded 
with  the  aid  of  an  orthogonal  transformation." 

(4)  Dr.  E.  L.  Dodd:  "The  probability  of  the  arithmetic 
mean  compared  with  that  of  certain  other  functions  of  the 
measurements." 

(5)  Dr.  Henry  Blcmberg:  "  Algebraic  properties  of  linear 
homogeneous  differential  expressions." 

(6)  Dr.  J.  E.  Rowe:  "The  relation  between  tangents  and 
osculant  (n  —  l)ics  of  rational  plane  curves." 

(7)  Dr.  H.  H,  Mitchell:  "Determination  of  all  primitive 
collineation  groups  in  n  (>  4)  variables  which  contain  homolo- 
gies." 

(8)  Professor  Arthur  Ranum:  "  Lobachevskian  polygons 
trigonometrically  equivalent  to  the  triangle." 

(9)  Professor  G.  A.  Miller:  "  A  few  theorems  relating  to 
Sylow  subgroups." 

(10)  Mrs.  Anna  J.  Pell:  "Linear  equations  in  infinitely 
many  unknowns." 

(11)  Mr.  L.  B.  Robinson:  "Invariants  of  two  tetrahedra." 

(12)  Professor  F.  R,  Sharpe:  "The  Klein-Ciani  quartic." 

(13)  Professor  F.  R.  Sharpe:  "  The  {2,  1)  ternary  corre- 
spondence with  a  sextic  curve  of  branch  points." 

(14)  Professor  F.  R.  Sharpe  and  Dr.  F.  M.  Morgan:  "A 
type  of  quartic  surface  invariant  under  a  non-linear  trans- 
formation of  period  3." 

(15)  Dr.  S.  Lefschetz:  "Double  curves  of  surfaces  pro- 
jected from  Si." 

(16)  Dr.  Henry  Blumberg:  "Sets  of  postulates  for  the 
rational,  the  real,  and  the  complex  numbers." 

(17)  Professor  Oswald  Veblen:  "Decomposition  of  an  n- 
space  by  a  polyhedron." 

(18)  Professor  F.  N.  Cole:  "The  triad  systems  of  thirteen 
letters." 

(19)  Professor  H.  S.  White:  "  Triple  systems  as  transforma- 
tions, and  their  paths  among  triads." 

(20)  Professor  L.  C.  Karpinski:  "Augrim  stones," 

(21)  Dr.  Dunham  Jackson:  "On  the  approximate  repre- 
sentation of  an  indefinite  integral." 

(22)  Dr.  T.  H.  Gronwall:  "  Some  special  boundarj'  prob- 
lems in  the  theory  of  harmonic  functions." 
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(23)  Dr.  T.  H.  Gronwall:  "On  analytic  functions  of  con- 
stant modulus  on  a  given  contour." 

(24)  Dr.  T.  H.  Gronwall:  "On  series  of  spherical  hai^ 
monies." 

(25)  Professor  O.  E,  Glenn:  "  A  general  theorem  on  upper 
and  lower  limits  for  the  order  of  a  factor  of  a  p-ary  form  with 
polynomial  coefficients." 

(26)  Professor  E.  J.  Wilczynski:  "On  a  certain  class  of 
self-projective  surfaces," 

Dr.  Blumberg  was  introduced  by  the  Secretary,  Mr.  Robin- 
son by  Dr.  Cohen.  In  the  absence  of  the  authors  the  papers  of 
Professor  Carmichael,  Dr.  Dodd,  Professor  Miller,  Professor 
Sharpe,  Dr.  Morgan,  Professor  Karpinski,  Dr.  Jackson,  Dr. 
Gronwall,  and  Professor  Wilczynski  were  read  by  title. 

The  papers  of  Professor  Miller  and  Dr.  Lefschetz  appear  in 
full  in  the  present  issue  of  the  Bulletin.  Abstracts  of  the 
other  papers  follow  below.  The  abstracts  are  numbered  to 
correspond  to  the  titles  in  the  list  above. 

1.  In  the  present  paper  Professor  Carmichael  subjects  the 
postulates  of  relativity  to  a  fresh  analysis.  He  points  out 
that  a  part  of  the  second  postulate  is  a  consequence  of  the 
first,  and  calls  attention  to  the  fact  that  most  workers  in  the 
theory  of  relativity  have  (consciously  or  unconsciously)  made 
other  fundamental  hypotheses  in  addition  to  the  two  so-called 
postulates  of  relativity.  These  additional  hypotheses  should 
be  stated  as  postulates;  and  in  this  paper  for  these  additional 
hypotheses  two  very  simple  ones  are  chosen.  These  two 
together  with  the  first  and  a  special  form  of  the  so-called 
second  postulate  of  relativity  form  the  basis  of  the  paper. 
With  this  as  a  foundation  the  essential  general  results  of  the 
theory  of  relativity  are  built  up  in  a  very  elementary  manner 
and  certain  extensions  of  previous  results  are  obtained. 
Special  attention  is  given  to  an  analysis  of  those  elements  in 
the  [Htstulates  which  give  rise  to  the  strange  conclusions  of  the 
theory.  The  problem  of  logical  equivalents  of  the  postulates 
is  also  treated. 

2.  In  two  previous  papers  Professor  Safford  has  considered 
an  irrational  transformation  due  to  Weierstrass,  in  which  the 
curves  obtained  are  of  the  sixteenth  degree.  In  the  case 
analogous  to  the  Legendrian  form  of  the  elliptic  element  he 
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has  resolved  these  curves  into  four  curves  of  the  fourth  degree. 
But  in  the  case  corresponding  to  the  Weierstrass  form  two 
curves  are  of  the  fourth  degree,  while  there  remains  an  ap- 
parently irresolvable  component. 

This  paper  is  a  study  of  the  conditions  under  which  further 
resolution  is  possible, 

3.  Dr.  Dodd  establishes  the  least  square  method,  for  the 
case  in  which  the  observation  equations  are  linear,  as  a  conse- 
quence of  the  Gaussian  probability  law,  without  recourse  to 
infinite  series,  approximations,  or  a  discontinuity  factor,* 
Only  those  values  for  the  unknowns  are  considered  which  can 
be  obtained  from  linear  combinations  of  the  observation  equa- 
tions. It  would  be  futile  to  consider  alt  possible  values  for 
the  unknowns  in  this  connection;  for  under  the  Gaussian  law, 
there  are  no  "most  probable  values"  for  the  unknowns. 

Let  X  be  the  true  value  of  one  of  the  unknowns  and  f  an 
approximation  for  x,  obtained  from  a  linear  combination  of 
the  observation  equations,  with  multipliers  Xi.  Theorem: 
The  error  of  each  measurement  being  subject  to  the  Gaussian 
law,  the  probability  that  the  error  x  —  f  of  f  will  lie  in  any 
given  interval  (—  or,  a)  is  greatest  when  the  X's  are  so  chosen 
that  {  has  the  value  given  it  by  the  least  square  method. 

There  being  n  observation  equations,  the  required  prob- 
ability is  expressed  as  an  n-fold  integral.  This  is  then  simpli- 
fied by  an  orthogonal  transformation — "rotation" — making 
the  two  "parallel  planes"  which  bound  the  region  of  integra- 
tion "perpendicular"  to  an  "axis  of  coordinates."  If  the 
measures  of  precision  are  different,  a  similitude  transformation 
is  first  used. 

4.  In  his  second  paper  Dr.  Dodd  investigates  the  conse- 
quences of  the  Gaussian  probability  law,  and  shows  that 
this  law  is  not  compatiblef  with  the  principle  of  the  arith- 
metic mean  as  the  "most  probable  value."  By  the  Gaussian 
law  (G.  L.)  is  meant  the  statement  that 


',o- 


*  See  Ciuber,  Theorie  der  Beobachtungefehler,  p.  232. 
t  Bertnnd.  in  lus  Calcul  dea  ProbsbUit^s  (1889),  pp.  177-180,  gives  «t 
example  to  exhibit  this  incompatibility. 
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13  the  probability  that  the  error  x  =  a  —  m  of  the  measure- 
ment m  will  lie  between  x'  and  x";  here  a  is  the  true  value. 
Under  the  G.  L.  there  is,  indeed,  "no  most  probable  value" 
for  the  unknown,  the  probability  of  each  of  the  infinite  number 
of  pos«ble  values  being  zero. 

Definition :  The  probability  of  a  function  F  of  the  measure- 
ments will  be  said  to  be  greater  than  that  of  another  function 
/  if  the  probability  that  F  will  differ  from  the  true  value  a  by 
less  than  a  is  greater  than  the  probability  that  /  will  difFer 
from  a  by  less  than  a,  for  all  positive  values  of  a  less  than 
some  a'. 

Then,  under  the  G.  L.,  the  measurements  having  the  same 
"measure  of  precision"  h,  the  probability  of  the  root-mean- 
square,  1^ H*"'  +  '"»)i  of  two  measurements  iwi,  wij  is  greater 
than  that  of  the  arithmetic  mean  M  =  JCmi  H-  ttij)  if  Aa  >  2. 
But  in  the  case  of  three  measurements  the  probability  of  the 
arithmetic  mean  is  the  greater. 

Let  M  be  the  arithmetic  mean  of  any  number  of  measure- 
ments, with  the  same  k.  There  exist  values  of  the  constant 
b,  a  little  less  than  unity,  such  that  the  probability  of  bM  is 
greater  than  that  of  M.  But  if  6  >  1,  the  probability  of  bM 
is  less  than  that  of  M. 

Under  the  G.  L.,  the  probability  of  the  geometric  mean,  and 
of  the  median  and  of  M  +  c, — this  c  being  a  constant,  not 
zero, — is  less  than  the  probability  of  M. 

If  the  measures  of  precision  are  hi,  hi,  ■  ■■,  A,,  respectively, 
the  probability  of  the  weighted  mean  W  =  pimi  +  Pi^ft  + 
■  ■  ■  +  Pn'itn  (where  pi  +  pi  +  ■■■+?«=  1)  is  greatest  when 
the  weights  are  given  their  usual  values  pt  =  A*/ZA';  but 
values  of  b  exist  making  the  probability  of  bW  greater  than 
that  of  W. 

5.  In  his  first  paper  Dr.  Blumberg  sketches  the  main  results 
in  his  dissertation,  entitled  "  Ueber  algebraische  Eigenschaften 
von  hnearen  homogenen  Differentialausdrucken "  {Gottingen, 
1912).  The  dissertation  deals  with  algebraic  properties  (such 
as  those  connected  with  reducibility,  irreducibility,  etc.)  of 
expressions  of  the  form 
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where  the  functions  Oo{a-),  ai{x),  .  .  .  belong  to  a  fixed  dommn 
of  rationality,  in  the  sense  of  the  Picard-Vessiot  group  theory  of 
linear  homogeneous  differential  equations.  The  chief  point 
to  be  emphasized  is  that  the  proofs  make  no  use  of  integrals, 
but  are  given  with  the  aid  of  a  very  small  number  of  properties 
of  linear  homogeneous  expressions,  so  that  the  results  are  of 
a  much  more  general  character  than  those  hitherto  obtained. 

6.  A  rational  plane  curve  of  order  n,  an  B",  possesses 
2n  —  2  tangents  through  every  point  of  the  plane;  also,  there 
are  2n  ~  2  osculant  (n  —  l)-ics  of  the  fl"  through  every  point 
of  the  plane.  Dr.  Rowe's  paper  consists  in  proving  that  any 
projective  property  imposed  upon  the  parameters  of  the  2n  —  2 
osculant  (n  —  l)-ics  of  the  ^  through  a  point  holds  for  the 
tangents  through  the  point  as  a  pencil  of  lines. 

7.  In  a  recent  paper  {Proceedings  of  the  London  Matke- 
viatical  Society,  November,  I91I)  Burnside  made  a  determi- 
nation of  all  finite  collineation  groups  in  n  variables  with 
rational  coefficients  which  contain  the  symmetric  group  on 
those  variables.  In  addition  to  the  already  known  groups, 
those  of  order  (n+  1)!  (for  any  n)  and  2'-3'-5  (for  n  =  6), 
he  found  two  additional  primitive  groups,  of  order  2*-3^-5-7 
(for  n  =  7)  and  2"-3»-5*  -7  (for  n  =  8). 

Dr.  Mitchell  solves  a  more  general  problem,  i.  e.,  the 
determination  of  all  primitive  groups  in  n(>4)  variables 
which  contain  homologies,  the  results  for  n  S  4  being  already 
known.  A  transformation  in  the  symmetric  group  which 
interchanges  two  of  the  variables  and  leaves  the  rest  unaltered 
is  evidently  an  homology  of  period  2.  In  addition  to  the 
groups  mentioned,  there  are  two  others,  of  order  2*-3*-5 
(for  n  =  5}  and  28-3'-5-7  (for  n  ==  6).  Neither  of  these 
can  be  represented  with  rational  coefficients.  The  former  is 
isomorphic  with  the  known  simple  group  of  that  order,  and 
the  latter  contains  a  self-conjugate  subgroup  of  index  2,  which 
is  (1,  1}  isomorphic  with  a  known  simple  group. 

8.  Professor  Ranum  shows  that  in  the  Lobachevskian  plane 
there  are  nine  polygons  whose  trigonometry  is  equivalent  to 
that  of  the  triangle  and  three  special  polygons  whose  trigo- 
nometry is  equivalent  to  that  of  the  right  triangle.  Among 
the  former  is  the  rectangular  hexagon  (whose  angles  are  all 
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right  angles).  Among  the  latter  is  the  rectangular  pentagon, 
which  bears  somewhat  the  same  relation  to  the  right  triangle 
in  the  Lobachevskian  plane  that  Gauss's  "Pentagramma 
Mirificum"  bears  to  the  right  triangle  in  the  RiemanniaD 
plane.  The  hyperbolic  cosine  of  any  side  of  the  rectangular 
pentagon  is  equal  to  the  product  of  the  hyperbolic  sines  of  the 
two  opposite  sides  and  to  the  product  of  the  hyj)erbolic 
cotangents  of  the  two  adjacent  sides. 

10,  A  matrix  (kp^)  is  unlimited  if  the  transformation  Z^kp^, 
does  not  transform  every  system  of  variables  {jp}  of  finite 
norm  into  a  system  of  finite  norm.  Linear  differential  and 
differential-integral  equations,  and  other  types  of  linear  equa- 
tions, correspond  directly  to  linear  equations  in  infinitely 
many  unknowns  for  which  the  matrix  of  the  coefficients  is 
unlimited.  In  Mrs.  Pell's  paper  conditions  are  given  for 
the  existence  of  solutions  of  systems  of  homogeneous  and  non- 
homogeneous  linear  equations  with  an  unlimited  matrix  of 
coefficients. 

11,  In  this  paper  Dr.  Robinson  obtains  a  complete  set  of 
invariants  of  two  tetrahedra,  the  one  taken  in  points,  the 
other  in  planes.  The  tetrahedra  are  written  (_a^){bi)ic^){d^) 
=  0  and  (ax)i0x){yx){Sx)  =  0.  An  invariant  is  defined  as  a 
rational  integral  function  of  the  coefficients  homogeneous  in 
the  Greek  and  Roman  letters  and  unaltered  by  any  permuta- 
tion of  the  letters  and  the  subscripts.  The  group  of  permuta- 
tions is  of  order  576.  A  rather  full  discussion  is  given  of  this 
group  and  the  results  obtained  are  compared  with  those  ob- 
tained by  Feder  in  a  paper  in  the  Matkematische  Annalen, 
volume  47. 

12,  The  Klein  quartic  {Mathemaiische  Annalen,  1879) 

(1)  ^z  +  y'x^-^y^O 

and  the  Ciani  quartic  (Palermo  RendicotUi,  1899) 

(2)  zx*  -  zyzf^  =  0 

(for  a  special  value  of  X)  are  both  invariant  under  21  harmonic 
homologies.    Ciani  states  that  (2)  must  therefore  be  trans- 
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formable  into  (1)  by  some  opportune  transformation.  In 
Professor  Sharpe's  paper  the  requisite  transformation  is  detei" 
mined  and  is  applied  to  prove  the  following  theorems.  There 
are  63  conies  that  pass  through  one  vertex  of  each  of  the  8 
inflectional  triangles,  21  of  which  pass  through  each  vertex. 
There  are  168  conies  that  pass  through  2  vertices  of  each  of 
4  of  the  8  inflectional  triangles,  56  of  which  pass  through  each 
vertex.  There  are  28  conies  that  pass  through  the  6  vertices 
of  each  pair  of  inflectional  triangles  and  through  the  points  of 
contact  of  an  associated  bitangent. 

13.  Noether  (.Mathematiscke  Annalen,  1889),  reduced  the 
double  planes  that  can  be  rationally  mapped  on  simple  planes 
to  three  types  according  as  the  curve  of  branch  points  is  (1) 
a  Ci,  with  a  (2n  —  2)-fold  point,  (2)  a  non-singular  quartic, 
(3)  a  sextic  having  3  branches  touching  the  same  line  at  a 
common  point.  A  complete  analytical  treatment  of  the 
second  type  was  given  by  De  Paoli  (Atti  Lined,  1878),  and 
of  the  first  type  by  Boyd  {American  Journal,  1912).  In  Pro- 
fessor Sharpe's  second  paper  precise  analytical  expressions  are 
determined  for  the  remaining  type  of  (2,  1)  correspondence 
by  means  of  the  Grassmann  and  Wiman  {Maihematiache 
Annalen,  1895)  depictions  of  a  cubic  surface  on  a  simple  and 
double  plane. 

14.  Professor  Sfaarpe  and  Dr.  Morgan  consider  a  quartic 
surface  whose  section  by  any  plane  through  a  line  AB  is  the 
line  and  a  cubic  through  A  and  B.  If  the  line  joining  A  to 
any  point  P  on  the  surface  meets  the  surface  in  Q  and  if 
BQ  meets  the  surface  in  R,  the  transformation  used  converts 
P  into  R.  In  the  most  general  case  the  conditions  for  period- 
icity give  17  relations  amongst  the  26  coefficients  of  the 
equation  of  the  surface.  When  certain  terms  are  absent  from 
the  equation  the  conditions  for  periodicity  are  simple. 

16,  In  his  second  paper  Dr.  Blumberg  deals  with  sets  of 
postulates  for  rational,  real,  and  complex  numbers.  These 
sets  grew  out  of  conversations  with  Professor  Zermelo  and  it  is 
the  intention  of  the  latter  and  Dr.  Blumberg  to  publish  their 
results  in  detail  in  the  near  future.  Starting  with  a  set  (F) 
of  postulates  defining  the  most  general  field  (Korper),  where  the 
commutative  law  of  multiplication  need  not  hold, — such  a  field 
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will  be  henceforth  simply  called  a  " non-commutative  field" — 
we  obtain  by  the  addition  of  a  postulate  R  a  set  of  postulates 
defining  the  most  general  non-commutative  field  that  contains 
as  a  sub-field  the  field  of  rational  numbers.  By  the  further 
addition  of  one  postulate  C,  we  obtain  a  set  of  postulates 
defining  the  most  general  non-commutative  field  that  contains 
as  a  sub-field  the  field  of  real  numbers.  Finally,  the  set  of 
postulates  (F),  R,  C  and  a  new  postulate  /  define  the  most 
general  non-commutative  field  containing  as  a  sub-field  the 
field  of  complex  numbers.  To  obtain  sets  of  postulates  defin- 
ing the  rational,  real,  and  complex  numbers  a  postulate  P  is 
added  respectively  to  the  second,  third,  and  fourth  set  of 
postulates  mentioned  above,  as  shown  below: 

For  the  rational  numbers:    {F)^R,  P. 

For  the  real  numbers:  (F),  R,  C,  P. 

For  the  complex  numbers:  (F),  R,  C,  I,  P. 
There  are  no  postulates  of  order.    In  the  proofs  the  concept 
of  finite  number  is  not  presupposed. 

17.  Professor  Veblen's  paper  gave  a  proof  of  the  theorem 
that  an  (n  —  l)-dimensionaI  polyhedron  decomposes  an 
n-dimensional  space  into  two  regions.  The  proof  is  of  an 
essentially  combinatorial  character  and  involves  few  geo- 
metrical ideas  beyond  the  principle  that  an  n-dimensional 
convex  region  is  decomposed  into  two  n-dimensional  convex 
regions  by  an  (n  —  l)-space  containing  one  of  its  points. 

18.  Triad  systems  in  thirteen  letters  were  given  by  Kirk- 
man,  Heiss,  Netto,  and  De  Vries.  But  the  complete  deter- 
mination of  these  systems,  of  which  there  are  only  two  distinct 
types,  was  first  effected  by  De  Pasquale'  and  Brunel,t  both 
of  whom  based  their  examination  on  the  configurations  of  S. 
Kantor.  Professor  Cole  determines  the  possible  systems  by 
direct  construction  without  the  use  of  any  special  apparatus. 

In  the  discussion  of  the  paper,  Professor  Veblen  pointed  out 
that  the  two  systems  might  be  obtained  as  an  application  of 
finite  geometry. 

19.  In  a  triple  system  every  pair  of  elements  (or  dyad) 

*  "Sui  nstemi  teraui  di  13  dementi,"  BatdiconU  R.  latituUi  Lombardo, 
Mtr.  2,  vol.  32  (1899). 

t  "Sur  lea  deux  ayst^mes  de  trudea  de  treize  ^Umeats,"  Journal  de 
Math.,  ser.  5,  vol.  7  (1901). 


-obvGoo»^lc 


60  THE   SUMMER    MKBTING    OF  THE  SOCtED'.  [NoV., 

occurs  in  some  triad  once  only,  and  the  system  may  therefore 
be  regarded  as  relating  every  dyad  to  some  one  element,  the 
one  which  occurs  with  it  in  a  triad.  By  this  means  every  triad, 
as  containing  three  dyads,  may  be  converted  into  another 
triad  or  set  of  three  elements.  Iteration  produces  trains  of 
triads,  terminating  in  recurrent  cycles.  For  the  two  triple 
systems  on  13  elements  these  trains  are  studied.  They  are 
found  to  be  characteristic  for  the  species,  and  incidentally  to 
facilitate  the  discovery  of  the  group  which  transforms  the 
triple  system  into  itself. 

20,  Professor  Karpinski  explains  the  system  of  calculation 
in  use  from  the  time  of  Gerbert  (c.  1000  a.d.)  through  several 
centuries,  employing  Hindu  numerals  upon  an  abacus.  The 
numerals  were  placed  upon  markers  (or  stones  or  apices)  and 
used  instead  of  the  corresponding  set  of  stones.  This  accounts 
for  the  self-contradictory  expression  augrim  (or  algorism) 
stones,  as  found  in  Chaucer's  Canterbury  Tales.  The  word 
algorism  was  widely  used  to  indicate  the  Hindu  art  of  reckon- 
ing, employing  the  zero,  whereas  the  term  stones  implies  the 
use  of  an  abacus.  This  article  is  to  appear  in  Modern  Language 
Notes. 

21.  From  a  theorem  which  he  recently  reported  to  the 
Society,  concerning  the  approximate  representation  of  a 
periodic  function  satisfying  a  Lipschitz  condition.  Dr.  Jack- 
son deduces  the  following  general  result:  If  f(x)  is  a  function 
of  period  2ir  which  can  be  approximately  represented  for  all 
values  of  a;  by  a  trigonometric  sum  of  the  nth  order  with  an 
error  not  exceeding  t,  and  if  /(x)  is  such  that  its  indefinite 
integral  also  is  periodic,  then  this  indefinite  integral  can  be 
represented  by  a  trigonometric  sum  of  the  nth  order  or  lower 
with  an  error  not  exceeding  6  */n.  In  a  case  of  particular 
interest,  the  factor  6  may  be  replaced  by  3.  Of  the  conse- 
quences of  this  theorem,  the  following  may  be  mentioned:  If 
fix)  has  the  period  2t  and  possesses  a.  (k  —  l)th  derivative 
which  satisfies  a  Lipschitz  condition  with  coefficient  X,  then 
/(3-)  can  be  approximately  represented  by  a  trigonometric  sum 
of  the  Ttth  order  or  lower  with  a  maximum  error  not  greater 
than  3*X/n*.  This  is  an  improvement  over  the  result  pre- 
viously established  in  this  connection.  Corresponding  but 
not  precisely  parallel  theorems  may  be  stated  concerning 
approximation  by  means  of  polynomials. 


-obvGoo»^lc 


iyi2.]        THE   8UHMEB   MEETING   OP  THE  SOCIETY,  61 

22.  Dr.  Gronwall  shows  how  the  theory  of  the  Cesaro 
stimmability  of  the  Fourier  and  Laplace  series,  coupled  with 
the  generalizations  of  Abel's  continuity  theorem  for  power 
series  due  to  Frobenius  and  Holder,  gives  a  simple  and  effective 
method  for  solving  boundary  problems  in  mathematical 
physics  in  the  case  of  a  circular  ring  or  a  hollow  sphere.  The 
method  is  illustrated,  first  by  Dirichlet's  problem  for  a  circular 
ring  (previously  solved  by  Villat)  and  a  hollow  sphere,  in  which 
cases  the  proofs  are  considerably  shortened,  and  second,  by  the 
determination  of  a  harmonic  function  in  a  circle,  where  the 
derivative  along  the  normal  is  given  on  part  of  the  circum- 
ference, the  function  itself  being  given  on  the  remaining  part; 
in  this  case  (also  treated  by  Villat)  not  only  the  proof  is 
shorter,  but  the  final  formula  is  considerably  simplified. 

23.  In  this  paper,  Dr.  Gronwall  considers  a  uniform  analytic 
function  f{x)  having  a  finite  number  of  essential  singularities 
inside  or  on  a  given  circle,  and  being  of  constant  modulus  on 
a  set  of  points  on  the  circumference  with  at  least  one  limit 
point  which  is  not  an  essential  singularity.  After  showing 
that,  in  consequence  of  the  last  condition,  the  modulus  is 
constant  in  every  regular  point  on  the  circumference,  the 
singularities  and  zeros  outside  the  circle  are  determined  by 
Schwarz'  method  of  analytic  continuation,  and  finally  the 
general  analytical  expression  of  the  function  is  obtained. 

24.  In  the  first  part  of  this  paper.  Dr.  Gronwall  considers 
the  (n  +  l)th  partial  sum  in  the  formal  development  of  a 
function  /{fl,  *>)  in  spherical  harmonics  according  to  Laplace's 
formula.  When  /(9,  <p)  is  limited  to  the  class  of  continuous 
functions  not  exceeding  unity  in  absolute  value  at  any  point 
of  the  sphere,  this  sum  has  an  upper  limit  p„,  and  it  is  shown 
that 

which  completes  the  result  previously  found  by  Haar 

lim  inf. , •  p„  >  0. 

.=.«,    logn 

As  applications,  simple  examples  of  everywhere  continuous 
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functions  are  formed,  the  Laplace  developments  of  which  are 
divergent  at  a  given  point,  or  non-uniformly  convergent. 

The  second  part  of  the  paper  is  concerned  with  the  sum- 
mability  of  Laplace's  series  by  the  Cesiro  (or  Holder)  means. 
Fejfer  has  established  the  summability  of  the  second  order  for 
any  absolutelj'  integrable  function  in  every  point  where  it  is 
continuous;  llaar,  considering  the  particular  case  of  Legendre's 
series  for  any  function  f{x)  (where  x  =  cos  9),  continuous  for 
—  1  ^^^  I,  proved  the  summability  of  the  first  order  ex- 
cept at  the  eftd  points  —  1  and  +  1,  which  are  inaccessible  to 
his  method  and  were  treated  by  Chapman  under  additional 
restrictions  regarding/(j:). 

Dr.  Gronwall  defines  a  set  of  constants  ps'  bearing  the  same 
relation  to  the  arithmetic  mean  of  the  n  +  1  first  partial  sums 
of  Laplace's  series  as  p,  to  the  {n  -\-  l)th  sum  itself,  and  shows 
that  these  constants  pj  are  bounded  for  all  values  of  n.  From 
this  result,  the  following  general  theorem  is  derived:  The  Lap- 
lace series  of  any  absolutely  integrable  function  j{9,  ip)  is 
summable  of  the  first  order  at  every  point  where  the  function 
is  continuous,  and  this  summability  is  uniform  over  any  range 
interior  to  a  continuity  range. 

Finally,  it  is  shown  that  when/{fl,  ip)  is  integrable,  without 
being  absolutely  integrable,  the  corresponding  Laplace  series 
is  summable  of  the  second  order  at  every  point  of  continuity. 

25.  Professor  Glenn  takes  a  homogeneous  p-ary  form  written 
in  the  ordinary  manner,  without  multinomial  multipliers  with 
its  coefficients,  and  considers  its  coefficients  to  be  polynomials 
in  one  letter  x,  after  the  method  of  Konigsberger*  in  bis 
generalizations  in  the  binary  case  of  Eisenstein's  theorem. 
A  general  range  of  functions  is  then  considered,  consisting  of 
k  of  these  polynomials  arranged  in  a  certain  order.  Derived 
ranges  are  defined.  A  formula  for  the  number  of  functions 
on  a  general  range  is  given.  Certain  assumptions  are  then 
made  with  reference  to  the  existence  of  common  factors  of 
the  functions  on  a  general  range,  and  of  the  functions  on  its 
derived  ranges  and  it  is  proved  that  the  order  n  of  any  factor 
of  the  p-ary  form  must,  under  the  given  hypothesis  lie  between 
limits,  which  are  determined.  The  theorem  is  apphed  in 
proving  certain  general  families  of  forms  irreducible. 

•  Journal  fur  Maik.,  vol.  115. 
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26.  Several  years  ago  Professor  Wilczynski  showed  that, 
by  introducing  a  properly  chosen  system  of  projective  coor- 
dinates, the  equation  of  a  non-ruled  surface,  in  the  vicinity 
of  an  ordinary  point,  may  be  replaced  by  a  development  of  the 
form 

z  =  xy  +  J(i'  +  ff*)  +  ^\ilx*  +  J^)+  ..., 

where  /,  J  and  all  higher  coefficients  of  this  expansion  are 
absolute  differential  invariants  of  the  surface.  The  present 
paper  is  devoted  to  an  investigation  of  those  special  surfaces 
for  which  /  and  J  are  everywhere  equal  to  zero,  completely 
determines  these  surfaces  in  certain  elementary  cases,  and 
obtains  a  large  number  of  properties  for  them. 

F.  N.  Cole, 
Secretary. 


A  FEW  THEOREMS  RELATING  TO  SYLOW 
SUBGROUPS. 

BT  FBOrsaSOR  O.    A.  MtLLEB. 

(B«ul  before  the  American  Mathematical  Society,  September  10, 1912.) 

Suppose  that  a  group  G  involves  more  than  one  Sylow 
subgroup  of  order  p",  and  that  a  subgroup  H  oi  G  involves 
more  than  one  Sylow  subgroup  of  order  p*,  0  <  ^  <  m.  The 
number  of  the  subgroups  of  order  p*  in  H  cannot  exceed  the 
number  of  those  of  order  p"  in  G,  since  any  two  Sylow  sub- 
groups of  any  group  generate  a  group  whose  order  is  divisible 
by  at  least  two  distinct  prime  numbers,  and  hence  each  Sylow 
subgroup  of  order  p*  in  H  occurs  in  one  and  in  only  one 
Sylow  subgroup  of  order  p"  in  G. 

When  H  is  an  invariant  subgroup  of  G  it  is  easy  to  prove 
that  the  number  of  the  Sylow  subgroups  of  G  is  a  multiple  of 
the  number  of  the  corresponding  Sylow  subgroups  of  H. 
In  fact,  all  the  ojwrators  of  G  which  transform  a  subgroup  of 
order  p"  into  itself  must  also  transform  into  itself  all  the 
operators  of  the  subgroup  of  order  p*  in  /f  which  is  contained 
in  the  particular  subgroup  of  order  p"  under  consideration. 
Hence  it  results  that  all  the  operators  of  G  which  transform 
into  itself  a  subgroup  of  order  p^  contained  in  H  must  consti- 
tute a  group  involving  k  subgroups  of  order  p**  and  containing 
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all  the  operators  of  G  which  transform  any  of  these  k  subgroups 
into  any  other  one  of  them. 

From  this  it  follows  that  every  operator  of  G  which  is  not 
in  the  subgroup  composed  of  all  the  operators  of  G  which 
transforms  into  itself  one  of  the  given  subgroups  of  order  p* 
must  transform  the  k  subgroups  of  order  p"  which  transform 
this  subgroup  of  order  p"  into  itself  into  other  A  subgroups  such 
that  the  two  sets  of  k  subgroups  have  none  of  these  subgroups 
in  common.  In  other  words,  there  are  exactly  k  times  as 
many  subgroups  of  order  p"  in  G  as  there  are  subgroups  of 
order  p*  in  H.  It  is  clear  from  the  above  that  the  group  of 
transformations  of  the  Sylow  subgroups  of  order  p"  in  G  must 
be  imprimitive  whenever  t  >  1.  When  H  is  non-invariant 
it  is  not  always  true  that  the  number  of  its  subgroups  of  order 
p*  is  a  divisor  of  the  number  of  the  subgroups  of  order  p"  in  G, 
Hence  the  theorem: 

//  a  group  G,  invohing  Sylow  subgroups  of  order  p",  coniaint 
an  invariant  subgroup  II  which  invohes  Sylow  subgroups  of 
order  p*,  then  the  number  of  the  subgroups  of  order  p*  in  H  is 
always  a  divisor  of  the  number  of  the  subgroups  of  order  p"  in  G; 
when  the  former  of  these  two  numbers  is  larger  than  the  latter, 
G  transforms  its  subgroups  of  order  p"  according  to  an  imprimi- 
tive group. 

If  G  is  the  symmetric  group  of  degree  n  and  //  is  the  alter- 
nating group  of  the  same  degree,  it  is  clear  that  the  Sylow 
subgroups  of  p*  in  C  are  the  same  as  those  of  H,  except  when 
P  =  2.  In  this  special  case  the  order  of  the  Sylow  subgroups 
of  G  is  twice  the  order  of  the  corresponding  Sylow  subgroups 
of  H.  When  n  =  4,  it  is  well  known  that  //  contains  only 
one  Sylow  subgroup  of  order  4  while  G  contains  three  Sylow 
subgroups  of  order  8.  When  n  =  b,  U  contains  five  Sylow 
subgroups  of  order  4  while  G  contains  fifteen  Sylow  subgroups 
of  order  8.  When  n  is  less  than  4,  H  does  not  involve  any 
Sylow  subgroups  of  order  2".  We  proceed  to  prove  that  in 
all  other  eases  the  number  of  the  Sylow  subgroups  of  order  2" 
in  the  symmetric  group  of  degree  n  is  the  same  as  the  number 
of  the  Sylow  subgroups  of  order  2*"'  in  the  corresponding 
alternating  group.  It  is  easy  to  verify  that  this  theorem  is 
true  when  n  =  6,  and  hence  we  may  employ  the  method  of 
complete  induction  in  proving  the  general  theorem. 

We  may  first  observe  that  the  number  of  the  Sylow  sub- 
groups of  order  p~  in  every  transitive  group  of  degree  p"  is 


-obvGoo»^lc 


1912.]  SYLOW   8DBGRO0P8.  6S 

exactly  the  same  as  the  Dumber  of  the  Sylow  subgroups  of 
order  p**""  in  the  subgroup  Gj  composed  of  all  the  substi- 
tutions which  omit  one  letter  of  the  given  transitive  group  G 
of  degree  n  whenever  a  <  m.  This  theorem  follows  directly 
from  the  facts  that  the  number  of  the  Sylow  subgroups  of 
G  cannot  be  less  than  the  number  of  the  corresponding  Sylow 
subgroups  in  a  subgroup  of  G,  and  that  all  the  subgroups  of 
order  jf  la  G  which  involve  a  subgroup  of  order  p""""  con- 
tained in  Ci  are  conjugate  under  Gi.  Each  of  these  sub- 
groups of  order  p"  involves  only  one  of  the  given  Sylow  sub- 
group of  order  p"~",  and  is  transformed  into  itself  under  G 
by  a  group  whose  order  is  p'  times  the  group  which  transforms 
it  into  itself  under  d.  As  the  order  of  G  is  also  p'  times  the 
order  of  d,  it  results  that  each  of  the  Sylow  subgroups  of 
order  jT  m  G  involves  one  and  only  one  Sylow  subgroup  of 
order  p"^*  in  d-  In  other  words,  the  number  of  Sylow 
subgroups  of  order  p**"  in  Gi  is  the  same  as  the  number  of 
the  Sylow  subgroups  of  order  p"  in  G. 

From  the  preceding  paragraph  it  results  that  if  a  Sylow 
group  of  order  2"  is  transformed  into  itself  by  only  its  own 
substitutions  in  the  alternating  and  the  symmetric  group  of 
degree  2"  —  1,  it  is  transformed  into  itsdf  by  only  its  own 
substitutions  in  the  alternating  and  the  symmetric  group  of 
d^ree  2*.  The  Sylow  subgroup  of  order  2"  in  a  symmetric 
group,  or  in  an  alternating  group,  is  transitive  only  when  the 
degree  of  this  group  is  either  2"  or  2"  -|-  1*.  From  the  struc- 
ture of  this  group  it  follows  therefore  that  the  Sylow  sub- 
groups whose  orders  are  of  the  form  2"  are  transformed  into 
themselves  only  by  their  own  substitutions  in  every  sym- 
metric group  and  in  every  alternating  group  whose  degree 
exceeds  5.     Hence  the  theorem: 

The  number  of  the  Sylow  subgroups  of  order  2"  in  the  »ym- 
metric  group  of  degree  n  >  ft,  is  exactly  the  same  as  the  number 
of  the  Sylow  subgroups  of  order  2""~'  in  the  alternating  group  of 
this  degree,  and  these  SyUno  siAgroups  are  traiuformed  into 
themselves  by  only  their  own  substitutions  under  each  of  these 
groups. 

From  this  theorem  it  results  that  the  group  of  order  4  is 
the  only  Sylow  subgroup,  whose  order  is  of  the  form  2",  which 
is  transformed  into  itself  by  more  than  its  own  operators  under 

•  Amer.  Jovr.  o}  Maihtmalict,  vol.  23  (1901),  p.  176. 
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a  symmetric  or  under  an  alternating  group.  It  may  also  be 
observed  that  if  G  is  an  imprimitive  group  of  transformations 
of  Sylow  subgroups  of  order  j^,  then  G  cannot  involve  an 
invariant  subgroup  whose  order  is  of  the  form  p',  since  its 
degree  is  of  the  form  1  +  kp.  If  the  systems  of  imprimitivity 
of  G  are  transformed  according  to  a  group  involving  smaller 
Sylow  subgroups  of  the  form  p'  than  those  contained  in  G, 
it  results  from  the  theorem  proved  above  that  G  contains  other 
systems  of  imprimitivity  which  are  transformed  according  to 
Sylow  subgroups  whose  orders  of  the  form  p'  are  equal  to  the 
orders  of  the  corresponding  Sylow  subgroups  of  G.  Hence 
the  theorem : 

If  G  it  an  imprimitive  group  of  trantfoTvuUiona  of  Sylow 
avbgroups  of  order  p"  and  involvet  Sylow  iubgroupa  of  order  p", 
then  G  mvM  have  tystenu  of  imprimitivity  which  are  tranaformed 
according  to  a  group  involving  Sylow  mbgrojips  of  order  p'. 
Untverbitt  of  Chicaoo. 


THEOREMS  ON  FUNCTIONAL  EQUATIONS. 

BT  UK.  A.  K.  BCBWEtTIER. 

(Read  before  the  Americtm  Mathematical  Society,  April  27,  1912.) 

1.  In  the  Bulletin,  volume  18  (1912),  page  300,  we  have 
referred  to  Abel,  Crelk'»  Journal,  volume  2  (1827),  page  389, 
in  relation  to  the  equation 

(1)  'Kx)-Hy)  =  n-M«(a:,ff)l. 

This  reference  suggests 

(2)  V-C-r)  -  'I'iy)  =  irMar«(y)  -  y<Kx)] 

as  a  correlative  of  the  functional  equation*  discussed  by  Abel, 
1.  c,  namely, 

(2')  i^ix)  +  Hy)  =  n-Mi«(j/)  +  ff*{j:)}- 

Further  special  cases  of  the  equation  (1)  are  obtained  by 
considering  the  generalizations  of  equation  (2')  by  Lottner, 
•  Cf.  Cayley,  Mathematical  Papers,  vol.  IV,  pp.  5-6. 
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Crelle's  Journal,  volume  46  (1854),  pages  367,  368,  etc.  For 
example,  we  obtain 

(3,      ■        ,M-,<„  =  <rt-^'',^'^'^) 

and 

(4)      tM-m-..  I        ,(,^) 

In  equations  (2),  (3),  (4)  let  tr'{i)  =  i{x);  then  the  resulting 
equations  are  particular  instances  of  the  equation 

xW-x{y)  =  x{/(x.j/)t, 

which  we  have  derived  in  the  BoLLETiN,  1.  c.  Following  the 
suggestions  of  Abel,  1.  c,  page  386,  and  Lottner,  1.  c,  page  368, 
we  remark  that  equation  (2)  for  Il~'('t)  =  4'i^)  contains  a 
trigonometric  subtraction  formula,  and  equation  (3)  for 
ff'H-r)  =  ^M  contains  an  elliptic  subtraction  formula. 

Abd,  I,  c,  pages  388-389,  has  pointed  out  that  the  relation 
(2')  leads  to  an  equation  in  4>(x)  which  in  general  is  incapable 
of  solution.    The  relation  (2),  on  the  contrary,  gives 


4>(x)  =  V'c*  -  (m  -  a'^)3^  +  a 
dx 


K^)=a«J*- 


a-'(x)  =  ^(^)  +  *(0), 

where  *'(0)  =  «',  *(0)  =  a,  ^'(0)  =  a,  and  c  and  m  are  arbi- 
trary constants. 

In  connection  with  the  discussion  of  Lottner,  1.  c,  and  the 
preceding  equation  (4)  the  functional  equation  of  Lelieuvre*  is 
possibly  of  interest. 

2.  Abel,  in  Crelle's  Journal,  volume  1  (1826),  pages  11-15, 
has  shown  that  if 

f{x,yr=4rH<t>(x)  +  4>m, 
then 

/l^./(y,»)l=/ly,/fe^)l, 

'BulUHn  dn  Science*  Mathimatiqaei,  aer.  <3),  vol.  27  (1903),  p.  31. 
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and  in  the  Bulletin,  1.  c,  page  302,  we  have  shown  that  if 

/  (x,  !/)  =  «-' I  «(a:)-«(y)l, 
then 

/l!(,/(x.2)l-/|2,/(l,j)i. 

The  following  theorems  have  a  bearing  on  these  two  remarks. 

Theorem  1.     //    <f\x,    <f(y,    z)\    =    ^{y,    4t[x,    z)|    and 

^{f(y,  z),  z]  =  y  and  f  i*(i/,  z),  y\   =  z,  then  there  exUte  a 

junctum  x^{x)   such  thai  <p{x,  y)  =  X4~'ix*W  +  X*i.y)\   and 

/{i,y)  =  xrMx*(x)-x»(y)|. 

In  proof  of  this  theorem  we  show  first  that 

*|x,  *(y,  a)|  =  *|a,  *(i,  y)i. 
By  hypothesis, 

(6)  *j-r,  *(3/,  3)1  =  *{y,  *(i,  2)|. 
Hence  writing/  (y,  z)  for  y,  we  get 

*|x.  «(/(y,s),  2)1  =  *l/(y,  z),  *{-K,2)l, 

*{/(j/,z),2|  =  y 
we  obtain 

*{x.y)  =  *|/{y.z),*(x,2)I, 

or  by  interchanging  y  and  z, 

*{a:,z)  =  ^\f{z,y),<f{x,y)\. 

In  this  relation  we  write  *(y,  z)  for  z;  then 

•  *|jr,*{y,z)l  =  «l/l*(y,  2),  !/],  *(x,y)|. 

that  is,  since 

/  l*(j/-  2).  Sl  =  2. 

(7)  <t>\x,<t>{y,z)\  =  *{2,  «{x,  y)|. 

Combining  (6)  and  (7),  we  have  by  Abel's  theorem,  Crelle's 
ume  1,  page  13,  that  there  exists  a  function 
lat 

x#l*C«.  y)i  =  x»W  +  x*{y)- 
.{4>[f{x.y),y]]  =  x*{f{x,y)]+X4(y) 
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or 

that  is, 

(9)  x.l/fe»)l-x.(x)-x.(})- 

The  relations  (8)  and  (9)  establish  the  preceding  theorem. 

Theokem  2.  ///{y,  /(x,  z)i  =  f  [z,  /(x,  y)]  and 
^\f(S>  2)t  >]  =  y  and  f  {*(y,  a),  j/|  =  z,  then  there  exists  a 
function  x/(x)  mek  thai  f  (x,  y)  =  x/~Mx/(x)  -  x/(y))  o»«i 
*(x.  y)  =  xj  'lx/(x)  +  x/(y)l- 

Since 

/l«(j/.  2),  yl  =  z 
we  have 

But 

*[/(»,  s),»l-»- 
Hence, 

(10)  /l!(,/(j,s)l  -J. 
Now  we  consider 

(11)  /|J,/(":,«)1  =/|2./(x,!,)l. 
From  (11)  follows 

/I/(X,  »),/(«,  2)|-/|2,/l«,/(«,»)ll 

or  by  (10), 

(12)  /  l/(x,  J), /(x,  2)1  -/(»,}).  * 

Hence  by  a  theorem  which  we  have  proved.  Bulletin,  I.  c, 
there  exists  a  function  x/(x)  such  that 

(13)  x/l/(x,9))  =  x/(x)  -  x/(j/). 
Therefore, 

x/i/(*(x,  y),  x]\  =  x/l*(x,  1/)}  -  xjix) 
or 

x/{y)  =  x/l<t>{x,y)\  -  XfW, 
that  is, 

(14)  xs\4>{x,y)\  =  Tcj{x)  +  xsiy). 

Thus  from  (13)  and  (14)  follows  the  proof   of   our  second 
theorem. 
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3.  Theorem  1  of  §  2  concerned  the  camUtence  of  the  relations 
(6)  *(^,  *(!/,  z)l   =  «|y,  *(a^,  z)|, 

(6')  *i/(y,3).2|  =y, 

(6")  /  {*(y,  z),  y]  =  z. 

These  relations,  on  the  other  hand,  may  be  shown  to  be 
completely  independent.*  To  do  this,  it  suffices  to  exhibit 
eight  systems,  each  of  which  satisfies  or  contradicts  the 

preceding  relations.     Denoting  by  the  symbol  (+4 )  that 

(6)  is  satisfied,  (6')  is  satisfied,  (6")  is  contradicted,  and  so  on, 
we  have  as  the  required  systems: 

(+  +  +)        *{x,y)  -       x-^v       f{x,y)~      x~y 


DOUBLE  CURVES  OF  SURFACES  PROJECTED 
FROM  SPACE  OF  FOUR  DIMENSIONS. 


(Read  before  the  American  Mathematics  Society,  September  10,  1912.) 

1.  In  the  study  of  a  surface  F  in  S«,  one  of  the  problems 
is  the  determination  of  the  genus  «■'  of  the  double  curve  of  a 
projection  of  F.  Severif  has  shown  that  a  general  Fm  in  S* 
has  four  fundamental  projective  characters,  viz.,  the  order  m, 
the  class  n,  the  rank  a  of  a  hyperplane  section,  and  the  number 
t  of  trisecants  through  an  arbitrary  point  0.  He  also  ^ves 
an  expression  for  the  rank  of  the  double  curve  in  question, 
from  which,  knowing  the  number  of  pinch  points  J  ot  F^'m 
projection  of  Fm,  we  can  obtain  a-'.  It  is  not  uninteresting 
Moore,  The  New  Haven  Mathematical  Colloquium  (1910), 
aj  punti  doppi  impropri  .  .  .  ,"  Pidenno  Rendiconii,  vol.  15 
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to  show  how  w'  can  be  obtained  directly,  and  this  is  what 
we  will  do,  discussing  afterwards  the  case  of  a  complete  inter- 
section in  Si. 

2.  If  h  is  the  order  of  the  double  curve,  we  have 

A  =  im(n  -  1)  -  a, 

P»  =    (V)-  h{m  -  4)  +  ir'  +  2(  -  1, 

where  p,  is  the  arithmetic  genus  of  f  «,    This  gives 

t'  =  A(m  -  4)  +  p,  -  2(  -  (-,-•)  +  1 

(1)  =  i(n  -l)[2n»-  7n-  6]  -  Ja(n  -  4)  -  2(  +  p^  +  I. 

Another  method  of  obtaining  r'  could  be  used  if  we  knew 
the  genus  •-  of  the  curve  of  which  the  double  curve  is  the  pro- 
jection. For  the  two  are  in  (2, 1)  relation,  and  the  coincidences 
occur  on  the  curve  in  St  only  and  are:  (1)  2  for  each  triple 
point,  or  2(;  (3)  one  for  each  pinch  point,  or  j,  so  that  we  have* 

2t  +  j~  2(ir-  l)  +  4(ir'-I), 

(2)  .-.  t'  =  i(2{T  -  (  +  1)  -  j]. 

3.  If  we  wish  to  apply  either  method  to  the  case  of  an 
F^„  complete  intersection  of  a  f„  and  a-K,,  we  must  calcu- 
late I,  and  for  the  first  method  we  must  find  p„.  The  other 
characters  are  indeed  easily  obtained. 

(3)  m  =  fip, 

(4)  h  =  ^^(„-\){,-l), 

(5)  IT  =  (J)  -  2A[2A  -  ,1  -  V  -  0*  -  DC*-  -  1)  +  2], 

(6)  J-mpOi-  1)(v-  1)  =  2A. 

We  obtain  (5)  by  remarking  that  the  curve  in  St  is  the  com- 
plete intersection  of  F„,  V,  and  a  l''{,_i){,_i)  and  applying 
Veronese'st  formula  for  the  number  of  apparent  double  points 
of  B  curve  in  n-space,  while  (6)  is  obtained  by  remarking  that 
j  is  also  the  number  of  tangents  drawn  from  0  to  F,,,,  and 
is  therefore  the  number  of  points  common  to  K„,  V^  and 
their  first  polars  with  respect  to  0. 

*  Oebach,  IjC^oiu  de  Gtem^trie,  vol.  II,  p.  169. 

t "  Behandlung  der  projectiviechen  VerMltniaee  .  .  .  ,"  Matk.  Ann., 
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4.  Value  of  p„.  It  is  easy  to  show  that  F^,  ii  a  regular 
aurface.  In  fact  the  system  |  0'  |  adjoint  to  the  system  |  G  \ 
of  the  hyperplane  sections  of  ff,  is  cut  out  by  all  the  F,+,-« 
which  do  not  pass  through  F,  and  they  are  cut  by  the 
hyperplane  H  ot  C  la  the  system  of  all  surfaces  of  order 
li-\-  V  —  i  which  do  not  contain  C,  surfaces  which  cut  out  od 
C  the  complete  canonic  series  on  the  curve.*  \C'\  cuts  there- 
fore on  C  a  series  of  defect  0,  .'.  ■pt~  P^  —  0,t  which  was 
to  be  proved.  To  find  p,  we  must  obtain  the  number  of 
conditions  that  a  V^^r-t  shall  go  through  F^„  since  tfae  canonic 
system  of  F  is  cut  out  by  the  F,+_|that  do  not  go  through 
f  ^',.  More  generally  we  will  propose  to  find  the  number  Ni  of 
eonditioiu  that  a  Vi  shall  go  through  F^,.  For  this  purpose  we 
consider  the  curves  C,  obtained  in  cutting  by  hyperplanes  ff* 
(i  =  1,  2,  . . .,  I).  Ci  is  the  complete  intersection  of  two 
surfaces  of  order  fi,  v  in  Hi,  and  has  for  genus 

P  "  hMi^  +  »-  —  4)  +  1. 

Let  Ti  be  the  number  of  conditions  that  a  Vi  going  through 
Ci,  d,  . . .,  C,-_i  has  to  satisfy  in  order  to  go  also  through  d. 
Such  a  variety  already  meets  C,  in  ((  —  1)  nv  points,  contained 
'  —  1  planes.  The  series  ff(7-'+nM»  which  its  variable 
ntersections  with  d  cut  on  the  curve  is  complete,  since  it 
is  also  cut  out  by  a  complete  system  of  adjoints,  namely  the 
surfaces  of  order  /  —  i  +  1  =  «  of  H.,  which  go  through 
the  fixed  group  of  {i  —  l)ft»  points.  But  the  surfaces  of 
order  a  in  Hi,  cut  out  on  C;  a  series  of  same  degree,  complete 
and  contained  in  the  preceding,  therefore  coincident  with  it. 
Hence  if  i-  <  ;i  and 

a  <  V,  then  u  =  ('J*), 

f^a<  ft,  then  n  =  CJ'}  -  (—;+'), 

>i^a^P+  V  —  4,  then  p+v— 4  =  a^f—  4, 

and  if  Ti  —  1  is  the  residual  special  series,  we  have  by  applying 
Riemann-Roch's  theorem 

2iri  -  r',)  =  2a^v  -  2(p  -  1); 

.-.r.^  a^y-  (p  -  I)  +  C-^V), 

'Noetho',  "Zur  Theorie  dcs  dndeutigen  Enteprechens  .  .  .  ,"  Math 
Ann.,  vol.  8  (1874). 

t  £-  Picard  et  Simart,  Trml^  des  fonctiooa  alg^briqucs  de  deux  variablea, 
2,  pp.  437,  489. 
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(4)  ,+  r-4<.. 

Then  the  series  cut  out  by  Vt  is  not  special. 

.*.  r;  =  a^f  —  p  +  I. 
It  follows  that 

In  particular 

n,„,,  -  _£  _  ('}■)  +  "e"  (w.  -  p  + 1)  +  E  (:r)- 

Also 

m  P,  -  P^-  W,..-.; 

hence  (1°)  It  l£ii  +  r  -  5£,^», 

n,  -     i^  (oj..  -  p  +  1)  +  I  +  (n,  -  1)  +  1 

-i;(w»-p+l)+P.+  l-|.K'V)-l(p-l)+!).+l 

in  virtue  of  the  expression  of  p.* 
(2-)  Ifi2,+  v-5, 

iV,  =  p.  -  '£"*(»/"  -  P  +  1)  -  ,'E,(V)- 

5.  Value  of  i.    Let  t  =  <fr(ii,  v).    Applying  to  a  V,  formed 
of  a  Vi  and  a  F,_i,  we  have 

v(m,  -)  =  v'U  »-l)+^{n(»'-l)(^-2)-^(^-l)(»-l)(B  -2), 

where  the  second  term  is  the  number  of  bisecants  of  the 
surface  (K^,  F»_i)  meeting  also  the  surface  (V^,  Vj),  while  the 
third  is  the  number  of  these  chords  going  through  the  inter- 
section of  V,_i,  V^  and  Vi.  Taking  SivC**.  *)  and  simplify- 
ing, we  obtain 

( =  ^u  y)  =  6(!r)(;). 

We  see  that  (2)  is  easiest  to  apply  in  the  case  of  a  complete 
intersection,  and  indeed  in  this  case  comparing  both  values 
of  t',  we  have  the  easiest  way  of  obtaining  p,. 


-obyGoo»^lc 


74  QEOHBTBICAL  OPTICS.  [Nov., 

6.  The  curve  of  St  of  which  the  double  curve  of  F'^, 
is  the  projection  is  &  complete  intersection,  but  such  is  not 
the  case  for  the  double  curve  itself.  In  this  respect  the  case 
where  ft  =  v  =  Z  is  instructive.  For  then  it  is  found  that 
(  =  6(5)  =  G,  Pt  =  P-  =  5, 

IT  =  5-18+5-  (S)  -2-6+1  =  28, 

k=  j3-3-2-2=  18  =  6-3  =  9-2. 

The  complete  intersection  of  an  F»  and  an  Ft  with  six  triple 
points  is  of  genus  63,  while  the  intersection  of  an  Ft  and  an  Fi 
with  six  triple  points  is  of  genus  28,  and  yet  the  curve  with 
the  above  characteristics  cannot  lie  on  an  Ft,  for  then  it 
would  meet  F»'  in  a  curve  of  order  36.  If  F^^-n,-i,  is  the 
intersection  of  V,  and  K(„_ix,_i),  then  the  curve  in  S*  is  on 
F,<,_ix,.-i),  the  residual  intersection  being  of  order  fiviii  —  1) 
(v  —  1)*,  and  its  genus  pi  is  found  by  remarking  that  if  we 
project  from  another  center  this  curve  will  be  residual  of  one 
of  order  nv{fi  —  l)(v  —  1)  and  genus  x,  so  that 

Thus,  above,  the  residual  curve  is  of  order  72  and  genus  397. 
Lincoln,  Neb., 

Auguit  20,  1912. 


GEOMETRICAL  OPTICS. 

The  Principles  and  Methods  of  Geometrical  Optics,  eepecially  aa 

Applied  to  the   Theory  of  Optical  Instruments.     By  James 

P.  C,  SouTHALL.     New  York,  The  Macmillan  Company, 

1910.    ]txiii+626  pp.  with  170  figures. 

That  mathematidans  and  physicists  have  left  the  field  of 

geometrical  optics  so  largely  to  the  scientific  experts  of  the 

best  firms  of  optical  engineers  may  be  but  one  of  the  signs  of 

our    ever    increasing    specialization    and    its    accompanying 

ing  of  interests.     Yet  the  association  of  such  names  as 

Fermat,  Gauss,  Hamilton,  Kummer,  Moebius,  Sturm 

that  once  mathematicians  contributed  lai^ely  to  the 

and  were  inspired  by  it;  a  similar  state  of  affairs  is 

regard  to  physicists. 

1  an  impartial  viewpoint  it  can  hardly  be  gainsaid  that 
re  at  present  more  points  of  contact  between  geometrical 
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optics  and  mathematics  than  between  it  and  physics.  For 
although  too  great  a  forgetfulness  of  the  physical  foundation 
(waves)  as  against  the  mathematical  formulation  (rays)  may 
sometimes  be  inimical  to  obtaining  correct  results  in  geo- 
metrical optics,*  the  science  of  the  physicist  bears  but  lightly 
upon  that  of  the  optician  and  the  efforts  of  the  optician  throw 
but  little  light  upon  those  fundamental  problems  of  physics 
which  at  present  are  the  most  absorbing. 

To  the  mathematician,  however,  there  is  the  opportunity 
of  applying  the  theory  of  collineations  in  a  manner  which  would 
make  an  interesting  and  instructive  addition  to  any  course  on 
projective  or  descriptive  geometry,  there  is  a  chance  for  the 
theory  of  congruences,  especially  normal  congruences  and  focal 
surfaces,  the  calcidus  of  variations  may  also  find  an  appli- 
cation, and  finally  the  Lie  theory  of  contact  transformations. 
Nevertheless  it  was  not  a  pure  geometer  but  Maxwell  first, 
and  Abbe  later,  who  clearly  perceived  the  seemingly  obvious 
fact  that  the  elementarj'  theory  of  paraxial  optical  imagery 
was  fundamentally  a  matter  of  collineations  pure  and  simple, 
and  it  was  Bruns,  well-known  for  many  a  theoretical  appli- 
cation of  mathematics,  who  made  such  use  of  Lie's  work  in 
the  more  advanced  parts  of  optical  theory.  It  is  indeed  a 
pity  that  in  all  courses  on  contact  transformations  there 
should  not  be  inserted  enough  of  the  applications  to  mechanics 
and  optics  to  enliven  the  students'  interest  in  the  practical 
availability  of  the  subject. 

As  Southall  is  more  interested  in  this  tert  in  such  parts  of 
geometrical  optical  theory  as  lead  to  results  applicable  to  the 
theory  of  optical  instruments,  he  can  give  only  minimal 
attention  to  the  theory  of  congruences,  the  calculus  of  varia- 
tions, and  Lie's  contact  transformations,  and  he  must  content 
himself  for  the  most  part  with  mere  references  to  other  sources. 
He  does,  however,  take  up  the  collinear  aspect  in  detail 
(pages  162-262,  passim).  It  ta  to  be  prayed  that,  despite  its 
practical  tendencies,  the  text  will  appeal  to  mathematicians, 
and  were  it  not  for  the  hope  that  we  may  offer  some  encourage- 
ment to  mathematicians  to  include  in  their  courses  at  least 
•  a  slight  reference  to  optical  applications,  it  is  doubtful  if  we 
should  have  the  incentive  to  compose  this  notice. 

*  ThoM  who  are  now  trying  to  revpit  somewhat  to  a  corpuscular  theory 
of  bght  may  aucceed  in  replacing  the  wave  theory  by  a  ray  theory,  but 
Buch  a  theory  would  still  have  to  account  for  Btich  phenomena  att  at  pr(-Bent 
fall  under  the  topic  nf  waves  as  dietinguiahed  from  rays  in  the  sense  here 
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In  the  matter  of  book-writing  on  an  intricate  subject,  the 
author  has  surely  set  us  a  model.  The  notation  is  most 
carefully  chosen  and  consistently  followed.  To  aid  the  reader 
there  is  an  appendix  of  thirty  pages  in  which  the  notations 
are  tabulated  with  their  appropriate  explanations.  This  may 
at  first  seem  too  much  of  a  good  thing,  yet  it  is  a  feature  which 
cannot  fail  to  be  appreciated  by  students  of  geometrical  optics. 
There  are  so  many  points — object  points,  image  points, 
primary  and  secondary,  focal  points,  "Flucht"  points,  etc, — 
which  can  best  be  kept  distinct  in  a  long  treatise  only  by 
distinct  notational  conventions.  There  is  also  a  necessary 
profusion  of  significant  rays  and  planes,  of  angular  and  linear 
magnitudes,  and  of  non-geometrical  objects.  The  figures 
throughout  the  text  are  both  numerous  and  well  drawn;  this 
alone  is  a  considerable  accomplishment  and  must  have  been 
a  difhcult  task,  but  it  is  a  great  aid  in  rendering  the  clearly 
written  text  thoroughly  transparent.  The  analytical  index  is 
long  and  critically  constructed.  The  difficult  proof  reading 
must  have  been  performed  with  exceptional  care,  but  we  have 
observed  a  few  errors,  all  trivial,*  References  to  other  works 
are  frequent  though  well  selected,  and  the  historical  signifi- 
cance of  the  different  advances  in  geometrical  optics  is  not 
overlooked.  In  short  the  whole  text  manifests  an  affection 
of  the  author  for  his  subject,  and  the  care  and  industry  which 
only  such  an  affection  could  inspire. 

It  must  be  encouraging  to  the  author  to  see  the  enthusiastic 
reception  accorded  to  his  work  by  various  reviewing  journals. 
The  most  flattering  attention,  however,  which  a  work  on 
geometrical  optics  could  have  is  a  translation  into  German; 
for  the  chief  modern  optical  treatises  and  researches  are 
German,  and  only  a  book  of  the  highest  excellence  could 
receive  an  invitation  into  their  society.  Already  a  translation 
of  Southail's  Geometrical  Optics  is  in  preparation  by  Drs, 

■  Thptte  art!  included  [except  for  the  pei^lior  arrow  head  on  p.  391, 
XI  the  bottom)  in  the  list  of  seven  furnished  us  by  the  author  under 
of  ApHl  15,  1612. 

.     In  FiR.  63  insert  letter  ff  at  end  of  dotted  line  BC. 
.     Formula  at  end  of  page  should  read:  Y  =  Z  ••  '^  V   — /  /e^. 
.    In  formula  (136),  T(».dE,'E'  -=  - /^:'/A. 

.     In  the  "legend"  to  Fig.  103,  read  A,F  =  E'A, 1.5. 

,     For  "single  spihercal  surface"  read  "single  spherical  surface." 
.     la  Fig.  167  insert  letter  V  at  point  of  intersection  of  fitr^ght 
lines  JtfOi  and  AT,  D. 
Instead  of  heading  "i>,  B"  read  "6." 
ditional  list  Li  given  at  the  end  of  this  review. 
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H.  Scbuiz  and  Max  Lange,  scientific  collaborators  of  the 
optical  firm  of  Goerz.  Let  us  hope  that,  despite  the  cost  of 
the  original  production  and  of  subsequent  revisions,  a  generous 
publisher  or  some  appreciative  optical  firm  in  this  country  will 
see  to  it  that  the  necessary  financial  arrangements  may  be 
made  to  keep  the  revision  of  our  American  edition  up  to  the 
German  translation.  It  would  further  be  highly  desirable  to 
furnish  the  author  with  every  possible  encouragement  to  bring 
out  a  second  volume  on  the  special  theory  of  optical  instru- 
ments, the  natural  continuation  of  the  present  volume. 

The  first  two  chapters  of  our  text  are  introductory,  descrip- 
tive of  the  methods  and  fundamental  laws  of  geometrical  optics 
and  of  characteristic  properties  of  rays  of  light.  Huygens's 
construction  as  modified  by  Fresnel  is  made  the  basis.  Men- 
tion ia  made  of  that  important  principle  whereby  the  solution 
of  a  problem  in  reflection  can  be  derived  from  the  solution  of 
the  corresponding  problem  in  refraction  by  taking  —  1  for 
the  relative  index  of  refraction.  The  principles  of  least  time 
and  shortest  route,  Malus's  law  and  the  characteristics  of  an 
infinitely  narrow  bundle  of  optical  rays  (due  to  Sturm)  are 
explained. 

Chapters  III  and  IV  deal  with  reflection  and  refraction  at  a 
plane  surface  and  refraction  through  a  prism  or  system  of 
prisms.  In  the  discussion  of  the  deviation  of  a  ray  obliquely 
refracted  through  a  prism,  there  is  repeated  a  widespread 
error  leading  to  the  erroneous  formula  (57)  which  should  read 

sin  JZ>  =  sin  J£  cos  ni<    not    cos  JD  =  cos  J£  cos  iji. 

This  error  has  apparently  had  a  long  and  honorable  career. 
It  occurs  in  the  works  of  Heath,  Czapski,  Loewe,  Kayser,  and 
practically  all  others.  It  was  detected  and  pointed  out  by 
Uhler;*  it  had  previously  been  pointed  out  by  Larmor  in  1898; 
it  was  avoided  and  the  correct  result  was  obtained  by  Mascart 
in  his  Traits  d'Optique  (1889).  It  is  unlikely  that  any  large 
number  of  authors  working  the  problem  through  independently 
should  have  come  upon  the  same  erroneous  formula;  but  of 
course  it  is  impossible  for  each  author  to  work  out  each  detail 
independently;  his  very  learning  the  subject  from  an  earlier 
■  trustworthy  source  produces  an  aberration  toward  the  error. 
The  eradication  of  the  newer  errors  of  science  is  constantly 
'  Ameruan  Journal  of  Sdenix,  vdlMtaa  27  (1909),  pages  223-228. 
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going  on,  but  the  older  errors  are  hard  to  dislodge;  the  long 
survival  and  widespread  adoption  of  such  a  one  as  this  points 
a  moral  not  to  the  latest  author  aloae  but  to  the  whole  sci- 
entific world. 

Chapters  V  and  VI  discuss  refraction  and  reflection  of 
paraxial  rays*  at  a  spherical  surface  and  through  a  thin  lens 
or  system  of  thin  lenses.  It  is  here  that  the  applications  of 
projective  geometry  begin.  This  is  carried  on  to  the  general 
treatment  of  the  geometrical  theory  of  optical  imagery  in 
Chapter  VII.  The  theory  is  applied  in  the  next  chapter  to 
lenses  and  lens  systems.  Thus  approximately  one  half  the 
text  is  used  up  in  dealing  with  the  simple  elementary  geo- 
metrical optics  of  prisms  and  paraxial  systems  of  rays  refracted 
(or  reflected)  at  spherical  surfaces. 

Now  although  the  paraxial  ray  is  simple  to  handle,  it  is  not 
sufliciently  effective  for  the  optician;  for  the  wide-angle  bundle 
of  rays  is  a  necessity  both  for  the  distinctness  and  the  bright- 
ness of  the  image.  The  ninth  chapter  therefore  takes  up  the 
exact  methods  of  tracing  the  path  of  a  ray  refracted  at  a 
spherical  surface;  spherical  aberration  is  defined,  and  the 
refraction  formulae  of  Kerber  and  Seidel  are  given.  Next 
follow  the  forms  for  calculating  the  path  of  a  ray  through  a 
centered  system  of  spherical  surfaces.  The  discussion  then 
is  carried  up  to  the  general  case  of  the  refraction  of  an  infinitely 
narrow  bundle  of  rays  through  an  optical  system,  and  the 
matter  of  astigmatism  which  had  previously  been  treated 
for  refraction  at  a  plane  is  now  expounded  for  the  case  of  a 
spherical  surface. 

The  next,  the  twelfth  chapter,  on  the  theory  of  spherical 
aberrations,  is  by  far  the  longest  in  the  book,  as  may  easily 
be  imagined  from  the  nature  of  its  subject.  The  author  follows 
chiefly  the  method  of  Seidel,  the  elegance  of  which  is  largely 
due  to  a  selection  of  line  coordinates  felicitous  for  the  rays 
involved.  Gauss  wrote  the  equation  of  the  ray  in  the  familiar 
form 


and  used  the  parameters  B,  C,  P,  Q  (n  is  the  index  of  refrac- 
tion and  the  x-axis  is  the  optical  axis).     Seidel  used  as  ray 
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coordinates  the  quantities  (ij,  f,  ii,  J)  where  {it<  f )  and  (t|,  5) 
are  the  coordinates  of  the  two  points  in  which  the  ray  cuts 
two  selected  planes  perpendicular  to  the  a:-axis.  Especial 
attention  is  given  to  the  terms  of  the  3d  order,  those  of  the 
5th  order  being  neglected.* 

In  Chapter  XIII  the  question  of  color  phenomena  is  treated, 
and  the  related  subject  of  achromatism.  The  historical 
introduction  and  the  description  of  what  Jena  glass  has  meant 
to  optical  engineering  is  an  interesting  relief  from  arrays  of 
formulse.  The  final  chapter  deals  with  the  aperture  and  field 
of  view,  and  the  brightness  of  optical  images.  Here  for  the 
most  part  the  mathematics  is  very  simple.  It  is  rare  that  the 
author  applies  physical  reasoning  instead  of  geometric,  but  a 
little  is  found  in  this  last  chapter  and  it  recalls  the  fact  that 
earlier  he  points  out  that  Clausius  from  the  second  law  of 
thermodynamics  and  Helmholtx  from  the  law  of  conservation 
of  energy  could  obtain  the  fundamental  sine  condition  of  Abbe. 

It  is  clear  that,  from  his  consistent  and  logical  presentation 
of  the  theory  of  geometrical  optics.  Professor  Soutball  has 
attracted  and  must  continue  to  attract  highly  favorable 
attention  to  himself,  his  institution,  and  his  country.  In 
this  we  should  take  pride.  May  he  attract  from  us  similar 
attention  to  his  deserving  subject. 
Massachusetts  iNtri'iTUTB 
OF  Technologt. 

Edwin  Bidwell  Wilson. 

As  the  above  review  was  about  to  go  to  press,  the  Bulletin 
received  from  Professor  Southall  the  following  additional  list 
of  errata  in  his  Geometrical  Optics,  supplied  by  R.  S.  Clay, 
Esq.,  of  London.  It  is  believed  that  the  publication  of  the 
full  list  will  be  of  material  service  to  the  readers  of  the  book. 
Page  159.    Insert  a  minus  sien.before  the  first  term  on  the  right-hand  side 

of  formula  (81). 
Page  237.    Change  r  to  z'  in  the  right-hand  part  of  Fig.  92. 
Page3(H.    In  the  first  line  of  formukc  (191),  read  (a  —  a)  instead  of 

{a  +  a'). 
Page  306.    In  the  legend  to  Fig.  123,  read  zCBO  -  a  instead  of  Z^GBC 

Page  307.    In  formula  (197)  read    ^BCA.  and    /^BCAt  instead  of  the 

symbols  ^,  and  ^,  respectively. 
Page310,    near  the  bottom.    Read   zBCA,  and   zBCA,  instead  of  *, 

and  ^i,  respectively. 
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Page  365.    In  formubp  (268)  read/,  -f,Tofa  -  etc. 
Page  393.    In  thfi  first  tenn  on  the  right-band  nde  of  formula  (29S)  in  the 
denominator  read  m  —  1  inatead  of  r>i_i. 

P^e  4)4.    In  the  second  and  third  equations  on  this  page,  read  & 

instead  of  i . 

Page  414.    In  the  fifth  equation  od  thin  page,  insert  a  minus  sign  before 
d*-i- 

Page  439.    In  the  second  terra  of  formula  (323),  read  A.'  instead  of  A.'. 

Page  461.  In  the  third  formula  on  this  page,  on  the  right-hand  side,  insert 
a  multiplication'dot  before  iLe  expression  in  brackets. 

Page  462.  At  the  top  of  this  pace,  strike  out  the  first  line,  and  insert  in 
place  thereof  the  following: 

If  we  neglect  the  terms  of  the  3d  order,  the  direction- 
cosines  of  the  incident  ray  may  be  regarded  as  1,  b/n,  efn;  so 
that  the  approximate  equations  of  the  incident  ray  BH  are: 

Page  462.  In  the  denommator  of  the  fraction  on  the  right-band  side  of 
the  equation  in  the  6th  line  read  n'C^j,'  +  V)  instead  of 
B»'  -I- «'. 

Page  465.  In  the  last  expression  in  the  last  term  of  the  first  of  equations 
(355)  read  J.'  instead  of  I*. 

Page  465.  In  the  second  of  equations  (355)  in  the  first  term  on  the  right- 
hand  ride  read  (y,'  +-  i,')ii  in  place  of  (ji*  +  Zi')yi ;  and  after 
the  +  ugn  before  the  last  term  insert  T^. 

Page  467.  In  the  second  of  equations  (357),  in  the  numerator  of  the 
fraction  in  the  6rst  term  on  the  right-hand  ride  read 
(yi'  +  ii')ii  instead  of  (yi*  -I-  zi')fi. 

Page  604.     |122.    ReadChap.IinBteadofChap.il. 


SHORTER  NOTICES. 

A  Treatise  on  the  Analiftic  Geometry  of  Three  Dimermont. 
By  George  Salmon,  late  Provost  of  Trinity  College, 
Dublin.  Fifth  edition,  revised  by  R.  A.  P.  Rogers,  Fellow 
of  Trinity  College,  Dublin.  Volume  1.  London,  Longmans, 
Green  and  Company,  1912.  8vo.  xxii+470  pages,  and 
two  plates. 

The  first  edition  of  Salmon's  Geometry  of  Three  Dimensions 
was  published  in  1865.  It  formed  the  closing  volume  of  an 
extensive  treatise  on  algebraic  geometry,  two  volumes  of 
which  were  concerned  with  plane  geometry,  while  the  third 
contained  a  development  and  interpretation  of  the  theory 
of  linear  transformations,  from  the  standpoint  of  invariants, 
then  just  becoming  known. 

While  many  of  the  facts  were  known  before,  the  point  of 
view  was  a  new  one,  and  the  great  mass  of  material  was 
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successfully  moulded  into  a  systematic  treatment.  Extensive 
use  was  made  of  various  chapters  of  algebra,  but  the  algebraic 
processes  are  always  kept  in  the  background,  and  a  full 
explanation  of  the  geometric  meaning  of  every  step  was  given. 

Many  of  the  foundations  are  not  carefully  laid,  and  a  some- 
what curious  mixture  of  rigorous  logic  and  of  appeal  to  the 
intuition  are  found  side  by  side.  One  great  difficulty  in  the 
choice  of  material  was  happily  overcome  by  the  author  by 
assuming  that  the  reader  was  familiar  with  the  contents  of 
each  of  the  earlier  volumes  of  the  treatise.  In  this  way 
considerable  use  could  be  made  of  determinants,  linear  trans- 
formations, projective  systems,  and  invariants  by  presup- 
posing theorems  stated  elsewhere.  A  student  who  has 
approached  the  subject  through  these  preparatory  steps  will 
have  but  Httle  difficulty  in  following  the  argument. 

These  books  have  been  translated  into  many  of  the  languages 
of  Europe,  and  have  run  through  several  editions.  In  the 
meantime  more  comprehensive  treatises  on  the  subject  matter 
of  any  one  of  the  parts  taken  separately  have  appeared,  and 
new  contributions  have  greatly  extended  the  boundaries,  yet 
for  a  general  orientation  into  the  field  of  analytic  geometry 
these  volumes  have  remained  the  standard  work,  and  have 
also  served  as  a  model  of  style  and  of  presentation  to  most 
writers  on  geometry.  The  second  edition  appeared  in  1869, 
the  main  additions  being  a  consideration  of  Clebsch's  re- 
searches on  algebraic  curves,  and  of  Cayley's  contributions  to 
the  theory  of  ruled  surfaces.  The  third  edition  followed  five 
years  later  (1874),  having  been  prepared  with  the  assistance 
of  Professor  Cayley.  Two  innovations  in  this  edition  are  the 
introduction  of  the  Pliicker  line  coordinates  and  the  Gauss 
coordinates  of  points  on  a  surface;  the  appendix  on  quaternions, 
which  appeared  in  the  preceding  edition,  was  omitted.  The 
fourth  edition  was  issued  in  1882,  under  the  supervision  of 
Mr.  Cathcart.  Professor  Salmon  had  in  the  meantime  almost 
entirely  withdrawn  from  mathematics.  Since  1866  he  had 
been  Regius  professor  of  divinity  in  Trinity  College,  Dublin, 
and  the  duties  of  his  new  office  left  him  less  and  less  leisure  to 
continue  his  earlier  studies  in  geometry.  The  fourth  edition 
contains  fewer  changes  than  the  preceding  ones,  scarcely  taking 
into  account  the  advances  that  had  been  made  on  the  conti- 
nent during  the  eight  years  since  the  last  preceding  one  was 
published. 
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Counting  the  translations,  the  volume  on  three  dimensions 
has  run  through  fourteen  editions,  the  preparation  of  which 
has  been  participated  in  by  a  dozen  different  persons. 

Under  these  circumstances,  it  is  a  significant  fact  that 
thirty  years  after  the  last  English  edition  appeared,  in  a  time 
of  unprecedented  activity  in  cultivating  new  territory  in 
geometry,  and  of  compiling  systematic  treatises  on  the  same 
general  plan,  it  is  still  felt  that  a  new  edition  can  be  best 
presented  by  preserving  all  the  characteristic  features  of  the 
preceding  ones,  only  adding  such  material  as  is  necessary  to 
have  the  development  conform  to  the  present  point  of  view. 

In  November,  1910,  the  Board  of  Trinity  College,  Dublin, 
authorized  the  preparation  of  a  fifth  edition  along  these  lines, 
and  appointed  Mr.  Rogers,  Fellow,  to  undertake  the  task. 
In  order  to  accomplish  this  purpose  the  size  of  the  large  volume 
bad  to  be  still  further  increased,  and  it  was  decided  to  divide  it 
into  two.  The  present  volume  contains  the  first  12  chapters, 
and  the  number  of  pages  of  subject  matter  has  increased 
from  382  to  455;  it  also  contains  two  photographic  plates  of 
models  of  quadric  surfaces. 

The  first  two  chapters  contain  no  essential  changes.  The 
concept  of  surface  is  introduced  as  the  totality  of  triads  of 
numbers  which  satisfy  one  given  equation.  A  curve  is  defined 
as  the  totality  of  triads  satisfying  two.  It  is  stated  that 
three  surfaces  meet  in  a  finite  number  of  points,  no  mention 
being  made  in  this  place  of  those  surfaces  which  have  a  partial 
intersection  in  common,  but  attention  is  called  to  the  fact 
that  algebraic  equations  are  to  be  understood. 

The  transition  from  rectangular  to  tetrahedral  coordinates 
is  still  hopelessly  abrupt;  a  few  sentences  inserted  from  time 
to  time  have  made  the  new  presentation  more  lo^cal,  but  have 
scarcely  lessened  the  diflSculty. 

An  article  is  added  at  the  end  of  Chapter  V,  expressing  the 
analytic  classification  of  quadrics  in  terms  of  invariants,  but 
complete;  a  number  of  assumptions  are  made,  only 
■hich  are  explicitly  mentioned. 

ipter  VII  a  few  explanatory  sentences  are  introduced, 
ike  the  discussion  less  abrupt;  the  idea  of  projectivity 
more  prominent,  and  treated  more  systematically. 
;nd  of  the  chapter  two  articles  are  added,  one  on 
e  coordinates,  collineations,  and  reciprocation,  and 
•  on  the  projective  theory  of  distance  and  angle.    In 
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the  fonner,  any  tetrahedron  and  any  unit  point  are  shown  to 
fix  a  system,  and  the  coordinates  are  interpreted  as  anharmonic 
ratios,  thus  justifying  the  name  projective  coordinates. 
Projection  is  defined  as  a  (1,  1)  correspondence  between  the 
elements  of  any  two  entities,  when  the  correspondence  is 
defined  by  a  system  of  linear  equations  with  a  non-vanishing 
determinant.  In  the  second  added  article  the  projective 
theory  of  distance  and  angle  are  treated,  thus  justifying  the 
earUer  classification  of  quadrics.  The  discussion  is  also  out- 
lined for  non-euclidean  space,  but  the  treatment  is  so  brief 
that  it  can  hardly  be  of  assistance  to  the  reader. 

The  chapter  on  confocal  quadrics  contains  three  added 
notes  which  connect  the  theory  of  confocal  surfaces  with  that 
of  poles  and  polars  with  regard  to  the  absolute  circle,  and  a 
number  of  proofs  are  simplified  by  means  of  duality.  Use  is 
made  of  the  contents  of  these  articles  when  discussing  in- 
variants and  covariants  of  a  system  of  quadrics.  No  other 
changes  are  made  in  this  later  chapter. 

In  the  first  part  of  the  chapter  on  curves  and  developables, 
a  considerable  number  of  problems  on  curves  defined  by 
parametric  equations,  mostly  concerning  curves  of  order 
3  or  4,  is  added.  This  excellent  treatment  of  the  projective 
properties  of  algebraic  curves,  the  extension  of  Pliicker's 
numbers  to  space  curves,  and  the  illustrations  by  means  of 
curves  of  orders  3  and  4  is  still  standard,  forty  years  after  its 
first  appearance. 

In  the  second  part  of  this  chapter  the  Codazzi  formulas  and 
the  Frenet  formulas  have  been  added,  and  Staude's  con- 
struction of  confocal  quadrics  is  treated  in  fairly  full  outline. 

This  volume  is  provided  with  an  index  of  subject  matter 
and  with  a  list  of  authors  cited. 

ViHGiL  Snydeb. 

Oeuvres  de  Charles  Hermite.     Publi&s  sous  les  auspices  de 

I'Acadfimie   des   Sciences   par   Emile    Picard.     Vol.    III. 

Paris,  Gauthier-Villars,  1912.     8vo.     522  pp. 

A  BEViEW  of  the  first  two  volumes  of  Hermite's  works 

has  been  given  in  volume  13,  pages  182-190,  and  volume  16, 

pages  370-377  of  this  Bulletin.    The  thirty-nine  memoirs 

which  make  up  the  present  volume  belong  to  the  years  1872- 

1880.     A  fourth  volume  will  contain  the  remaining  papers 

and  bring  the  work  to  a  close. 
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The  majority  of  the  papers  of  this  third  volume  are  short 
notes  of  a  few  pages  each,  and  deal  for  the  most  part  with 
algebra,  the  integral  calculus,  theory  of  numbers,  differential 
equations,  and  elliptic  functions.  Three  of  these  are  extracts 
from  Hermite's  Cours  d'Analyse;  another  is  from  his  auto- 
graphed lectures  at  the  Ecole  Polytechnique. 

By  far  the  most  important  paper  is  the  celebrated  "Ap- 
plications des  Fonctions  elliptiques"  appearing  first  in  the 
Compleg  Rendua,  beginning  in  1877,  and  afterwards  in  book 
form  in  1$85.  This  memoir  occupies  more  than  150  pages 
of  the  present  volume,  and  contains  Hermite's  epoch  making 
researches  on  Lamp's  differential  equation. 

The  present  volume  brings  another  paper  of  less  real 
importance  but  of  far  more  sensational  nature,  namely  the 
one  on  "La  Fonction  Exponentielle."  Here  Hermite  shows 
that  e,  the  base  of  the  Naperian  logarithms,  is  indeed  a  tran- 
scendental irrationality.  A  cruel  fate  robbed  him  of  the 
glory  of  proving  that  t  is  also  transcendental,  and  yet  it 
would  have  been  but  a  short  step  for  him  to  make.  In  a 
letter  to  Borchardt  he  writes:  "Je  ne  me  hasarderai  point 
fl  la  recherche  d'une  demonstration  de  la  transcendence  du 
nombre  t.  Que  d'autres  tentent  I'entreprise,  nul  ne  sera 
plus  heureux  que  moi  de  leur  succes,  mais  croyez-m'en,  mon 
cher  ami,  il  ne  laissera  pas  que  de  leur  en  c6uter  quelques 
efforts."  Hermite  had  not  long  to  wait,  for  nine  years  later, 
in  1882,  Lindemann  brought  the  long  sought  proof,  and  so 
established  the  impossibility  of  "squaring  the  circle." 

The  volume  is  graced  with  a  portrait  of  Hermite,  at  about 
sixty-five.  It  is  a  striking  likeness;  but  the  kindly  look  about 
the  eyes  will  be  missed  by  those  who  knew  hira. 

James  Pierpont. 

Naturwwsensckaften  vnd  Mathemaiik  im  klassischen  Altertum. 

Von  J.  L.  Heiberg,  in  Kopenhagen.     Mit  2  Figuren  im 

Text.    Teubner,  Leipzig,  1912.     102  pp.    M.  1.25. 

In  our  generation  there  have  been  three  men  who  were 

preeminently  fitted  both  by  taste  and  by  training  to  write 

upon  the  mathematics  of  the  classical  civilization.     Others 

have  been  able  to  undertake  the  task  in  a  satisfactory  manner, 

as  witness  the  labors  of  scholars  like  Zeuthen,  Loria,  and 

Moritz  Cantor,  but  there  always  stand  out  three  names  of 

men  whose  love  for  Greek  science  and  perfect  command  of 


-obyGoo»^lc 


1912.]  SHOKTER   NOTICES.  85 

the  classical  languages  fitted  tbetn  in  a  remarkable  manoer 
for  investigation  in  this  field.  It  is  unnecessary  to  name 
these  men  to  anyone  who  has  worked  in  the  history  of  mathe- 
matics, but  it  may  be  permitted,  because  of  other  readers, 
to  mention  the  work  of  the  late  M.  I'aul  Tannery,  the  great 
contributions  of  Sir  Thomas  Heath,  and  the  noteworthy 
editions  of  the  Greek  classics  in  mathematics  that  have  ap- 
peared from  time  to  time  under  the  editorship  of  Professor 
Heiberg. 

It  is  therefore  particulariy  fortunate  that  the  publishers 
of  "Aus  Natur  und  Geisteswelt"  were  able  to  secure  the 
services  of  Dr.  Heiberg  in  the  preparation  of  this  little  work. 
No  one  could  speak  with  greater  authority  upon  the  subject, 
and  few  could  so  successfully  condense  the  important  facts 
for  the  general  reader.  Taken  in  connection  with  Professor 
Zeutben's  summary  of  the  history  of  mathematics,  now  in 
proofsheets  and  soon  to  appear  in  Die  Kultur  der  Gegenwart, 
the  student  of  the  subject  will  have  two  excellent  points  of 
departure  for  serious  work. 

Dr.  Heiberg  begins,  as  would  of  course  be  expected,  with 
the  natural  philosophy  of  the  Ionian  school,  covering  a  period 
in  which  mathematics,  physics,  and  cosmography  were  closely 
allied.  He  then  considers  the  Pythagorean  movement, 
particularly  with  reference  to  astronomy,  geometry,  and  the 
theory  of  numbers.  A  chapter  is  then  assigned  to  medical 
science  as  it  developed  in  the  fifth  century  b.  c,  particularly 
under  the  influence  of  Hippocrates.  The  development  of 
mathematics  in  the  same  period,  from  the  time  of  Pythagoras 
to  that  of  Plato,  is  then  discussed.  Chapters  V  and  VI  deal 
with  the  labors  of  Plato  and  of  Aristotle,  respectively,  together 
with  those  of  their  followers.  These  are  followed  by  the 
longest  chapter  in  the  work,  one  devoted  to  the  Alexandrian 
period,  in  many  respects  the  most  important  of  all  antiquity. 
Chapter  VIII  is  happily  entitled  "  Die  Epigonenzeit,"  a  period 
extending  through  the  second  and  first  centuries  B.  c.  In 
this  period  we  meet  the  names  of  Asclepiades  of  Bythnia  in 
medicine,  Alexandros  of  Myndos  in  zoology,  Theodosius  in 
the  study  of  the  sphere,  Diodes  in  geometry,  and  various 
others  who  may  properly  be  designated  as  epigones. 

The  last  two  chapters  relate  to  the  feeble  contributions  of 
Rome  and  to  the  Greek  scientific  literature  of  the  Empire 
and  the  Byzantine  period. 
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It  is  hardly  necessary  to  remark  that  such  a  brief  presen- 
tation of  the  subject  cannot  be  critical  in  its  nature.  To 
some  extent  this  defect  is  remedied  by  the  brief  bibliography 
at  the  end,  and  by  a  list  of  source  material. 

David  Eugene  Smith. 

Methodohgiachet  vnd  PhUoaophiaches  ziir  Elemeniar-Matke- 
vuttik.  Von  G.  Mannotjrt.  Haariem,  P.  Visser  Azn., 
1909.    276  pp. 

There  appear  from  time  to  time,  and  in  various  countriesi 
works  of  more  or  less  merit  that  relate  to  the  border  line  or 
the  neutral  ground  between  mathematics  and  philosophy, 
not  attempting  to  eradicate  existing  boundaries,  but  seeking 
to  show  the  relations  that  continually  appear  when  one  con- 
aiders  the  two  regions.  We  find  the  same  thing  on  the  other 
side  of  mathematics,  where  it  borders  upon  the  various  physical 
sciences,  and  at  the  present  time  this  region  is  particularly 
in  the  educational  limelight.  From  the  standpoint  of  the 
lover  of  pure  science  the  former  domain  is  the  more  interesting 
and  important,  while  to-bim  whose  interests  are  chiefly  in 
the  utilities  the  latte^as  more  significance. 

Among  the  writrfs  in  our  language  who  have  of  late  con- 
tributed most  successfully  to  the  study  of  the  borderland  of 
philosophy  and  mathematics  Bertrand  Russell  is  perhaps  the 
best  known.  In  France  M.  Couturat  has  taken  a  prominent 
position,  with  the  late  lamented  Poincar^  writing  with  equal 
vigor  in  both  regions.  In  Italy  the  writings  of  Peano,  Fieri, 
and  Veronese  are  well  known,  and  other  countries  have  con- 
tributed their  quota  to  the  study.  It  is,  therefore,  a  helpful 
work  that  Dr.  Mannoury  has  undMaken,  to  compile  the  views 
of  various  leading  contributors  to  the  study,  while  at  the  same 
time  setting  forth  his  own. 

The  work  is  divided  into  two  parts,  the  first  having  to  do 
with  the  foundations  of  arithmetic  considered  in  its  broadest 
sense,  and  the  second  with  those  of  geometry.     Under  the 
former  are  considered  in  order  the  concepts  of  unity  and  multi- 
tude; of  number,  finiteness  and  infinity;  of  the  distinctive 
ndamental  principles  of  arithmetic;  of  the  extension  of  the 
imber  concept  and  the  principle  of  permanence;  and  of  the 
ational.    As  is  often  the  case  with  continental  writers  the 
inciple  of  permanence  is  attributed  to  Hankel,  whereas 
acoek  introduced  it  in  his  Algebra  nine  years  before  Hankel 
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was  born,  and  made  much  of  it  in  his  Treatise  on  Algebra  in 
1842.  In  the  second  part  of  the  work  the  author  begins  with 
a  dissertation  on  mathematical  logic,  a  subject  that  has  at- 
tracted so  many  writers  in  the  last  half  century,  and  in  the 
treatment  of  which  the  influence  of  Peano  and  Couturat  is 
manifest.  Chapter  II  treats  of  geometrography  and  the 
straight  line,  starting  with  Lemoine's  work  of  twenty-five 
years  ago  and  closing  with  the  contributions  of  Poincar£  and 
Russell.  Chapter  III  develops  the  theory  of  non-euclidean 
geometry,  and  then  shows  the  significance  of  various  historical 
attempts  to  demonstrate  the  Euclid  postulate  or  to  found  a 
geometry  independent  of  this  assumption.  The  work  closes 
with  a  general  discussion  of  the  space  concept. 

Readers  will  find  the  chapters  on  the  number  concept  and 
the  non-euclidean  geometry  particularly  interesting.  As  a 
genuine  contribution  to  theory  the  book  will  be  less  regarded 
than  as  a  r£sum£  of  the  questions  involved. 

David  Eugene  Smith. 

EncyclopSdis    der   EUmeviar-MatkenuUik.    Von    H.    Weber 
und  J.  Weli£TE1N.    Ill  Band:  Angewandte  Mathematik. 
Zweite  Aufiage.    Erster  Teil:  JfafAemaiwcA*  Phyaik.    Bear- 
batet  von  Rudolf  Weber.     Teubner,  Leipzig  und  Berlin, 
1910.     8vo.     3dv+536  pages.     12  marks. 
The  first  edition  of  this  encyclopedia  was  reviewed  in  the 
Bulletin,   volume    10    (1903-4),  pages   200-204.     In    this 
second  edition  of  the  third  volume,  on  applied  mathematics, 
there  are  extensive  changes.     The  original  volume  is  divided 
into  two;  the  present  one,  a  treatise  complete  in  itself  on 
mathematical  physics,  and  one  to  follow  on  graphics,  prob- 
abilities, and  astronomy.     This  modification  has  been  made 
to  satisfy  many  criticisms  of  the  original,  some  of  which 
deplored  the  wide  omissions  in  a  work  that  called  itself  an 
encyclopedia. 

The  present  volume  has  three  chapters  on  mechanics: 
functions  of  position  and  direction  that  appear  in  physics, 
analytic  statics,  and  dynamics;  two  chapters  on  electric  and 
magnetic  fields:  electricity  and  magnetism,  and  electro- 
magnetism;  two  chapters  on  maxima  and  minima:  geometric 
maxima  and  minima,  and  applications  to  the  theories  of 
equilibrium  and  of  capillarity;  two  chapters  on  optics:  geo- 
metric optics,  and  plane  waves. 
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The  first  chapter  is  on  vectors  aod  has  been  completely 
rewritten,  Two  definitions  of  vector  are  given,  one  in  sub- 
stantially the  usual  terms,  the  other  as  follows:  A  vector  91 
is  a  function  which  depends  not  only  on  a  located  point,  but 
also  has  a  value  for  every  direction  radiating  from  the  point. 
These  values  are  its  components,  and  must  be  such  that  any 
three  of  them  which  form  a  trirectangular  system,  when 
added  geometrically,  produce  that  one  of  the  components 
which  has  the  maximum  length.  This  particular  component 
however  has  no  precedence  over  the  others  in  importance  and 
no  one  of  the  components  is  the  vector,  but  the  entire  system 
of  values  correlated  to  the  directions.  Geometrically,  the 
vector  is  represented  by  a  pair  of  spheres  tangent  at  the  point 
in  question,  with  the  ensemble  of  chords  drawn  through  the 
point,  which  chords  are  positive  in  one  sphere  and  negative  in 
the  other.  Examples  of  these  "physical  vectors"  are  found 
in  forces,  displacements,  velocities,  accelerations,  electric  and 
magnetic  fields.  This  conception  of  vector  as  a  set  of  function 
values,  rather  than  as  a  directed  line  segment,  or  as  a  hyper- 
complex  number,  seems  to  us  more  like  an  attempt  at  novelty 
than  at  usefulness.  The  gain  is  not  evident.  In  the  text 
following,  the  analysis  goes  back  practically  to  the  usual  mode 
of  development.  A  section  is  added  on  "  Tensoren,"  a  name 
introduced  by  Voigt,  which  are  the  dyadics  of  Gibbs  and 
the  linear  vector  operators  of  Hamilton.  Examples  are  the 
pressure  in  a  deformed  elastic  body,  elasticity  coefficients, 
conductivities  of  heat,  dielectric  constants,  and  other  proper- 
ties of  crystals. 

The  chapter  on  geometrical  optics  covers  the  usual  ground. 
That  on  plane  waves  leads  up  to  the  electromagnetic  theory  of 
light.  These  extensive  additions  are  an  improvement  in  the 
original. 

RIany  small  changes  have  been  made  throughout,  but  we 
need  not  dwell  on  them.  The  criticisms  made  in  the  first 
review,  referred  to  above,  still  hold  in  large  measure. 

J\HE3  Btrnie  Shaw. 

Vber  freie  und  erzmingene  Sckwingungen.    Von  Dr.  Arthur 
KoRN.     Teubner,  Leipzig   und    Berlin,   1910.     8vo.     vi-|- 
136  pages.     M  5.60. 
The  title  of  this  memoir  is  somewhat  deceptive,  as  it  does 

not  deal  directly  with  the  theory  of  oscillations,  which  are 
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mentioned  only  in  a  brief  introduction  of  nine  pages,  where 
the  solution  of  certain  problems  in  oscillation  is  reduced  to 
expansions  in  terms  of  normal  functions  (Eigenfunktionen) 
belonging  to  integral  equations.  The  entire  text  ia  then 
taken  up  with  the  development  of  the  theory  of  the  solution 
of  linear  integral  equations  following  the  method  of  successive 
approximations.  This  method  may,  however,  without  too 
much  strain  on  the  sense  of  the  terms,  be  called  the  method  of 
development  in  series  of  oscillating  functions,  and  possibly 
this  idea  may  have  suggested  the  title. 

The  treatment  is  divided  into  three  sections,  presenting 
respectively  the  theory  of  linear  integral  equations  with 
continuous,  symmetric  kernel,  with  discontinuous  symmetric 
kernel,  and  Fredholm's  solution  of  linear  integral  equations 
with  any  continuous  kernel.  In  an  appendix  some  generali- 
zations are  given  for  kernels  with  discontinuities  for  many- 
dimensional  problems,  and  for  systems  of  linear  integral 
equations.  The  book  closes  with  a  bibliography  of  memoirs 
by  the  author  relating  to  the  applications  of  the  method  of 
successive  approximations.  This  method  owes  its  develop- 
ment to  C.  Neumann,  PoincarS,  Picard,  and  Korn.* 

In  a  sense  the  book  is  an  introduction  to  the  theory  of  devel- 
opments in  series  of  normal  functions  particularly  when  the 
kernel  is  unsymmetric.  These  are,  up  to  the  present  time, 
special  investigations  which  each  extend  the  field  a  little. 
In  many  cases  of  particular  forms  of  the  kernel,  it  is  possible 
to  develop  theorems  analogous  to  those  on  which  is  based  the 
solution  of  the  case  of  a  symmetric  kernel.  How  far  this 
method  may  lead  one  in  such  investigations  remains  for  the 
future  to  show. 

James  Bybnie  Suaw. 

Etude  9ur  VAsturance  compl{mentaire  de  V Assurance  sur  la  Vie. 

By   P.   J.    Richard.     Paris,   A.   Hermann   et   Fils,    1911. 

US  pages. 

The  appearance  recently  in  this  Bulletin  of  the  note  that 
"at  the  University  of  Gottingen  .  .  .  candidates  in  applied 
mathematics  must  henceforth  be  prepared  to  be  examined  in 
the  mathematics  of  insurance,"  the  approval  by  the  Italian 
Chamber  of  Deputies  of  the  bill  providing  for  a  state  monopoly 
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of  life  insurance,  and  the  recent  British  National  Insurance 
Act,  make  more  generally  interesting  the  monograph  before  us. 

The  question  is  raised  as  to  whether  the  insurance  com- 
panies are  going  to  be  viewed  sometime  much  as  the  express 
companies  are  to-day.  When  the  ratio  of  management 
expenses  (exclusive  of  taxes)  to  premium  income  for  our 
American  companies  varies  from  8.7  to  28.4,  even  to  227.6  for 
a  state  company,  with  an  average  of  22.4;  when  the  company 
for  which  this  ratio  is  below  20  is  thought  to  be  quite  eco- 
nomically managed,  one  wonders  whether  the  cost  of  insur- 
ance is  not  much  too  high.  If  the  government  had  the  mon- 
opoly of  life  insurance,  as  in  some  countries,  would  it  not 
benefit  our  people  as  a  parcels  post  does  other  people?  If  the 
company  that  has  cut  its  cost  of  management  to  half  of  that 
of  most  of  the  best  of  other  companies  could  flourish  since 
1759,  and  if  the  cost  in  Germany  is  still  less,  why  should  not 
our  millions  of  people  profit  by  what  national  control  could 
save?  The  similarities  between  express  and  insurance 
companies  cannot  be  con^dered  here,  neither  can  the  causes 
of  the  great  variation  in  cost  of  management. 

The  author  of  the  study,  in  an  introduction  of  six  pages, 
states  the  object  and  aim  of  life  insurance,  calls  attention  to 
the  possible  failure  to  maintain  it,  and  asks  the  question 
which  has  embarrassed  many  an  agent:  "If  I  fall  ill  and  am 
no  longer  able  to  earn  anj'thing,  who  will  pay  my  premiums?" 
This  leads  to  the  matter  in  hand,  I'assurance  compl^mentaire, 
which  provides  against  the  lapsing  of  a  policy  on  account  of 
temporary  or  permanent  incapacity  for  labor  due  to  accident 
or  to  disease.  The  premiums  are  guaranteed  and  the  amount 
thus  paid  beforehand  is  deducted  from  the  amount  paid  to  the 
benefactor  at  the  time  of  death  of  the  insured.  The  history 
of  this  sort  of  insurance  is  briefly  told.  Reference  is  made  to 
the  fact  that  German  and  American  companies  sell  such  a 
contract.  The  regular  life  companies  of  France  are  warned 
by  the  Controle  Central  des  Compagnies  au  Ministfire  du 
Travail  not  to  enter  into  such  contracts.  The  author  states 
that  the  aim  of  the  study  is  to  show  that  this  risk  is  as  right- 
fully assurable  as  the  risk  of  death.  The  companies  have 
made  a  serious  and  rational  study  only  as  to  equitable  charges 
for  the  new  combination.  Though  definite  statistical  data 
are  lacking,  the  data  furnished  by  other  branches  of  insurance 
may  be  temporarily  used  to  outline  a  rudimentary  theory. 
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At  present  the  companies  are  simply  feeling  their  way  to  a 
reasonable  tariff. 

I  have  found  about  four  American  companies  that  have 
some  form  of  select  life  policy,  or  clause  in  a  regular  policy, 
covering  this  field.  It  may  be  of  considerable  interest  to 
many  readers  to  see  a  sample  clause  of  this  sort: 

"  Waiver  qf  Premiums. — The  company,  by  endorsement 
hereon,  will  waive  payment  of  the  premiums  thereafter 
becoming  due,  if  the  insured,  before  attaining  the  age  of 
sixty  years  and  after  paying  at  least  one  full  annual  premium 
and  before  default  in  the  payment  of  any  subsequent  premium, 
shall  furnish  proof  satisfactory  to  the  company  that  he  has 
become  wholly  and  permanently  disabled  by  bodily  injury  or 
by  disease  so  that  he  is  and  will  be  permanently,  continuously 
and  wholly  prevented  thereby  from  performing  any  work  for 
compensation  or  profit,  or  from  following  any  gainful  occu- 
pation. Any  premiums  so  waived  shall  not  be  deducted  from 
the  sum  payable  under  the  policy.  Provided  that,  notwith- 
standing proof  of  disability  may  have  been  accepted  by  the 
company  as  satisfactory,  the  insured  shall  at  any  time,  on 
demand,  furnish  the  company  satisfactory  proof  of  the  con- 
tinuance of  such  disability;  and  if  the  insured  shall  fail  to 
furnish  such  proof,  or  if  it  shall  appear  to  the  company  that 
the  insured  is  able  to  perform  any  work  or  to  follow  an 
occupation  whatsoever  for  compensation,  gain  or  profit,  all 
premiums  thereafter  falling  due  must  be  paid  in  conformity 
with  this  contract, 

"  Without  prejudice  to  any  other  cause  of  disability,  theentire 
and  irrecoverable  loss  of  the  sight  of  both  eyes,  or  the  severance 
of  both  hands  above  the  wrists,  or  both  feet  above  the  ankles, 
or  of  one  entire  hand  and  one  entire  foot  will  be  considered  as 
total  and  permanent  disabihty  within  the  meaning  of  this 


treatment  does  much  toward  holding  the  reader's  interest 
through  the  five  chapters  of  the  book,  as  the  author  treats 
minutely  of  the  conditions  of  the  complementary  insurance 
and  even  as  he  calculates  tables  of  morbidity,  of  healthy  and 
invalid  persons,  of  value  of  an  indemnity  for  one  and  for  two 
insmvd,  of  premiums  for  numerous  particular  forms  of  insur- 
ance, etc.  Though  with  insufficient  statistics  the  author  seems 
to  have  presented  a  rational  study  of  this  interesting  and  very 
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little  known  form  of  insurance,  pointing  out,  it  would  seem, 
every  exigency  that  could  possibly  arise. 

Charles  C.  Grove. 


KofUtructioTten  und  Approjrijnationen.    Von  Theodor  Vahlen. 

Teubner,  Leipzig  und  Berlin,  1911.     xii  +  349  pp. 

One  who  expects  to  find  in  this  book — Band  XXXIII  of 
the  Teubner  Sammtung — a  more  or  less  complete  list  of  con- 
structions and  approximations  with  a  strong  flavor  of  applied 
mathematics  will  be  disappointed,  as  was  the  reviewer. 
According  to  the  author  it  is  intended  to  help  bridge  the  gap 
which  exists  between  the  mathematics  of  the  German  gym- 
nasium and  university.  The  latter  does  not  begin  its  work 
where  the  former  ends.  Various  books,  notably  those  by 
Klein  and  Enriques,  have  been  published  recently  which  might 
be  studied  by  those  intending  to  follow  the  lectures  on  higher 
mathematics.  The  book  under  review  aims  to  furnish  such 
preparation  by  having  the  student  actually  come  in  contact 
with  some  concrete  facts  in  mathematics  and  to  know  these 
so  well  that  later  when  the  professor  during  his  lecture  has 
him  soaring  more  or  less  he  may  still  have  a  point  or  two  of 
contact  with  the  earth  below. 

The  class  of  books  having  in  view  preparation  for  the  uni- 
versity is  decidedly  different  for  Germany  than  for  the  United 
States.  To  illustrate  this  we  might  mention  that  the  first  75 
pages  of  the  book  under  review  are  devoted  to  having  the 
student  obtain  definite  notions  concerning  the  fundamental 
principles  of  projective  geometry.  Special  emphasis  is  placed 
in  all  of  its  phases,  both  algebraic  and  geometric,  on  the  inter- 
pretation of  the  cross-ratio.  Good  drill  work,  all  of  it.  Of 
course,  it  couldn't  be  included  in  the  lectures  given  later — that 
would  seem  too  much  like  teaching. 

Throughout  the  book  the  various  aspects  of  the  solutions  of 
the  three  famous  problems  of  antiquity  are  presented  and 
many  references  to  the  literature  on  the  subject  given.  Inter- 
esting metric  cubic  constructions  in  which  algebra  and  geo- 
metry are  closely  correlated  are  cited.  Approximate  solutions 
of  cubics  and  biquadratics  are  obtained  geometrically  and  the 
limited  range  of  constructions  possible  with  ruler  and  compass 
pointed  out.  In  this  connection  are  included  several  solutions, 
ancient  and  modern,  of  the  duplication  of  the  cube  and  tri- 
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section  of  an  angle  and  various  pieces  of  apparatus  designed  to 
solve  the  same  problems  are  described  and  their  theory  dis- 
cussed. Later  some  interesting  constructive  approximations 
are  given. 

The  properties  of  various  transcendental  curves  are  used 
to  obtain  approximately  an  nth  root  and  to  divide  any  angle 
into  n  equal  parts.  The  division  of  the  circle  and  of  the  arc 
of  the  lemniscate  into  n  equal  parts  for  special  values  of  n 
with  the  aid  of  ruler  and  compass  alone  is  discussed. 

A  development  of  attempts  to  arrive  at  the  value  of  r  from 
the  time  of  Ahmes  to  that  of  Lindemann  is  presented.  This 
leads  naturally  to  mechanical  quadrature  and  rectification. 

Under  the  heading  of  analytic  approximations  are  included 
such  titles  as  Taylor's  series,  Lagrange's  interpolation  formula, 
exponential  series  with  application  to  the  quadrature  of  the 
hj-perbola,  De  Moivre's  theorem,  indeterminate  forms,  and 
the  determination  of  r  by  the  use  of  series. 

The  discussion  of  the  irrationality  of  t  and  t'  brings  out  the 
methods  used  by  famous  mathematicians  of  old.  The  book 
closes  with  the  proof  of  the  transcendental  nature  of  e  and  *. 

There  is  much  concrete  work  in  algebra  and  geometry 
throughout  the  book,  consequently  a  chance  for  errors,  many 
of  which  have  been  listed  In  an  appendix  of  two  pages. 

Student's  mathematical  clubs  in  our  universities  desiring 
some  interesting  material  for  the  rounding  out  of  a  course  in 
mathematics  would  find  the  volume  rich  in  suggestions. 

Ernest  W.  Ponzer. 


NOTES. 


The  sixth  regular  meeting  of  the  Southwestern  Section  of 
the  American  Mathematical  Society  will  be  held  at  the  Univer- 
sity of  Kansas  on  Saturday,  November  30.  Titles  and  ab- 
stracts of  papers  to  be  presented  at  this  meeting  should  be 
in  the  hands  of  the  chairman  of  the  programme  committee, 
Professor  J,  N,  Van  der  Vries,  University  of  Kansas,  by 
November  8. 

The  annual  meeting  of  the  Society  will  be  held  this  year  at 
Cleveland.  Ohio,  in  affiliation  with  the  American  association 
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for  the  advaocement  of  science,  oa  Tuesday,  Wednesday,  and 
Thursday,  December  31-January  2.  The  winter  meeting  of 
the  Chicago  Section  will  be  merged  with  the  annual  meeting. 
Titles  and  abstracts  of  papers  should  be  sent  to  the  Secretary 
of  the  Society,  501  West  116th  Street,  New  York,  on  or 
before  December  10. 

The  twentieth  summer  meeting  of  the  Society  will  be  held 
at  the  University  of  Wisconsin  early  in  September,  1913.  At 
the  seventh  colloquium  of  the  Society,  held  in  connection  with 
this  meeting,  courses  of  lectures  will  be  delivered  as  follows: 
By  Professor  W.  F.  Osgood:  "Selected  topics  in  the  theory 
of  analytic  functions  of  several  complex  variables."  By  Pro- 
fessor L.  E.  Dickson  :  "  Certain  aspects  of  a  general  theory  of 
invariants,  with  special  consideration  of  algebraic  and  modu- 
lar invariants." 

The  concluding  (October)  number  of  volume  34  of  the 
American  Journal  of  MaihemaiicB  contains:  "Simple  groups 
from  order.  2001  to  order  3640,"  by  L.  P.  Siceloff;  "On 
certain  orthogonal  systems  of  lines  and  the  problem  of  deter- 
mining surfaces  referred  to  them,"  by  A.  E.  Young;  "  Wallace's 
theorem  concerning  plane  polygons  of  the  same  area,"  by  W, 
H.  Jackson;  "On  harmonic  functions,"  by  R.  A,  Harris; 
"Curves  on  quintic  scrolls,"  bj  F.  B.  Wiluams;  "On  the 
structure  of  forms,  and  the  algebraic  theory  of  n-lines,"  by 
O.  E.  Glenn.  / 

The  opening  (September)  number  of  volume  14  of  the 
Annals  of  Mathematics  contains  the  following  papers:  "Three- 
dimensional  chains  and  the  associated  collineations  in  space," 
by  Hazel  H.  MacGregor;  "  Determination  of  the  constants 
in  Euler's  problem  concerning  the  minimum  area  between  a 
curve  and  its  evolute,"  by  E.  J,  Miles;  "Theorems  on  reducible 
quantics,"  by  O,  E.  Glenn;  "A  determinant  formula  for  the 
number  of  ways  of  coloring  a  map,"  by  G.  D.  Bibkhoff. 

At  the  meeting  of  the  Edinbui^h  Mathematical  Society  on 
June  14  the  following  papers  were  read:  By  Professor  H.  S. 
Carslaw,  "  A  problem  in  the  linear  flow  of  heat  discussed  from 
the  point  of  view  of  the  theory  of  integral  equations";  by 
D.  G.  Taylor,  "Linear  substitutions  and  their  invariants"; 
by  Wm.  Brash,  "Two  general  results  in  the  differential  cal- 
culus." 
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The  International  commission  on  the  teaching  of  mathe- 
matics made  its  report  at  the  Fifth  international  congress  of 
mathematicians  at  Cambridge,  England,  in  August.  Reports 
were  received  from  eighteen  countries,  and  150  separate 
reports  were  submitted.  About  fifty  more  are  now  in  process 
of  preparation,  and  others  are  contemplated  by  various  coun- 
tries. The  central  committee,  consisting  of  Professor  F,  Klein 
(Gottingen),  Sir  George  Greenhill  (London),  and  Professor 
H.  Fehb  (Geneva),  with  Professor  David  Eugene  Smith 
(New  York)  added,  was  continued  in  office  for  another  period 
of  four  years.  The  American  reports  have  been  completed 
and  may  be  obtained  gratis  by  application  to  the  Bureau  of 
Education,  Washington,  D.C.  It  is  probable  that  one  or 
more  reports,  summarizing  the  lai^r  features  of  the  reports 
of  alt  other  countries,  will  be  prepared  by  the  American 
commission  during  the  next  four  years,  and  that  certain 
other  special  lines  of  work  will  be  undertaken.  The  central 
committee  contemplates  holding  three  international  confer- 
ences on  teaching,  the  first  in  France  in  1914,  the  second  in 
Germany  in  1915,  and  the  third,  with  the  next  congress,  in 
Stockholm  in  1916. 

The  fourteenth  meeting  of  the  Australasian  association  for 
the  advancement  of  science  will  be  held  at  Melbourne  in 
January,  1913. 

The  eighty-second  annual  meeting  of  the  British  association 
for  the  advancement  of  science  was  held  at  Dundee  during 
the  week  from  September  4-11  under  the  presidency  of 
Professor  E.  A.  Schafer. 

The  meeting  was  divided  into  twelve  sections,  Section  A, 
mathematics  and  physics,  being  under  the  chairmanship  of 
Professor  H.  L.  Callendar.  Programmes  of  the  proposed 
proceedings  for  the  day  appeared  each  morning,  together 
with  the  abstracts  of  the  papers  that  were  presented  the  pre- 
ceding day,  and  the  entertainments  for  each  day,  of  which 
there  was  a  very  generous  provision. 

The  following  papers  were  presented  before  section  A: 
Presidential  address,  "The  nature  of  heat,"  by  H.  L.  Cal- 
lendar; "The  heating  effect  of  radium  emanation  and  its 
products,"  by  E.  Rutherpohd  and  H.  Robinson;  "On  the 
discharge  of  ultraviolet  light  of  high-speed  electrons,"  by  R. 
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A.  Millikan;  "Sur  une  nouvelle  machine  alg^brique,"  by 
M.  A.  Geiurdin;  "On  Mersenne's  numbers,"  by  A,  Cun- 
ningham; "On  arithmetic  factors  of  the  Pellian  terms,"  by 
A.  Cunningham;  "Atomic  heat  of  solids,"  by  F.  A.  Linde- 
MANN;  "The  algebraic  numbers  derived  from  the  permutations 
of  any  assemblage  of  objects,"  by  P.  A.  MacMahon;  "A 
mode  of  composition  of  positive  quadratic  forms,"  by  E.  H. 
Moore;  "Proof  of  a  general  theorem  relating  to  orders  of 
coincidence,"  by  J.  C.  Fields;  "The  use  of  the  exponential 
curve  in  graphics,"  by  H.  B.  Hetwood;  "Report  on  Bessel 
and  other  functions,"  by  the  committee  appointed  for  that 
purpose.  A  number  of  other  papers  not  of  mathematical 
content  were  read  before  this  section.  In  Section  M,  educa* 
tional  science,  a  symposium  was  devoted  to  the  present  posi- 
tion of  mathematical  teaching,  in  which  papers  were  read  by 
T.  P.  XuNN,  P.  PiNKERTON,  W.  P.  MiLNE,  and  W.  D.  Eggab. 

The  association  has  granted  £30  to  its  committee,  under 
the  chairmanship  of  Professor  M.  J.  M,  Hill,  for  the  con- 
tinuation of  the  work  of  tabulating  the  Bessel  functions. 

The  next  meeting  of  the  association  will  occur  in  Birmingham 
under  the  presidency  of  Sir  W.  H.  White. 

The  one  hundred  and  second  edition  of  the  complete 
catalogue  of  the  publishing  house  of  B.  G.  Teubner,  Leipzig 
and  Berlin,  is  dedicated  to  the  Fifth  international  congress 
of  mathematicians  at  Cambridge,  and  copies  were  presented 
to  interested  members.  As  frontispiece  it  contains  a  portrait 
of  Euler,  and  three  other  photographic  plates  are  contained 
in  the  volume;  one  shows  the  photographs  of  a  number  of 
prominent  leaders  in  the  organization  of  the  Encyclopedia, 
another  has  a  similar  list  from  the  "Kultur  der  Gegenwart," 
and  a  third  from  the  workers  for  reform  in  the  curricula  of 
German  schools. 

The  catalogue  contains  a  history  of  the  development  of  the 
house  of  Teubner,  with  particular  mention  of  the  two  under- 
takings, the  Encyclopedia  of  the  mathematical  sciences,  and 
the  publication  of  the  works  of  Euler.  About  thirty  books 
on  mathematical  subjects  are  mentioned  as  in  press  or  in  an 
advanced  state  of  preparation. 

The  following  courses  in  mathematics  are  announced  at  the 
German  universities  during  the  winter  semester,  1912-1913: 
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Uniyersitt  of  Berlin.— By  Professor  H.  A.  Schwarz: 
Differential  calculus,  four  hours;  Elliptic  functions,  four  hours; 
Certain  problems  in  maxima  and  minima  treated  by  ele- 
mentary geometrj',  two  hours;  Exercises  in  differential  calculus, 
four  hours;  Colloquium,  two  hours;  Seminar,  two  hours. — 
By  Professor  G.  Frobenius:  Algebra,  four  hours;  Seminar, 
two  hours. — By  Professor  F.  Schottky:  General  theory  of 
analytic  functions,  four  hours;  Potential  function,  four  hours; 
Seminar,  two  hours. — By  Professor  G,  Hettner:  Definite 
integrals,  two  hours. — By  Professor  J.  KNOBLAUCH:  Mathe- 
matical problems,  four  hours;  Twisted  curves  and  surfaces, 
four  hours;  Mathematical  exercises,  one  hour, — By  Professor 
R.  Lehmann-Filb£8  :  Analytic  geometrj',  four  hours. — 
By  Dr.  K.  Knopp:  Theory  of  numbers,  four  hours;  Advanced 
function  theory,  four  hours;  Chapters  from  the  theory  of 
infinite  series,  one  hour. 

UNivERsmr  OF  Breslau. — By  Professor  R.  Sturm:  Plane 
analytic  geometry,  three  hours;  Theory  of  transformations, 

I,  three  hours. — By  Professor  A.  Kneseh:  Exercises  from  the 
mathematico-physical  seminar,  two  hours;  Integral  calculus, 
four  hours;  Theory  of  probability,  two  hours. — By  Professor 
E.  Schmidt:  Theory  of  analytic  functions,  four  hours;  Theory 
of  real  functions,  II,  two  hours. — ByDr.  W.  Schnee:  Algebra, 

II,  four  hours;  Exercises  in  mathematics,  three  hours. 

University  of  Erlangen.— By  Professor  M.  Noether: 
Differential  and  integral  calculus,  I,  four  hours;  Theory  of 
functions,  four  hours;  Seminar. — By  Professor  E.  Fischer: 
Analytic  geometry',  I,  four  hours;  Differential  equations, 
three  hours;  Selected  topics  from  advanced  algebra,  I,  one 
hour. 

University  of  Giessen, — By  Professor  L.  Schlesinger; 
Theory  of  functions,  three  hours;  Theory  of  numbers,  two 
hours;  Differential  and  integral  calculus,  four  hours;  with 
exercises,  one  boiu-;  Seminar,  one  hour. — By  Professor  H. 
Grabsmann:  Plane  analytic  projective  geometry,  four  hours; 
Descriptive  geometry,  II,  five  hours;  Seminar,  exercises  on 
projective  geometry,  one  hour. 

Universitt  of  Gottingen.— By  Professor  F.  Klein: 
Development  of  mathematics  during  the  nineteenth  century, 
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four  hours;  Seminar,  two  hours. — By  Professor  D,  Hilbert: 
Theory  of  partial  differential  equations,  two  hours;  Mathe- 
matical foundations  of  physics,  two  hours;  Axioms  of  physics. 
Seminar,  two  hours.— By  Professor  C.  Runge:  Numerical 
calculation,  with  exercises,  »a  hours;  Selected  chapters  of 
mechanics,  two  hours. — By  Professor  E.  Landau:  Infinite 
series,  four  hours;  Seminar,  two  hours, ^By  Professor  F. 
Bernstein:  Mathematics  of  insurance,  two  hours. — By 
Dr.  O.  ToEPLTTz:  Differential  and  integral  calculus,  II,  four 
hours;  Theory  of  invariants,  two  hours. — By  Dr.  H,  Wetl: 
Theory  of  functions,  four  hours;  Integral  equations,  three 
hours.— By  Dr.  T.  v.  Karman:  Mechanics,  I,  four  hours. — 
By  Dr.  R.  Schimmack:  Mathematical  didactics,  two  hours. — 
By  Dr.  H,  v.  Sanden:  Descriptive  geometry,  four  hours; 
with  exercises,  four  hours.— By  Dr.  G.  V.  Ru-melin:  In- 
troduction to  the  mathematical  treatment  of  the  natural 
sciences,  three  hours,— By  Dr.  R.  Courant:  Determinants, 
four  hours;  Exercises  in  the  theory  of  functions,  two  hours; 
Applications  of  determinants  to  geometry,  four  hours. — By 
Dr.  P.  Hertz:  Kinetic  theory  of  gases,  two  hours;  Elementary 
theory  of  numbers,  four  hours. 

University  op  Greifswald. — By  Professor  F.  Engel: 
Differential  geometry,  four  hours;  Partial  differential  equations, 
four  hours;  Transformation  groups,  two  hours;  Seminar,  two 
hours. — By  Professor  K.  T.  Vahlen:  Algehra,  four  hours; 
Statistics  with  emphasis  on  graphical  methods,  two  hours; 
with  exercises  on  graphical  methods,  two  hours. — By  Dr.  W, 
Blaschke:  Analytic  geometry,  five  hours;  Calculus  of  vari- 
ations, two  hours. 

University  of  Jena. — By  Professor  J.  Thomae:  Ordinary 
differential  equations,  five  hours. — By  Professor  L.  Haussner: 
Twisted  curves  and  surfaces,  four  hours;  Differential  and 
integral  calculus,  with  exercises,  II,  five  hours;  Analytic 
geometry  of  space,  four  hours;  Proseminar,  analytic  geometry 
of  space,  two  hours;  Seminar,  one  hour. — By  Professor  G. 
Frege:  Analj-tic  mechanics,  four  hours. — By  Dr.  M.  Winkei/- 
mank:  Descriptive  geometry,  four  hours;  Exercises  in  de- 
scriptive geometry,  two  hours;  Exercises  in  ordinary  differ- 
ential equations,  one  hour. 

University   of   Kiel. — By  Professor  L.   Pochhammeb: 
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Differential  equations  with  one  independent  variable,  four 
hours;  Analytic  geometry  of  space,  four  hours;  Seminar,  one 
hour. — By  Professor  G.  Landsberg:  Theory  of  numbers, 
four  hours;  Calculus  of  variations,  four  hours;  Seminar,  one 
hour. — By  Professor  M.  Dehn:  Integral  calculus,  four  hours; 
Projective  geometry,  three  hours;  Exercises  in  applied  mathe- 
matics, one  hour. — By  Dr.  R.  Neuendokff:  Descriptive 
geometry,  II,  three  hours. 

UNivERSirr  OF  MOnsteh. — By  Professor  W.  Kilung: 
Anal>-tic  geometry,  II,  four  hours;  Theory  and  applications 
of  elliptic  functions,  two  hours;  Determinants  and  elementary 
algebra,  two  hours;  Exercises  in  analytic  geometry, 'one  hour; 
Seminar,  two  hours. — By  Professor  R.  v.  Lilienthal:  Dif- 
ferential and  integral  calculus,  II,  four  hours;  Theory  of 
curvoture  of  curves  and  surfaces,  four  hours;  Political  arith- 
metic and  insurance,  two  hours;  Exercises  in  integral  calculus, 
one  hour;  Seminar,  two  hours. — By  Dr.  A.  TiMPE;  Synthetic 
geometry,  three  hours. 

University  of  Tubingen. — By  A.  v.  Brill:  Introduction 
to  higher  mathematics,  four  hours;  The  mechanics  of  Hertz, 
three  hours;  Seminar,  two  hours. — By  Professor  L.  Maureb: 
Elementary  analysis,  four  hours;  Integral  equations,  three 
hours;  Seminar,  two  hours.- — By  Professor  O.  Perron:  In- 
tegral calculus,  four  hours;  Theory  of  linear  differential 
equations,  three  hours;  Seminar,  integral  calculus,  one  hour. 

Univehsitt  of  Paris.  By  Professor  G.  Dasboijx:  Infini- 
tesimal geometry  and  applications,  two  hours. — By  Professor 
E.  Godrsat:  Differential  and  integral  calculus,  elements  of 
the  theory  of  analytic  functions,  two  hours. — By  Professor 
E.  Borel:  Functions  of  a  large  number  of  variables,  one  hour. 
— By  Professor  P.  ApPELLand  M,  C.  Guichard:  General  laws 
of  equilibrium  and  motion,  two  hours. — By  Professor  J.  Bous- 
binesq:  Mechanical  properties  of  fluids  and  special  types  of 
fluid  motion,  two  hours. — By  Professor  G.  Kgenigs:  Dy- 
namics of  continuous  media  from  the  point  of  view  of  the 
applications,  two  hours. — By  MM,  Vessiot  and  Montel: 
Cours  de  mathSmatiques  prSparatoires,  two  hours. — By  M.  A. 
Cahen:  Fermat's  last  theorem,  two  hours. 

Conferences  wiU  be  conducted  by  MM.  Lebesgue,  Guichard, 
Vessiot,  Montel,  and  Servant. 
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In  the  Ecole  Normale  courses  in  "mathematics"  are  given 
by  Professors  Bobel,  Cartan,  and  MM.  Vessiot  and  Lebes- 

OUE. 

In  the  second  semester  the  following  courses  are  announced; 
By  Professor  E.  Picabd:  Recent  researches  in  the  theory  of 
analytic  functions  and  in  particular  its  relation  to  integral 
equations. — By  Professor  E.  Gouhsat:  Ordinary'  and  partial 
differential  equations, ^By  Professor  P.  Apfell:  General 
laws  of  motion  of  systems,  anal>'tic  mechanics,  hydrostatics 
and  hydrodynamics. — By  Professor  J.  BoussiNESQ:  Waves  of 
oscillation,  emersion,  and  impulsion,  sonorous  waves, — By  M. 
Vesbiot:  Analysis  and  mechanics. — By  M.  A.  Cahen:  Per- 
mat's  last  theorem. 

The  Academy  dei  Lincei  at  Rome  has  received  from  Dr. 
GiNo  MoDiGLiANi,  the  sum  of  4000/,  to  be  used  in  the  pub- 
lication of  the  works  of  Leonardo  da  Vinci. 

Professor  G.  Lobia,  of  the  University  of  Genoa,  and 
Professor  R.  Mabcolongo,  of  the  University  of  Naples,  have 
been  elected  corresponding  members  of  the  Academy  dei 
Lincei  at  Rome. 

At  the  United  States  Naval  Academy,  Professor  H.  E. 
Smith  has  been  appointed  head  of  the  department  of  mathe- 
matics and  mechanics.  The  former  ranking  members  of  the 
department,  Professors  S.  J,  Brown  and  H.  M.  Paul,  have 
been  assigned  to  duty  elsewhere. 

At  the  Georgia  School  of  Technology,  Professor  Floyd 
Field,  head  of  the  department  of  mathematics,  lias  been 
granted  a  year's  leave  of  absence  for  study  at  Harvard  Uni- 
versity. Mr.  W.  V.  Skiles  has  been  appointed  associate  pro- 
fessor of  mathematics  and  acting  head  of  the  department 
during  Professor  Field's  absence,  Mr.  L,  W.  Murphy  has 
been  appointed  assistant  professor  of  mathematics. 

Professor  S.  L.  Boothroyd,  of  Cornell  University,  has 
been  appointed  associate  professor  of  mathematics  and 
astronomy  at  the  University  of  Washington. 

Professor  G.  P.  Paine,  of  the  University  of  Minnesota, 
has  been  appointed  assistant  professor  of  mathematics  at 
Middlebury  College. 
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At  Yale  University  Dr.  W.  A.  WiiaoN  has  been  p'toinoted 
to  an  assistant  professorship  of  mathematics. 

At  the  University  of  Wisconsin  Dr.  Arnold  Dresden  has, 
been  promoted  to  an  assistant  professorship  of  mathematics* 

At  the  University  of  North  Dakota  Mr.  R.  R.  Hitchcock 
has  been  promoted  to  an  assistant  professorship  of  mathe- 
matics. 

Professor  W.  P.  Rdssell,  of  Pomona  College,  has  been 
promoted  to  an  associate  professorship  of  mathematics. 

Professor  C.  S.  Atchinson,  of  Williams  College,  has  been 
appointed  professor  of  pure  mathematics  in  Washington  and 
Jefferson  College. 

Dr.  S.  a.  Urner,  of  Miami  University,  has  been  promoted 
to  an  assistant  professorship  of  mathematics. 

At  Hamilton  College  Professor  W.  M.  Carbuth  has  been 
promoted  to  an  associate  professorship  of  mathematics. 

Dr.  S.  D.  KiLLAM  has  been  appointed  instructor  in  mathe- 
matics in  the  University  of  Rochester. 

Mr.  Corneliits  Gouwens  has  been  appointed  instructor 
in  mathematics  at  the  University  of  Iowa. 

Professor  R.  E.  Alxardice,  of  Stanford  University,  has 
been  granted  leave  of  absence  for  the  present  academic  year. 

Dr.  G.  E.  Wahlin,  of  the  University  of  Illinois,  has  been 
granted  leave  of  absence  during  the  entire  academic  year 
and  will  study  in  Europe. 

Professor  C.  H.  Beckett,  of  Purdue  University,  has  re- 
signed to  engage  in  actuarial  work. 

The  death  is  announced  of  Lucien  L^vt,  past  president 
of  the  mathematical  society  of  France,  at  the  age  of  59  years. 

Professor  F.  Kotter,  of  the  Berlin  technical  high  school, 
died  August  17,  at  the  age  of  sixty-one  years. 
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.  *■-.    "  NEW  PUBLICATIONS. 

•;.'• '  I.    HIGHER  MATHEMATICS. 

Baldhs  (R.).    Zut  Theorie  der  gegeDsritig  mehrdniti^n  algebraiachai 

Ebenentransformatjoiien.     (HftnlitntJoiUMchrirt.)    Erlimgea,      1911. 

8vo.    36  pp. 
Baum  (K.  T.).    Da  Kiria  und  Mane  Qtudrat«,  die  ftrithtnetiache  Wage, 

r  -  3,125  und  die  Quadratur  des  Krasea.    2  Teile.    Saarbrflcken, 

Schmidtke,  1912.    8vo.    32  pp.  M.  1.75 

BocBOW  (K.).    Da  Kids  all  Maximalfllche.    Die  wichti|nten  Ffille  des 

iaoperimetrischeii    Problems    fOr    ebene    Elguren.     (Progr.)    Nord- 

hausen,  1012.    4to.    33  pp. 
B0HM  (F.).    Ucber  die  Transfonnatioii  v<«i  hotnocenen  bilineaten  Differ- 

t^tiaUusdrflnkeii.      (HabilitationsBchiilt.)      Mflachen,  1911.      8vo. 

34  pp. 
BVcHEL  (C).    Die  Arithmetica  dea  IMophant  von  Alexandria.     (Progr.) 

HambnrK,  1012.    8vo.    38  pp. 
ENCrcLOPiDIB  des  sciences  math^matiqueH.     Edition  franf  aise.     Tome  II, 

volume  5,  fascicule  1:  Equations  et  opdrations  fonctionnelles,  par  S. 

Pincherle.    Interpolation  tri^noro^tnque,  par  H.  Burckh&nlt  et  £. 

Esclangon.     Fonrtiona  aph^nques,  par  A.  Wangerin  et  A.  Lambert. 

Lnpzig,  TeubncT,  1012.    8vo.     160  pp.  M.  6.00 
des  sciences  math^matiques.    Edition  fran^aiBe.    Tome  IV,  volume 

2,  fascicule  1:  Foodementa  gtom^tiiauee  de  la  statique,  par  H.  E. 

Timerding  et  L.  lAvy.    Gtem^trie  des  masses,  par  G.  JunR  et  E. 

Carvallo.     Cinfmatique,  par  A.  Schoenfliee  et  U.  Koenigs.    Leipng, 

Teubner,  1912.    8vo.    224  pp.  M.8.40 

Enkiques  (F.).    Bee  Questioni, 
EnztxlopXdib  dn  mathematischen  Wissenscbaften.    Band  VI,  2,  lie- 

fening  2:  Bafanbestimmun^  der  Doppelsterne  und  8at«lliten,   v<»i 

J.   V.  HepperRer.    Prinsipicn  der  StCrungstheorie  und   aUgemdne 

Theorie  da   Bahnkurven   in   dynamischen   Probtemen,   von   E.   T. 

Whittafcer.     Ixtipiig,  Teubner,  1012.    8vo.    Pp.  463-556.    M.  3.00 
Fainberq  (M.).    Bestinunung  einer  Minimalfl&chej  deren  B^reosung  aua 

zwei  in  rarallelea  Bbenen  gelegenen  geradlimgen  Winkeln  besteht. 

(Dise.)    Straasburg,  1012.    8vo.     10  pp. 
Falckenbero.    Vertweigungen  vod  LOaungen  nichtlinearer  Differential- 

gleichungen.     (Dtaa.}    Erlangen,  1912.    8vo.    32  pp. 
Faeeahi  (G.).    SccFrbtcinet  {C.  de), 
Febrai  (F.).    Untersuchungea  tiber  daa  Striktionssystem  einer  dnfach 

uuendlichen  FUchenscbar  nebst  Anwendung  auf  daa  Hauptacbaen- 

Problem  der  FlAchen  cw«ter  Ordnung.     (Progr.)    Kottbua,   1012. 

8vo.    31  pp. 
Pretcinet  <C.  de).     Dell'e«perienza   in    geomelria.     Traduiioae   dj    G. 

Fazzari.    Palenno,  Reber,  1012.     16mo.     16+110  pp.  L.  2.00 

Fbicke  (R.)  und  Klein  (F).     Vorlesungen  fiber  die  Theorie  der  aut^ 

morphen  Funktionen.    Band  II:  Die  funktiooentheoretischen  AuB- 

fUhnrngen  und  die  Anwendungen.    3te  IJeferung:  Direkte  Bewei>- 

methnjen  der  Fundamentaltheoreme  und  Atihaag.     Leipiig,  Teubner, 

1012,    8vo.    Pp.  439-668.  M.  11,00 
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GtsBHAR  (3.).    lineare  Gldcbungen  ivischen  poraboliactieii  Eoordiiuiten. 

(Dm.)    SoeUkck,  1911.    Svo.    92  pp. 
HAEUB8LXK  <J.  W.).     BcweiB  dee  Fermatschen  Satiea.    Berlin,  Kr&yii, 

1912.    Svo.    48  pp.  M.  1.50 

Haiueri.  (F.  X.).    Der  grome  Fermatacbe  Sati,    NOrnberg,  Korn,  1912. 

Svo.     16  pp.  M.  0.60 

Hkcbt  (B).    Ueber   rationale    Drciecke.     (Progr,)    KOnigBberg,    1912. 

4to.    7  pp. 
Heih  (R.).     Die  verachiedenen  Arten  der  Symmetric.     (Progr.)    Lins, 

1911.    Svo.    21  pp. 
Hein  (W.).    Konatniktion  von  Oekuktionsflficben  iweiten  Grade*  an 

kiumme  FUcben.     (Progr.)    Wien,  1912.    Svo.    16  pp. 
HoFFMAKN    (T.).    Uebo-   fehlerbaite   matbematische   Ausdnicksweiaen. 

(Progr.)    Zwickau,  1912.    4to.    29  pp. 
HuBER  (E.).    Kombinationen  zu  beetimmten  Summen.      (Progr.)      Am- 

berg,  1912.    Svo.    23  pp. 
iBHeooBR  (C).    Ueber  die  Grundlagen  der  Geometrie.     Iter  T«]:  Die 

Keometrischen  Axiome  im  Urteil  dea  Rationalismus  und  Empiriamua. 

(Progr.)    Stargard,  1912.    Svo.    42  pp. 
JoHBS  (A.  0.).    An    introduction    to    algebraical    geometry.    London, 

Frowde,  1912.    Svo.    H8  pp.  12  e. 

Klein  (F.).    See  Fricke  (R.). 

Knott  (C.  G.).    Life  and  Bcientific  work  of  Peter  Guthrie  Tut;  supple- 
menting the  two  volumes  of  acientific  papen  pubbsbed  in  189S  and 

1900.    New  York,  Putnam,  1911.    4to.    9+379  pp.    Cloth.    $3.26 
KOSGLER  (H.).    Ueber  wmdschiefe  Kegelschnitte.     (Diss.)    Halle,  1911. 

Svo.    66  pp. 
Latteb  (G.).    Contributo  alio  studio  della  flesBione  dei  cilindri.     (Diseer- 

taiione  di  laurea.)    Torino,  Gili,  1912.    Svo.    56  pp. 
Levi  (F.).    Int^ritatebereiche    und    KCrper    dritten    Grades.    (Diss.) 

StrasBburg,  1911.    Svo.    30  pp. 
Lunger  (E.).    Konstruktion    dee    Rttckkehrkurvenpunktes    auf    eioer 

erieugenden  einer  abwickelbaren  FlScbe.    (Progr.)    Dombim,  1912. 

Svo.    6  pp. 
Meter  (S.).    StniktureiRenechafteD    der   projektiven    Invarianten   von 

Fonnen  mit  n  Variabebi.     (Diss.)     Strassburg,  1911.     Svo,     43  pp. 
MiDOLO  (P.).    Archimede  e  il  suo  tempo.    Sirocusa,  Tamburo,   1912. 

Svo.    25+523  pp.  L.  11.00 

MoHR  (R.).    Die  Bertrandschen  Kurven  in  der  Theorie  der  Nonnalen- 

systeme.     (Diss.)    Strassburg,  1911.    Svo.    38  pp. 
MuBBOTTER  (R.).    Eine  Skiiie  der  Geschichte  der  Infinitesimalrechnung. 

(Progr.)    Wien,  1912.    Svo.    21  pp. 
MuTH  (F.).     Ueber  solche  KoordinatensyHteme  auf  FUchen,  bei  denen 

die  ^e  Schar  vod  Parameterkurven  auf  der  anderen  gldche  StUcke 

abschnddet.     (Diss.)    MQnchen,  1912.    Svo.    54  pp. 
Ovmio  (E.  D').    Geometria  analitica.    4a  edirione,  riveduta  e  corretta. 

(Biblioteca  matematica,  volume  III.)    Torino,  Bocca,   1912.    Svo. 

16+S20  pp.  L.  14.00 

Pater  (K.).    Ueber  Konstruktionen  der  Kegelschnitte  aus  gegebenen 

Beatimmun^stllcken.     (Progr.)    Troppau,  1012.    Svo.    2S  pp. 
Perna  (A.).    Di  alcune  notevoli  dic^ioeiiioni  e  delV   Hesaiano  di  un 

produtto  di  fattori  Uneari  ennarii.     Napoli,  L.  I^erra,  1912.    Svo. 

21  pp. 
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PiEBPONT  (J,)-    Lectures  on  the  theory  of  fuDctions  of  real  rambles. 

Volume  II.    Boston,  Ginn,  1912.    8vo.    13+645  pp. 
FouAROu  (G.).    Analytische  DarBtellung  der  Durchmeeser  von  Raum- 

kurven  3.    OrdnuDK-     (Progr.)     ViUach,  1912.    8vo.    26  pp. 
QrESTtONt  riguardanti  le  matematiche  elementari^  raccolte  e  coordinate 

di    F.   Enri»mes.     Volume   I:   Critics   dei   pnncipt.     Axticoli   di   U. 

Amaldi.  R.  Bonola,  F.  Enriques,  D.  Gigli,  A.  Guarducci,  G.  Vtulad, 

G.  Vitali,     Bologna,  Zanichelli,  1912.     8vo.     6+649  pp.  L.  20.00 

Rbicbel  (W.).     Der    mathematiache    Ged&chtniHstoff.     Lciptig,    Quelle 

und  Meyer,  1912.    8vo.    43  pp.  M.  0.80 

Rudolph!  (W.),     Analytiarhe  Geometrie  des  Raumes  in  Verhindung  mit 

darstellender    Geometrie.     2ter    Tell:    Die    Kugel.     (Progr.)     Neu- 

manatcr,  1912.    4to.    20  pp. 
ScHALLER   (J.  G.).    Beweis  der  tUchtigkeit  des  groesen  Fennat'sehen 

Saties.     Grabow,  1912.     8vo.     23  pp.  M.  0.75 

SviNi  (A.).    Diasertazione  sopra  la  poegibilitlk  di  pijl  geometrie  fra  loro 

antagoniatiche,  ecc.    I^acensa,  Porta,  1912.    8vo.    23  pp. 
TaEiBB  (F.).     Der  grosse  Fermatdche  LehisatB,  entwickelt  und  daTKestellt. 

Maine,  Diemer,  1912.    8vo.    61  pp.  M.  3.00 

TiEDEMANN  (K.).    ZuT  Theorie  der  Elimination.     (Diss.)    Kdnigsberg, 

1912.    8vo.    61  pp. 
ToBCAMO  (S.  A.).    Sul  ealcolo  dei  momenti,  in  relazione  alle  operaiioni 

formafi  dell'  algebra  vettoriale.     Noto,  Zammit,  1911.    8vo.    21  pp. 
ToscHi  DI  Faonano    {G.  C.   db).    Opere  matematiche.    Volume  III; 

Altri  scritti  scientifici,  ecritti  polemici,  cart^po,  biografia.     Roma, 

Bertero,  1912.    8vo.     11  +227  pp. 

II.    ELEMENTARY  MATHEMATICS. 
Baboni  (E.).    Algebra.    Volume  I.    3a  ediiione.    Firenie,  Bemporad, 

1912.     16mo.    6+212  pp.  L.  1.80 

Bassani  (A.).    See  Laezbri  (G.). 
Bbti  (W.)  und  Webb   (H.  E.).    Plane  geometry.    With  the  editorial 

cooperaUon  of  P.  F.  Smith.     Boston,  Ginn,  1912.     12mo.     10+332 

pp.    Cloth.  $1.00 

Blaine  {R.  G.).    Some  quick  and  easy  methods  of  calculating.    4th 

edition.    London,  Spon,   1912.     ]2mo.     164  pp.  2a.  6d. 

BoRCBARDT  (W.  G.)  and  Perrott  (A.  D.).    Geometry  for  ecbools.    Vol. 

umee  I  to  4.    London,  Bell,  1912,    8vo.  3s- 

Brewsteb  (G.  W.).    See  Sanderson  (F.  W.). 
Feldman  (D.  F.).    See  Hart  (C.  A.). 
Gauss    (F.   G).     FUnfstellige   vollstandige   trigonometriache   und   poly- 

gonometriache  Tafeln,    2te  Aufiage.    Stuttgart,  Wittwer,  1912.    8vo. 

100+18  pp.    aoth.  M.  7.00 

Hart  (C.  A,)  and  Feldman  (D.  F.).     Plane  and  solid  geometry;  with  the 

editoriaJ  cooperation  of  J.  H.  Tanner  and  V.  Snyder.     New  York, 

American  Book  Co.,  1912.     12mo.    7+488  pp.  tl.25 

Jones  (H.  S.).    Exercises  in  modem  arithmetic.    With  answen.    London, 

Macmillan,  1912.    8vo.    346  pp.  28.  6d. 

Layno  (A.  E.).    Elementary  geometry.    London,  Murray,  1912.    8vo. 

264  pp.  3b.  6d. 

Laezeri  (G.)  e  Basbani  (A.).    Primi  elementi  di  geometria.    2a  edizione 

riveduta.    Livomo,  Giuati,  1912.    16mo.    7+101  pp.  L.  1.40 
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LENNK8  (N.  J.).    See  Slauoht  (H.  E.). 

Matriculation  model  answers,  mathematics.     (Umveraity  tutorial  series.) 

London,  Clive,  1912.    8vo.    Sewed.  2s. 

model  answers,  mecbanics.    London,  Clive,  1912.    8vo.    Sewed.    2a. 

OxrORD  local  examinations.     Papers  of  the  examination  held  in  July.  1B12, 

with  the  answers  to  the  questions  set  in  mathematics  and  phyeiea. 

Regulations  for  1912.    London,  J.  Parker,  1912.    8vo.    Sewed.    2b. 
Perrott  (A.  D.).    See  Borcbakdt  (W.  G.). 
Price    (E.    A.).    Examples    in    numerical    trigonometry.    Cambridge, 

University  Press,  1912.    Svo.     100  pp.  2s. 

Ragahti  (B.).    Aritmetica  fondsmentale.    Sariano,  Rolla-Canale,  1911. 

16mo.     U+335pp.  L.  3.50 

Rdrinstbin  (A.).    Plane    geometry.     New    York,    Hinds,    Noble    and 

Eldredge,  1012.     12mo.    5+200  pp.    Cloth.  tl.OO 

Sanderson  (F.  W.)  and  Brewster  (G.  W.).    Examples  from  A  Geometry 

for  Schools,  with  answers.    Cambridge,  University  Press,  1912.    Svo. 

158  pp.  Is.  6d. 

SLAnoHT  (H.  E.)  and  Lenneb  (N.  J.).     First  principles  ol  algebra.    Com- 
plete course.    Boston,  Allyn  &  Bacon,  1912.     ]2mo.     10+481  pp. 

$1.20 
Socci  (A.)  e  ToLOHEi  (G.).    Element!  di  geometria  secondo  il  met«do  di 

Eucbde.    Volume   1.     19a   edieione.    Firenze,    Le   Monnier,    1912. 

8vo.    22+141  pp.  L.  1.75 
.    Elementi  di   matematica.    Volume  III.    Firenze,    Le   Monnier, 

1912.    Svo.    6+194  pp.  L.  1.50 

Stainer    (W.   J.).    Graphs   in   arithmetic,   algebra   and    trigonometry, 

London,  Mills  ft  Boon,  1912.    Svo.    228  pp.  2s.  6d. 

Tables  of  logarithms,  anti-logarithms  and  reciprocals.    London,  Layton, 

1912.    Svo.  iB. 
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THE    FIFTH    INTERNATIONAL    CONGRESS   OF 
MATHEMATICIANS,  CAMBRIDGE,   1912. 

The  local  committee  of  organization  was  composed  of 
Sir  G.  H.  Darwin,  president,  E.  W.  Hobson  and  A.  E.  H.  Love, 
secretaries,  and  Sir  J.  Larmor,  treasurer.  Early  in  the  spring 
circulars  were  sent  out,  containing  an  outline  of  the  proposed 
plan  of  procedure  and  an  invitation  to  participate  in  the  de- 
liberations of  the  Congress.  The  date  was  fixed  at  August 
21  for  the  opening  reception,  and  meetings  were  arranged  to 
occupy  a  week.  Members  desiring  it  were  permitted  to  room 
in  the  various  Colleges,  Newnham  College  being  reserved  for 
ladies.  Those  who  took  advantage  of  this  provision  found 
their  rooms  in  readiness  upon  their  arrival  in  Cambridge. 
The  secretaries  also  compiled  a  list  of  boarding  and  rooming 
houses  in  the  city,  together  with  a  plan  indicating  the  positions 
of  the  Colleges  and  various  meeting  rooms,  so  that  all  the 
participants  were  well  accommodated. 

The  elaborate  programme  of  entertainments  and  excursions 
which  had  been  prepared  for  the  Congress  deserves  special 
consideration.  It  consisted  of  four  large  receptions,  an  organ 
recital,  and  many  teas,  besides  excursions  to  Ely,  Oxford, 
Hatfield  House,  and  many  other  interesting  places. 

The  first  occasion  was  a  reception  given  by  Sir  G.  H.  Dar- 
win, to  meet  the  Vice-Chancellor,  on  Wednesday  evening  in 
the  Combination  Room  and  Hall  of  St.  John's  College.  This 
was  an  ideal  place  for  an  introduction  to  the  charming  hos- 
pitality of  Cambridge  University. 

On  Friday  evening  the  Chancellor  and  Lady  Rayleigh  gave 
a  reception  in  the  Fitzwilliam  Museum.  Although  each  social 
event  was  so  perfect  in  its  way  that  comparison  is  difficult, 
yet  it  is  not  unfair  to  say  that  this  was  the  most  brilliant 
affair  of  the  week.  The  magnificent  art  galleries,  the  large 
number  of  guests,  and  the  gorgeous  academic  costumes  all 
contributed  to  the  effect. 

The  members  of  the  Congress  were  fortunate  in  the  day 
chosen  by  the  President  to  receive  them  at  a  garden  party. 
For  on  Sunday  there  was  the  most  perfect  weather  of  the 
week.  In  the  gardens  of  Christ's  College  the  foreigners  re- 
ceived some  impression,  however  faint,  of  the  possibilities  of 
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an  English  August.  In  the  evening  an  organ  recital  was  given 
in  the  beautiful  chapel  of  King's  College. 

The  last  of  the  large,  formal  receptions  was  held  on  Monday 
evening  by  the  Master  and  Fellows  of  Trinity  College  in  the 
HatI  and  Cloisters. 

As  regards  the  excursions,  it  was  necessary  to  make  selec- 
tions, for  they  were  more  numerous  than  the  afternoons.  On 
Monday  there  were  opportunities  to  visit  Ely  or  the  works 
of  the  Cambridge  Scientific  Instrument  Company.  The  latter 
invitation  was  extended  to  Tuesday  also.  On  both  afternoons 
the  Hon.  Mrs.  Horace  Darwin  served  tea  after  the  visit  to  the 
works.  For  Tuesday  afternoon  there  was  also  an  invitation 
to  visit  the  University  Observatory  and  afterwards  to  take 
tea  with  Professor  and  Mrs.  Newell. 

For  Wednesday  afternoon  excureions  were  planned  to 
0}rford  University  and  Hatfield  House.  The  latter  invitation 
was  due  to  the  kindness  of  the  Marquis  of  Salisbury. 

The  resourceful  committee,  who  had  made  such  perfect 
arrangements  for  everything  on  the  general  programme,  made 
provision  also  for  those  ladies  who  had  no  interest  in  purely 
scientific  matters.  A  supplementary  programme  was  ar^ 
ranged,  under  the  direction  of  a  ladies'  committee,  with  Lady 
Darwin  as  chairman.  There  were  popular  lectures,  specially 
conducted  visits  to  the  various  colleges,  and  teas  given  by 
ladies  of  Cambridge  and  by  Sir  Charles  and  Lady  Waldstein, 

But  perhaps  the  most  unique  feature  of  the  social  arrange- 
ments was  to  be  found  in  the  opportunity— so  freely  and 
cordially  offered  to  the  members  of  the  Congress — to  live  in 
these  historical  old  buildings  and  to  share,  in  a  degree,  the 
life  of  the  University.  It  was  characteristic  of  ■  British 
hospitality.* 

On  the  afternoon  of  the  last  day  of  the  Congress  a  large 
number  of  members  proceeded  to  Cayley'a  grave  and  deposited 
there  a  wreath  in  his  memory.  Funds  were  contributed  for 
a  silver  wreath  to  be  presented  to  the  University  as  a  perma- 
nent tribute  of  honor  and  respect  for  this  great  Cambridge 
mathematician. 

At  the  last  session  of  the  Congress  it  was  reported  that  706 
persons  bad  been  registered  as  in  attendance,  of  whom  573 
were  active  participants,  representing  27  different  countries. 

i  prepared  by 
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On  the  motion  of  Professor  Mittag-Leffler  it  was  voted  to 
hold  the  next  Congress  in  Stockholm  in  1916. 

Professor  A.  G.  Webster  appropriately  voiced  the  heartfelt 
appreaation  and  thanks  of  die  members  of  the  Congress  for 
the  cordial  hospitality  lavishly  showered  upon  them,  collec- 
tively and  individually,  by  their  gracious  hosts.  Alt  present 
expressed  their  hearty  participation  in  his  tribute  by  prolonged 
applause  and  an  enthusiastic  rising  vote.  Thereupon  a  few 
fitting  words  of  the  chairman.  Sir  George  Darwin,  brought  the 
fifth  international  congress  of  mathematicians  to  a  close. 

The  sectional  work  of  the  Congress  was  distributed  as 
follows: 

I.    Arithmetic,  Algebra,  Analysis. 
II.    Geometry. 

Ilitt,    Mechanics,  Physical  Mathematics,  Astronomy. 

III&.     Economics,  Actuarial  Science,  Statistics. 

IVo.     Philosophy  and  History. 

IVfc.     Didactics. 

The  International  commission  on  the  teaching  of  mathe- 
matics held  one  separate  session  and  three  sessions  jointly 
with  Section  IVfc. 

A  meeting  of  the  international  committee  was  held  at .')  p.  M., 
Wednesday,  August  21,  to  complete  the  final  arrangements. 

The  opening  meeting  of  the  Congress  was  held  at  10  A.  M.  on 
Thursday.  Sir  G.  H.  Darwin,  President  of  the  Cambridge 
Philosophical  Society,  spoke  as  follows: 

Four  years  ago  at  our  conference  at  Rome  the  Cambridge 
Philosophical  Society  did  itself  the  honor  of  inviting  the 
International  Congress  of  Mathematicians  to  hold  its  next 
meeting  at  Cambridge.  And  now  I,  as  president  of  the  society, 
have  the  pleasure  of  making  you  welcome  here.  I  shall  leave 
it  to  the  vice-chancellor,  who  will  speak  after  me,  to  express 
the  feeling  of  the  university  as  a  whole  on  this  occasion,  and 
I  shall  confine  myself  to  my  proper  duty  as  the  representative 
of  our  scientific  society. 

The  science  of  mathematics  is  now  so  wide  and  is  already 
so  much  specialized  that  it  may  be  doubted  whether  there 
exists  to-day  any  man  fully  competent  to  understand  mathe- 
matical research  in  all  its  many  diverse  branches.  I,  at  least, 
feel  how  profoundly  ill  equipped  I  am  to  represent  our  society 


-obyGoo»^lc 


110  THE  FIFTH   INTEBNATIONAL  CONQBESS.  [Dec., 

as  regards  all  that  vast  field  of  knowledge  which  we  classify  as 
pure  mathematics.  I  must  tell  you  frankly  that  when  I  gaze 
on  some  of  the  papers  written  by  men  in  this  room  I  feel 
myself  much  in  the  same  position  as  if  they  were  written  in 
Sanskrit. 

But  if  there  is  any  place  in  the  world  in  which  so  one-sided 
a  president  of  the  body  which  has  the  honor  to  bid  you  welcome 
is  not  wholly  out  of  place  it  is  perhaps  Cambridge.  It  is 
true  that  there  have  been  in  the  past  at  Cambridge  great  pure 
mathematicians  such  as  Cayley  and  Sylvester,  but  we  surely 
may  claim  without  undue  boasting  that  our  university  has 
played  a  conspicuous  part  in  the  advance  of  applied  mathe- 
matics. Newton  was  a  glory  to  all  mankind,  yet  we  Cambridge 
men  are  proud  that  fate  ordained  that  he  should  have  been 
Lucastan  professor  here.  But  as  regards  the  part  played  by 
Cambridge  I  refer  rather  to  the  men  of  the  last  hundred  years, 
such  as  Airy,  Adams,  Maxwell,  Stokes,  Kelvin,  and  other 
lesser  lights,  who  have  marked  out  the  lines  of  research  in 
applied  mathematics  as  studied  in  this  university.  Then 
too  there  are  others  such  as  our  chancellor,  Lord  Rayleigh, 
who  are  happily  still  with  us. 

Up  to  a  few  weeks  ago  there  was  one  man  who  alone  of  all 
mathematicians  might  have  occupied  the  place  which  I 
hold  without  misgivings  as  to  his  fitness;  I  mean  Henri 
Poincarfi.  It  was  at  Rome  just  four  years  ago  that  the  first 
dark  shadow  fell  on  us  of  that  illness  which  has  now  terminated 
so  fatally.  You  all  remember  the  dismay  which  fell  on  us 
when  the  word  passed  from  man  to  man  'Poincar6  is  ill.' 
We  had  hoped  that  we  might  again  have  heard  from  his  mouth 
some  such  luminous  address  as  that  which  he  gave  at  Rome; 
but  it  was  not  to  be,  and  the  loss  of  France  in  his  death  afi'ects 
the  whole  world. 

It  was  in  1900  that,  as  president  of  the  Royal  Astronomical 
Society,  I  had  the  privilege  of  handing  to  Poincar^  the  medal 
of  the  society,,  and  I  then  attempted  to  give  an  appreciation 
of  his  work  on  the  theory  of  the  tides,  on  figures  of  equilibrium 
of  rotating  fluid,  and  on  the  problem  of  the  three  bodies. 
Again  in  the  preface  to  the  third  volume  of  my  collected  papers 
I  ventured  to  describe  him  as  my  patron  saint  as  regards  the 
papers  contained  in  that  volume.  It  brings  vividly  home  to 
me  how  great  a  man  he  was  when  I  reflect  that  to  one  in- 
competent to  appreciate  fully  one  half  of  his  work  he  yet 
appears  as  a  star  of  the  first  magnitude. 
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It  affords  an  interesting  study  to  attempt  to  analyze  the 
difference  in  the  textures  of  the  minds  of  pure  and  applied 
mathematicians.  I  think  that  1  shall  not  be  doing  wrong  to 
the  reputation  of  the  psychologists  of  half  a  century  ago  when 
I  say  that  they  thought  that  when  they  had  successfully 
analyzed  the  way  in  which  their  own  minds  worlt  they  had 
solved  the  problem  before  them.  But  it  was  Sir  P'rancis 
Gal  ton  who  showed  that  such  a  view  is  erroneous.  He 
pointed  out  that  for  many  men  visual  images  form  the  most 
potent  apparatus  of  thought,  but  for  others  this  is  not  the 
case.  Such  visual  images  are  often  quaint  and  illogical, 
being  probably  often  founded  on  infantile  impressions,  but 
they  form  the  wheels  of  the  clockwork  of  many  minds.  The 
pure  geometrician  must  be  a  man  who  is  endowed  with  great 
powers  of  visualization,  and  this  view  is  confirmed  by  my 
recollection  of  the  difficulty  of  attaining  to  clear  conceptions 
of  the  geometry  of  space  until  practice  in  the  art  of  visualization 
had  enabled  one  to  picture  clearly  the  relationship  of  lines 
and  surfaces  to  one  another.  The  pure  analyst  probably 
relies  far  less  on  visual  images,  or  at  least  his  pictures  are  not 
of  a  geometrical  character.  I  suspect  that  the  mathematician 
will  drift  naturally  to  one  branch  or  another  of  our  science 
according  to  the  texture  of  his  mind  and  the  nature  of  the 
mechanism  by  which  he  works. 

I  wish  Galton,  who  died  but  recently,  could  have  been  here 
to  collect  from  the  great  mathematicians  now  assembled  an 
introspective  account  of  the  way  in  which  their  minds  work. 
One  would  like  to  know  whether  students  of  the  theory  of 
groups  picture  to  themselves  little  groups  of  dots,  or  are  they 
sheep  grazing  in  a  field.  Do  those  who  work  at  the  theory  of 
numbers  associate  color,  or  good  or  bad  characters,  with  the 
lower  ordinal  numbers  and  what  are  the  shapes  of  the  curves 
in  which  the  successive  numbers  are  arranged?  What  I  have 
just  said  will  appear  pure  nonsense  to  some  in  this  room, 
others  will  be  recalling  what  they  see,  and  perhaps  some  will 
now  for  the  first  time  be  conscious  of  their  own  visual  images. 

The  minds  of  pure  and  applied  mathematicians  probably 
also  tend  to  differ  from  one  another  in  the  sense  of  esthetic 
beauty.  Poincarfe  has  well  remarked  in  his  Science  et  M6thode 
(page  57): 

'On  pent  s'£tonner  de  voir  invoquer  la  sensibility  &  propos 
de  demonstrations  math£matiques  qui,  semble-t-il,  ne  peuvent 
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int£re3ser  que  I'intelligence.  Ce  serait  oublier  le  sentiment 
de  la  beaut£  mathSmatique,  dc  I'harmonie  des  nombres  et  des 
formes,  de  I'^legance  g£ometrique.  C'est  un  vrai  sentiment 
estbftique  que  tous  les  vrais  math^maticiens  connaissent. 
Et  c'est  bien  U  de  la  sensibility.' 
And  again  he  writes: 

'  Les  combinaisons  utiles,  ce  sont  prfcis^ment  les  plus  belles, 
je  veux  dire  celles  qui  peuvent  le  mieux  charmer  cette  sensibility 
sp^iale  que  tous  les  matbgmaticiens  connaissent,  mais  que 
les  profanes  ignorent  au  point  qii'ils  sont  souvent  tent^  d'en 
sourire.' 

Of  course  there  is  every  gradation  from  one  class  of  mind  to 
the  other,  and  in  some  the  esthetic  sense  is  dominant  and  in 
others  subordinate. 

In  this  connection  I  would  remark  on  the  extraordinary 
psychological  interest  of  Poincari's  account,  in  the  chapter 
from  which  I  have  already  quoted,  of  the  manner  in  which  he 
proceeded  in  attacking  a  mathematical  problem.  He  describes 
the  unconscious  worlung  of  the  mind,  so  that  his  conclusions 
appeared  to  his  conscious  self  as  revelations  from  another 
world.  I  suspect  that  we  have  all  been  aware  of  something 
of  the  same  sort,  and  like  Foincar^  have  also  found  that  the 
revelations  were  not  always  to  be  trusted. 

Both  the  pure  and  applied  mathematicians  are  in  search 
of  truth,  but  the  former  seeks  truth  in  itself  and  the  latter 
truths  about  the  universe  in  which  we  live.  To  some  men 
abstract  truth  has  the  greater  charm,  to  others  the  interest 
in  our  universe  is  dominant.  In  both  fields  there  is  room  for 
indefinite  advance,  but  while  in  pure  mathematics  every  new 
discovery  is  a  gain,  in  applied  mathematics  it  is  not  always  easy 
to  find  the  direction  in  which  progress  can  be  made,  because  the 
selection  of  the  conditions  essential  to  the  problem  presents  a 
preliminary  task,  and  afterwards  there  arise  the  purely  mathe- 
matical difficulties.  Thus  it  appears  to  me  at  least,  that  it  is 
easier  to  find  a  field  for  advantageous  research  in  pure  than  in 
applied  mathematics.  Of  course  if  we  regard  an  investigation 
in  applied  mathematics  as  an  exercise  in  analysis  the  correct 
selection  of  the  essential  conditions  is  immaterial,  but  if  the 
choice  has  been  wrong  the  results  lose  almost  all  their  interest. 
I  may  illustrate  what  I  mean  by  reference  to  Lord  Kelvin's 
celebrated  investigation  as  to  the  cooling  of  the  earth.  He 
was  not  and  could  not  be  aware  of  the  radio-activity  of  the 
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DOAterials  of  which  the  earth  is  formed,  and  I  think  it  is  now 
generally  acknowledged  that  the  conclusions  which  be  deduced 
as  to  the  age  of  the  earth  cannot  be  maintained ;  yet  the  mathe- 
matical investigation  remains  intact. 

The  appropriate  formulation  of  the  problem  to  be  solved  is 
one  of  the  greatest  difficulties  which  beset  the  applied  mathe- 
matician, and  when  he  has  attained  to  a  true  insight  but  too 
often  there  remains  the  fact  that  his  problem  is  beyond  the 
reach  of  mathematical  solution.  To  the  layman  the  problem 
of  the  three  bodies  seems  so  simple  that  he  is  surprised  to 
learn  that  it  cannot  he  solved  completely,  and  yet  we  know 
what  prodigies  of  mathematical  skill  have  been  bestowed  on  it. 
My  own  work  on  the  subject  cannot  be  said  to  involve  any 
such  skill  at  all,  unless  indeed  you  describe  as  skill  the  pro- 
cedure of  a  housebreaker  who  blows  in  a  safe-door  with  dyna- 
mite instead  of  picking  the  lock.  It  is  thus  by  brute  force 
that  this  tantalizing  problem  has  been  compelled  to  give  up 
some  few  of  its  secrets,  and  great  as  has  been  the  labor  involved 
I  think  it  has  been  worth  while.  Perhaps  this  work  too  has 
done  something  to  encourage  others,  such  as  Stormer,  to  simi- 
lar tasks  as  in  the  computation  of  the  orbits  of  electrons 
in  the  neighborhood  of  the  earth,  thus  affording  an  explanation 
of  some  of  the  phenomena  of  the  aurora  borealis.  To  put  at 
their  lowest  the  claims  of  this  clumsy  method,  which  may 
almost  excite  the  derision  of  the  pure  mathematician,  it  has 
served  to  throw  light  on  the  celebrated  generalizations  of  Hill 
and  Poincar^. 

I  appeal  then  for  mercy  to  the  applied  mathematician  and 
would  ask  you  to  consider  in  a  kindly  spirit  the  difficulties 
under  which  he  labors.  If  our  methods  are  often  wanting 
in  elegance  and  do  but  little  to  satisfy  that  esthetic  sense  of 
which  I  spoke  before,  yet  they  are  honest  attempts  to  unravel 
the  secrets  of  the  universe  in  which  we  live. 

We  are  met  here  to  consider  mathematical  science  in  all  its 
branches.  Specialization  has  become  a  necessity  of  modern 
work  and  the  intercourse  which  will  take  place  between  us  in 
the  course  of  this  week  will  serve  to  promote  some  measure  of 
comprehension  of  the  work  which  is  being  carried  on  in  other 
fields  than  our  own.  The  papers  and  lectures  which  you  will 
hear  will  serve  towards  this  end,  but  perhaps  the  personal 
conversations  outside  the  regular  meetings  may  prove  even 
more  useful. 
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Mr.  R.  F.  Scott,  Vice-Chancellor  of  the  University  of  Cam- 
bridge, spoke  as  follows: 

Genilemen:  It  is  my  privilege  to-day  on  behalf  of  the  Uni- 
versity of  Cambridge  and  its  Colleges  to  offer  to  members  of 
the  Congress  a  hearty  welcome  from  the  resident  body. 

Sir  George  Darwin  has  dwelt  on  the  more  serious  aspects  of 
the  meeting  and  work  of  the  Congress;  may  I  express  the  hope 
that  it  will  also  have  its  lighter  and  more  personal  side?  That 
we  shall  all  have  the  privilege  and  pleasure  of  making  the  per- 
sonal  acquaintance  of  many  well  known  to  us  both  by  name 
and  by  fame,  and  that  those  of  our  visitors  who  are  not  familiar 
with  the  college  life  of  Oxford  and  Cambridge  will  learn  some- 
thing of  a  feature  so  distinctive  of  the  two  ancient  English 
universities.  If  the  Congress  comes  at  a  time  when  it  is  not 
possible  to  see  the  great  body  of  our  students  either  at  work 
or  at  play,  the  choice  of  date  at  least  renders  it  possible  that 
many  of  our  visitors  may  enjoy  for  a  time  that  collegiate  life 
which  bas  so  many  attractions. 

I  see  that  one  of  the  Sections  of  the  Congress  deals  with 
historical  and  didactical  questions.  Those  members  of  the 
Congress  who  are  interested  in  these  subjects  will  Have  an 
opportunity  of  learning  on  the  spot  something  of  our  methods 
in  Cambridge,  and  of  the  history  of  our  chief  mathematical 
examination,  the  mathematical  tripos,  and  of  its  influence 
on  the  study  and  progress  of  mathematics  both  in  Cambridge 
and  Great  Britain. 

The  researches  of  Dr.  Venn  seem  to  point  to  the  fact  that 
until  it  was  altered  at  a  very  recent  date  the  mathematical 
tripos  represented  something  like  the  oldest  example  in  Europe 
of  a  competitive  examination  with  an  order  of  merit.  Those 
who  are  interested  in  such  matters  of  history  will  find  much 
to  interest  them  in  Mr.  Rouse  Ball's  History  of  the  Study  of 
Mathematics  at  Cambridge. 

The  subject  is  to  me,  and  I  hope  to  others,  an  interesting  one. 
There  can  be  no  doubt  that  the  examination  and  the  prepar- 
ation for  it  has  had  a  profound  influence  on  mathematical 
studies  at  Cambridge. 

Many  Cambridge  mathematicians,  as  the  names  given  by 
Sir  George  Darwin  testify,  studied  mathematics  for  its  own 
sake  and  with  the  view  of  extending  the  boundaries  of  knowl- 
edge. Many  others,  probably  the  great  majority,  studied 
mathematics  with  their  eyes  fixed  upon  the  mathematical 
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tripos,  with4he  view  in  the  first  place  of  being  examined  and 
afterwards  of  acting  as  examiner  in  it. 

The  tendency  at  Cambridge  has  been  to  give  great  minute- 
ness to  the  study  of  any  particular  branch  of  mathematics, 
to  stimulate  the  invention  of  what  we  call  "problems," 
examples  of  more  general  theories.  If  I  may  borrow  a  simile 
from  the  study  of  literature  the  tendency  was  to  produce 
critics  and  editors  rather  than  authors  or  men  of  letters, 
followers  rather  than  investigators.  The  effect  must  I  think 
be  obvious  to  any  one  who  compares  Cambridge  text  books  and 
treatises  with  those  of  the  continental  schools  of  mathematics. 
I  may  illustrate  what  I  mean  by  referring  to  the  Mathematical 
Problems  of  the  late  Jlr.  Joseph  Wolstenholme,  a  form  of  work 
I  believe  without  a  parallel  in  the  mathematical  literature  of 
other  nations.  The  fashion  is  fading  away,  but  while  you 
are  in  Cambridge  I  commend  it  to  your  notice. 

Professor  E.  \V.  Hobson,  senior  secretary  of  the  Organizing 
Committee,  stated  that  the  number  of  persons  who  had  joined 
the  Congress  up  to  10  P.  M.  on  Wednesday,  August  21,  was 
670,  the  number  of  representatives  of  different  countries 
being  as  follows:  Austria  19,  Belgium  4,  Brazil  4,  Bulgaria  1, 
Canada  4,  Chili  1,  Denmark  5,  Egypt  2,  France  52,  Germany 
70,  Great  Britain  250,  Greece  5,  Holland  9,  Hungary  19, 
India  3,  Italy  38,  Japan  3,  Mexico  1,  Norway  4,  Portugal  3, 
Roumania  5,  Russia  38,  Servia  1,  Spain  25,  Sweden  13, 
Switzerland  9,  United  States  82.  He  also  called  the  attention 
of  the  members  of  the  Congress  to  the  exhibition  of  books, 
models  and  machines  (chiefly  calculating  machines)  arranged 
in  two  rooms  of  the  Cavendish  Laboratory. 

The  first  general  meeting  of  the  Congress  was  held  at  2.30 
p.  M. 

On  the  motion  of  Professor  Mittag-Leffler,  seconded  by 
Professor  Enriques,  Sir  G.  H.  Darwin  was  elected  president 
of  the  Congress. 

On  the  motion  of  the  president  it  was  agreed  that  Lord 
Rayleigh  be  made  honorary  president  of  the  Congress. 

General  Lectures. 
Eight  general  lectures  were  provided  for  the  afternoons  as 
follows: 
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1.  Enriques,  F.,  Bologna:  "11  significato  della  critica 
dei  principii  nello  sviluppo  delle  matematiche." 

2.  Brown,  E.  W.,  New  Haven:  "  Periodicity  in  the  solar 
system." 

3.  Landau,  E.,  Gottingen:  "  Geioste  und  ungeloste  Prob- 
ieme  aus  der  Theorie  der  Primzablverteilung  und  der  Rie- 
mann'schen  Zetafunktion." 

4.  Gautzin,  B.,  St.  Petersburg:  "  The  principles  of  in- 
strumental seismology." 

5.  BoREL,  E.,  Paris:  "  Definition  et  domaine  d'existence 
des  fonctions  monog^nes  uniformes." 

6.  White,  W.  H.,  London:  "The  place  of  mathematics 
in  engineering  practice." 

7.  BdcHER,  M.,  Cambridge,  Mass. :  "  Boundary  problems 
in  one  dimension." 

8.  Larmor,  J,,  Cambridge,  Eng.:  "The  dynamics  of 
radiation." 

Abstracts  of  the  lectures  follow  below. 

1.  Professor  F.  Enriques. 
An  analysis  of  fundamental  principles  is  the  order  of  the 
day  among  contemporary  mathematicians.  The  profound 
analysis  of  the  concepts  of  limit  and  of  function,  the  inves- 
tigations having  for  point  of  departure  the  theory  of  parallels 
and  of  non-euclidean  geometry,  the  more  recent  ones  concern- 
ing the  foundations  of  geometry  and  of  analysis  situs,  the 
developments  on  varieties  of  several  dimensions,  on  trans- 
formations and  their  groups,  these  and  other  problems  have 
given  rise  to  a  series  of  questions  Ijing  at  the  very  roots  of  the 
mathematical  edifice,  and  of  philosophic  thought. 

History   furnishes  instructive  information  on   this   point. 

The  analysis  of  principles  is  not,  properly  speaking,  a  new 

phenomenon,  characterizing  our  time;  it  is,  on  the  contrary, 

an  essential  part  of  the  elaboration  of  the  concepts  which  in 

)anies  the  progress  of  the  science  and  of  its 

;  universally  admired  perfection  of  the  work 

ed  to  the  historian  as  the  natural  product  of  a 

ich  was  developed  in  the  constructive  period 

etry,  from  Pj-thagoras  to  Eudoxus.     Then 

pear  the  signification  of  those  methods  and 

ns  of  which  the  Greeks  themselves  attempted 
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to  interpret  and  to  conquer  the  paradoxes  concerning  infinity. 
These  are  the  same  difficulties  which  reappeared  at  the  time 
the  infinitesimal  calculus  was  founded,  and  are  now  again 
asserting  themselves  in  the  most  refined  analysis. 

The  foundation  of  mensuration  first  raised  the  question  of 
geometric  continuity,  and  the  relation  between  the  side  and 
the  diagonal  of  a  square  presented  an  insurmountable  dif- 
ficulty to  the  Pythagorean  school.  The  contributions  of 
.  Eudoxus  and  of  Archimedes  not  only  showed  this  question  in 
its  true  light,  but  also  contained  the  correct  elements  of  the 
calculus. 

The  second  period  was  ushered  in  by  Galileo,  Fermat, 
Descartes,  Wallis,  Roberval,  etc.,  and  was  soon  followed  by 
the  epoch-making  advances  of  Newton  and  of  Leibniz  in  the 
concept  of  an  analytic  limit  and  of  the  derivative. 

The  foundations  of  their  methods  and  the  correctness  of 
their  results  were  soon  to  be  justified  and  clarified  by  the 
researches  of  Lagrange  and  of  Camot.  These  same  ideas 
have  again  been  considered  by  Cauchy,  Riemann,  Weierstrass, 
and  have  served  as  basis  of  the  theory  of  the  calculus  of  vari- 
ations which  has  received  so  much  attention  during  the  last 
few  years. 

Another  line  of  development  is  marked  by  the  concept  of  an 
arbitrary  function  and  the  modem  elaboration  of  the  concept 
of  infinity,  inaugurated  by  Dirichlet  and  by  Abel  and  Jacobi, 
respectively,  later  to  be  refined  by  Riemann,  Weierstrass, 
Dini,  Cantor,  Dedekind,  Veronese,  Poincarfe  and  Hilbert. 
Throughout  all  this  growth,  the  fundamental  idea  of  geo- 
metric continuity,  as  understood  today,  is  still  that  of  Eudoxus 
and  of  Archimedes. 

Corresponding  to  the  growth  of  the  concepts  already 
mentioned,  another  point  of  view  was  being  presented,  which 
may  be  called  intensive  mathematics,  the  establishing  of  the 
line  of  demarcation  between  intuition  and  of  logical  proof. 
The  study  of  irrational  numbers  and  of  algebraic  equations 
together  with  their  natural  extension  to  that  of  differential 
equations,  to  integral  equations,  and  their  various  combina- 
tions, lead  to  a  properly  intense  study  of  the  principles  of 
mathematics.  These  studies  have  found  their  present  cul- 
mination in  the  theory  of  algebraic  functions,  the  foundations 
of  geometry  and  in  certain  developments  of  algebra,  illustrated 
by  the  Clebsch-Noether  theory  and  by  recent  investigations 
of  Picard  and  of  Poincar£. 
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The  criticism  of  principles  forms  an  iDtegral  part  of  the 
history  of  the  development  of  mathematics,  as  well  from  the 
extensive  as  from  the  intensive  point  of  view. 

Even  the  exaggerations  to  which  modern  criticism  may  lead 
have  served  to  convey  a  correct  idea  of  the  value  of  logic  by 
contrast,  by  comparing  with  the  results  obtained  by  other 
processes.  The  importance  of  the  concept  of  logic  thus  brought 
to  light  has  given  rise  to  the  philosophy  called  pragmatism. 

Those  who  oppose  this  concept  of  our  physical  experiences 
idealized  wish  to  see  in  mathematics  only  an  instrument  to 
be  used  in  natural  sciences.  But  such  a  view  (which  the 
exaggerations  of  logical  pragmatism  could,  by  reaction,  suggest 
to  certain  minds)  would  have  the  effect  of  singularly  restricting 
the  field  of  mathematics. 

2.  PROFES.SOR  E.  W.  Brown. 
After  pointing  out  the  different  branches  into  which  celestial 
mechanics  has  become  divided  during  the  last  thirty  years, 
the  lecturer  dwelt  at  some  length  on  the  periods  of  the  oscil- 
lations by  which  astronomers  have  usually  expressed  the 
motions  of  the  bodies  of  the  solar  system.  These  oscillations 
are  of  short-period,  long-period,  secular,  and  librational. 
It  was  then  shown  how,  by  a  consideration  of  these  periods, 
we  can  make  certain  that  the  present  theories  of  the  moon 
and  planets  shall  fully  represent  the  motions  of  those  bodies 
during  the  limited  time  for  which  observations  exist. 

The  theories  for  the  asteroids  are  much  more  difficult.     In 
them,  approximate  or  exact  commensurability  between  the 
mean  period  of  revolution  of  the  asteroid  round  the  sun  and 
that  of  Jupiter  plays  an  important  part.     Exact  commensura- 
bility, if  it  exists,  produces  oscillations  which  are  generally 
known  as  lihrations,  and  the  mathematical  theory  of  these 
is  still  in  a  very  incomplete  state.     So  far  a's  we  know,  there 
son  why  Ubrating  asteroids  should  not  exist.     But 
notable  deficiencies  in   the  libration   regions.     A 
ate  of  things  occurs  in  the  ring  of  Saturn,     On  the 
d,  we  have  librations  in  the  satellite  systems  of  both 
id  Saturn.     It  was  suggested  that  the  presence  of  a 
region  in  the  problem  of  three  bodies  limits  the  range 
orbits  and  that  a  still  greater  limitation  of  the  range 
ed  by  the  presence  of  a  fourth  body,  e.  g.,  of  Saturn, 
asteroids  are  under  consideration. 


-obvGoo»^lc 


1912.]  THE  FIFTH   INTEBNATIONAL  CONQBE83.  119 

The  periodic  deviations  of  the  moon  from  its  theoretical 
orbit  were  briefly  dealt  with  and  methods  for  exploring  their 
sources  were  mentioned.  Professor  Brown  concluded  his 
lecture  with  a  warm  tribute  of  respect  to  the  memory  of 
Henri  Poincar^. 

3.  Professor  E.  Landau. 

Familiarity  with  the  theory  of  numbers  is  by  no  means 
general  among  mathematicians:  in  particular,  the  difficulties 
of  the  analytic  theorj-  of  numbers  have  not  been  attractive, 
so  that  but  few  are  familiar  with  the  elegant  results  of  the 
theorj'. 

After  stating  the  problem  of  the  lecture,  a  rapid  resume 
of  preceding  results  and  methods  was  given,  and  a  concise 
statement  of  several  new  results,  particularly  those  of  Little- 
wood,  Bohr,  and  Landau,  was  added. 

Four  definite  questions  were  put,  the  solutions  of  which  were 
considered  as  impossible  in  the  present  state  of  the  science. 

1.  Does  the  function  u*+  1,  u  an  integer,  represent  an 
infinite  number  of  primes? 

2.  Does  the  equation  m  =  p  -\-  p'  have  a  solution  in  prime 
numbers  for  every  even  value  of  m? 

3.  Has  the  equation  2  =  p  —  p'  an  infinite  number  of 
prime  solutions? 

4.  Does  at  least  one  prime  number  lie  between  n'  and 
(n  +  1)*  for  every  integral  value  of  n? 

4.  Prince  B.  Galitzin. 
The  rapid  advance  of  seismology  in  the  last  twenty  years 
is  mainly  due  to  the  fact  that  this  new  scientific  discipline  has 
adopted  pure  physical  methods  of  research  based  upon  in- 
strumental observations.  Instrumental  seismology  or  seis- 
mometry,  in  devising  its  instruments  of  research,  stands  in 
close  connection  with  theoretical  mechanics,  so  intimately 
linked  with  pure  mathematics.  The  propagation  of  seismic 
disturbances,  generated  In  the  focus  of  an  earthquake,  is 
nothing  but  a  problem  in  the  theory  of  elasticity.  According 
to  the  latter  two  types  of  seismic  waves  are  propagated  through 
the  interior  of  the  earth,  viz.,  longitudinal  and  horizontal  or 
transverse  waves,  the  velocities  of  whith  in  the  upper  strata  of 
the  earth's  crust  are  respectively  equal  to  7.17  and  4.01 
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kilometers  per  second.  From  the  difference  of  time  of  arrival 
of  these  characteristic  disturbances  at  a  given  point,  the  epi- 
central  distance  can  be  deduced. 

The  general  equations  of  the  theory  of  elasticity  lead,  as 
Lord  Rayleigh  and  Lamb  have  shown,  to  the  conclusion  that 
another  class  of  waves,  viz.,  gravitational  or  long  waves,  are 
propagated  with  a  constant  velocity  Z.5  along  the  surface  of 
the  earth.  The  arrival  of  these  waves  constitutes  the  begin- 
ning of  the  maximal  phase  of  a  seismogram.  These  theoretical 
results  are  confirmed  in  their  general  outlines  by  direct  ob- 
ser\'ation3. 

Instead  of  studying  the  seismic  waves  in  the  interior  of 
the  earth,  it  is  more  convenient  to  consider  the  corresponding 
seismic  rays,  which  travel  along  characteristic  paths.  If  the 
law  which  gives  the  relationship  between  velocity  and  depth 
were  known,  one  could  easily  express  the  time  of  traveling 
from  the  focus  to  the  point  of  observation  as  well  as  the 
corresponding  epicentral  distance  as  function  of  the  depth 
of  the  focus  and  the  angle  of  emergence  of  the  seismic  rays. 
This  would  give  the  form  of  the  so-called  vertical  hodograph 
curve.  By  recording  the  problem,  that  is,  plotting  the  form 
of  the  hodograph  from  direct  observations,  it  is  possible  to 
get  at  some  conclusions  concerning  the  interior  construction 
of  the  earth.  This  is  the  procedure  adopted  by  Wiechert  and 
his  students. 

Whereas  in  the  boundaries  of  the  epicentral  area  nearly  every 
earthquake  is  characteriz.ed  by  several  more  or  less  intensive 
shocks,  separated  by  Intervals  of  calm,  the  whole  disturbance 
seldom  lasting  more  than  a  few  minutes,  seismic  records  at 
distant  stations  reveal  a  continuous  and  very  prolonged  motion 
of  the  ground.  This  stretching  out  of  seismograms  at  distant 
stations  may  be  attributed  to  inner  reflections  and  refractions 
of  the  rays,  to  the  release  of  normal  vibrations  of  the  earth's 
outer  shell  and  to  seimic  dispersion.  The  problem  of  seismic 
dispersion  has  not  been  thoroughly  investigated. 

The  proper  way  to  treat  the  different  problems  of  the  propa- 
gation of  seismic  waves  would  be  to  consider  the  different 
layers  of  the  earth  not  as  an  isotropic,  but  only  as  a  trans- 
versely isotropic  medium.  This  is  the  method  followed  by 
Rutzki,  which  has  led  him  to  obtain  very  interesting  results, 
but  the  problem  is  a  very  difficult  one. 

Instrumental  observations,  which  form  the  basis  of  modem 
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seismology,  are  always  capable  of  giving,  after  a  careful  analysis 
of  the  record,  the  true  movement  of  the  element  of  the  earth's 
surface.  As  there  are  six  different  possible  displacements, 
three  translations  and  three  rotations,  the  problem  of  solving 
tbe  fundamental  problem  of  seismology,  which  is  to  find  the 
true  motion  of  the  ground  as  function  of  the  time,  requires  six 
different  seismographs.  The  rotation  about  a  horizontal  axis 
corresponds  to  a  tilting  of  the  ground.  For' distant  earth- 
quakes this  tilting  is  so  small  that  translations  alone  are 
studied  at  present.  To  study  the  true  movement  of  a  particle 
of  the  earth's  surface,  different  types  of  seismographs  are 
used,  all  of  which  are  based  upon  the  principle  of  inertia, 
that  is,  upon  the  principle  of  the  so-called  steady  point. 

As  it  is  necessary,  in  order  to  obtain  a  high  magnification, 
that  the  proper  period  of  oscillation  of  the  seismograph  should 
be  long,  horizontal  pendulums  are  most  frequently  used  for 
the  study  of  horizontal  displacements.  There  are  different 
types  of  horizontal  pendulums,  those  with  two  pivots  (Rebew- 
Daschwitz),  those  with  one  pivot  or  flat  spring  (Molne,  Omsri- 
Boscb,  Mainka,  Galitzin),  or  with  no  pivots  at  all  and  where 
the  heavy  mass  is  supported  by  two  inclined  wires  (ZoUner, 
suspension).  These  latter  pendulums  introduce  no  friction 
and  are  of  a  very  senative  nature.  They  are  used  at  all 
Russian  first  class  seismic  observatories.  Wiechert's  improved 
astatic  pendulum  is  also  much  used. 

To  study  the  vertical  component  special  vertical  seis- 
mographs are  used,  based  upon  the  use  of  springs  (Vicatiori, 
Wiechert,  Galitzin). 

The  movements  of  the  seismograph  needle  are  registered 
either  mechanically  by  means  of  smoked  paper  or  optically 
by  means  of  a  reflected  ray  of  light.  The  former  method  in- 
troduces a  good  deal  of  friction,  espedally  when  magnifying 
levers  are  used,  and  are  in  effect  troublesome.  To  avoid  a 
very  high  magnification  and  avoid  all  friction,  galvanometric 
registration  is  very  advantageous.  It  consists  in  fixing  to  the 
pendulum  boom  several  induction  coils  between  the  poles  of  a 
pair  of  horse-shoe  magnets.  When  the  boom  is  set  in  motion 
electric  currents  are  generated  in  the  coils  and  are  transmitted 
to  a  very  sensitive  dead-beat  galvanometer,  whose  movements 
are  directly  recorded  optically.  This  method  of  registration 
offers  many  advantages,  the  principal  one  of  which  is  that  it 
admits  of  registration  at  a  distance. 
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In  order  to  obtain  trustworthy  records,  from  which  one  may 
deduce  the  true  motion  of  the  ground,  every  seismograph 
ought  to  be  highly  damped.  This  is  at  present  a  well-known 
and  adopted  axiom,  but  it  has  not  as  yet  found  its  practical 
realization  in  all  countries.  At  present  air  and  oil  damping 
are  used,  but  the  most  simple,  practical  and  theoretically 
sound  mode  of  damping  is  that  of  magnetic  damping,  which 
is  being  introduced  at  all  Russian  seismic  observatories. 

The  fundamental  problem  of  seismology,  that  is,  the  deter- 
mination of  the  true  motion  of  the  ground  for  a  given  interval 
of  time,  offers  great  difficulties,  where  the  aid  of  mathemati- 
cians, as  in  many  other  fields  of  modern  science,  is  much 
needed. 

The  reading  of  seismograms  obtained  by  galvanometric 
registration  from  aperiodic  seismographs  enables  us  to  attack 
different  problems,  some  of  which  are  of  great  practical 
importance  for  modem  seismology. 

From  the  readings  of  the  aperiodic  horizontal  pendulums 
at  right  angles  to  each  other  at  the  beginning  of  the  first 
phase,  when  the  first  longitudinal  waves  strike  the  ground, 
one  can  deduce  the  true  azimuth  of  the  epieentral;  by  com- 
bining this  result  with  the  epieentral  distance,  deduced  from 
the  difference  of  time  of  arrival  of  the  first  horizontal  and 
longitudinal  waves,  we  can  locate  the  position  of  an  epicenter 
from  observations  made  at  one  station  only.  This  is  the 
method  exclusively  used  at  present  at  the  seismic  observatory 
at  Pulkava.  Taking  into  consideration  also  the  displacement 
of  the  vertical  seismograph  we  can  obtain  the  visible  angle  of 
emergence  of  the  seismic  rays,  which  is  a  very  important 
element  for  the  study  of  the  paths  of  the  seismic  raj's  in  the 
interior  of  the  earth. 

The  instruments  devised  up  to  the  present  to  study  the 
tilting  of  the  ground  independently  of  all  displacements  have 
not  led  to  practical  results,  but  a  double  differential  pendulum 
with  galvanometric  registration  seems  to  be  a  well  adapted 
instrument  for  that  purpose,  as  experiments  made  with  a 
variable  platform  have  shown  that  it  is  entirely  uninfluenced 
by  any  displacements  at  all,  however  irregular  thev  may 
be. 

The  study  of  extraseismic  movements  in  the  epieentral 
area  itself  may  be  based  upon  observations  of  excited 
blocks. 
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5.  Pbofesbor  E.  Bobel. 
Cauchy  insisted  on  various  occasions  on  the  importance  of 
monogeneity.  If  we  consider  an  elementary  function  ob- 
tained by  simple  operations  on  2  (polynomials  in  z,  series  in  z 
everywhere  convergent  representing  the  exponential  series, 
trigonometric  functions,  etc.)  and  if,  for  such  a  function  F(_z) 
we  calculate  the  ratio 

F{z  +  Aa)  -  f  (z) 

A3 

then  if  this  ratio  tends  towards  a  definite  limit,  as  As  approaches 
zero,  independently  of  the  manner  in  which  Az  approaches 
zero,  Cauchy  calls  the  function  F(z)  monogenic. 
It  is  by  aid  of  the  fundamental  theorem  of  Cauchy, 


f^^-W^ 


r 

that  we  demonstxate  that  homogeneity  in  a  domain  W  implies 
analytidty  within  the  domain. 

We  must  also  have  recourse  to  this  theorem  to  study  func- 
tions which  are  monogenic  in  a  domain  other  than  W;  it  will 
be  convenient,  in  order  to  reason  in  a  most  general  manner 
concerning  the  deductions  from  possible  definitions  of  these 
functions,  to  consider  them  as  defined  according  to  Hiemann, 
that  isf  admitting  that  we  know  nothing  of  such  a  function, 
except  that  it  is  monogenic.  It  is  also  necessary  to  show  that 
the  theory  thus  constructed  is  not  meaningless,  by  furnishing 
actual  examples  of  functions  defined  in  a  manner  that  is  not 
ideal,  but  explicit. 

Functions  which  are  monogenic  but  not  analytic  possess 
the  most  important  properties  of  analytic  functions;  in  par- 
ticular, for  a  region  C,  the  existence  of  the  first  derivative 
implies  the  existence  of  derivatives  of  all  orders. 

The  transformation  of  Cauchy's  integral  into  a  double 
integral  corresponds  to  the  hypothesis,  physically  natural 
enough,  that  there  are  no  infinite  masses,  but  only  singular 
regions  in  which  the  density  can  be  very  high,  or,  if  one  prefers, 
"  spheres  "  of  finite  action  attached  to  each  singular  point. 
Monogenic  non-analytic  functions  correspond  to  the  case 
in  which  the  singular  regions  are  at  once  extremely  small 
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and  extremely  numerous.  I  pointed  out  some  time  ago 
that  by  meansof  certain  arithmetic  dispositions  of  such  singular 
regions,  the  lines  of  continuity  which  touch  these  regions 
without  penetrating  them  can  be  such  that  their  properties 
are  intimately  connected  with  the  numerical  simplicity  of 
their  coeffidents  of  direction.  I  do  not  know  whether  some 
analyst  more  skilled  than  I  may  some  day  draw  from  these 
somewhat  vague  considerations  consequences  of  interest  to 
physicists,  but  it  is  impossible  for  me  to  ignore  the  fact  that 
I  have  often  been  guided  by  the  analogies  of  the  new  theory 
with  the  theory  of  molecular  physics,  to  the  progress  of  which 
this  city  and  this  country  have  so  powerfully  contributed. 

6.  Sir  W.  H.  White. 

The  foundations  of  modem  engineering  have  been  laid  on 
mathematics  and  physical  science:  the  practice  of  engineering 
is  now  governed  by  scientific  methods  applied  to  the  analysis 
of  experience  and  the  results  of  experimental  research.     En- 
gineering has  been  defined  as  "  the  art  of  directing  the  great 
sources  of  power  in  nature  for  the  use  and  convenience  of 
man."     An  adequate  acquaintance  with  the  laws  of  nature, 
and  obedience  to  those  laws,  are  essential  to  the  full  utilization 
of  these  sources  of  power.     It  is  now  universally  recognized 
that  the  educated  engineer  must  possess  a  good  knowledge 
of  the  sciences  which  bear  upon  his  professional  duties,  in 
combination  with  thorough  practical  training  and  experience 
in  actual  engineering  work.     Neither  aide  of  his  education 
can  be  neglected  without  hampering  him  seriously,  especially 
'"*"*n  he  has  to  go  beyond  precedent  and  face  new  problems. 
:hese  sciences,  the  matiiematical  is  undoubtedly  of  the 
test  importance  to  engineers.    The  range  and  character 
lathematical  knowledge  which  can  be  considered  adequate 
gradually  being  agreed  upon  as  experience  is  enlarged;  and 
ent  ideas  are  embodied  in  the  courses  of  study  prescribed 
le  calendars  of  schools  of  engineering.    Absolute  identity 
le  courses  of  study  and  the  standards  laid  down  for  degrees 
igineering  has  not  been  attained,  but  the  approach  thereto 
already  been  considerable,  and  the  movement  will  un- 
itedly continue  in  the  same  direction. 
he  preponderance  of  opinion  amongst  engineers  now  favors 
teaching  to  students  of  engineering  of  science  generally, 
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and  of  mathematics  in  particular,  being  undertaken  by  rec- 
ognized authorities  in  the  several  branches,  and  on  lines  which 
shall  ensure  greater  breadth  of  view  and  fuller  capability  for 
dealing  with  new  problems  arising  in  their  professional  work, 
than  can  be  secured  by  means  of  special  courses  of  instruction 
arranged  for  students  of  engineering  as  a  class  apart.  What- 
ever branch  of  en^neering  a  man  may  select  for  his  individual 
practice,  he  must  need  a  fundamental  knowledge  of  mathe- 
matics, and  in  some  branches  in  order  to  do  his  work  well 
he  will  require  to  add  considerably  to  the  mathematical  know- 
ledge which  is  sufficient  for  a  degree.  As  time  passes,  the 
mathematician  and  the  practicing  engineer  have  come  to 
understand  one  another  better,  and  to  be  mutually  helpful. 
While  engineers  as  a  class  cannot  claim  to  have  made  many 
important  or  original  contributions  to  mathematical  science, 
some  men  trained  as  engineers  have  done  notable  work  of  a 
mathematical  character.  The  names  of  Rankine,  ^Villiam 
Froude,  and  John  Hopkinson,  amongst  British  engineers,  also 
hold  an  honored  place  in  mathematics.  Mathematicians  of 
enuDcnce  have  spent  their  lives  in  the  tuition  of  en^neers, 
and  in  that  way  have  greatly  influenced  the  practice  of  en- 
gineering; but  while  they  have  necessarily  become  familiar 
with  the  problems  of  engineering  as  a  consequence  of  their 
connection  therewith,  they  have  not  accomplished  much  actual 
engineering  work,  and  none  of  it  has  been  of  first  importance. 
Speaking  broadly  there  is  an  abiding  distinction  between 
mathematicians  and  engineers.  Mathematicians  regard  en- 
gineering cbiefiy  from  the  scientific  point  of  view,  and  are 
primarily  concerned  with  the  bearing  of  mathematics  on 
engineering  practice,  the  construction  of  theories  and  the 
framing  of  useful  rules.  Engineers,  even  when  well  equipped 
with  mathematical  knowledge,  are  primarily  devoted  to  the 
design  and  construction  of  efficient  and  durable  works; 
their  main  object  being  to  secure  the  best  possible  association 
of  efficiency  and  economy,  and  so  to  achieve  practical  and 
commercial  success.  There  is  evidently  room  for  both  classes, 
and  their  collaboration  in  modern  times  has  produced  wonder- 
ful results. 

The  proper  use  of  mathematics  in  engineering  practice  is 
now  generally  agreed  to  include  the  following  steps.  First 
comes  the  development  of  a  mathematical  theory  based  on 
assumptions  which  are  thought  to  embody  and  to  represent 
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conditions  disclosed  by  past  practice  and  observation.  Fre- 
quently these  theoretical  investigations  give  rise  to  valuable 
suggestions  for  further  observations  or  experimental  investi- 
gations. Mathematical  analysis  must  be  applied  to  the 
results  of  observation  and  experiment;  and  as  a  result  amend- 
ments or  extensions  are  made  of  the  original  mathematical 
theory.  Useful  rules  are  also  devised,  in  many  instances, 
which  serve  for  guidance  in  the  future  practice  of  engineers. 
Formerly  it  was  thought  by  men  of  science  that  purely  mathe- 
matical investigation  and  reasoning  would  do  all  that  was 
required  for  the  guidance  of  engineering  practice;  now  it  is 
admitted  that  such  investigations  will  not  suffice,  and  that 
the  chief  services  which  can  be  rendered  to  engineering  by 
mathematicians  will  consist  in  the  suggestion  of  the  best 
directions  and  methods  for  experimental  research,  the  conduct 
of  observations  on  the  behavior  of  existing  works,  the  establish- 
ment of  general  principles  based  on  analysis  of  experience, 
and  the  framing  of  practical  rules  embodying  scientific 
principles. 

The  contrast  between  present  and  past  methods  can  be 
illustrated  by  comparing  investigations  made  during  the 
eighteenth  century,  into  the  behavior  of  ships  amongst  waves 
by  Daniel  Bernoulli  who  won  the  prize  offered  by  the  Royal 
French  Academy  of  Science  in  1757,  and  work  done  by  William 
Froude  a  century  later  in  connection  with  the  same  subjects. 
Bernoulli  was  the  greater  mathematician  but  had  only  a  small 
knowledge  of  the  sea  and  of  ships.  His  memoir  was  a  mathe- 
matical treatise;  his  practical  rules,  although  deduced  from 
mathematical  investigations  which  were  themselves  correct, 
depended  upon  certain  fundamental  assumptions  which  did 
not  correctly  represent  either  the  phenomena  of  wave  motion 
or  the  causes  producing  and  limiting  the  rolling  oscillations  of 
ships.  Bernoulli  realized  and  dwelt  upon  the  need  for  further 
experiment  and  observation  and  showed  remarkable  insight 
into  what  was  needed,  but  the  fact  remains  that  he  neither 
made  such  experiments  himself  nor  was  able  to  induce  others 
to  make  them.  As  a  consequence,  his  practical  rules  for  the 
guidance  of  naval  architects  were  incorrect  and  would  have 
produced  mischievous  results  if  they  had  been  applied  in 
practice.  William  Froude  was  a  trained  engineer  who  bad  a 
gfKid  knowledge  of  mathematics  and  a  mathematical  mind. 
His  acquaintance  with  the  sea  and  ships  was  considerable; 
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his  skill  as  aa  experimentalist  was  remarkable,  and  be  was 
fortunate  enough  to  secure  the  support  of  the  Admiralty, 
through  the  constructive  department.  He  thus  obtained  the 
services  of  the  officers  of  the  Royal  Navy  in  making  a  long 
series  of  accurate  and  detailed  observations  of  the  character- 
istic features  of  ocean  waves  as  well  as  the  rolling  of  ships 
amongst  waves  or  in  still  water.  In  this  way,  starting  with 
the  formulation  of  a  mathematical  theory  of  wave  motion, 
and  of  a  theory  for  unresisted  rolling  in  still  water  and  amongst 
waves,  Froude  added  corrections  based  on  experimental 
research  and  succeeded  eventually  in  devising  methods  by 
means  of  which  naval  architects  can  make  close  approximations 
to  the  probable  behavior  of  ships  of  new  design  when  exposed 
to  the  action  of  waves,  either  forming  a  regular  series  or  con- 
stituting an  irregular  sea.  In  these  approximations  allowance 
can  be  made  for  the  effect  of  water  resistance  to  the  rolling 
motion — a  most  important  factor  in  the  problem  which 
could  not  be  dealt  with  until  experimental  research  had  been 
made,  and  results  had  been  subjected  to  mathematical  analysis. 
In  addition,  Froude  laid  down  certain  practical  rules  for  the 
guidance  of  naval  architects,  and  the  application  of  these  rules 
has  been  shown  by  long  experience  to  favor  the  steadiness — 
that  is  to  say  the  comparative  freedom  from  rolling — of  ships 
designed  in  accordance  with  these  rules.  In  short  a  problem 
which  had  proved  too  difficult  when  attacked  by  Daniel 
Bernoulli  in  purely  mathematical  fashion  was  practically 
solved  a  century  later  by  Froude,  who  employed  a  combination 
of  mathematical  treatment  and  experimental  research. 

Another  example  of  the  contrast  between  earlier  and  present 
methods  is  to  be  found  in  the  treatment  of  the  resistance  offered 
by  water  to  the  onward  motion  of  ships.  From  an  early  date 
mathematicians  have  been  attracted  to  this  subject,  and  many 
attempts  were  made  to  frame  mathematical  theories.  When 
steam  propulsion  for  ships  was  introduced,  the  matter  became 
of  great  practical  importance,  because  it  was  necessary  to 
make  estimates  for  the  engine  power  required  to  drive  a  ship 
at  the  desired  speed.  In  making  such  estimates  it  was  neces- 
sary to  approximate  to  the  value  of  the  water  resistance  at 
that  speed,  although  the  required  engine  power  was  also 
influenced  by  the  efficiency  of  the  propelling  apparatus  and 
propellers.  Id  addition  it  was  obvious  that  ^e  water  re- 
sistance to  the  motion  of  a  ship  when  she  was  driven  by  her 
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propellers  at  a  given  speed  would  be  in  excess  of  the  resistance 
experienced  if  she  were  towed  at  the  same  speed,  and  there 
was  no  exact  knowledge  in  regard  to  that  increment  of  re- 
^stance.    The  earlier  mathematical  theories  of  resistance 
prove  to  be  of  little  or  no  service,  and  they  were  based  on 
erroneous  and  incomplete  assumptions.    Rankine  devised  s 
"  stream  line  "  theory  which  was  superior  to  its  predecessors, 
but  it  also  for  a  time  had  no  effect  on  the  practice  of  naval 
architects.     William  Froude,  adopting  this  stream  line  theory, 
dealt   separately   with   frictional   resistance,   and   devised   a 
"  law  of  comparison  "  at  corresponding  speeds  by  which  from 
the  "  residual  resistance  "  of  models — exclusive  of  friction — 
it  became  possible  to  estimate  the  corresponding  residual 
resistance  for  ships  of  ^milar  forms.     At  first  he  stood  alone 
in  advocating  these  views,  but  subsequent  experience  during 
forty  years  has  demonstrated  their  soundness.    Experimental 
tanks  for  testing  models  of  ships,  such  as  Froude  introduced, 
are  now  established  in  all  maritime  countries,  and  the  results 
obtained  therein  are  of  enormous  value  to  the  designing  of 
steam  ships.    In  regard  to  the  selection  of  the  forms  of  ships 
naval  ardiitects  are  now  able  to  proceed  with  practical  cer- 
tainty; but  in  connection  with  the  design  of  screw  propellers 
even  after  model  experiments  have  been  made  with  alternative 
forms  of  screws,  there  is  still  great  uncertainty,  and  dependence 
upon  the  results  obtained  on  "  progressive  "  speed  trials  of 
ships  is  still  of  the  greatest  service.     As  yet  the  "  law  of  com- 
parison "  between  model  screws  and  full-sized  screws  has  not 
been  determined  accurately.    The  condition  of  the  water  in 
which  screws  act,  as  influenced  by  the  advance  of  a  ship  and 
her  frictional  wake,  the  phenomena  attending  the  passage 
of  the  water  through  a  screw,  and  the  impression  thereon  of 
stemward  motion  from  which  results  the  thrust  of  the  pro- 
peller, the  effect  upon  that  thrust  of  variations  in  the  forms 
es  of  screw  propellers,  and  the  causes  of 
■m  subjects  demanding  further  investi- 
Ks,  the  only  hope  of  finding  solutions  lies 
sxperimental  researeh  with  mathematical 
e  been  very  many  mathematical  theories 
V  propellers,  but  none  of  these  has  pro- 
dealing  practically  with  the  problems  of 
there  is  no  hope  that  any  purely  mathe- 
ever  will  do  so,  because  the  conditions 
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which  should  be  included  in  the  fundamental  equations  are 
complex  and  to  a  great  extent  undetermined. 

In  connection  with  other  branches  of  engineering,  model 
experiments  have  also  proved  effective.  Examples  are  to 
be  found  in  connection  with  the  estimates  for  wind  pressure 
on  complicated  engineering  structures — such  as  girder  or 
cantilever  bridges.  Experimental  methods  are  also  being 
applied  with  great  advantage  to  the  study  of  aeronautics  and 
the  problems  of  flight. 

The  association  of  the  mathematical  analysis  of  past 
experience  with  designs  for  new  en^neering  works  of  all  kinds 
is  both  necessary  and  fruitful  of  benefits.  A  striking  example 
of  this  procedure  is  to  be  found  in  connection  with  the  struc- 
tural arrangements  of  ships  of  unprecedented  size,  which 
have  to  be  propelled  at  high  speeds  through  the  roughest 
seas,  to  carry  heavy  loads,  to  be  exposed  to  great  and  rapid 
changes  in  the  distribution  of  weight  and  buoyancy,  and  to 
be  subjected  simultaneously  to  roUing,  pitching  and  heavy 
motions,  as  well  as  to  blows  of  the  sea.  In  such  a  case,  purely 
mathematical  investigation  would  be  useless:  the  scientific 
interpretation  of  past  experience  and  the  comparison  of  results 
of  calculations  based  on  reasonable  hypotheses  for  ships  which 
have  seen  service  with  similar  results  of  calculations  for  ships 
of  new  design  are  the  only  means  which  can  furnish  guid- 
ance. 

In  the  past,  the  association  of  mathematidans  and  en- 
gineers has  done  much  towards  securing  remarkable  advances 
made  in  engineering  practice;  and  in  future  it  may  be  antid- 
pated  that  still  greater  results  will  be  attained  now  that  the 
true  place  of  mathematidans  in  that  practice  is  better  under- 
stood and  utilized. 

7.   PbOFESSOB  MaXIHE   BdcHER. 

In  this  lecture  a  systematic  discussion  was  attempted  of  the 
chief  advances,  both  in  methods  and  results,  in  the  most 
central  portions  of  the  field  in  question;  and  in  doing  this  it 
was  possible  at  some  points  to  unify  and  systematize  the 
subject  beyond  the  point  so  far  secured  in  the  literature. 
The  lecture  was  confined  almost  entirely  to  linear  boundary 
problems,  that  is,  to  the  question  of  solving  a  linear  differ- 
ential equation  subject  to  linear  boundary  conditions. 
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8.  Sir  Joseph  Larhor. 

The  essendal  characteristic  of  ao  electrodyaamic  system  is 
the  existence  of  the  correlated  fields,  electric  and  magnetic, 
which  occupy  the  space  surrounding  the  central  body,  and 
which  are  an  esseotial  part  of  the  system ;  to  the  presence  of 
this  pervading  aetberial  field,  intrinsic  to  the  system,  all  other 
systems  situated  in  that  space  have  to  adapt  themselves. 
When  a  material  electric  system  is  disturbed,  its  electrody- 
namic  field  becomes  modified,  by  a  process  which  consists  in 
propagation  of  change  outward,  after  the  manner  of  radiation, 
from  the  disturbance  of  electrons  that  is  occurring  in  the  core. 
The  practical  problems  of  electrodynamics  are  of  this  nature — 
how  does  the  modified  field  of  force,  transmitted  through  the 
[ether  from  a  disturbed  electric  system,  and  thus  established 
in  the  space  around  and  alongside  the  neighboring  conductors 
which  alone  are  amenable  to  our  observation,  penetrate  into 
these  conductors  and  thereby  set  up  electric  disturbance  in 
them  also?  and  how  does  the  field  emitted  in  turn  by  these 
new  disturbances  interact  with  the  original  exciting  field  and 
with  its  core? 

The  idea — introduced  by  Faraday,  developed  into  precision 
by  Maxwell,  expounded  and  illustrated  in  various  ways  by 
Heaviside,  Poynting,  Hertz — of  radiant  fields  of  force,  in  which 
all  the  material  electric  circuits  are  immersed,  and  by  which 
all  currents  and  electric  distributions  are  dominated,  is  the 
root  of  the  modem  exact  analysis  of  all  electric  activity. 

From  these  postulates  it  is  possible  to  understand  the 
guidance  of  electric  radiation  by  wires,  the  general  theory  of 
pressure  exerted  by  waves,  and  to  arrive  at  the  conclusion 
that  the  pressure  of  radiarion  arises  wholly  from  momentum 
carried  along  by  the  waves.  The  idea  can  be  illustrated 
by  a  stretched  string,  but  the  analogy  is  not  complete. 

The  next  topic  considered  was  that  of  momentum  in  sethereal 
fields,  followed  by  a  discussion  of  frictional  resistance  to  the 
motion  of  a  radiating  body. 

Virgil  StrsDEH. 

Cambriimje,  E^nq., 
September,  1612. 
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THE   FIFTH  INTERNATIONAL  CONGRESS  OF 
MATHEMATICIANS.    SECTION  I:    ARITH- 
METIC, ALGEBRA,  ANALYSIS. 

Pbofessobs  E.  B.  Elliott,  E.  Landau,  E.  Borel,  E.  H. 
Moore,  and  H.  von  Koch  acted  as  chairmen.  Following  is 
the  list  of  papers,  with  abstracts,  so  far  as  they  have  been 
furnished  by  the  writers. 

Harst,  G.  H.  and  Littlewood,  J.  E.:  "  Some  problems  of 
Oiophantine  approximation." 

Drach,  J.:  "Sur  I'int^gration  logique  des  ^nations  dif- 
flrentielles." 

MoOBE,  E.  H. :  "On  the  fundamental  functional  operatioo 
of  a  general  theory  of  integral  equations." 

In  this  paper  Professor  Moore  states  the  princifwl  general 
theorems  involving  the  functional  operation  J  of  the  system 
Z|  of  terms  and  postulates  defined  io  bis  paper  in  the  April, 
1912,  number  of  the  Bulletin.  On  the  basis  of  these  theorems 
one  may,  along  the  lines  of  Fredholm,  Plemelj,  Hilbert,  E. 
Schmidt,  Goursat,  Landsberg  and  I.  Schur,  develop  a  general 
theory  of  linear  integral  equations  which  contains  as  instances 
current  theories  of  the  equations  I,  IIb>  HI,  IV  defined  in 
the  previous  paper. 

Bernstein,  S.:  "Sur  les  recherches  r^entes  relatives  & 
la  meilleure  approximation  des  fonctions  continues  par  des 
polynomes  de  degr£  donn£." 

SlLBERSTElN,    L.i    "Some    applications    of    quaternions." 
In  the  absence  of  Professor  Silberstein  this  paper  was  read 
by  title. 

Macfabiane,  A.:  "On  vector  analysis  as  generalized 
algebra." 

The  ordinary  algebraic  quantities  may  be  taken  as  num- 
bers or  83  vectors  having  a  common  direction.  The  corre- 
sponding elements  of  the  generalized  algebra  are  vectors 
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having  any  direction  in  space.  In  a  sum  the  vectors  are 
successive  either  in  a  line  or  in  a  cycle;  their  resultant  is  not 
the  full  equivalent  of  the  complex.  The  paper  investigates 
the  consequent  changes  in  the  rules  and  processes  of  algebra 
including  the  general  form  of  the  binomial  theorem.  For 
infinitesimal  successive  vectors  the  complex  is  a  curve;  the 
rules  for  differentiation  and  integration  are  investigated  and 
the  generalized  form  of  Leibniz'  theorem  is  obtained,  as  well  as 
the  generalized  formulas  for  the  differential  and  V  of  the  nth 
order.  This  may  be  said  to  be  the  geometric  part  of  generahzed 
algebra.  The  trigonometric  or  transcendental  part  is  an- 
alogous. The  directed  logarithm  of  the  angle  is  a  Hamiltonian 
vector,  and  the  algebra  of  these  logarithms  is  very  lat^ely 
analogous  to  that  for  the  line  vectors. 

JOUKDAIN,  P.  E.  B.:  "The  valoes  that  certain  analytic 
functions  can  take." 

In  the  absence  of  Professor  Jourdaln,  bis  paper  was  presented 
by  Professor  Hardy. 

KuRSCHJE,  J. :  "  Limesbildung  und  allgemeine  Kdrper- 
theorie." 

Study  of  K.  Hensel's  ;>-adic  numbers  led  the  author  to  intro- 
duce a  new  concept,  a  generalization  of  absolute  value.  To 
every  element  a  of  a  field  K  let  there  be  assigned  a  real 
number  ||  a  ||  satisfying  the  conditions:  (1)  ||  0  ||  =  0;  if 
a  +  0,  then  |lo|i>0;  (2)  l|  1  +  a  |1  £  1  +  ||  a  ||;  (3) 
II  a&  II  =  II  a  II  ■  II  i>  II;  (4)  K  contains  at  least  one  element  a 
for  which  II  a  II  is  different  from  both  zero  and  unity. 

The  number  ||  a  \\  is  called  the  "  valuation  "  (Bewertung) 
of  o.  We  always  find  ||  1  H  =  1  =  ||  -  1  I|  and  ||  a  -  t  H 
^  II  o  —  c  li  +  II  c  —  ft  11,  whence  ||  o  —  h  ||  is  a  special  case 
of  the  Mengenlehre  concept  "  Ecart,"  In  order  to  cany 
over  the  concepts  of  limit  and  fundamental  series  we  need 
only  substitute  Bewertung  for  absolute  value  in  the  usual 
definitions.  If  in  an  "  evaluated  "  realm  K  every  fundamental 
series  has  a  limit,  then  K  is  called  perfect.  The  object  of  the 
investigation  is  to  show  that  by  adjunction  of  new  elements 
every  evaluated  realm  can  be  enlarged  into  a  perfect  one, 
which,  moreover,  is  algebraically  closed.  This  object  is 
attained  by  generalizing  various  investigations  of  G.  Cantor, 
E.  Steinitz,  J.  Hadamard,  and  K.  Weierstrass, 


-obyGoo»^lc 


1912.]         INTEBNATIONA.1^  CX)NGRESS.      SECTION   I.  133 

Batehan,  H.:  "Some  equations  of  mixed  differences  oc- 
curring in  the  theory  of  probability  and  the  related  expansions 
in  series  of  Bessel's  functions." 

A  set  of  objects  whose  number  is  constantly  increasing  are 
distributed  among  a  large  number  of  boxes,  there  being  no 
restriction  as  to  the  number  in  each  box.  The  objects  are 
marked  with  the  numbers  ±  1  and  it  is  an  even  chance  that 
a  particular  object  has  the  mark  +  1.  When  the  average 
number  of  objects  in  a  box  is  a  the  chance  that  a  box,  chosen 
at  random,  contains  numbers  adding  up  to  n  is  supposed  to  be 
a  known  function/{n).  It  is  required  to  find  the  corresponding 
chance  Fnix)  for  the  case  when  the  average  number  of  objects 
has  increased  to  x.  It  is  found  that  when  the  number  of 
boxes  is  treated  as  very  large  the  function  F»  satisfies  the 
equation  of  mixed  differences 

dFn 


dx 


=  itf-i  +  F«+i-2/',]. 


By  aid  of  the  particular  solution  c~''~">  In-m{?c  —  o),  the 
general  solution  is  obtained  in  the  form 

Fniz)  =  e-f*-"'   E  I,^(x  -  a)f(m). 

Interesting  expansions  in  series  of  Bessel's  functions  Im(x) 
are  obtained  from  this  result  by  using  particular  solutions 
F„ix).    Problems  leading  to  the  difference  equations 

dF,  ^F. 

-^-F^,-F..    -^.^(F^,  +  F^,-2F.) 

are  treated  similarly.  The  last  equation  occurs  in  the  writings 
of  John  Bernoulli,  d'Alembert,  and  Euler. 

Petrovitch,  M.:  "  Fonctions  implicites  oscillantes." 
An  extension  of  Sturm's  theorem  on  the  zeros  of  the  inte- 
grals of  a  linear  equation  of  the  second  order  enables  the  author 
to  state  simple,  practical  rules  capable  'of  putting  in  evidence 
the  oscillating  character  and  frequency  of  oscillation  of  implicit 
functions,  in  particular  of  the  integrals  which,  together  with 
their  derivatives,  are  real,  finite,  and  continuous  in  a  given 
interval  of  the  independent  variable  for  an  infinity  of  ordinary 
simultaneous    differential    equations    of    whatever    order. 
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Among  these  equations  are  some  which  we  meet  in  problems 
of  dynamics. 

Hadamard,  J.:  "  Sur  la  s^rie  de  Stirling." 

The  problem  is  to  replace  a  divergent  series  by  a  convergent 
one  possessing  the  same  asymptotic  properties.  Two  methods 
have  been  employed:  (1)  transformation  into  a  definite 
integral  (Borel's  method);  (2)  the  method  of  the  present 
paper — adding  to  each  term  a  correction  which  miut  be  inferior 
in  magnitude  {for  x  =  fxi)  to  every  term  qf  the  given  series,  thus 
securing  convergence  in  a  way  analogous  to  Mittag-Lcffler's 
in  his  theorem  on  the  representation  of  meromorphic  functions 
by  series  of  rational  fractions. 

The  asymptotic  expression  of  togr(x)  is  closely  allied  with 

Raabe's  integral   I        log  r(x)  and  by  using  the  results  of  a 

memoir  of  Lindelof,*  the  difference  between  this  int^ral 
and  log  rCar)  was  found  to  be  equal  to 


pi 


g  (j  +  it)  -  log  (x  -  it) 
2i{e*"  -  1)  *"• 


Expanding  the  numerator  in  powers  of  (,  we  get  precisely 
Stirling's  series.  To  replace  that  divergent  development  by 
a  convergent  one,  we  need  only  separate  the  integral  into  two 
parts 


r  loir  (r  +  it)  -  los  (»  -  it)  ,, 
J,  2He'-'  -  1)  *  = 


Then 


^  2n-l  U»       X    e'"-!"') 


Expanding  1  /  (e*"'  —  1)  in  powers  of  e  *•'  gives  the  desired 

result 

log  r{x  +  1)  =  log  l/27  -  I  +  (x  +  i)  log  a; 

*Aeta  Soe.  Fenniae,  vol.  31  (1912). 
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where  the  v,  are  polynomials  of  degree  n  in  both  1  /  a;  and 
e~"*,  therefore  of  an  order  of  magrtUude  (for  x  =  oo)  inferior 
to  that  of  any  power  of  If  x;  the  series  is  convergent;  and 

log  (a;  +  iO  -  iog  (x  -  t()  +  c— llog  (x  +  ite-") 

« = r .,...-, -'"'^"^""•''^' 

decreases  (as  x  increases)  at  least  as  c"'"',  therefore  more 
rapidly  than  any  power  of  1  /  x. 

ScBLESiNOER,  L.:  "  Ueber  eine  Aufgabe  von  Hermite  aus 
der  Theorie  der  Modulfimktionea." 

Fields,  J.  C:  "Direct  derivation  of  the  complementary 
theorem  from  elementary  properties  of  rational  functions." 

Frizell,   a.   B.:   "Axioms   of  ordinal   magnitudes." 
In  this  paper  the  author  submits  a  set  of  eighty  axioms  in- 
tended to  cover  all  assumptions  needed  for  postulating  well 
ordered  types  of  order.     A  corollary  is  that  it  is  not  possible  to 
postulate  all  well  ordered  types. 

Padoa,  A.:  "  Une  question  de  maximum  ou  de  minimum." 
Let 

a=  yiyt  ■■■?!., 
where 

y,  =  a,iii  +  ttrtXj  + ho,  „_ix^i  +  Orn; 

and  put 

flu   an 


We  may  always  assume  A  ^  0. 

Denoting  by  Ar,  (inclusive  of  sign,  +  or  —  according  as 
r  +  *  is  even  or  odd)  the  minor  of  o,.,  let  us  consider  only 
the  case  in  which 

A^  Ax^Ain-'-A^^'^Q 

and  the  variables  xi,  xt,  ■•-,  x„_i  take  those  values  only  for 
which 

A„yr  ^  0. 
By  purely  elementary  connderations  it  is  shown  that  z  always 
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reaches  either  a  inaximum  or  a  minimum  according  as  ^  is 
positive  or  negative,  that  in  both  cases  this  value  of  z  is 
A"  /  ^  and  corresponds  to  the  values 


nV^l»^A«  ^  Ann) 


of  Xi,  Xt,    ■■■,  Iii-i- 

The  theorem  is  applied  to  determine  the  interior  point  of 
a  tetraedron  the  product  of  whose  distances  from  the  faces 
is  a  maximum. 

Sterneck,  R.  von:  "  Neue  empirische  Daten  fiber  die 
zahlentheoretische  Funktion  a{n)." 

F.  Mertens  established  the  relation  |  o-(n)  |  ^  V  n  for  all 
values  of  n  up  to  10,000  and  showed  that  a  general  proof  of 
it  would  justify  Riemann's  conjecture  that  the  zeros  of  ({s) 
all  have  the  real  part  }. 

The  author  showed  (1897-1901)  by  tabulating  ff(n)  up 
to  n  =  500,000  that,  except  for  a  few  values  in  the  neighbor- 
hood of  n  =  200,  the  quotient  <r(n)  /  V  i  oscillates  in  this  in- 
terval between  ±0.46. 

More  recendy,  with  the  support  of  the  Imperial  Academy 
at  Vienna,  he  has  bad  16  new  values  of  a  computed,  ranging 
from  n  =  500,000  to  n  =  5,000,000.  This  computation  gives 
for  I  <r(7i)  [/  Vn  the  values:  0.297,  0.270,  0.022,  0.237,  0.214, 
0.140,  0.209,  0.133,  0.302,  0.175,  0.230,  0.063,  0.073,  0.097, 
0,083,  0.315,  thus  increasing  the  probability  that  Riemann's 
guess  will  prove  correct  and  furnishing  reason  to  expect  that 
the  limits  of  oscillation  for  a{n)  /  V  n  will  turn  out  to  be  the 
same  up  to  n  =  5,000,000  as  in  the  smaller  interval  previously 
examined. 

Eluott,  E.  B.:  "  Some  uses  in  the  theory  of  forms  of  the 
fundamental  partial  fractions  identity." 

If  F(tfi)  m(^—ai)  (ifi—a2)  ■  ■  ■  (p— Ob),  where  ip  is  a  symbol 
of  direct  differential  operation,  ip(,x,  y,  z,  ■•■,  dfdx,  d/dy, 
dj  dz,  ■■•),  and  ai,  Oi,  -  ■  ■ ,  On  constants,  and  if  u  is  a  solution 
of  the  differential  equation 

f(v>)u=/{a:,  y,2,  ■-■), 
[entity 

sj     1       fM     1 


-awGoOi^lc 


1912.]         IMTERHATIOMAL  COHaBESS.      BECriON   I.  137 

expresses  «  as  a  sum  «i  +  tti  +  •••  +  ««,  where,  for  s  =  1,2, 
••■,n,u,  satisfies 

(¥>  -  a,)u.  =  j^M  y>  2.  -  ■  ■) 

in  virtue  of  (1).  The  parts  u,  are  obtained  by  direct  operation. 
This  fact  has  numerous  applications  in  the  theory  of  forms. 
Three  of  them  are  exhibited  in  this  paper.  In  all  the  right- 
band  side  of  (1)  is  zero. 

I.  The  general  rational  integral  homogeneous  isobaric 
function  of  degree  i  and  weight  w  in  the .  coefiScients  of 
(oq,  Ui,  •  ■  •,  ap)(x,  y)'  is  separated  by  direct  operation  into 
w  +  1  parts. 

II.  The  most  general  rational  integral  function  of  oi,  ot,  ■  ■  ■ , 
Op  of  degree  i  is  separated  into  ip+  1  parts,  which  are  orthog- 
onal invariants  with  the  various  possible  multiplying  factors 
g'tipsi)^  I  =  |/  —  1,  m  =  0,  1,  2,  ■  ■  ■,  ip,  in  the  expression  of 
invariancy  for  the  direct  transformation 

X  =  X cos  iJ  —  y  sin  fl,    y  =  X  ain  ^+  Y  cos  d. 

III.  The  most  general  rational  integral  function  of  degree 
t  and  equal  first  and  second  weights  q,  q  in  the  double  system 
of  coefficients  cm 

do,  coi 

CiO>   Cll,   Co2 


is  directly  operated  on  in  such  a  way  as  to  produce  from  it  the 
most  general  gradient  of  the  type  i,  q,  q  which  has  two,  n„, 
Qn>  of  the  four  annihilators  of  covariants  of  ternary  quantics 


rUl(p- 


-.Cr^y'z'^ 


p  being  any  number  sufficiently  large  to  allow  all  the  coefficients 
C,  in  the  gradient  to  be  present  in  the  quantic. 

Koch,  H.  von:  "  On  regular  and  singular  solutions  of  certain 
infinite  systems  of  linear  equations." 

Whittakeb,  E.  T.:  "On  the  functions  associated  with  the 
elliptic  cylinder  in  harmonic  analysis." 

This  paper  is  devoted  to  the  "elliptic  cylinder  functions" 
defined  by  the  equation 
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+  (a+Fcos»3)y=0, 


where  a  and  k  denote  constants.  This  equation  presents 
itself  in  the  theory  of  linear  differential  equations  as  the  most 
natural  one  to  discuss  after  the  bypergeometric  equation. 
Its  periodic  solutions  are  shown  to  be  the  same  as  the  solu- 
tions of  the  homogeneous  integral  equation 

Making  this  equation  the  basis  of  the  further  developments, 
the  author  obtains  directly  from  it  the  expressions  of  the 
elliptic  cylinder  functions.  The  one  of  lowest  order  (which 
degenerates  into  the  Bessel's  function  of  zero  order  when  the 
elliptic  cylinder  degenerates  into  a  circular  cylinder)  is 

«o(z)  =  l  +  (^i*-|iit«+  -■■)cos23+  -.. 

■   /       fc^  r(3r+4)t^  \        „ 

"^  ^  2*-'r  I  f  I  ~  2«^Mr  +  1)  1  (r  +  1)  r    ' "  ■  /  "*'      ■ 

Salttkow,  N.  :  "  Sur  I'int^gration  des  Equations  auz  d£riv£es 
partielles." 
Let  there  be  a  norma!  system  of  q  equations 

(1)  Mxu  xx,  •  ■  -,  x„,  pi,  p,,  •  •  ■,  p»)  =  0     (i  =  1,  2,  ■  ■  ■,  j) 

solvable  with  respect  to  pi,  pi,  ••■,  p^,  the  corresponding 
linear  system 

(2)  {/(,/)  =  0  (i=  1,2,  ..-,{). 
admitting  n+  p{p  <  n  —  q)  distinct  integrals 

(?)  /i.A,  ■••,/„/,«,  ■•■,/.„. 

S.  Lie  has  integrated  the  system  (1)  by  a  quadrature  when 
the  integrals  (3)  satisfy  a  certain  condition,  which  may  be 
replaced  by 

(4)  da  =  'Ep.dx.. 

provided  this  expression  becomes  an  exact  differential  in  virtue 
qf  equations  (1)  and  then  —  q-\-  p  equations  obtained  by  setting 
the  last  n  —  q+  p  integrals  (3)  equal  to  arbitrary  constant 
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<iif  <H,  ■■■$  On-^f.  The  question  then  arises  whether  this 
restriction  diminishes  the  generality  of  the  solution.  It  is 
shown  that  the  integrals  obtained  from  the  system  (2)  are 
the  same  on  Lie's  hypothesis  as  on  that  of  the  author.  The 
latter  is  sufficient  to  yield  the  complete  integral  of  (1)  without 
making  use  of  the  complete  system  of  integrals  of  (2).  More- 
over it  becomes  possible  to  disi>ense  with  the  functional  group. 
For  if  we  have 


(5)        z  =  <pixi,  Xt,  •■•,  x,_^,  Oi,  Oj, 

■•■,«.-,„)  +  » 

(6)  x„_^=tpiixuxt,  •  ■  •,x,_f,ai,at,  ■ 

•,»._^,)  (.■=l,2,- 

■,p) 

and 

(7)  p.  =  ^,{xi,xt,  ■  ■  •,a-,_,,a,,ai,  -  ■  • 

"^rtr"!  (»-1.2,-- 

•,"), 

it  follows  that 

(r=  1,2,  ■■•,n- 

-/.)• 

The  necessary  and  sufficient  conditions  that  elimijuUing  the 
constants  Ob_^i,  a^^-^t,  ■■■,  a»-^^  from  equations  (5)  and  (6) 
furnish  the  complete  integrai  of  (1)  are  given  by 


d(- 


"*      fwi-O    (•=l,2,---,»),     l/;SO,     K,5o 

(i-l,2,---,n-,), 
where 

When  these  last  condiiions  are  satisfied  the  first  n  integrals  (3) 
are  in  involution. 

Whatever  the  integrals  (3)  inay  be,  it  is  always  possible  to 
satiny  the  conditions  (8)  by  introducing  in  formulas  (5)-(7} 
new  arbitrary  constants  to  denote  the  initial  values  of  the  variables. 

If  we  have  to  do  with  any  normal  system  whatever  of  partial 
equations  it  is  unnecessary  to  seek  the  complete  integration 
of  the  corresponding  linear  system,  whenever  the  integrals 
obtained  satisfy  the  conditions  of  the  above  theorem,  since 
the  other  integrals  may  then  be  obtained  either  by  means  of 
formulas  (9)  or  by  aid  of  Jacobi's  theorem  generalized. 
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These  results  were  applied  to  Imschenetsky's  equation 

F  m  {x,-pi  +  a:ipi)a:j  +  <ipi(pi  —  Pt)  =  o, 

showing  how  to  complete  the  integratioD  by  algebraic  elimi* 
nation. 

R^HOUNDOS,  G.:  "  Sur  les  ^ngularitfe  des  Equations  dif- 
f6pentielles." 

When  an  integral  is  sought  which  is  to  vanish  for  i  =  0 
we  sometimes  meet  with  an  interesting  singularity  character- 
ized by  the  following  properties: 

1°.  It  is  possible  to  obtain  from  the  differential  equation 
a  power  series  that  satisfies  it  formally. 

2°,  This  series  is,  in  general,  divergent  and  consequently 
there  is,  in  general,  no  integral  which  is  holomorpfaic  in  the 
neighborhood  of  x  =  0  and  vanishes  at  this  point.  These 
two  properties  are  consequences  of  the  following,  which  suffices 
to  characterize  the  singularity  in  question:  The  terms  of  the 
differential  equation  which  predominate  in  computing  coef- 
ficients of  the  series  by  successive  differentiatron  do  not  have 
the  maximum  order  as  it  occurs  in  the  regular  cases  or  the 
ordinary  singularities.  Introducing  the  notion  of  weight 
(poids)  the  characteristic  property  may  be  expressed  as  follows: 
No  term  of  maximum  order  has  the  maximum  weight.  Rules 
are  given  in  the  paper  for  determining  the  weights  of  various 
terms  in  the  differential  equation.  This  singularity  presents 
itself  in  equations  of  the  form 

y=bx  +  axh)'  +  F[x,  y,  y',  y",  •■,  /"'], 

where  f  denotes  a  function  developable  in  power  series  in 
^1  Vi  y't  y"i  ■  ■  ■>  y'"'  of  which  the  weight  is  negative.  If  the 
coefficients  a,  b,  and  those  of  F  are  all  ptmtive,  there  exists 
no  integral  of  this  equation  that  vanishes  at  z  =  0  and  is 
holomorpbic  in  its  neighborhood. 

Hill,  M.  J.  M.:  "  The  continuation  of  the  hypergeometric 
series." 

The  object  of  this  paper  is  to  call  attention  to  certain  dif- 
ficulties which  arise  in  the  attempt  to  apply  the  method  of 
ordinary  algebraic  expansion,  which  has  been  successfully 
applied  to  series  having  one  or  two  points  of  singularity,  to  a 
series  with  three  such  points,  viz.:  the  hypergeometric  series. 
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Hie  equation  to  be  proved  is 

f  (..  0,  a+^-7+1.  i~'c)  =  ^l~^%^~J^na.  ft  y,  x) 

,  ^(t- 2)x(«+g-7)  ,__  p,  ,  1    »        ■  ,    o  ^ 

+     .(.-l).(g-l)    x-^-na-7+l,g-7+1.2->.;r). 

The  series  f  (a,  (3,  a  +  0  -  t  +  1,  1  —  ar)  and  ar'-*-  Fia 
—  f  +  1,  fi  —  y  +  1,  2  —  T,  ar)  cannot  be  expanded  in 
series  of  integral  powers  of  x.  Consequently  in  each  series 
concerned  only  n  +  1  terms  are  taken,  and  an  attempt  is 
made  to  prove  that  the  difference  between  the  two  sides  tends 
to  zero  as  n  tends  to  oo,  it  being  known  that  |  x  |  and  |  1  —  x  | 
are  each  less  than  unity.  We  expand  i'"''  in  powers  of  1  —  a: 
and  take  n+  1  terms.  Then,  multiplying  by  F(a  —  y+l, 
p— 7+1,  2—7,  x)  it  is  shown  that  the  terms  of  degree  higher 
than  n  can  be  neglected.  The  right  hand  side  is  thus  reduced 
to  a  polynomial  of  degree  n  in  a:,  and  F(a,  ft  a+^— 7+1, 1— ar) 
is  treated  in  the  same  way. 

The  coeffitnent  of  jf  is  then  transformed  into  two  parts, 
one  of  which  is  the  coefficient  of  sf  in 

T{a  +  0-y)r{~y)„,      ^ 


»(«-7)ir(p-T) 


The  difference  between  the  other  part  of  the  coefficient  of  ar' 
in  F{a,  p,  a  +  0  —  y  +  I,  I  —  x)  and  the  coefficient  of  af  in 

x(7-2)x(a+g-7)         J,  fl-7+1    2-7   X) 

t(«-1)t(^-1)      ^     '^"       T+i.P       7+1,^       7,a:) 

is  expressed  in  the  form  ki,(l  —  x)"  +  jtix{l  —  x)""^ 
+  itix*(l  —  x)""*  +  •  ■  ■  +  knX"  and  it  is  clear  that  when 
V  is  small  compared  with  n  the  term  ;t^(l  —  x)""*  tends  to 
zero  as  n  tends  to  infinity.  But  when  v  is  comparable  with 
n  further  investigation  is  needed. 

Cunningham,  A.:  "On  Mersenne's  numbers." 
A  Mersenne's  number  is  Mg  =  2»  —  1  when  q  is  prime. 
Taking  the  56  primes  ?  =  1,  2,  3,  ■  ■  -,257,  P^re  Mersenne 
affirmed  (in  1644)  that  only  12  values  of  q  made  3/,  prime, 
viz.,  9=1,2,  3,  5,  7,  13,  17,  19,  31,  67,  127,  257;  and  that  the 
remaining  44Afj  were  all  composite.    The  grounds  for  this 
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assertion  are  not  known,  and  it  has  up  to  the  present  time 
been  only  partiaUy  verified.  Twelve  of  the  3/,  have  been 
proved  prime,  viz.,  those  for  which  q  =  1,  2,  3,  5,  7,  13,  17, 
19,  31,  61  (not  67),  89  and  127.  Twenty-nine  have  been 
proved  composite  and  all  factors  found  for  eleven  of  them, 
viz.,  those  given  hy  q  =  11, 23, 29, 37, 41, 43, 47, 53, 59, 67, 71 ; 
while  one  or  more  factors  have  been  found  for  the  eighteen 
given  hyq=  73,  79,  83,  97,  113,  131,  151,  163,  173,  179,  181, 
191,  197,  211,  223,  233,  239,  251.  The  first  factors  when 
q  =  71,  163,  173,  197  were  found  by  the  author. 

Evans,  G.  C.  : "  Some  general  types  of  functional  equations." 

Beckh-Widmanstetter,  H.  a.  von:  "Eine  neue  Rand- 
wertaufgabe   fiir  das  logarithmische   Potential." 

Hitherto  only  those  boundary  value  problems  have  been 
considered  where  the  function  itself  or  a  derivative  in  a  fixed 
direction  is  given  on  the  boundary.  The  author  discusses  in 
this  paper  a  boundary  condition 

Applying  Fourier's  series 

2  =  6o  +  £  ^{ok  sin  kip  +  6»  cos  kip) 
^{^1  y)  =  f(f)  =  <f 0  +  £  (Cfcsin  Av'+  dtcoskip), 
the  solution  is  undetermined  as  to  a  solution  U  of 

By  aid  of  elementary  transcendentals  U  can  be  expressed 
linearly  in  8  arbitrary  constants.  Instead  of  the  method  of 
varying  parameters,  the  author  has  given  a  direct  treatment 
of  the  difference  equation  with  constant  coefiicients,  which 
yields  more  convenient  expressions.  He  obtains  the  Fourier 
series  for  z  and  sums  it  by  introducing 


i 


c. -i  r  /(WsintW,  etc. 
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Thus  the  solution  is  carried  up  to  the  expression  as  definite 
integral  after  the  analogy  of  Poisson's.  The  author  refers, 
for  these  complicated  expressions,  to  his  own  work  in  the 
Monaitk^te  fiir  Maikeinatik  und  Pkyaik,  volume  23  (1912). 

Peddie,  W.:  "A  mechamsm  for  the  solution  of  an  equa- 
tion ol  the  nth  degree." 

The  principle  employed  may  be  seen  from  a  consideration 
of  that  system  of  pulleys  in  which  each  of  several  cords  has 
one  end  fastened  to  the  body  to  be  raised  while  its  other  end 
carries  one  of  the  pulleys  of.  the  system.  If  the  body  be  moved 
up  through  a  distance  a  the  free  end  of  the  last  cord  descends 
by  the  amount  a{2"  —  1),  Suppose  now  that  the  body  is 
immovable  while  the  cords  are  wound  on  drums  attached  to 
it.  If  a  length  o  be  unwound  from  the  first  drum,  the  free 
end  of  the  last  cord  descends  through  the  distance  2'^a. 
It  a  length  b  be  unwound  from  the  second  drum,  the  free  end 
descends  by  an  additional  amount  2"~*6,  and  so  on.  Thus, 
if  the  length  of  cord  let  off  the  last  drum  be  such  that  the 
free  end  of  the  last  cord  has  retaken  its  initial  position,  we 
may  say  that  the  arrangement  solves  the  equation 

oa:"  +  6a;"-J  =  0 

in  the  particular  case  in  which  x  =  2. 

If  the  direction  of  motion  of  the  drums  and  the  direction  of 
motion  of  the  pulleys  are  inclined  to  each  other  at  an  angle 
±tp  when  the  free  end  of  the  last  cord  has  retaken  its  initial 
position  the  corresponding  root  of  the  equation  is  1  ±  sin  ip. 

The  cords  are  replaced  by  fine  steel  wires  and  the  action  of 
gravity  by  the  control  of  wires  wound  on  spring  drums.  The 
free  end  of  the  last  cord  is  also  wound  on  a  spring  drum  pro- 
vided with  a  scale  and  index.  The  instrument  thus  readily 
gives  the  value  of  the  function  for  any  value  of  the  variable 
and  conversely. 

VoLTERRA,  v.:  "Sopra  equazioni  di  tipo  integrale." 
In  the  absence  of  Professor  Volterra  part  of  his  paper  was 
read  by  Professor  SomigUana. 

Wilkinson,  M.  M.  U.:  "Elliptic  and  allied  functions; 

suggestions  for  reform  in  notation  and  didactical  method." 

The  paper  suggests  that  a  notation  based  on  Weierstrass's 
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sigma  formulBe  should  supersede  the  sn.,  on.,  dn.  notation, 
which  superseded  the  sinam,  cosam,  Aain  notation  many 
years  ago.  It  also  suggests  that  the  cr-function  should  be 
defined  by  the  differential  equation 

It  concluded  with  the  suggestion  that  more  attention  than 
has  hitherto  been  customary  should  be  paid  to  the  differential 
equation 

d*T       ,  dr  ^T 


du*        du  du' 


im- 


+  3    j^T    -O- 


Throughout  the  paper  was  illustrated  by  examples  of  formulae 
and  inveatigations  simplified  by  the  proposed  reforms. 

Zervos,  p.:  "Sur  les  Equations  aux  d^rivfes  partielles 
du  premier  ordre  i  quatre  variables." 

The  purpose  of  this  communication  was  to  prove  three  propo- 
sitions that  are  important  because  of  their  relation  to  the  cal- 
culus of  variations. 

1°,  To  every  partial  differential  equation  of  the  first  order 
in  three  independent  variables 

(1)  F{xu  xt,  xt,  a-4,  pi,  pt,  p»)  =  0 
corresponds  a  Monge's  equation  of  the  second  order 

(2)  /i{Xi,  Xi,  X3,  Xi,  dxi,  dxt,  dxt,  dxi,  iPxi,  d^xt,  d^Xt,  d^xt,)  =  0. 

2°,  The  general  solution  of  equation  (2)  can  be  found  im- 
mediately if  we  know  the  complete  integral  of  (1) 

(3)  V  (an,  Xi,  Xi,  X4,  au  at,  oj)  =  0. 

3°.  In  two  communications  presented  to  the  Paris  Acad^mie 
des  Sciences,  April  10  and  September  23,  1905,  the  author 
gave  some  general  results  on  Monge  equations  of  the  first 
order  from  which  it  follows  that  to  the  equation  (1)  we  may 
assign  a  Monge's  equation  of  the  first  order 

(4)  /  (xi,  Xi,  Xi,  St,  dxi  dxi,  dxi,  rfa-* )  =  0, 
equivalent  to  the  equations 


K  =  0,     7-  =  li,     —J 
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Consequently  the  equations  (2)  and  (4)  have  in  their  solutions 
three  equations  in  common,  namely 

V=0,     i^=0,     =4=0. 

From  this  there  follow  some  important  geometrical  theorems. 

Rabinovitcb,  G.:  "  Eindeutigkeit  der  Zertegung  in  Prim- 
zahlfaktoren  in  quadratiscben  Zahlkorpern." 

The  paper  treats  quadratic  realms  having  Z>  =  1  —  4m. 

Theorem  1. — Given,  in  a  certain  realm,  two  integers  a  and 
$  of  which  neither  is  divisible  by  the  other,  if  it  is  possible  to 
find  two  other  integers  (  and  q  of  the  same  realm  satisfying 
the  inequality 

0  <  iVC«f  -  fiv)  <  Nfi, 

then  the  class  number  of  the  realm  is  unity. 

Definition. — A  fraction  a/  p  will  be  called  "disturbing" 
(stSrend)  when  the  inequality 


:n{1,-.)< 


0<N{2i-v)<-i 


admits  no  solutions  in  integers. 

Theorem  2. — If  the  class  number  of  a  realm  is  greater  than 
unity,  this  realm  contains  disturbing  fractions  of  the  form 
(p  —  t»)  /  9  where  p  <  q  <  m. 

Theorem  3. — The  class  number  of  a  realm  is  greater  than  or 
equal  to  one  according  as  the  sequence  of  m  —  1  numbers 
p'  —  p  +  m  {p  =  1,2,  ■  ■■,  m  —  I)  does  or  does  not  contain 
composite  numbers. 

Peek,  J.  H.:  "  On  an  elementary  method  of  deducing  the 
characteristics  of  a  certain  partial  differential  equation  of  the 
second  order." 

Martin,  A. :  "  On  powers  of  numbers  whose  sum  is  the 
same  power  of  some  number." 

ARTHtJR  B.   FriZELL. 
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SHORTER  NOTICES. 


EUiptiiche  Funktionen.    Von  Professor  Dr.   Karl  Boehh, 

ZweiterTeil.    Goschen  (SamuJung  Schubert  LXI),  Leipzig, 

1910.    vii+180pp.    M.S. 

This  little  book  is  complete  in  itself  and  independent  of  the 
first  volume.*  It  is  devoted  entirely  to  the  older  theory, 
that  b,  the  development  of  the  properties  of  elliptic  integnds 
and  the  inversion  problem. 

In  the  first  chapter  we  have  a  rather  thorough  discussion 
of  hyperelliptic  integrals.  There  is,  first,  the  reduction  of  the 
general  hyperelliptic  integral  to  the  three  possible  types  and, 
second,  the  classification  of  these  integrals  according  to 
deficiency  (Geschlecht).  The  elliptic  integrals  are  thus  intro- 
duced as  a  particular  dass  of  hyperelliptic  integrals  (cf. 
Picard,  Traits,  Tome  I). 

The  second  chapter  deals  with  the  behavior  of  the  elliptic 
integral  of  the  first  kind  in  the  complex  plane  and  upon  the 
proper  Riemann  surface,  leading  to  the  existence  and  meaning 
of  the  two  period  moduli. 

The  third  chapter  is  devoted  to  the  inversion  of  the  elliptic 
integral  of  the  first  kind.  The  point  of  departure  is  the 
theorem  concerning  the  existence  of  the  solution  of  the 
differential  equation  dzjdu  =  F  (a),  where  F  (z)  is  an  analytic 
function  of  z. 

A  careful  proof  of  the  uniqueness  of  the  inverse  function  is 
given;  the  final  conclusion  being  that  this  function  is  mero- 
morphic  in  the  entire  u  plane.  The  results  of  the  preceding 
chapter  enable  the  author  to  add  that  the  inverse  function  is 
doubly  periodic  and  of  the  second  order.  In  this  way,  then, 
we  are  led  to  the  elliptic  function  of  the  second  order.  The 
chapter  doses  with  the  theorem: 

The  most  general  elliptic  integral  can  be  expressed  as  the 
integral  of  an  elliptic  function  <t>{u),  where  u  is  the  elliptic 
integral  of  first  kind  belonging  to  the  same  irrationality  as 
appears  in  the  general  integral. 

The  fourth  chapter  considers  the  integral  of  the  first  kind 
and  its  inversion  when  the  branch  points  are  real.    There  is 

♦Reviewed  in  the  Bulletin  for  Jannhry,  1911,  vol.  17,  p.  202. 
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a  discussion  of  the  real  values  of  the  inverse  function  and  the 
various  ways  of  representing  this  function  geometrically. 

Chapter  five  is  devoted  to  a  discussion  of  the  usual  normal 
forms  of  the  elliptic  integral  of  the  first  kind. 

The  sirth  and  last  chapter  contains  Abel's  theorem  and  its 
consequences;  in  particular  addition  theorems  for  the  inverse 
function  and  tor  related  functions. 

As  is  stated  in  the  preface,  the  book  contains  no  discussion 
of  modular  functions,  the  transformation  theory,  or  the  appli- 
cations. The  author's  purpose  is  to  present,  in  a  concise 
manner,  the  necessary  concepts  and  theorems  which  form  the 
definition  and  fundamental  properties  of  elliptic  integrals 
and  their  inverses.  This  he  has  succeeded  in  doing  without 
digression,  although  the  temptation  to  include  one  or  more 
chapters  on  the  subjects  noted  above  must  have  been  great. 

The  beginner  will  better  appreciate  the  first  volume  if  he 
follows  Dr.  Boehm's  suggestion  (Vorwort,  Erster  Tell,  page 
iv),  viz.,  to  read  this  second  volume  first. 

L.  Watland  Dowling. 

Eloget   acadSmiques    et    Discoura.     Volume    public    par    le 

Comit^  du  Jubilfi  scientifique  de  M,  Gaston  Darboux. 

Paris,  A.  Hermann  et  Fils,  1912.     525  pp.     Fr.  5. 

The  present  volume  was  published  by  an  international 
committee  of  mathematicians,  formed  for  the  purpose  of 
expressing  an  appreciation  of  the  scientific  work  of  M.  Gaston 
Darboux  at  the  completion  of  his  fiftieth  year  of  public 
instruction.  This  committee  addressed  a  circular  letter  to 
the  mathematicians  of  all  countries,  inviting  subscriptions  for 
the  purpose  of  awarding  M.  Darboux  a  medal  on  this  occasion. 
The  responses  were  so  numerous  and  so  liberal  that  the 
committee  was  enabled  to  have  the  medal  executed  by  the 
eminent  French  artist  M.  Vernon,  and  also  to  publish  the 
present  volume  and  send  it  to  all  the  subscribers. 

The  greater  part  of  the  volume  consists  of  a  collection  of 
eulogies  by  M.  Darboux.  The  subjects  of  these  are:  Joseph- 
Louis-Fran^is  Bertrand,  Francois  Perrier,  Charles  Hermite, 
Antoine  d'Abbadie,  G£n6ral  Meusnier,  Donateurs  de  I'Acad- 
£mie.  These  eulogies  are  followed  by  a  collection  of  dis- 
courses by  M.  Darboux  and  by  an  account  of  the  Jubil6, 
including  the  various  addresses  and  a  list  of  the  subscribers. 
The  Jubil6  was  to  be  held  towards  the  end  of  October,  1911, 
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but  it  was  postponed  until  January  21,  1912,  on  account  of 
the  death  of  Mme.  Darboux  on  October  8,  1911. 

The  addresses  which  were  delivered  at  the  JubilS  give 
abundant  evidence  of  the  great  influence  of  M.  Darboux  as 
8  teacher.'  Several  of  them  direct  attention  to  his  funda- 
mental contributions  to  the  advancement  of  mathematical 
knowledge.  The  address  by  M.  Henri  Poincar€  is  especially 
interesting  in  this  direction.  The  American  representatives 
OD  the  committee  in  charge  of  this  JubiU  were  G.  £.  Hale  and 
H.  Hancock. 

G.  A.  Miller. 

A'pplicaiums  of  the  Caieidua  to  Mechanics.  By  E.  R.  Hedrick 
and  O.  D.  Kelloqg.  Ginn  and  Company,  1910.  116  pp. 
In  the  mathematical  courses  given  to  engineering  students 
the  analytic  procedures  find  applications  to  geometry,  and 
here  the  applications  often  end.  Hedrick  and  Kellogg  through 
their  book.  Applications  of  the  Calculus  to  Mechanics,  have 
given  material  help  toward  eliminating  this  mistake. 

The  book  is  clearly  written,  and  for  the  most  part  in  such 
a  way  that  the  student  after  his  first  course  in  the  calculus 
will  be  able  to  read  it  understandingly.  It  is  refreshing  to 
find  an  accurate  treatment  of  subjects  in  mechanics  in  which 
the  authors  have  evidently  kept  their  prospective  readers  in 
mind  while  writing  it.  It  shows  that  after  all  there  is  no 
inherent  reason  why  such  a  treatment  may  not  be  accurate, 
and  at  the  same  time  clear  to  the  student  who  is  to  read  it. 
With  the  exception  of  a  few  paragraphs  the  authors  seem  to 
me  to  have  put  into  their  book  these  two  essential  qualities 
of  a  good  text  book.  There  are  a  few  paragraphs  which,  I 
think,  are  too  condensed,  in  which  too  much  is  left  to  the 
student.  To  illustrate  what  is  meant,  on  page  seven  it  is 
stated  that  "  If  a  vector  vary  with  the  time  (,  or  any  other 
parameter,  its  derivative  may  be  defined,  for  we  know  how  to 
subtract  vectors  and  divide  by  numbers.  The  notion  of 
limit  of  a  set  of  vectors  will  be  sufiiciently  clear."  The  rest 
is  left  to  the  student.  However,  even  if  my  supposition  here 
is  correct,  this  is  only  one  of  a  few  isolated  cases  and  the 
can  easily  supply  the  necessary  amplifications.  In 
he  whole  of  the  book  the  definitions  and  theorems  are 
.0  in  such  a  plausible  way,  and  so  well  illustrated  by 
s  worked  out  and  fully  explained  in  the  text,  that 
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the  student  is  in  a  position  to  comprehend  the  subjects  treated 
and  to  use  the  theory  developed  in  the  formulation  and 
solution  of  problems  for  himself. 

The  book  contains  five  chapters:  Vectors;  Statics;  Dy- 
namics of  a  particle;  Work  and  energy;  Mechanics  of  rigid 
bodies.  Center  of  mass  is  treated  in  Chapter  II,  and  moments 
of  inertia  in  Chapter  V.  There  are  fifteen  sets  of  problems 
under  the  different  subjects  treated.  These  sets  contain  in 
all  two  or  three  hundred  carefully  selected  and  well  graded 
problems. 

I  have  been  greatly  aided  by  this  book  during  the  past  two 
years  in  teaching  the  calculus  to  engineering  students. 

David  C.  Gillespie. 


NOTES. 


The  closing  (October)  number  of  volume  13  of  the  Trana- 
actiong  of  the  American  Mathematical  Society  contains  the 
following  papers:  "  On  the  pseudo-resolvent  to  the  kernel 
of  an  integral  equation,"  by  W.  A.  Hurwitz  ; "  Infinite  systems 
of  indivisible  groups,"  by  G.  A.  Miller;  "  Improper  multiple 
integrals  over  iterable  fields,"  by  J.  K.  Lamond;  "  On  a 
theorem  of  Fej€r  and  an  analogon  to  Gibbs'  phenomenon," 
by  T.  H.  Gronwall;  "  The  southerly  and  easterly  deviations 
of  falling  bodies  for  an  unsymmetrical  gravitational  field  of 
force,"  by  W.  H.  Robver;  "  On  approximation  by  trigono- 
metric sums  and  polynomials,"  by  Dunham  Jackson.  Also 
notes  and  errata,  volumes  7  and  13. 

The  annual  meeting  of  the  American  association  for  the  ad- 
vancement of  science  will  be  held  in  Cleveland  during  the  week 
beginning  December  30  under  the  presidency  of  Professor  E.  C. 
Pickering,  of  Harvard  University;  Professor  E.  B.  Van 
Vleck,  of  the  University  of  Wisconsin,  is  chairman  of  Section 
A.  It  is  expected  that  a  large  number  of  societies  will  affiliate 
with  the  association  for  this  meeting. 

The  annual  meeting  of  the  French  association  for  the 
advancement  of  science  was  held  at  Nlmes,  August  1-7,  under 
the  presidency  of  Professor  Ch,  Gariel.  The  section  in 
mathematics  and  allied  subjects  was  presided  over  by  Pro- 
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feasor  E.  Lebon.  In  addition  to  several  papers  of  non- 
mathematical  content,  the  following  were  presented:  M. 
Litre,  "Theory  of  the  Foucault  pendulum";  A.  Adbrt,  three 
papers  on  "The  errors  of  mathematicians,"  and  "The  prin- 
ciples of  the  theory  of  complex  numbers";  A.  G^rardin, 
"On  methods  of  solution  employed  in  the  theory  of  numbers," 
and  "On  a  new  algebraic  machine";  G.  Tarry,  "Tables  of 
triple  entry  of  divisors  of  numbers  from  1  to  N";  A.  Pellet, 
"On  partial  differential  equations,"  and  "On  asymptotic 
lines";  C.  A,  Laisant,  "On  the  tables  of  divisors";  L,  Aubry, 
"Direct  demonstration  that  every  prime  number  of  the 
form  4n  +  1  is  the  sum  of  two  squares,"  "Method  of  solving 
3?  —  a^  =  I,"  and  "A  method  for  the  decomposition  of 
numbers";  L.  Favre,  "On  the  errors  of  mathematicians"; 
L.  Tripier,  "An  application  of  successive  approximation  to 
the  solution  of  numerical  equations";  E.  \.  Barisien,  "On 
certain  summations  and  series";  A.  Chretien,  "Tables  of 
polynomials  of  Legendre";  Welsch,  "Diametral  lines  of 
algebraic  curves,"  "The  circles  of  Joachimsthal,"  "On  the 
theorem  of  Fuss,"  and  "Steiner  polygons  inscribed  in  a 
quartic,  and  their  relation  to  those  of  Poncelet";  F.  Boulad, 
"On  the  equations  in  4  variables  of  nomographic  order  4." 

The  next  meeting  of  the  association  will  be  held  in  Tunis, 
March  22-27,  1913.  Professor  A.  Galthier  was  elected 
vice-president  of  the  association  and  M.  Maingrot,  of  Tunis, 
president  of  the  mathematical  section. 

The  Italian  society  for  the  advancement  of  science  held  its 
annual  meeting  at  Genoa  during  the  week  October  17-24. 
The  programme  included  the  following  papers  of  mathematical 
nature: 

General  lectures:  "A  new  theory  of  universal  attraction," 

by   M.  Abraham;   "Is  the  history  of  sciences  a  science," 

by   G.   Loria;    "The  third    law   of    thermodynamics,"   by 

L.   RoLLA.     Section  I   (mathematics,  physics,   mineralogy'): 

"A  —-"■*■-"« of  integro-differential  equations,"  by  L,  Amoroso; 

I  of  reciprocity  for  some  functions  analogous  to 

ction  in  the  theory  of  elasticity,"  by  T.  Boggio; 

jer  definite  integrals,"  by  E.  Bortolotti;  "  Plane 

'ariant  under  a  group  of  coUineations,"  by  E. 

cent  researches  in  hydrodynamics,"  by  U.  Cisotti. 

(history  of  the  sciences):  "Correspondence  of 
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Paolo  Ruffini,"  by  E.  Bobtolotti;  "An  unpublished  trans- 
lation of  the  writings  of  Archimedes  among  the  Galilean 
manuscripts  in  the  national  library  of  Florence,"  by  A. 
Favabo;  "On  semiregular  polyhedra,"  by  G.  Loria;  "Syn- 
thetic theory  of  real  numbers  in  a  text  of  G.  A.  Borelli  (17th 
century),"  by  F.  PoDESTi;  "Archimedes  in  China,"  by  G. 
Vacca. 

The  two  sections  unanimously  adopted  resolutions  proposed 
by  Professors  Loria  and  Volterra,  urging  that  in  the  complete 
edition  of  Euler's  works,  now  in  publication,  there  should  be 
included  the  comments  of  Lorenzo  Mascheroni  on  the  integral 
calculus,  as  has  been  done  with  Lagrange's  additions  to  the 
work  on  algebra,  and  that  the  Italian  government  be  requested 
to  grant  a  subvention,  if  necessary,  to  meet  the  cost  of  this 
enlargement  of  the  original  plan  of  publication. 

Meetings  of  other  scientific  societies  were  also  held  in 
Genoa  at  the  same  time,  among  them  the  Italian  mathematical 
society  "  Mathesis,"  at  whose  meeting  the  following  lectures 
were  delivered:  "The  school  in  its  connection  with  life  and 
modem  science,"  presidential  address  by  G.  Castelnuovo; 
"Eccentricities  and  mysteries  of  numbers,"  by  G.  Loria; 
"Mathematical  precision  and  approximation,"  by  V.  Redta; 
"  The  classical  authors  of  mathematics,"  by  G.  Vacca. 

Reports  of  the  Italian  subcommittee  of  the  International 
commission  on  the  teaching  of  mathematics  were  also  pre- 
sented and  discussed:  Primary  school,  by  A.  Conti;  classical 
teaching,  by  A.  Fazzari  and  U.  Scarpis;  technical  teaching, 
by  G.  Scorza;  commercial  and  trade  schools,  by  G.  Lazzeri; 
preparation  of  teachers,  by  S.  Pincherle. 

The  society  recorded  its  views  on  various  desirable  reforms 
in  the  teaching  of  mathematics  in  Italy.  A  joint  meeting 
was  held  with  the  Italian  association  of  electrical  engineers 
and  the  Italian  physical  society  for  discussion  of  the  organ- 
ization of  mathematical  instruction  for  engineering  students. 
A  committee  was  appointed  to  prepare  concrete  recommen- 
dations. A  joint  meeting  wi^  the  Italian  philosophical 
society  was  devoted  to  a  discussion  of  the  concept  of  infinity. 

The  following  university  courses  in  mathematics  are 
announced : 

Cambridge  UNiVERsmr. — By  Professor  E.  W,  Hobson: 
Spherical  harmonics  and  allied  functions;  Integral  equations; 
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The  history  of  the  problem  of  the  "squaring  of  the  circle" 
and  of  related  questions. — By  Professor  G.  H.  Dahwin: 
Gravitation  with  astronomical  applications;  Lunar  theory. 
— By  Professor  R.  S.  Ball:  Celestial  mechanics;  Spherical 
astronomy. — By  Professor  J.  Labhor:  Electricity  and  mag- 
netism; Electrodynamics  and  optical  theory. — By  Professor 
J.  J.  Thomson:  Electricity  and  matter;  Electricity  and 
magnetism;  Discharge  of  electridty  through  gases. — By 
Professor  B.  Hopkinbon:  Applied  mechanics. — By  Professor 
H.  F.  Newall:  Solar  research. — By  Dr.  H.  F.  Baker:  Intro- 
duction to  the  theory  of  functions;  Geometry  of  birational 
transformation ;  Theory  of  functions. — By  Mr.  R.  A.  Herman  : 
Hydrodynamics;  Differential  geometry;  Hydromechanics  (A). 
— By  Mr.  R.  W.  Richmond:  Algebraic  geometry;  Higher  solid 
geometry;  Synthetic  geometry. — By  Dr.  T.  J.  I'A.  Bromwich: 
Electric  waves  and  electro-optics;  Dynamics  (A);  Optics 
with  experimental  Illustrations;  Geometrical  and  physical 
optics  (A);  Potential  theory  and  problems. — By  Mr.  J.  H. 
Grace:  Theory  of  numbers;  Theory  of  invariants;  Elements 
of  Fourier  analysis  and  calculus  of  variations  (^).— By  Dr. 
E.  W.  Barnes:  Linear  differential  equations  (B). — By  Mr.  A. 
J.  Walus;  Spherical  trigonometry  and  astronomy  (A). — 
By  Mr.  A.  Berry:  Theory  of  ordinary  differential  equations 
(B);  Elliptic  functions  and  elementary  harmonic  analysis 
(A);  Elliptic  functions  (B);  Theory  of  transformation  of 
elliptic  functions. — By  Mr.  G.  T.  Bennett:  Line  geometry. — 
By  Mr.  A.  Munro:  Hydrodynamics  and  sound  (A). — By 
Mr.  B.  Russell:  The  fundamental  concepts  of  mathematics; 
Principles  of  mathematics. — By  Mr.  G.  T.  Leatham:  Electron 
theory. — By  Mr.  G.  H.  Hardy:  General  theory  of  Dirichlet's 
series;  Asymptotic  relations  in  the  theory  of  functions;  Double 
limit  problems. — By  Mr.  G.  Birtwistle:  Hydrodynamics 
(A);  Hydrodynamics  (5);  Thermodynamics  (B).— By  Mr.  F. 
J.  M.  Stbatton:  Orbits  from  observations;  Stellar  physics. — 
By  Mr.  J.  W.  Nicholson:  Physical  optics;  Electric  waves  and 
theory  of  diffraction. 

Oxford  University. — By  Professor  W.  Esson:  Analytic 
geometry  of  plane  curves;  Synthetic  geometry  of  plane 
curves. — By  Professor  E.  B.  Elliott:  Theory  of  numbers; 
Sequences  and  series. ^ — By  Professor  A.  E.  H,  Love:  Electricity 
and  magnetism. — By  Professor  H.  H.  Turner:  Elementary 
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mathematical  astronomy. — By  Mr.  T.  W.  Chacndry:  Solid 
geometry. — By  Mr.  A.  L.  Dixon:  Calculus  of  finite  differ- 
ences; Calculus  of  variations. — By  Mr.  J.  E.  Campbell: 
Differential  equations. — By  Mr.  A.  E.  Jolliffe:  Doubly 
periodic  functions. — By  Mr.  F.  B.  Pidduck:  Analytic  statics 
and  attraction. — By  Mr.  C.  H.  Thompson:  Dynamics  of 
particles  and  rigid  bodies. — By  Mr.  H.  T.  Gehrans:  Hydrody- 
namics.— By  Mr.  A.  L.  Pedder:  Problems  in  pure  mathe- 
matics.— By  Mr.  C.  E.  Haselfoot:  Theory  of  equations. — 
By  Mr.  C.  H.  Saufson:  Plane  analytic  geometry. — By  Mr. 
J.  W.  Rcbsell:  Differential  calculus. — By  Mr.  E.  H.  Hates: 
Statics  and  hydrostatics. 

The  city  of  Nancy,  in  the  province  of  Lorraine,  will  erect  a 
monument  to  the  memory  of  J.  V.  Poncelet,  Ch.  HERMrrE, 
and  J.  H.  Poincar£,  all  of  whom  were  bom  in  this  province. 

The  Paris  academy  of  sdences  has  awarded  its  Binoux  prize 
(for  the  history  of  sdence)  to  Professor  J.  L.  Heibero,  of  the 
University  of  Copenhagen,  for  his  works  on  the  history  of 
andent  mathematics  and  in  particular  for  those  on  the  Method 
of  Archimedes. 

"The  general  ideas  of  the  science  of  geometry"  is  the  title 
of  a  non-technical  course  of  lectures  being  delivered  by 
Dr.  A.  N.  Whitehead  during  the  first  and  second  terms  of 
the  present  academic  year  at  University  College,  University 
of  London. 

Professor  H.  A.  Lorentz,  of  the  University  of  Leyden,  has 
been  chosen  an  honorary  member  of  the  Vienna  academy  of 
sciences. 

Professor  Carl  Runge,  of  the  University  of  Gottingen, 
has  received  the  distinction  of  Geheimerregierungsrat. 

Dr.  R.  Pfeiffer,  of  the  University  of  Halle,  has  been 
promoted  to  an  associate  professorship  of  mathematics. 

Professor  G.  Humbert,  of  the  Ecole  polytechnique,  has 
been  made  head  professor  of  mathematics  in  the  College  of 
France. 

In  the  faculty  of  sciences  of  the  University  of  Paris  the 
following  changes  have  been  announced:  Professor  E.  Cart  an. 
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formerly  in  charge  of  conferences,  has  been  made  professor 
of  differential  and  integral  calculus  (Ecole  normale);  Professor 
E.  Vessiot  has  been  placed  in  chai^  of  conferences;  Pro- 
fessor Cl.  Guichard  is  in  charge  of  the  courses  of  Professor  P. 
Painlev£. 

The  Italian  society  of  sciences  (the  forty)  has  awarded  to 
Profeasor  E.  E.  Levi,  of  the  University  of  Genoa,  its  gold 
medal  for  the  most  important  papers  by  an  Italian  mathe- 
matician during  the  period  1907-1911.  Professor  Levi  has 
also  been  promoted  to  a  full  professorship  of  the  calculus. 

Pbofessob  T.  Boggio,  of  the  University  of  Turin,  has  been 
promoted  to  a  full  professorship  of  theoretical  mechanics. 

Professor  C.  Somigliana,  of  the  University  of  Turin,  has 
been  elected  a  member  of  the  Italian  society  of  sciences 
(the  forty). 

Dr.  J.  W.  Nicholson,  mathematical  lecturer  in  Girton 
College,  Cambridge  University,  has  been  appointed  professor 
of  mathematics  in  King's  College,  University  of  London. 

Mr.  H.  Hilton  has  been  promoted  to  a  professorship  of 
mathematics  in  the  Bedford  Cdlege  for  Women,  University 
of  London. 

Professor  G.  H.  Albright,  professor  of  mathematics  at 
Colorado  College,  wili  be  an  exchange  professor  to  Harvard 
University  during  a  portion  of  the  present  academic  year. 

At  the  University  of  Minnesota,  Mr.  H.  B.  Roe  has  been 
promoted  to  an  assistant  professorship  of  mathematics. 

Dr.  J.  E.  Hodgson,  of  the  Baltimore  Polytechnic  Institute, 
has  been  appointed  associate  professor  of  mathematics  in  West 
Virginia  University. 

At  the  University  of  California  Mr.  J.  E.  Maddrill  has 
been  appointed  instructor  in  mathematics. 

At  Princeton  University  Messrs.  J.  A.  Alexander,  R.  E. 
GlLMAN,  and  E.  S.  Smith  have  been  appointed  instructors  in 
mathematics. 

Mb.  H.  M.  Douglass,  of  Cornell  University,  has  been 
appointed  instructor  in  mathematics  and  mechanical  .drawing 
in  the  New  York  State  Teachers  College  at  Albany. 
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Mb.  K.  p.  Wiluams  has  been  appointed  instructor  in 
mathematics  in  Indiana  University. 

Professor  Jaues  MacMahon,  of  Cornell  University,  will 
be  absent  on  leave  during  the  second  half  of  the  present 
academic  year. 

The  Rev.  Dr.  W.  W.  Skeat,  professor  of  Anglo-Saxon 
in  Cambridge  University,  died  October  7,  at  the  age  of 
76  years.  Before  taking  up  his  studies  in  philology,  Pro- 
fessor Skeat  was  for  some  years  lecturer  in  mathematics  in 
Christ's  College,  Cambridge  University. 

The  death  is  announced  of  Professor  P.  Tredtlein,  of  the 
Goethescbule  of  Karlsruhe,  at  the  age  of  67  years. 

Dr.  Gaston  Combebiac  died  at  Limc^  July  12  at  the 
age  of  50  years. 

Dr.  J.  M.  Van  Vlece,  professor  of  mathematics  in  Wesleyan 
University  from  1853  to  his  retirement  as  emeritus  professor 
in  1904,  died  on  November  4,  aged  79  years.  Professor  Van 
VIeck  had  been  a  member  of  the  American  Mathematical 
Society  ance  1891  and  was  Vice-President  of  the  Society  in 
1903-1904. 

CATALOotTGS  of  mathematical  books:  Galloway  and  Porter, 
30  Sidney  Street,  Cambridge,  England,  catalogue  58,  about 
450  titles,  ancient  and  modern. — Bowes  and  Bowes,  1  Trinity 
Street,  Cambridge,  England,  catalogue  362, 1791  titles,  mostly 
before  1800. — G.  Fock,  Schlossgasse  7,  Leipzig,  catalogue  429. 
about  4700  tities. — B.  Liebisch,  Kurprinzstrasse  6,  Leipzig, 
catalogue  588,  about  2000  tities. 
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NEW  PUBLICATIONS. 
I.    HIGHER  MATHEMATICS. 

_UT  SammluDK  mathematiBCber  Modelle. 

von  H.  Wiener.    2t«8  Heft.    Leipzig,  Teubner,  1911. 


Abchhiedbs,  llie  method  of.  Recently  discovered  by  Heiberg.  Edit«d 
by  Sir  T.  L.  Heath.  Cambridge,  Univei^ty  Prees,  1913.  Svo. 
51  pp.  2b.  6d. 


Bkunu  (W.  C).    See  Davib  (E.  W.). 

BRCNBCBnco  (L.).  Les  stapes  de  la  phUoaophie  mathimatique.  (BibU- 
otique  de  philoaophie  contemporaine.)  Paris,  Alc&n,  1912.  Svo. 
11+562  pp.  Fr.  10.00 

BttCHBR,  Neue,  ttber  NaturwissenschBften  und  Mathematik.  (Die  Neuig- 
k^ten  defl  deut«chen  Buchhandels,  nach  Wiasenschaften  geordnet.) 
Mitgeteilt  Sommer  1912.    Ldpiig,  Hinrichs.    Svo.    Pp.  23--16. 

M.0.30 

BuBXHABDT    (H.).    Funktionentlieoretiache    Voriesungen.     Iter    Band, 

2tee  Heft.    Einftthrunx  in  die  Theorie  der  analytiachen  Funktionen 

"    "         '■  '  .-      ■      ■    esehene  Auflage.     Leip- 

M.  8.0O 

D  some  recent  devdop- 

9d. 

Davis  (E.  W.)  and  Brenkk  (W.  C).  The  calculus.  Edited  by  E.  R. 
Hedrick.  New  York,  Macmillan,  1912.  21+3S3+63  pp.  Semi- 
flexible  cloth.  S2.00 


EcKXLHABDT  (P.).  Differential-  und  Integralrechnung  in  leicbtfasslicher 
DareteUung.    Wien,  Piehler,  1912.    Svo.    4+47  pp.  M.0.85 

Elub  (H.  D.).  Poemg  mathematical  and  miscellaneous.  London, 
Chiswick  Press,  1912.     lemo.    61  pp.  la.  6d. 


ENcrCLOFiDiE  dee  sciences  mathfmatiques.  Edition  frongaise.  Tome 
L  volume  2,  fascicule  4:  Theorie  dea  fonnes  et  des  invariants,  par 
F.  W.  Meyer  et  J.  Drach.  Ldpzig,  Teubner,  1912.  Svo.  Pp.  425- 
S20.  M.  3.60 

.    Edition  fran;aise.    Tome  II,  volume  1:  Fonctions  des  variables 

lilies.  Fascicule  2 :  Recherchea  contemporaines  sur  la  thikirie  des 
fonctions,  par  L.  Zoretli,  P.  Montel  et  M.  Frechet— Calcul  difffi- 
rentiel,  par  A.  Voee  et  J.  Molk.  Leipiig,  Teubner,  1912.  Svo.  Pp. 
113-336.  M.  8.40 
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EuuB  (L.).  Opera  omnu.  Series  II:  Opera  mechsnica  et  astronomica. 
Volumina  I  et  II:  Mechanica  eive  motus  acientia  analytice  expomta. 
Ed.  P.  Sttekel.  Adjecta  est  Euleri  effi^ee  ad  imagiitem  a  Wd>ero  am 
indaam  expreeaa.    Ldpiig,  Teubner,  1912.    8vo.     14+407+460  pp. 

M.  56.00 

FzHB  (H.).  EnquSte  de  I'EDBei^ement  Matb^matique  sui  la  m^thode 
de  travail  dee  math^maticiem.  Public  avec  la  collaboration  de 
T.  Floumoy  et  E.  ClaparMe.  2e  Mition,  conforme  k  la  premiere, 
Buivie  d'une  note  sur  I'inveation  math^matique  par  H.  Poincar^. 
Paria,  Gauthier-Villare,  1912.    8vo.    8+137  pp.  Fr.  5.00 

Feutes  (J.  J.}.  Verhaodlung  der  allgemeinen  Auflflsung  dca  The«reiiis 
Fermata.    Den  Haag,  van  Dorp,  1912.    Svo.    3+49  pp.        M.  3.00 

FtEDLKB  (R.).    See  Jobuak  (C). 

FiNSBL  (A.).  Die  Lebre  vom  Flficheninhalt  in  der  allgemeinen  Geo- 
metrie.    Leipiig,  Teubner,  1912.    Svo.    38  pp.  M.  1.20 

FoHSTTH  (A.  R.).  Leeturea  on  the  difFerential  geometry  of  curves  and 
■  "      "         "■■■"' "{7.00 


GoLDBCHMiDT  (E.).    VebeT  die  numeriache  Vervendbarkeit  der  Methoden 

■ur  AuflOming  unendbcb  vieler  linearer  Glacbungen.     (Diss.)    Wtln- 

burg,  1912. 
Grimm    (C).    Einigea  Qber   Potensiahlen.    Frankfurt,    Knauer,    1912. 

8vo.     12  pp.  M.  0.60 

GtnoT  (J.).    Le  calcul  rectoriel  et  sea  applications  i  la  gtem^trie  r^te. 

Paris,  Henmuui,  1912.    Svo.     128  pp. 
Hb&th  (Sir  T.  L.).    See  Abcbiuedbs. 
Hkdrick  (E.  R.).    See  Divia  {E.  W.). 
Hbbmite  (Charles).    See  Picard  (£.). 
HBSSENBERa  (J.).    TranBicndenE  von  e  und  r.    Eia  Beitrag  lur  hOheren 

Matbematik  von  elementaren  Standpunkte  aus.    Leipzig,  Teubner, 

1912.    Svo.     10+106  pp.  M.3.00 

International  catalogue  of  scientific  literature.    Tenth  annual  iaaue 

(June,  191&-June,  1911).    A:  Mathematics.    London,  Harrison,  1912. 

Svo.    8+248  pp.  15s. 

JoROAN  (C.)  et  Fiedler  (R.).    Contribution  k  I'^tude  dea  courbea  convexea 

femi^  et  de  certaines  courbea  qui  a'y  rattachent.    Paris,  Hermann, 

1912.    Svo.    72  pp.  Fr.  3.00 

Kabfinbki  (L.  C).    See  Smith  (D.  E.). 
Kbmpner  (A.  J.).    Ueber  das  Waringsche  Problem  und  dnige  Verall- 

gememerungen.     (Diss.)    Gottingen,  1912. 


KuBRAB  (K.).  Repetitorium  dergesammtenGeometrie,  einschliesBlichder 
DiSerential-  und  Integralrechnung.  Berlin,  Ulrich,  1912.  Svo. 
112  pp.  M.3.50 

Lbbon  (E.).  Henri  Poincor^.  Biographie.  Bibliographic  analytique  dea 
Merits.  2e  Edition,  enti^rement  relondue.  (Savants  du  jour.)  Paris, 
Gauthier-Villara,  1912.    Svo.    4+112  pp.  Fr.  7.00 
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LixBHAim  (H.).  NichteuldidiKiie  G«oinetrie.  2te,  neubeubdtete  Atif- 
kge.  (S&mmluns  Schubert,  Nr.  49.)  Berlin,  Gfischen,  1912.  Svo. 
6+222  pp.    CIot£.  M.  6.S0 


LuBSAM  (E.).    Deiudime  eeeai  de  dtoionstradon  du  thtertote  de  Fenimt. 

Paris,  Gauthier-VilUn,  1912.    8ro.    9  pp.  Fr.  1.00 

Ltlk  (J.  N.).    The  euclideao  ot  common  sense  theoiy  of  space.     Benlon- 

Tille,  All.,  Lyle,  1912.    lemo.    63  pp.  10.60 

Uairk  (A.).    L'oeuTres  edestifiquee  de  Blaise  Pascal.    Avec  portrait  de 

Pascal.    Bibliographie.    Critique  et  analyse  de  toua  lee  travaux  qui 

s'y  rapportent.    Avec  pr^ace  de  P.  Duhem.    Paris,  Hermann,  1911. 

Svo.    20+200  pp.  Fr.  15.00 


MsHLBB  (F.  GJ.  Differentialrechnun^  in  engster  Verbindung  mit 
KTwhiscber  Darstellung  und  aualyttacber  Gemnetrie  der  Ebene.  2te 
Auflage.    Berlin,  Reimer,  1912.    Svo.    7+84  pp.  M.  1.50 

Metxb  (W.  F.).  Differential-  und  Integralrechnung.  Iter  Band: 
Differentialrechnung.  2te,  durchgcsehene  und  erweiterte  Auflage. 
(Sammlung  Schubert,  Nr.  10.)  Berlin,  GOochen,  1912.  Svo.  15+ 
418  pp.    Cloth.  M.9.00 

MiTTENEWET  (L.).  Mathematische  Kunweil.  Aufgaben,  Kunst^Qcke, 
geistanregende  Spiele,  verf&nsliche  SchJllsee,  Schen^  und  Veber- 
raschungen  auH  der  Zahlen-  und  Formenlehre.  6t«  Aufljige.  Leipng, 
Klinkfaardt,  1912     Svo.     103  pp.  M.  l.W 

MonuoN  (A.  R.).  Casosen  queloeconoay  pyramidoe deben  connderarse 
rectos  y  obUcuoe.  (Thtee.)  Babana,  Avjaodor  Comerciat,  1912. 
Svo.    27  pp. 

MtlLLEB  (F.).  Gedenktagebuch  fOr  Mathematiker.  3te  Auflage.  Leip- 
zig, Teubner,  1912.    Svo.    4+121  pp.  M.2.00 

Nielsen  (N.).  Beretning  om  den  anden  Skandinaviake  Matematiket- 
kongres  i  KjObenbavn  1911.  Kjdbenhavn,  Gyklendalske  Boghandel, 
1912.    Svo.    16+192  pp.  Kr.  6.00 

NuoEL  (Fried a).  Die  Schraubeuli&ien.  Eine  monogrsphische  Dar- 
BteUuDg.     (Diss.)    Balle  a.  S.,  1912. 

Paoletti  (G.).  ApplicBiioni  della  teoria  di  Lie,  sui  i^ppi  continui  di 
trasformaziom,  alia  risoluiione  delle  equadoni  diBereniiali.  Rocco 
S.  Caeciano,  1911.  L.  3.00 

""— --  '"'MSB).    SeeMAmB(A.). 

Oeuvres  de  Charles  Hermite,  f 
tddmie  dee  Sciences.    Tome  III, 
f-Villars.    Svo.    6+524  pp. 
I.).    8ee  Febr  (H.)  and  Lebon  (E.). 
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StamKK  (J.  A.  dk).    Thterie  des  groupee  finies.    Elements  de  la  thforie 

dea  groupes  de  Bubstitutions.    Paris,  Gauthier-Villara,  1012.    8vo. 

lO+aS  pp.  Ft.  10.00 

Simon    (M.).    An&lytische    Geometeie    des    Rauines.    3te,    verbeeaerte 

Auflage.    Beriin,  GOechen,  1912.    8vo.    208  pp.    Cloth.        M.  0.80 
&DTB  (D.  E.)  and  Kabpinbki  (L.  C).    The  Hindu-Arabic  numerals. 

Boston,  Gum,  1911.     12mo.    6+160  pp.    Qoth.  S1.25 

Stacksl  (P.).    See  EmxB  (L.). 
Stettensen  (J.  P.).    Analytiske  studier  med  anvendelser  paa  taltheorien. 

(Afhandliiuc  for  den  filoeofiake   doktorgrad.)    Kdbenhavn,   Tryde, 

1912. 
TSEIBISCB    (M.)    Ueber    die    Polarlcurve    lum    Steineischen    BQschel. 

(Dim.)    Jena,  1912. 
VKBZEicRNia  mathematiBcher  Modelle.    Sammlungen  von  H.  Wiener  und 

P.  Treutlon.    Leipzig,  Teubner,  1912. 
Wako  (K.  T.).    The  differentiation  of  quaternion  functions.    Dublin, 

1911.  9s 

Watson  {G,  N.).    Theory  of  asymptotic  series.    London,  1911.    4to.    2a. 


Zachariab  (M.).  EinfObmng  in  die  projective  Geometiie.  (Mathe- 
matjsche  BibUothek,  Nr.  6.)  Ldpiig,  Teubner,  1912.  Svo.  4+51 
pp.  M.  0.80 

II.    ELEMENTARY  MATHEMATICS. 

BoDBiXT  (C).    AlgSbre 


BRDMirr  (A.^  et  HEURTEAnx  (E.).  Deux  cent  cinciuante  fonnules  de 
gfom^tne  ^menture.  Lew  recherche.  Paris,  Gedalge,  1912. 
Svo.    94  pp. 

Cawian  (PJ  et  FABSBiNnEB.  Premiers  ^Mments  d'algibre.  Classe  de 
3e  A.    Paris,  Gigord,  1912.    ISmo.    87  pp. 


Dni^is   (3.).    Tables  de  logarithmes  k  dnq  dScimales.    31e  ^tion. 

Paris,  Hachette,  1912.    16mo.    4+230  pp.  Fr.  2.00 

Fasbbinder.    See  Camuan  (P.). 
Guillemin  (A.).    Tables  de  Icraarithmes  &  3  quatrades  et  nombres  corre- 

QiondantB  arec  12-13  chiSres.    Paris,  Gautbler-Villara,  1912.    Svo. 

23+130  pp.  Fr.6.00 
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Heubtkattx  (E,),    See  Bbunbt  (A.). 

HuBBR    (£.).    Beitrftge    lum    geometmchen    Anfangsunterricht    imter 

beaond^-a    BeUinung    der    Beweglichkcit    der    flguren.     (Progr.) 

Amberg,  1912.    Svo.     ID  pp. 
Jeunek    {!..).    Logarithmische    Tafeln.    dte    Auflnge.    Wien,    Hchler, 

1912.    Svo.    4+157  pp.  M.  1.25 

KoecBEUAKN  (0.)  und  Otten  (K.).    Lehrbuch  fOr  den  mathematischen 

Unterricht.    3t«r  Tcil:  Geometrie.    2te  Auflage.     Frankfurt,  Diester- 

weg,  1912.    Svo.    368  pp.    Ooth.  M.  2.40 

Lacboix  (S.  F.).    El^enta  de  g^om^trie.    26e  Mition.    Paru,  Gauthier- 

VUlan,  1912.    Svo.    35+212  pp.  Fr.  4.00 

LEflSER  (O.).    See  Scbwab  (K.). 
Mat  <S.}.    Introduction  &  l'£tude  de  la  gtem^trie.    Laiuanne,  Payot, 

1S12.    Svo.     120  pp.  Ft.  2.00 


Ottek  (K.).    See  Koschemann  (0.). 


RiBomo  (A.  G.).    See  Camiian  (P.). 

Recknaoel  (G.)  und  Wetzbtern  (G.).    Ebene  Geometrie  mit  vorberei- 

tender  Raumlehre.    2te,  verbeeacrte  A   "  ""'    '        ""    '    ■"•" 

Svo.     16+213  pp.    aoth. 
RoBBiira(E.  R.).    Plane  trigonometry.    New  York,  American  Book  Co. 

Svo.    153  pp.    Cloth.  $0.60 

ROhluann    (R.    M.)   und   ROhlhann    (M.    R.).     Logarithmiach-trigo- 

Dometrische  und  andere  ntitzliche  Tafeln,     14te  Auflitge.    Leipzig, 

Klinkhardt,  1912.    Svo.    40+326  pp.    Cloth.  M.  2.60 

ScBHAU  (K.).    Scbul-Mathematik  in  Tabellen,  IMeposition  und  Repeti- 

torium.    Halle,  Wiusenhaus,  1912.    Svo,    36  pp.  M.  0.75 

ScHNBLL    (H.).     Elementare    Ableitung    der    Pendelformel    (  =  »  ^  i/p. 

Veremfachte  Bcreohnung  der  Zahl  r  und  kleine  Beitr&ge  lur  Schiu- 

matjiematik.     (Progr.)     Landsberg  a.  L.,  1912.     Svo.     48  pp. 
ScBULTZ  (E.).    Elemeate  der  ebenen  Geometrie  auf  funktionalcr  Grund- 

lage.     Berlin,  Salle,  1912.     Svo.     4  +  116  pp.  M.  1.80 

Schwab  (K.)  und  I^sser  (O.),     Mathematiscbes  Unterrichtswerk.    2ter 

Band:  Geometrie.    Ausgabe  A.    3  Telle.    Leipzig,  Freytag,  1912. 

Svo.    290+140+120  pp.    Cloth.  M.  7.30 
.    3ter  Band,  Iter Teil;  Synthetische  Geometrie  der  Kegelschnitte  und 

analytische  Geometrie.    2te  AuRage.    Leipzig,  Freytag,  1912.    Svo. 

208  pp.    Cloth.  M.  2.S0 

Senbler  (R.).    Theorie  und  Praxis  dcs  geometrichen  Unterrichte  in  der 

Vniifggchule.     2te,     verbesaerte     Auflage,     Breslau,     Handel,     1912. 

6+144  pp.  M.  2.20 

[CHT,  Der  malhematiscbc,  in  der  Scbweiz.     Nr.  2,  von  H.  Fehr, 

(tficklin  und   D.  Badertaciier,     Basel,  Geoi«,   1912.     Svo.     16  + 

pp.  M.  2.25 
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WEnerxBN  (G.).    See  Reckmaoel  (G.). 


III.    APPUED  MATHEMATICS. 

Albbecht  (B.).  Vom  Probleni  der  BractuBlochrone.  Eine  geschichtliche 
Sktue.     (Progr.)    Frankfurt  a.  O.,  1912. 

Abnbteik  (K.).  Einfluee  Btatisch  unbestimmter,  elastisch  gelagerter 
Trageverke  in  allgemeiner,  aucb  fOr  verjindetlichen  Querwhnitt 
gelteader  BehaDdlung.    Berlin,  1912.  M.  6.00 


Paris,  Geisler,  1912.    8vo.     122  pp. 

BfiTTOER  (H.)-    Physik.     Iter  Band:  Mechanik,  W&rmelehre,  Akustik. 

Braunachweig,  Vieweg,  1912.    8vo.     13+983  pp.  M.  16.50 

Cabuibach  (J.).  Die  Geachichte  dea  TtAghdtSBaties  im  Lichte  dea 
Relativit&tsprinzips.    Berlin,  1912.  M.  1.00 

Claitdel  (J.).  Introduction  k  la  scioice  de  I'inf^^nieur.  Partie  th£orique. 
8e  ^tioD,  entiftrement  refondue.  Tome  I:  Aritlun^tique,  alg^bre, 
gfomdtiie,  tr^onom^trie,  topographie.  Paris,  Dunod  et  Pinat,  1912. 
8vo.    7+955  pp. 


Ebbrbabst    (C).    Theorie   und    Berechnung   von    Motor-Luftschiffen. 

Berlin,  1012.  M.  10.00 

EndrOb  (A.).    Die  Vibrationen  der  Seen.     (Progr.)    Freising,  1912.    8vo. 

52  pp. 
Hack  (K.). 

Excelsior-Veriftg,  I9T2''."^cr™Tl43'pp.  """"""*""" "^°'     mI's'SJ 

Handbuch  der  ElektriritSt  und  des  MoKnetismua.    In  5  B£nden.    Bear- 

beitet  von  F.  Auerbach,  K.  Baedeker,  P.  Cermak,  und  L.  Graet«. 

Iter  Band,  Ite  Liefemng.    Leipzig,  Earth,  1912.    8vo.    Pp.  1-166. 

M.6.00 
Hastmann    (T.).    Zut  Theorie  der  Momentanbewegung  einee  ebenen 

venLnderUchen  SyatentB.     (IKsi.)    Roetock,  1912. 
Eadbslbb    (A.).    Wegweieer    fOr    die    Gravitationsforschung.    Berlin, 

Friedlinder,  1912.  M.  2.O0 


Labmob  (J.).    See  Thoubon  (W.). 
Lermamtoff  (W.).    Course  in  applied  algebra 
Petemburg,  1911, 
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Mantttub  (E.)>  Dea  Clsudiua  Ptolem&ua  Handbuch  dcr  Aatronomie. 
It^  Baod.  Aua  dem  Griechischen  Obersettt  und  mit  erlftutemden 
Aameriniugen  vereehen.  Id  2  BSnden.  Leipng,  Teubner,  1912. 
8to.    28+4«2pp. 


MOller  (A.).    Ueber   eine  VBraUgemnnening  dca  BegriSM  der  Za>- 

tritugalkraft.     (Progr.)    KOln,  1912. 
Optte  (H,).    Ueber  daa  erate  Problem  der  Dioptiik.    II:  MaterialieD  ni 
einer  kritiscben  Geechicbte  den  I^oblema.    Berlin,  Weidmami,  1912. 

M.  1.00 
8to.    3+132 
}1.2S 

ROifTBT  (J.).    Der  praktische  M&thematiker.    2  Hrfle.    HaUe,   1912. 

44+40  pp.    Bov^.  M.4.00 

Rtan  (W.  T,),    Demgn  of  electrical  mAchinery.    Volume  II:  AlteroAting 

cutrent ' "    "    ■"■—'-    "">--    "■■"      "--      -  .  ..n  — 

Cloth. 


current  truiBformers.    New  York,  Wiley,  1912.    8vo.    7+U9  pp. 

ScHLOTKB  (J.).  Dontellende  Geometrie.  3ter  Tral:  Penpektive.  3t«, 
ergftnite  Auflago,  heranag^eben  voa  C.  Rodenbeif;.  Leipiig,  Dege- 
ner,  1912.    Svo.    8+133  pp.  M.4.60 

ScBMiD  (T.).  DatBtellende  Geometrie.  lt«r  Band.  (Sammlung  Schu- 
bert,  Nr.  65.)  Neue  Auflage.  Berlin,  GOachen,  1912.  Svo.  6+ 
279  pp.    Cloth.  M.  7.00 

Schmidt  (F.).  BeitrSge  lur  Verteilung  der  MektrintKt  ouf  xwa  leitenden 
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THE    OCTOBER    MEETING    OF    THE    AMERICAN 
MATHEMATICAL  SOCIETY. 

The  one  hundred  and  sixtieth  regular  meeting  of  the  Society 
was  held  in  New  York  City  on  Saturday,  October  26,  1912, 
extending  through  the  usual  morning  and  afternoon  sessions. 
The  following  fifty-two  members  were  present: 

Professor  R.  C.  Archibald,  Professor  M.  J.  Babb,  Dr. 
F.  W.  Beal,  Mr.  A.  A.  Bennett,  Professor  W.  J.  Berry,  Pro- 
fessor G.  D.  Birkhoff,  Dr.  Henry  Blumberg,  Professor  Joseph 
Bowden,  Professor  E.  W.  Brown,  Professor  B.  H.  Camp, 
Dr.  A.  S.  Chessin,  Professor  J.  G.  Coffin,  Professor  F.  N.  Cole, 
Dr.  E.  B.  Cowley,  Dr.  H.  B.  Curtis,  Dr.  L.  S.  Dederick, 
Dr.  L.  L.  Dines,  Professor  L,  P.  Eisenhart,  Professor  T.  S. 
Fiske,  Professor  W.  B.  Fite,  Professor  Wilbert  Garrison, 
Professor  O.  E.  Glenn,  Professor  C,  C.  Grove,  Professor 
H.  E.  Hawkes,  Professor  E.  V.  Huntington,  Dr.  Dunham 
Jackson,  Mr.  S.  A.  Joffe,  Professor  Edward  Kasner,  Pro- 
fessor C.  J.  Keyser,  Mr.  P.  H.  Linehan,  Professor  James 
Maclay,  Dr.  R.  L.  Moore,  Professor  W.  F.  Osgood,  Mrs. 
Anna  J.  Pell,  Professor  James  Pierpont,  Dr.  H.  W.  Reddick, 
Professor  L.  W,  Reid,  Professor  R.  G.  D.  Richardson,  Pro- 
fessor L.  P.  SicelofT,  Mr.  C.  G.  Simpson,  Mr.  L.  L.  Smail, 
Professor  D.  E.  Smith,  Professor  P.  F.  Smith,  Professor  Elijah 
Swift,  Professor  Henry  Taber,  Dr.  E.  H.  Taylor,  Professor 
C.  B.  Upton,  Mr.  C.  E.  Van  Orstrand,  Professor  Vito  Volterra, 
Mr.  H.  E.  Webb,  Professor  H.  S.  White,  Professor  A.  H.  Wilson. 

The  attendance  also  included  Professor  Emile  Borel,  of 
the  University  of  Paris.  Professors  Borel  and  Volterra  were 
among  the  foreign  lecturers  at  the  recent  dedicatory  exercises 
of  the  Rice  Institute,  Houston,  Texas,  and  have  since  delivered 
lectures  at  several  American  universities. 

Vice-President  Henry  Taber  occupied  the  chair  during 
both  sessions.  The  Council  announced  the  election  of  the 
following  persons  to  membership  in  the  Society;  Dr.  Henry 
Blumberg,  Brooklyn,  N.  Y.;  Mr.  J.  M.  Colaw,  Monterey,  Va.; 
Dr.  F.  M.  Morgan,  Dartmouth  College;  Dr.  Louis  O'Shaugh- 
nessy.  University  of  Pennsylvania;  Dr.  C.  T.  Sullivan, 
McGill  University.  Five  applications  for  membership  were 
received 
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A  list  of  nominations  of  officers  and  other  members  of  the 
Council,  to  be  placed  on  the  official  ballot  for  the  annual 
meeting,  was  adopted.  A  committee  was  appointed  to  audit 
the  Treasurer's  accounts  for  the  current  year. 

The  following  papers  were  read  at  this  meeting: 

(1)  Dr.  H.  W.  Reddick:  "  Systems  of  plane  curves  whose 
intrinsic  equations  are  analogous  to  the  intrinsic  equation 
of  an  isothermal  system." 

(2)  Dr.  L.  L.  Dines:  "  Note  concerning  a  theorem  on 
implicit  functions." 

(3)  Dr.  L.  L.  Dines:  "  Singular  points  of  space  curves 
defined  as  the  intersections  of  surfaces." 

(4)  Dr.  E.  T.  Bell:  "  On  Liouville's  theorems  concerning 
certain  numerical  functions." 

(5)  Dr.  E.  T.  Bell:  "  The  representation  of  a  number  as  a 
sum  of  squares." 

(6)  Mr.  G.  R.  Clements:  "  Implicit  functions  defined  by 
equations  with  vanishing  Jacobian.     Supplementary  note." 

(7)  Professor  Edward  Kasner:  "  Note  on  contact  trans- 
formations of  space." 

(8)  Dr.  E.  H.  Taylor:  "An  extension  of  a  theorem  of 
Painlev^." 

(9)  Dr.  L.  S.  Dederick:  "On  the  character  of  a  trans- 
formation in  the  neighborhood  of  a  point  where  its  Jacobian 
vanishes." 

(10)  Professor  Vrro  Volterra:  "Some  integral  equa- 
tions." 

(11)  Professor  W.  F.  Osgood:  "  Proof  of  the  existence  of 
functions  belonging  to  a  given  automorphic  group." 

(12)  Professor  G.  D.  Bibkhoff:  "  Proof  of  Poincar^'s 
geometric  theorem." 

(13)  Professor  E.  V.  Huntington:  "  A  set  of  postulates 
for  abstract  geometry,  expressed  in  terms  of  the  simple  relation 
of  inclusion." 

(14)  Dr.  Dunham  Jackson:  "  On  the  degree  of  convergence 
of  related  Fourier  series." 

(15)  Mr.  A.  A.  Bennett:  "  Note  on  the  solution  of  linear 
algebraic  equations  in  positive  numbers." 

In  the  absence  of  the  authors  the  papers  of  Dr.  Bell  and 
Mr.  Clements  were  read  by  title.  Abstracts  of  the  papers 
follow  below.  The  abstracts  are  numbered  to  correspond  to 
the  titles  in  the  list  above. 
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1.  Connected  with  a  singly  infinite  system  of  plane  curves 
are  the  four  intrinsic  quantities  T,  N,  Ti,  and  Ni.  T  and  N 
are  the  rates  of  variation  of  the  curvature  of  a  curve  of  the 
system  along  the  curve  itself  and  along  an  orthogonal  curve 
respectively,  while  Ti  and  ^i  are  the  corresponding  quantities 
for  the  orthogonal  system.  It  is  known  that  T  +  Ti  =  Q 
is  the  intrinsic  equation  of  an  isothermal  system.  Irt  this 
paper  Dr.  Reddick  considers  the  twelve  systems  whose  in- 
trinsic equations  are  formed  by  equating  to  zero  the  sums 
and  differences  of  the  four  quantities  T,  N,  Ti,  and  JVi,  taken 
in  pairs.  In  particular  the  solution  of  the  differential  equation 
of  the  family  of  type  T  —  Ti  =  0  admitting  a  group  of 
translations  is  found  and  involves  elliptic  integrals. 

2.  In  the  Bulletin  of  last  June,  Mr.  G.  R.  Clements  stated 
(Theorem  IV)  a  generalization  of  the  Weierstrassian  implidt 
function  theorem.  The  theorem  had  to  do  with  the  number 
of  solutions  of  a  system  of  analytic  equations 

fi(xi,   ■•-,  x„;  yi,   •■■,  ffp)  =  0        (t=  1,2, --..p), 

and  one  part  of  the  hypothesis  was 

■■A) 


'  D(j/i,yt,  ■■■,yp) 


=  0  when  (z)  =  0,     (j)  = 


(^^  •'-•^  Itut'---:^)  ^ '  "''^"  ^"'  =  '■  ^'^  =  '• 


Divi,  Vi.  ■■■.  yp) 

Dr.  Dines  calls  attention  to  the  fact  that  the  hypotheses 
(3)  are  equivalent  to 

/i  is  a  power  series  of  order  k  m  yi,  yt,  •  ■  •,  y^; 

f]  is  a  power  series  of  order  1  in  j/i,  yj,  •  •  -,  yp 
(A)  0  =  2,3,   ...,  p); 

the  resultant  of  the  "  characteristic  "  polynomials  of 

the  power  series  /,  does  not  vanish. 
If  the  assumptions  (A)  be  substituted  in  place  of  (3),  Mr. 
Clements'  Theorem   IV  becomes  a  simple  but  interesting 
corollary  of  Professor  Bliss's  theorem  published  in  the  Trarwoc- 
tiom  of  last  April. 
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The  fact  that  conditions  (A)  imply  conditions  (3)  furnishes 
a  generalization  of  Theorem  VI  of  Mr.  Clements'  paper  from 
two  equations  to  p  equations. 

3.  In  his  second  paper.  Dr.  Dines  considers  the  singular 
points  of  curves  defined  by  two  equations  *(ar,  y,  z)  =  0, 
iK*!  Kt  2)  ~  0,  where  if  »nd  ^  are  real  functions  of  real  vari- 
ables. If  the  functions  can  be  expanded  by  Taylor's  theorem 
in  the  forms 

«(i,  y,  z)  =  *„(ar,  y,  z)  +  fl(x,  y,  z), 
^(x,  y,  2)  =  lf'n(a:,  y,  z)  +  S{x,  y,  z), 

where  ^  and  ^„  are  homogeneous  polynomials  of  degrees 
m  and  n  respctively,  and  R  and  S  are  the  complementary 
remainders,  then  the  nature  of  the  singular  point  at  the  origin 
depends  primarily  upon  the  two  homogeneous  equations 
^  =  0,  ^n  =  0.  If  ^  and  ^^  have  no  common  factor, 
then  at  most  m  —  n  real  branches  of  the  curve  can  pass  through 
the  origin.  Criteria  are  obtained  for  determining  the  number 
■of  real  braoches  through  the  origin  and  for  detecting  the 
presence  of  cusps;  and  methods  are  exhibited  for  analyzing  the 
Angularity.  If  0n  and  if',  have  a  common  factor  of  degree  k, 
then  the  maximum  number  of  real  branches  which  can  pass 
^through  the  origin  is  mn  -^  k.  A  method  is  given  for  reducing 
the  investigation  in  this  case  to  the  solution  of  two  equations 
in  which  the  leading  polynomials  have  no  common  factor. 
A  special  study  is  made  of  singular  points  of  the  second  order. 

4,  The  theorems  referred  to  in  Dr.  Bell's  first  paper  are 
those  published  by  Liouville,  Jovmal  for  1857,  four  articles, 
and  scattered  papers  relating  to  these  in  subsequent  volumes. 
As  stated  by  Liouville,  the  algebraic  manipulations  necessary 
for  verifications  are  not  always  easy,  and  clearly  the  theorems 
were  not  found  directly,  but  by  a  "  simple  and  uniform 
method,"  etc.,  which  it  is  the  object  of  this  paper  to  set  forth. 
First  all  of  the  theorems  are  proved  directly  from  first  prin- 
ciples, and  then  all  are  derived  with  a  great  many  more  by  the 
multiplication  and  transformation  of  two  or  more  series  of 
the  form  2/{n)/R*''*,  (n  =  1,  ■  ■  ■,  00),  s  a  constant,  /,  g  two 
numerical  functions;  that  is,  by  means  of  a  modified  zeta 
series.  All  of  Liouville's  theorems  are  consequences  of  the 
fact  that  his  generating  function  has  been  always  chosen  so 
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that  it  is  factorable  in  the  same  way  as  Riemann's  zeta,  and  his 
numerical  functions  are  all  multiplicative  for  relatively  prime 
values  of  the  variable.  By  varying  the  forms  of  /  and  g, 
and  assigning  different  values  to  s,  new  numerical  functions 
are  suggested,  and  theorems  deduced.-  As  Liouville  remarks, 
the  subject  is  inexhaustible,  but  the  general  principles  he 
used  are  undoubtedly  these.  Generalizations  may  be  found 
on  replacing  integers  by  norms  of  algebraic  integers,  primes 
by  prime  ideals,  etc.,  and  using  the  generalized  zeta  of  Oede- 
kind  and  Hilbert  in  the  same  way.  But  all  these  generaliza- 
tions are  included  in  that  wherein  numbers  are  replaced  by 
classes,  and  the  symbol  of  multiplication  by  the  symbol 
indicating  the  greatest  class  common  to  two  classes.  In  this 
way  many  curious  relations  are  found.  The  other  type  of 
theorem  is  yet  more  general,  and  deals  with  "  a  species  of 
arithmetical  elimination."  Liouville  gives  the  following: 
"if  n  =  dS  be  any  resolution  of  n  into  factors,  and  A(n), 
G{n),  H(.n),  P(.n),  Q{n)  any  numerical  functions  of  n 
satisfying  S^(d)G(a)  =  H(n)  and  XA(d)PiS)  =  Q(n),  then 
SQ(d)G(5)  =  SP{(i)/f(a);  the  summations  for  all  values 
d,  S  such  that  dS  =  n."  The  proof  of  this  is  immediate  by 
the  foregoing  method;  also  the  general  case  of  elimination 
between  m  such  equations  is  easily  derived  in  compact  form. 
Applying  these  results  to  the  functions  found  in  the  first 
part,  an  indefinite  number  of  relations  are  derived. 

5,  The  results  for  the  number  of  representations  of  an 
integer  m  as  the  sum  of  n  squares  have  been  completed  by 
Glaisher  for  n  >  18,  in  a  fonn  which  involves  only  functions 
of  n,  including  a  particular  function  dependent  upon  the 
number  of  primary  numbers  having  m  as  norm.  In  Dr.  Bell's 
second  paper  the  aim  is  different,  and  it  is  required  to  express 
the  numbers  of  representations  in  terms  of  reel  divisors  of 
numbers  not  exceeding  the  number  to  be  represented,  and  in 
terms  of  the  numbers  of  representations  of  special  numbers 
in  the  given  form.  As  usual,  Euler's  second  method  is  used, 
viz.,  logarithmic  differentiation  of  theta  identities.  From 
these,  if  originally  s  theta  series  and  products  are  multiplied 
together,  are  found  recurrence  relations  connecting  the  numbers. 
of  representations  of  m  as  the  sum  of  s  squares  of  specified 
linear  forms,  e.  g.,  either  all  odd  or  a'  odd  and  a  —  a'  even, 
and  numerical  functions  of  the  numbers  1,  2,  ■■■,  m—  1. 
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In  the  cases  where  these  recurrence  relations  hold  between 
the  functions  for  the  numbers  themselves,  and  not  their  squares, 
they  may  be  used  to  furnish  a  sufficient  set  of  linear  equations 
from  which  the  numbers  of  representations  are  deduced.  If 
the  recurrences  are  between  functions  of  squares,  the  resulting 
set  of  equations  is  in  general  deficient,  and  cannot  be  used. 
From  this  standpoint  the  functions  JC.(n),  6{n),  W(n)  of 
Glaisher  are  replaced  by  their  equivalents  of  the  form 
2/(»i)ff(n  —  t),  r  =  0,  ■  ■  -,  n,  where  /(n),  g(n)  are  numerical 
functions  depending  on  n  alone.  The  representations  as  far 
as  24  squares  are  easily  found  thus.  As  an  example  of  the 
nature  of  the  formulie,  if  ^,(a  +  8n)  is  the  total  number  of 
decompositions  of  «  +  8n  into  the  sum  of  3  odd  squares,  then 


where 

A(n)+A(n-l)-^.(s+S)  0        A(2)       A(3) 

■■-  A(n-2) 


A(Tt-3) 


4{n-2)  +  i(n-3)-f,(,'<+S)       0      -"    -^ 


A{n-4) 


4(3)+A(2)-^.(»+8) 

0 

0 

i(2) 

0 

iC2) 

0 

0 

0 

...    -^.    0    4(2) 

and  A{m)  =  the  excess  of  the  sum  of  the  odd  divisors  of  m 
over  the  sum  of  the  even  divisors  of  m. 

6.  Mr.  Clements  presents  the  following  results,  supple- 
mentary to  those  published  by  him  in  the  June  number  of  the 
Bulletin.    If  the  transformation 
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T  :       X  =  /(u,  t),    y  =  ^(u,  e), 

where /(u,  v)  and  ^(u,  s)  ere  single-valued  and  analytic  func- 
tions of  the  complex  variables  u  and  r  in  the  point  (0,  0)  and 
vanish  there,  is  defined  throughout  a  complete  neighborhood 
B  of  (u,  e)  =  (0,  0),  it  defines  a  neighborhood  fl  of  the  point 
{x,  y)  =  (0,  0).  If  to  some  point  {x,  y)  of  the  region  R  there 
correspond  from  T,  m  points  (u,  v)  of  R,  and  if  to  no  point  of 
R  do  there  correspond  more  than  m  points  (u,  v)  of  R,  then 
there  exists  an  m-valued  inverse  defined  throughout  the  com- 
plete neighborhood  of  {x,  y)  —  (0,  0),  everywhere  continuous, 
analytic  except  along  a  complex  onendimensional  locus  where 
it  is  less  than  m-valued,  and  having  the  value  w  =  0,  t>  =  0 
when  X  =  0,  y  =  Q. 
Let 

,  _  MiSL     J      _  ^(/.  J-) 
''^^  D{u,v)'    *'"-'       D{u,v)- 

If  Ji{0,  0)  =  ■ .  ■  =  J^M  0)  =  0,  J„CO,  0)  +  0,  and  if  in 
the  point  (0,  0)  J^i  is  a  factor  of  every  J„  with  smaller  sub- 
script, then  T  is  equivalent  to  transformations  one-to-one 
and  analytic  both  ways,  combined  with  a  single  transformation 
of  the  form  a;  =  «,  y  =  c". 

7.  Professor  Kasner  shows  that  the  only  element  trans- 
formations which  convert  integrable  equations  of  the  form 
Adx  ■¥  Bdy  +  Cdz  =  0  into  integrable  equations  are  the 
contact  transformations. 

8.  The  theorem  proved  by  Dr.  Taylor  is  the  following: 
Let  f(z)  be  a  function  which  is  single-valued  and  analytic 

throughout  the  interior  of  a  region  S  of  the  z-plane.  If  /(z) 
vanishes  at  every  point  of  a  connected  portion  of  the  boundary, 
two  points  of  which  can  be  joined  by  a  curve  C  lying  wholly 
within  5,  then  /(z)  s  0. 

A  proof  of  this  theorem  was  given  by  Painlev6,  Tovhuee 
Annates,  volume  2  (1888),  page  B.  29,  for  the  case  where  the 
portion  of  the  boundary  Along  which  f{z)  vanishes  is  an  arc 
of  a  regular  curve.  The  proof  given  in  the  present  paper 
holds  for  the  general  case  for  which  the  theorem  is  stat<Kl. 

9.  The  character  of  a  transformation  of  n  variables  (real 
or  complex)  in  the  neighborhood  of  a  point  where  its  Jacobian 
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determinaat  does  not  vanish  is  well  known.  The  purpose 
of  Dr.  Dederiek's  paper  is  to  show  that,  in  general,  the  trans- 
fonnatioD  of  the  neighborhood  of  a  point  where  J  =  0  is 
essentially  similar  to  the  transformation  yi  =  xi^,  t/i  =  a:,-, 
(i  =  2,  ■  ■  •,  n)  in  the  neighborhood  of  a  point  where  xi  =  0. 
This  is  done  by  breaking  up  the  given  transformation  into 
three  successive  transformations,  of  which  the  first  and  last 
have  non-vanishing  Jacobians  and  the  second  is  of  the  form 
indicated.  Apart  from  considerations  of  continuity  the  only 
restriction  on  the  application  of  this  process  is  the  requirement 
of  the  non-vanishing  of  at  least  one  of  the  determinants  ob- 
tMned  from  J  by  replacing  one  of  the  functions  in  it  by  J 
itself. 

10.  Professor  Volterra  considers  his  integral  equation  of 
the  first  kind  under  a  new  form  which  has  a  special  significance 
in  the  theory  of  the  composition  of  the  first  kind.  He  con- 
siders the  fundamental  problem  of  finding  all  the  functions 
which  are  permutable  with  a  given  function,  and  shows  that 
these  problems  are  only  particular  cases  of  a  new  type  of 
linear  integral  equations.  He  studies  the  equations  of  this 
type  and  more  especially  the  equation 

(1) 


jr*={x,  mi  y)d^  +£^^=''  ^^'f'^^'  y^^^  =  ^(^'  y^- 


where  4f>,il/,0&K  given  functions  and/  is  the  unknown  function. 

Hie  cases  are  distinguished:  where  this  equation  has  an 
infinite  number  of  finite  solutions,  where  there  is  only  a 
single  finite  solution,  and  where  there  is  no  solution. 

In  this  connection  the  author  demonstrates  the  general 
theorem:  The  necessary  and  sufficient  condition  that  the 
equation 

(2)  £<p{x,  om,  y)  +  jT/C-r,  OHk.  v)di  =  0 

has  an  infinite  number  of  solutions,  <p.  if"  being  given  functions 
of  the  first  order  and  /  the  unknown  function  of  the  first  order, 
is  that 

(3)  >p{x>  a-)  +  ^{x,  X)  =  0. 

To  prove  this  theorem  it  is  necessary  to  recall  that  a  function 
fix,  y)  is  of  the  first  order  when  f{x,  x)  S  0.     When   (.3)   is 
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satisfied,  all  the  solutions  of  equation  (2)  depend  on  an  arbi- 
trary function  of  one  variable,  and  to  obtain  them  it  is  neces- 
sary to  solve  a  partial  integro-differential  equation  of  the 
first  order.  The  solution  is  given  by  a  series  which  is  always 
convergent. 

Similarly  to  solve  the  integral  equation  (1)  it  is  necessary 
to  emp'oy  an  integro-differential  equation. 

Finally,  considering  the  relation 


£' 


M  «*»(^  y)d^  =  'f'ix.  y), 

the  author  employs  the  symbol  f  ip  =  ^  and  introduces  the 
new  symbols  /  =  ^  <fi~^,  ^  =  / "'  !^  . 

The  symbol  /"'  leads  to  a  theory  with  regard  to  functions 
analogous  to  the  relation  of  fractions  to  the  integers.  The 
author  gave  an  account  of  this  theory. 

11.  The  fact  that  to  a  properly  discontinuous  group  of 
linear  transformations  of  a  complex  variable  there  correspond 
single-valued  analytic  functions  which  are  invariant  under  the 
transformations  of  the  group  was  shown  by  Poincar^  by  means 
of  the  automorphic  theta  functions.  It  is  conceivable,  how- 
ever, that  the  functions  thus  formed  may  admit  the  trans- 
formations of  a  larger  group  which  contains  the  given  group 
as  a  subgroup.  The  object  of  Professor  Osgood's  paper  is 
to  show  that  there  are  functions  which  admit  the  transforma- 
tions of  the  given  group,  but  of  no  larger  group. 

12.  Professor  Birkhoff  presented  a  proof  of  the  theorem  of 
Poincar^  recently  enunciated  in  the  Bendiconii  del  Circolo 
MateTnatico  di  Palermo  (volume  33  (1912),  pages  375-407). 
This  proof  will  be  published  in  the  coming  January  number 
of  the  Trantadiont  of  the  Society, 

13.  Professor  Huntington's  paper  gives  a  new  set  of  postu- 
lates for  ordinary  euclidean  three-dimensional  geometry. 
The  postulates  involve  only  two  variables:  (1)  a  symbol  K, 
which  may  denote  any  class  of  elements  A,  B,  C,  ■  ••;  and  (2) 
a  symbol  R,  which  may  denote  any  relation  ARB  between  two 
of  these  elements,  llie  most  familiar  system  (K,  R)  which 
satisfies  all  the  postulates  is  the  system  in  which  K  is  the  class 
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of  all  spheres  oF  diameter  not  less  than  some  constaDt  e{c  ^  0), 
and  R  is  the  relation  of  inclusion,  so  that  A^B  means  "A 
within  B."  Any  two  systems  {K,  R)  which  satisfy  all  the 
postulates  are  shown  to  be  isomorphic  with  respect  to  the 
variables  K  and  R;  so  that  any  such  system  is  logically  identical 
with  the  geometric  system  just  mentioned.  The  postulates 
therefore  form  a  "  categorical  set "  by  which  the  geometric 
type  of  system  {K,  R)  is  completely  determined.  The  set 
contains  eighteen  "  formal  laws "  which  are  shown  to  be 
independent  of  one  another,  and  seven  "  existence  postulates  " 
which  are  shown  to  be  independent  of  one  another  and  of  the 
formal  laws.  The  most  im[>ortant  definitions  are  the  fol- 
lowing: A  sphere  is  any  element  of  the  class  K.  A  point  is  a 
sphere  which  contains  no  other  sphere  within  it.  If  A  and 
B  are  two  points,  the  segment  [AB]  is  the  class  of  points  X 
such  that  any  sphere  which  contains  A  and  B  will  also  contain 
X.  If  A,  B,  C  are  three  points,  the  triangle  [ABC]  is  the  class 
of  points  X  such  that  every  sphere  which  contains  A,  B,  and 
C  wUI  also  contain  X.  The  line  AB  is  the  class  of  points 
belonging  to  the  segment  [AB]  or  to  either  of  its  two  pro- 
longations, [AB']  and  [BA'].  Here  [AB'],  for  example,  is  the 
class  of  points  X  such  that  [XB]  contains  A.  The  plane 
ABC  is  the  class  of  points  belonging  to  the  triangle  [ABC] 
or  to  any  of  its  six  extensions.  Here  the  vertical  extension 
[AB'C],  for  example,  is  the  class  of  points  X  such  that  [BOX] 
contains  A;  and  the  lateral  extension  [ABC],  for  example,  is 
the  class  of  points  X  such  that  [AB]  and  [CX]  have  a  common 
point.  Two  lines  are  parallel  if  they  belong  to  the  same  plane 
and  have  no  point  in  common.  The  mid-point  of  a  segment 
[AB]  is  the  (unique)  point  of  intersection  of  the  diagonals 
of  a  parallelogram  constructed  on  [AB]  as  one  diagonal. 
The  center  of  a  sphere  is  a  (unique)  point  0  within  the  sphere 
such  that  every  pair  of  chords  containing  0  are  the  diagonals 
of  a  parallelogram.  Here  a  chord  of  a  sphere  is  a  segment  whose 
end  points  are  within  the  sphere  while  both  its  prolongations 
are  outside.  By  the  aid  of  the  definitions  of  mid-point  of  a 
segment  (which  gives  translation)  and  the  center  of  a  sphere 
(which  gives  rotation)  it  is  then  easy  to  define  the  congruence 
of  two  segments.  All  these  definitions,  it  should  be  noticed, 
are  in  terms  of  the  fundamental  variables  K  and  R.  The 
paper  will  be  published  (in  English)  in  the  Mathematiache 
Annalen. 
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14.  The  paper  of  Dr.  Jackson  is  primarily  a  study  of  the 
degree  of  convergence  of  the  series  obtained  by  integrating 
or  differentiating  a  given  Fourier  series  a  given  number  of 
tunes.  The  Abelian  device  of  partial  summation  suffices 
if  the  number  of  integrations  or  differentiations  is  even;  if 
this  number  is  odd,  recourse  is  had  to  a  theorem  communi- 
cated by  the  author  at  a  recent  meeting  of  the  Society,  con- 
cerning the  approximate  representation  of  an  indefinite 
integral  by  a  finite  trigonometric  sum.  The  following  results 
are  of  a  more  special  nature: 

If  /(^)f  a  function  of  period  2x,  has  a  (i  —  l)th  derivative 
satisfying  a  Lipschitz  condition  with  coefficient  \,  then /(x) 
is  represented  by  the  partial  sum  of  its  Fourier's  series  to 
terms  of  the  nth  order  (n  ^  5),  with  an  error  not  exceeding 
36X  log  n/n*.  If  k  is  odd,  the  coefficient  36  may  be  replaced 
by  12. 

If  the  Fourier  series  X(a„  cos  nx  +  b^  sin  nx)  converges 
uniformly  so  that  the  remainder  after  terms  of  the  nth  order 
does  not  exceed  ifi(n),  where  2(^(n)  log  n)/n  converges  and 
lino—o.  *»(")  log  n  =  0,  then  the  series  Z(an  sin  nx  ~  bn 
cos  fir)  converges  uniformly. 

15.  In  this  paper,  Mr.  Bennett  points  out  that  a  solution 
in  positive  numbers  of  a  system  of  linear  algebraic  equations 
with  positive  coefficients  is  possible  when  and  only  when  the 
given  equations  can  be  reduced  to  a  certain  normal  form. 
The  proof  depends  immediately  upon  two  simple  lemmas  of 
n-dimensional  geometry.  For  a  large  class  of  cases  sufficient 
conditions  that  the  positive  quantities  occurring  in  a  so'ution 
shall  be  integers,  are  obtained  by  elementary  geometrical 
methods. 

F.  N.  Cole, 
Secretary. 
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THE  TWENTY-SECOND    REGULAR    MEETING   OF 
THE  SAN  FRANCISCO  SECTION. 

The  twenty-second  regular  meeting  of  the  San  Francisco 
Section  of  the  Society  was  held  at  the  University  of  California 
on  October  26,  1912.  About  twenty  persons  were  present, 
including  the  following  members  of  the  Society: 

Mr.  B.  A.  Bernstein,  Professor  H.  F.  Blichfeldt,  Dr.  Thomas 
Buck,  Professor  G.  C.  Edwards,  Professor  L.  M.  Hoskins, 
Dr.  Frank  Irwin,  Dr.  C.  G.  P.  Kuschke,  Professor  D.  N.  Leh- 
mer.  Professor  J.  H.  McDonald,  Professor  W.  A.  Manning, 
Professor  H.  C.  Moreno,  Professor  C.  A.  Noble,  Professor  E. 
\V,  Ponzer,  Professor  T.  M.  Putnam  and  Professor  A.  W, 
Whitney. 

One  session  was  held  beginning  at  10:30  a.h.,  Professor 
Hoskins,  chairman  of  the  section,  presiding.  The  following 
officers  were  elected  for  the  ensuing  year:  chairman.  Pro- 
fessor Edwards;  secretary.  Professor  Manning;  program  com- 
mittee. Professors  Manning,  Noble,  and  Moreno. 

It  was  voted  to  hold  the  next  meeting  at  Stanford  Univ- 
ersity on  April  12,  1913.  The  members  present  lunched 
together  after  the  meeting  at  the  Faculty  Club. 

The  following    papers    were    presented    at    this    meeting : 

(1)  Professor  D.  N.  Lehmer:  "On  the  expansion  of  the 
pure  surd  IV"'." 

(2)  Professor  A,  W,  Whitney:  The  representation  upon  a 
tetrahedron  of  the  logical  relations  of  two  classes." 

(3)  Professor  C.  I.  Lewis  :  "  A  new  algebra  of  implications." 
Professor  Lewis  was  introduced  by  Professor  Whitney. 
Abstracts  of  the  papers  follow  below, 

1.  The  nth  complete  quotient  of  the  surd  fl"*  being  written 
in  the  form 

Professor  Lehmer  shows  that  the  coefficients  A^,  B„,  C„,  ■  ■■, 
A'b,  Pi,  and  Q„  are  expressible  as  follows: 
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An  =7*^.    Bn  =  ay^,    C„  =  0=7*^,    -■-,    A'n  =«*"', 

(-  1)"-*  Qn  =  a*  -  fl7S  (-  iTPn  =  o*-')3  -  Ry^% 

where  afy  and  ^/J  are  the  nth  and  (n  —  l)th  convergents 

in  the  expansion  of  R}"'.    Other  remarkable  relations  between 

the  coefficients  are  indicated. 

2.  From  two  logical  classes  can  be  developed  a  system  of 
sixteen  elements  which  is  closed  under  the  operations  of  logical 
addition,  multiplication,  and  negation  and  forms  a  group 
under  a  certain  other  operation.  Professor  Whitney  discusses 
this  system  and  shows  that  it  has  a  high  degree  of  symmetry 
and  that  its  internal  structure  is  the  same  as  that  of  a  regular 
tetrahedron. 

3.  In  the  paper  of  Professor  Lewis  there  is  set  up  a  revised 
system  of  implications  in  the  algebra  of  logic  which  will 
exclude  such  doubtful  theorems  as  "A  false  proposition 
implies  any  proposition  "  and  "A  true  proposition  is  implied 
by  any  proposition."  This  system  indicates  that  definitions 
in  mathematics  are  relations  of  reciprocal  implication,  and 
that  such  relations  can  sometimes  be  deduced  instead  of 
assumed.  T.  M.  Putnam, 

Secretary  of  theSection. 


THE  FIFTH  INTERNATIONAL  CONGRESS  OF  MATH- 
EMATICIANS.   SECTIONS  II-IV. 

Section  II.  Geometrt. 
In  geometry,  four  sectional  meetings  were  held,  the  chair- 
men being  H.  F.  Baker,  F.  Severi,  J.  Drach  and  F.  Morley. 
A.  L.  Dixon  and  E.  Bompiani  were  elected  permanent  secre- 
taries for  all  the  sessions.  The  following  papers  were  pre- 
sented before  this  Section. 

(1)  Brouweh,  L.  E.  J.,  Amsterdam:  "Sur  la  notion  de 
classe  de  transformations  d'une  multiplicity." 

(2)  MoRLET,  P.,  Baltimore:  "  On  the  extension  of  a  theorem 
due  to  W.  Stahl." 

(3)  El8ENHART,L.  P.,  Princeton:  "  Continuous  deformation 
of  surfaces  applicable  to  quadrics." 
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(4)  BoMPiANi,  E.,  Rome:  "  Recent  progress  in  projective 
differential  geometrj'," 

(5)  Nevili£,  E.  H.,  Cambridge,  England:  "  On  generalized 
mo\ing  axes." 

(6)  Bhuckneh,  M.,  Bautzen:  "  Ueber  Raumteilung  durch 
6  Ebenen  und  die  Sechsflache." 

(7)  Martin,  A.,  Washington:  "On  rational  right-angled 
triangles." 

(8)  Stephanos  C,  Athens:  "  Sur  I'Squivalent  analytique 
du  probl&me  des  prindpea  de  la  gfomfetrie." 

(9)  EssoN,  W.,  Oxfonl : "  On  the  characters  of  plane  curves." 

(10)  Dkach,  J.,  Toulouse:  "  R&umfi  de  recherches  g^ 
omfitriques." 

(1 1)  Grossmann,  M.,  Zurich : "  Die  Zentralprojection  in  der 
ahsoluten  Geometric." 

(12)  ScHOUTE,  P.  H.,  Groningen:  "On  the  characteristic 
numbers  of  the  polytopea  «iCi  ■  •  ■  c»_iS«+i  and  eiCf  ■  e^-iM, 
of  space  S." 

(13)  Kasneh,  E.,  New  York:  "  Conformal  geometry." 

(14)  TzrrzEicA,  G.,  Bucharest:  "Sur  les  surfaces  isother- 
miques." 

(15)  SoMMERViLLE,  D.  M.  Y.,  St.  Andrews:  "The  pedal 
line  of  the  triangle  in  non-euclidean  geometry." 

(16)  HosTiN8Ki^,B., Prague: "Sur les Hessiennessuccessives 
d'une  courbe  du  troisi^me  degr£." 

(17)  FiNSTEBBUSCH,  J.,  Zwicltau:  "  Geometrische  Maxima 
und  Minima  mit  Anwendung  auf  die  Optik." 

(18)  HrnsoN,  Miss  H,  P.,  Croydon: "  On  binodes  and  double 
curves." 

(19)  Study,  E.,  Bonn:  "Conformal  mapping  of  complex 
domains." 

(20)  Hatzidakis,  N.,  Athens:  "  Sur  les  paires  de  triedres 
de  Frenet." 

(21)  KoNiG,  D.,  Budapest:  "  Zur  analysis  situs  der  Dop- 
pelmannigfaltigkeiten  und  der  projectiven  Raume." 

(22)  SiNZOV,  D.,  Charkow:  "  Sur  la  thSorie  des  connexes," 

(23)  Janiszewski,  Z.,  Warsaw:  "  Ueber  die  Begriffe  Linie 
und  Flache." 

(24)  Weitzenbock,  R.,  Bonn:  "  Ueber  das  sechs-Ebenen- 
Problem  im  Ri." 

1.  Two  uniform  and  continuous  representations,  one  of  a 
closed  multiplicity  ju  and  the  other  ii',  are  said  to  belong  to 


-obvGoo»^lc 


1913.]      INTEBNATIORAL   CONGBEBS.      SECTIOSS  II-IV.         177 

the  same  class  if  it  is  possible  to  go  from  one  to  the  other  by 
contiDUous  modification.  Professor  Brouwer  proved  that 
in  the  case  in  vhich  both  entities  are  spheres,  fdl  the  repre- 
sentations  of  the  same  degree  belong  to  the  same  class. 

2.  In  the  article  of  Stahl  (CrelU,  volume  104)  referred  to  by 
Professor  Morley,  the  following  theorems  appeared:  Any 
conic  on  the  double  lines  of  a  rational  quartic  determines  by  the 
other  four  common  lines  the  fundamental  involution.  In 
the  present  paper  the  following  theorems  are  added:  any 
pencil  of  curves  of  class  four  on  the  double  lines  of  a  rational 
quintic  contains  five  which  touch  the  quintic.  The  five 
parameters  of  contact  are  in  the  fundamental  involution. 

Any  set  of  curves  of  class  six  on  the  double  lines  of  a  rational 
sextic  contains  six  which  osculate  the  sextic.  The  six  param- 
eters  of  osculation  are  in  the  fundamental  involution. 
Similarly  for  class  n. 

3.  Professor  Eisenhart's  paper  is  in  abstract  as  follows: 

If  £  is  a  surface  applicable  to  a  quadric  Q  and  Si  is  a 
Bianchi  transform  of  S,  the  joins  of  corresponding  points  on 
S  and  jSi  form  a  Tf-congruence  for  which  these  surfaces  are 
the  focal  surfaces.  By  the  general  theory  of  TF-congruences 
one  has  accordingly  an  infinitesimal  deformation  of  S  and  Si. 
Professor  Eisenhart  has  made  use  of  these  infinitesimal  de- 
formations to  build  a  suite  of  continuous  deforms  of  Q. 
Such  a  suite,  called  a  ayaiem  (Q),  is  determined  by  a  set  of 
five  differential  equations  in  two  dependent  and  three  in- 
dependent variables,  which  can  be  shown  to  admit  of  anal>'tic 
solutions.  When  a  solution  is  known,  the  intrinsic  functions 
of  the  surfaces  are  given  directly.  Systems  (Q)  occur  in  pairs, 
corresponding  surfaces  of  the  two  systems  being  focal  surfaces 
of  a  TF-congruence.  These  systems  admit  transformations 
into  systems  of  the  same  kind  which  are  a  generalization  of 
the  Bianchi  transformations  of  a  single  surface.  There 
exist  systems  (Q)  of  ruled  surfaces  applicable  to  Q.  When 
in  particular  Q  is  an  hyperboloid  of  revolution  of  one  sheet, 
there  arises  incidentally  a  continuous  deformation  of  Bertrand 
cmves  into  curves  of  the  same  kind. 

4.  Dr.  Bompiani  summarized  his  report  as  follows: 

The  first  results  of  projective  difTerential   geometry  of 
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hyperapace  appear  in  papers  by  Del  Pezzo  (1886)  on  spaces 
tangent  to  a  given  vaiiety  immersed  in  a  larger  one,  and  by 
Segre  (1888)  on  systems  of  oo"-!  lines  in  S„. 

In  his  more  recent  memoirs,  published  between  1896  and 
1910,  Professor  Segre  has  treated  this  branch  of  geometry  in 
a  different  way,  which  has  opened  up  a  new  field.  If  we 
consider  the  curves  of  a  variety  V^  issuing  from  one  of  its 
points  with  a  determinate  osculating  S,(p  =  0),  the  spaces  Sn 
(n  >  r)  which  osculate  it  belong  to  a  linear  space  which  is 
called  the  n-osculant  to  the  given  variety  along  the  fixed  S, 
(when  it  does  not  coincide  with  the  former).  The  first  problem 
(of  local  character)  concerns  the  distribution  of  the  osculating 
Sn  among  the  n-osculants,  the  law  of  variation  of  these  spaces 
with  the  S„  etc,  A  second  problem  (of  general  character) 
concerns  the  possibility  of  associating  with  K„  varieties  of 
fewer  dimensions  to  which  the  osculating  spaces  are  related. 
This  problem  corresponds  to  that  of  the  determination  of  a 
double  system  of  conjugate  lines  on  a  given  surface;  it  is 
stated  in  terms  of  one  or  more  differential  equations.  An 
application  to  the  study  of  ruled  surfaces  and  certain  curves 
upon  them  has  been  made  by  WUczynski  and  others.  In  the 
theory  of  multiply  infinite  systems  of  lines,  the  analogous 
problem  to  that  in  St  of  finding  the  developables  of  a  given 
congruence  is  that  of  finding  the  ruled  surfaces  in  the  system 
and  of  finding  the  minimum  indices  of  the  various  developables. 

6.  Dr.  Briickner  made  a  further  study  of  the  problem  which 
he  discussed  at  the  Rome  congress.  He  considered  the  de- 
piction of  the  42  complete  figures  composed  of  six  planes  and 
explained  the  method  of  construction.  A  number  of  the 
figures  were  illustrated  by  means  of  models. 

9.  In  Professor  Esson's  paper  the  changes  in  the  Flucker 
numbers  were  derived  which  take  place  when  a  curve  of  a 
pencil  has  a  double  point  or  cusp,  and  a  criterion  was  deduced 
for  discriminating  between  proper  tangents  and  lines  passing 
through  double  points  or  cusps.  The  dual  cases  were  then 
considered  and  the  corresponding  formulas  derived. 

12.  After  having  indicated  the  meaning  of  the  expansion 
symbols  ei,  ei,  ■  ■  ■,  Cn-i  representing  operations  to  be  applied 
to  the  edges,  faces,  limiting  bodies  ...  of  one  of  the  three 
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regular  polytopes  (simplex,  measure  polytope,  cross  polytope) 
in  order  to  get  the  semiregular  polytopes  correspondmg  to  the 
semiregular  polyhedra  of  Archimedes,  and  having  recalled 
that  the  application  of  all  these  operations  one  after  another 
to  the  measure  polytope  and  the  cross  polytope  leads  to  the 
same  result,  Frofessor  Schoute  explains  how  the  characteristic 
numbers,  i.  e.,  the  numbers  of  vertices,  edges,  faces,  etc.,  of 
the  two  polytopes  of  space  Sn+i  can  be  deduced  from  those  of 
the  two  polytopes  of  space  5»  by  means  of  a  rule  nearly 
as  simple  as  the  generally  known  rule  of  the  triangle  of  Pascal. 
In  the  case  of  the  simplex  we  have 

Si 6  6  I 

St 24  36  14  1 

Sa 120  240  150  30  1 

Ss 720        1800        1560  540         62        1 

in  the  case  of  the  measure  polvtope  we  get 

S, 8  8  1 

St 48  72  26  1 

S* 384  768  464  80  1 

St 3840        9600        8160        2640        242        1 

In  both  cases  the  unit  always  represents  the  thing  itself. 
Now  each  number  in  these  tables  is  deduced  from  the  one 
that  is  immediately  above  it  and  the  one  on  the  same  hori- 
zontal line  as  the  latter  one  place  to  the  left.  This  may  be 
shown  for  both  cases  by  indicating  how  we  pass  from  the 
plane  S2  to  ordinary  three  dimensional  space  St.  For  the 
simplex  we  find 

number  of  faces        =  2(1  +  6) 

number  of  edges       =3(6  +  6) 

number  of  vertices  =  4,6 
and  for  the  measure  polytope 

number  of  faces        =  2.1  +  3.8 

number  of  edges        =  4.8  +  5.8 

number  of  vertices    =  6.8 
In  these  two  cases  there  is  only  a  difference  as  to  the  multi- 
pliers represented  in  heavy  tj-pe. 

After  having  given  the  geometrical  proof  of  these  rules  as 
far  as  the  step  leading  up  from  iSi  to  St  is  concerned,  the  author 
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indicates  how  the  two  forms  obtiuned  in  Sa  may  be  represcDted 
by  the  coordinates  of  their  vertices.  Thus  the  symbol  (3, 2, 1, 0) 
represents  the  vertices  of  the  polyhedron  with  the  diaractei^ 
istic  numbers  (24,  36,  14)  deduced  from  the  simplex  in  a 
certain  kind  of  barycentric  coordinates,  whilst  (1  +  2V2, 
1  +  V  2,  1]  represents  in  the  same  way  in  ordinary  cartesian 
coordinates  the  vertices  of  the  polyhedron  with  the  cbar- 
acteriatic  numbers  (48,  72,  26).  In  the  case  of  (3,  2,  1,  0) 
the  round  brackets  mean  that  we  have  to  take  all  the  per- 
mutations of  the  values;  in  the  case  of  [1  +  2V  2, 1  +  V2,  1] 
the  square  brackets  indicate  that  we  have  to  take  all  the 
permutations  of  the  values  with  all  the  possible  combinations 
of  the  signs  plus  and  minus.  By  the  introduction  of  these 
symbols  the  analytical  proof  with  respect  to  the  step  from  n 
to  n  +  1  is  nearly  as  simple  as  that  from  2  to  3. 

In  the  end  it  was  indicated  that  the  proved  recurrent  re- 
lations lead  up  to  the  following  results  by  means  of  the  method 
of  induction.  If  ap,  „  represents  the  number  of  limits  (Op 
of  p  dimensions  of  a  polytope  in  S„,  we  have 

for  cicj  ■  •  ■  Cn-i  S{n  +  1) 

a^i,  »  =  2(2"  -  1) 

a«-!,  «  =  3(3"  -  2.2-  +  1) 

a^a,  „  =  4(4"  -  3.3"  +  3.2"  -  1) 


for   6x62  ■  ■  •  Cn-l  A/b 

a^i,  „  =  3"  -  1 

a™-j,  n  =  5"  -  2.3"  +  1 

a^i,  „  =  7"  -  3.5"  +  3.3"  -  1 

the  laws  of  succession  of  which  are  sufficiently  transparent. 

It  is  almost  unnecessary  to  add  that  the  operations  of  ex- 
pansion were  introduced  by  Mrs.  A.  Boole  Stott  ("  General 
deduction  of  semiregular  polytopes  and  space  fillings  of 
regular  ones,"  Verhandelingen  of  Amsterdam,  volume  11,  num- 
ber 1),  but  it  is  necessary  to  say  that  the  geometrical  proof 
given  by  the  author  was  also  suggested  by  her. 

13.  The  geometry  of  the  plane  based  upon  the  infinite 
group  consisting  of  all  conformal  transformations  has  been 
developed  only  in  those  directions  which  are  suggested  by  the 
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theory  of  functions  of  a  complex  variable.  Certain  simple 
and  fundamental  problems  have  therefore  been  overlooked. 
The  simplest  configuration  of  real  interest  is  the  curvilinear 
angle  (two  analytic  arcs  having  a  point  in  common).  The 
conformal  transformation  is  required  to  be  regular  all  around 
the  vertex.  When  are  two  angles  equivalent?  Equality 
of  magnitude  is  of  course  necessary,  but  not  always  sufBcient. 
Professor  Kasner  studies  the  differential  invariants  of  higher 
order  which  thus  arise.  It  makes  an  essential  difference 
whether  the  magnitude  of  the  angle  is  commensurable  or 
incommensurable  with  respect  to  180°.  The  case  of  the  born 
angle  (two  curves  touching  each  other)  is  of  special  interest. 

14.  After  having  recalled  the  methods  of  representatioQ 
which  he  had  previously  developed.  Professor  Tzitzeica  applied 
them  to  a  system  of  partial  differential  equations  of  the  third 
and  of  the  fourth  oi^er.  In  the  latter  case  he  obtained  the 
equation  of  the  fourth  order  derived  by  another  method  by 
Rotfae  and  by  Calapso. 

15.  The  loci  discussed  by  Professor  Sommerville  are  defined 
as  follows:  In  non-euclidean  geometry,  if  the  feet  of  the  per- 
pendiculars X,  Y,  Z  from  P  upon  the  ades  of  a  triangle  ABC 
are  collinear,  the  locus  of  P  (pedal  locus)  is  a  bi-partite  cubic 
passing  through  A,  B,  C;  the  envelope  of  XYZ  (pedal  envelope) 
is  a  curve  of  the  third  class  touching  the  sides  of  the  triangle. 
In  euclidean  geometry  the  pedal  locus  degenerates  into  the 
circum-drde  and  the  line  at  infinity.  The  only  other  case 
in  which  the  locus  degenerates  into  a  straight  line  and  a  circle 
is  when  the  triangle  is  equilateral  with  inuginary  angles 


16.  Let  m  be  the  parameter  in  the  equation  of  a  plane  cubic 
curve  reduced  to  the  Hessian  canonical  form,  and  r  the  ab- 
solute invariant.  Professor  Hostinsky  considered  the  suc- 
cessive Hessians  Hj,  Hi,  •  ■  -  of  the  given  curve,  regarded  as 
functions  of  m,  and  in  particular  the  condition  for  periodicity, 
Hn  =  ffo,  in  which  Ho  is  a  given  cubic.  Ifn  =  l,thesyzygetic 
pencil  obtained  by  varying  m  contains  four  curves  which 
degenerate  into  three  straight  lines,  each  of  which  is  identical 
with  its  Hessian. 

For  n  =  2,  there  are  three  cycles  composed  of  harmonic 
curves  (r  =  0).    Whenn=  3,  the  condition  is  r^  +  3r  +  3  =  0, 
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and  there  are  eight  cycles.  For  everj'  value  of  n  the  equation  in 
T  is  always  abelien.  If  Ht  is  bipartite,  H^+i  and  Ht-i  are 
unipartite. 

18.  In  the  paper  of  Miss  Hudson  two  theorems  were  dis- 
cussed: 

If  a  point  0  is  an  isolated  binode  which  reduces  the  class 
of  ft  surface  F  by  i,  then  F  ^  H  ■  K  +  fi,  in  which/,-  is  small 
of  order  i  near  0,  and  H,  K  are  surfaces  each  passing  once 
only  through  0,  and  having  contact  of  order  t  —  2  with  one 
sheet  of  F. 

If  F  is  of  degree  n  and  has  t  triple  points  lying  upon  a 
general  nodal  curve  C  of  degree  m.  and  rank  r  with  d  nodes, 
then,  if  there  are  no  other  singularities,  the  number  of  pinch 
points  on  F  is  2{m{n  —  2)  —  r  —  2d  —  (),  and  the  reduction 
in  the  class  of  the  surface  is  m(7n  —  12)  —  4r  —  8d  +  3(. 

20,  The  paper  of  Professor  Hatzidakis  dealt  with  the  re- 
lations existing  between  the  curvature  of  a  pair  of  generalized 
trihedra  of  Frenet.  The  expressions  for  curvature  and  torsion 
of  the  one  (Di)  are  derived  in  terms  of  those  of  the  other  (Z>i), 
and  the  direction  cosines  of  (Di,  Dt)  and  also  the  condition 
that  Di  is  a  trihedron  of  Frenet  with  regard  to  Dj  are  found. 
Finally,  the  relations  between  the  normal  and  the  geodesic 
curvatures,  and  also  the  geodesic  torsion  are  derived. 

21.  As  generalization  of  the  concept  of  double  surface, 
double  varieties  for  hyperspace  may  be  defined.  In  this 
way  spheres  appear  as  double  varieties  of  projective  spaces 
having,  the  same  number  of  dimensions.  From  these  hy- 
potheses, Dr.  Konig  derived  the  following  theorem:  The  n- 
dimensional  projective  space  is  unilateral  for  even  values  of 
n,  and  bilateral  for  odd  values. 

23.  Spatial  intuition,  by  means  of  which  we  think  we  know 
something  of  the  concepts  curve  and  surface,  often  leads  us 
astray.  An  example  is  furnished  by  those  curves  and  surfaces 
tiperties  not  compatible  with  intuition.  Dr.  Janis- 
scussed  the  two  cases:  first,  a  curve  having  a  strip  in 
with  every  plane  of  a  parallel  pencil,  and  holo- 
with  a  plane  curve  whose  multiple  points  compose  a 
n;  second,  a  surface  which  cannot  contain  any  repre- 
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sentation  of  the  area  of  a  circle — namely,  a  cylindrical  surface 
whose  directrix  is  a  plane  curve  without  a  simple  arc. 

24.  When  six  planes  are  given  in  Rt,  then  in  the  general 
case  there  are  five  lines  which  these  planes  cut.  Dr.  Weitzen- 
bock  explained  the  geometric  significance  of  this  number  and 
derived  an  equation  of  order  five  whose  roots  determine  the 
five  lines. 

Section  Ilia.    Mechanics,  Physical  Mathematics, 

ASTBONOMT. 

The  programme  consisted  of  the  following  papers: 

Turner,  H.  H.,  Oxford:  "  On  double  lines  in  periodograms." 

MouLTON,  F.  R,,  Chicago:  "  Relations  of  families  of  periodic 
orbits  in  the  restricted  problem  of  three  bodies." 

FoppL,  L.,  Gottingen:  "Stabile  Anordnungen  von  Elek- 
tronen  im  Atom." 

Smoluchowski,  "M.  S.,  Lemberg:  "  On  the  practical  ap- 
plicability of  Stokes's  law  of  resistance  and  the  modifications 
of  it  required  in  certain  cases." 

Love,  A.  E.  11.,  Oxford:  "  The  application  of  the  method  of 
W.  Ritz  to  the  theory  of  the  tides." 

Leuschner,  a,  v.,  Berkeley : ' '  The  Laplacian  orbit  methods. " 

Bennett,  G.  T.,  Cambridge:  "  The  balancing  of  the  four- 
crank  engine." 

Karman,  Th.  von,  Gottingen :  "  Luftwiderstand  und  Hydro- 
dynamik." 

Brohwich,  T,  J.  I'a.,  Cambridge:  "  Some  theorems  relat- 
ing to  the  resistance  of  compound  conductors," 

EwALD,  P,  P.,  Gottingen:  "  Dispersion  and  double  refrac- 
tion of  electrons  in  rectangular  grouping  (crystals)," 

Miller,  D.  C,  Cleveland :  "The  graphical  recording  of  sound 
waves;  effect  of  free  periods  of  the  recording  apparatus." 

Tebbadas,  E.,  Barcelona:  "  On  the  motion  of  a  chain." 

Abraham,  M.,  Milan:  "The  gravitational  field." 

McLaren,  S.  B.,  Birmingham:  "  Aether,  matter,  and 
gravity." 

SiLBERSTEiN,  L,,  Rome:  "Self-contained  electromagneric 
vibrations  of  a  sphere  as  a  possible  model  of  the  atomic  store 
of  latent  energy." 

SoMiGLiANA,  C,  Torino:  "  Sopra  un  criterio  di  classifica- 
zione  dei  massimi  e  dei  minimi  delle  funzioni  di  piu  variabili." 
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EssoN,  W.,  Oxford:  "On  a  law  of  connection  between  two 
phenomena  which  influence  one  another." 

Blaschke,  W.,  Eldena:  "Reziproke  Krafteplane  zu  den 
Spannungen  in  einer  biegsamen  Haut." 

Blumenthal,  C,  Aachen:  "  Ueber  asymptotische  Inte- 
gration von  Differentialgleichungen  mit  Anwendung  auf  die 
Berechnung  vod  Spannungen  in  Kugelschalen." 

BouLAD,  F.,  Cairo:  "  Extension  de  la  notion  des  valeurs 
critiques  aux  ^nations  &  4  variabiea  d'ordre  nomographique 
supferieure." 

Brodetbkt,  S.,  Cambridge:  "The  solution  of  dynamical 
problems." 

Denizot,  a.,  Lemberg:  "  Theoretiaches  fiber  den  freien 
Fall  eines  Korpers  bei  rotierenden  Erde." 

DouoALL,  J.,  Kippen:  "  The  method  of  transitory  and 
permanent  nodes  in  the  theory  of  elasticity." 

Hagen,  J.  G.,  Rome:  "  How  the  Atwood  machine  proves 
the  rotation  of  the  earth,  even  quantitatively." 

Lamb,  H.,  Manchester:  "On  wave-trains  due  to  a  single 
impulse." 

Sampson,  R.  A.,  Edinburgh:  "  Some  points  in  the  theory  of 
errors." 

Section  III6.    Economics,  Actuahial  Science,  Statistics. 

The  following  papers  were  read: 

Lehfeldt,  R.  A.:  "Equilibrium  and  disturbance  in  the 
distribution  of  wealth." 

Amoroso,  L.:  "I  caratteri  matematici  della  scienza  eco- 
nomica." 

Sheppakd,  W.  F.,  Surrey:  "  Reduction  of  errors  by  means 
of  negli^ble  differences." 

Brodie,  R.  R.,  Edinburgh:  "  Curves  of  certain  functions 
relating  to  mortality  and  compound  interest." 

Peek,  J.  H. :  "  Application  of  the  calculus  of  probabilities 
in  calculating  the  amount  of  securities,  etc.,  in  the  Dutch 
State  Insurance  Office." 

QuiQUET,  A.,  Parb:  "  Sur  une  mfethode  d'interpolation  ex- 
pos^ par  Henri  Poincar^  et  sur  une  application  possible  aux 
fonctions  de  survie  d'ordre  n." 

Steffensen,  J.  F.  A.  F.,  Hellerup:  "On  the  fitting  of 
Makeham's  curve  to  mortality  statistics." 
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Edgewobth,  F.  Y.,  Oxford;  "A  method  of  representing 
frequency  groups  by  aualjiiic  geometry." 

Heron,  D.:  "  Fallacious  methods  of  measuring  association." 

Sheppard,  W.  F.,  Surrey:  "The  calculation  of  moments 
of  an  abrupt  frequency  dbtribution." 

Ar.\ny,  D.,  Budapest:  "  Ein  Beitrag  zur  Laplace'schen 
Theorie  der  erzeugenden  Funktion." 

G£rardin,  a.,  Nancy:  "  Statistique  des  vingt  series  parues 
du  Repertoire  Bibliographique  des  Sciences  Math^matiques." 

Section  IVa.    Philosopht,  Histort. 

The  list  of  titles  of  papers  is  as  follows: 

BuRALi  Forti,  E.:  "  Sur  les  lois  g£n6rales  pour  Talgorithme 
des  symboles  de  fonction  et  d'op^ation." 

Blumberg,  H.  :  "  Ueber  ein  Axiomen-System  fur  die 
Arithmetik." 

Enesthom,  G.:  "  Resolution  relating  to  the  publication  of 
G.  Valentin's  general  Bibliography  of  mathematics." 

G£rardin,  a.  : "  Note  historique  sur  la  thforie  des  nombres." 

Harding,  P.  J.:  "  The  geometry  of  Thales." 

Huntington,  E.  V.:  "A  set  of  postulates  for  abstract 
geometry  expressed  in  terms  of  the  simple  relation  of  in- 
clusion." 

Itelson,  G.:  "  Bemerkungen  uber  das  Wesen  der  Mathe- 
matik." 

Itelson',  G.  :  "  Thomas  Solly  von  Cambridge  als  Logistiker." 

JouRDAiN,  P.  E.  B. :  "  Isoid  relations  and  the  modern  theory 
of  irrational  numbers." 

JouRD.^iN,  P.  E.  B.:  "Fourier's  influence  on  pure  mathe- 
matics." 

JouRDAiN,  P.  E.  B.:  "The  ideas  of  the  '  fonctions  anal- 
ytiques  '  in  Lagrange's  early  work." 

LoRiA,  G.:  "  Intorno  ai  metodi  usati  dagli  antichi  greci 
per  estrarre  le  radici  quadrate." 

MuiRHEAD,  R.  F,:  "Superposition  as  a  basis  for  geometry; 
its  logic  and  its  relation  to  the  doctrine  of  continuous  quantity." 

Padoa,  a.:  "Comparaison  entre  la  logique  de  I'extension 
et  la  logique  de  la  compr^ension." 

Padoa,  A.:  "  Une  demonstration  du  principe  d'induction 
compl&te." 

RuDio,  P.:  "  Mitteilungen  iiber  die  Eulerausgabe." 
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Vacca,  G.  :  "  Siil  valore  della  ideografia  nella  espressione 
del  pensiero;  differenze  caratteristiche  tra  ideografia  e  lin- 
guaggio  ordinario." 

Vacca,  G.:  "On  some  points  in  the  history  of  the  infinit- 
esimal calculus;  relations  between  English  and  Italian 
mathematicians. " 

Zermelo,  E.:  "  Ueber  die  Grundlagen  der  Mengenlehre." 

Zekueix),  E,  :  "  Ueber  eine  Anwendung  der  Mengenlehre 
auf  die  Theorie  des  Schachspiels," 

Zeruelo,  E.:  "Ueber  axiomatische  und  genetische  Me- 
thoden  bei  der  Grundlegung  mathematischer  Disciplinen." 

Section  IV6.    Didacticb. 

Section  IV6  held  six  meetings  (two  of  them  jointly  with 
Section  IVa),  under  the  chairmanship  of  the  following  gentle- 
men in  order:  Hon.  B.  A,  W.  Russell,  C.  Godfrey,  David 
Eugene  Smith,  A.  Gutzmer,  E.  Czuber,  C.  Bourlet,  J.  W.  A. 
Young,  Sir  J.  J.  Thomson,  R.  Fujisawa,  C.  Godfrey. 

Three  of  these  sessions  were  held  jointly  with  the  Inter- 
national Commission  for  the  Teaching  of  Mathematics.  The 
first  of  these  was  opened  by  an  address  of  welcome  by  the 
chairman,  C,  Godfrey.  Thereupon,  the  following  address  on 
the  work  of  the  Commission  was  delivered  by  David  Eugene 
Smith,  who  had  been  in  recent  conference  with  the  president 
of  the  Commission,  Professor  Klein,  and  the  central  committee: 

"As  has  already  been  mentioned.  Professor  Klein,  to  whose 
great  energy  and  wisdom  the  success  of  the  International  Com- 
mission on  the  Teaching  of  Mathematics  is  largely  due,  is 
unable  to  be  present,  on  account  of  illness.  It  was  my  privilege 
to  propose  to  the  delegates  at  our  meeting  on  Wednesday  the 
sending  of  a  telegram  to  Professor  Klein,  and  I  now  propose 
the  same  message  to  Section  IV,  as  follows:  'The  Inter- 
national Commission  on  the  Teaching  of  Mathematics,  and 
Section  IV,  at  their  first  Cambridge  meeting,  express  regret 
at  your  absence  and  best  wishes  for  your  recovery.'  * 

"  The  Commission  was  organized  for  the  purpose  of  re- 
porting upon  the  present  status  of  the  teaching  of  mathematics 
in  the  various  countries  of  the  world.  Special  sub-committees 
have  also  been  appointed  from  time  to  time,  to  consider 
questions  of  international  rather  than  merely  national  interest, 

*  By  imaoiinoua  vote  the  telegram  was  duly  seDl  to  Professor  Kleia. 
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About  one  hundred  and  fifty  reports  on  the  work  done  in  the 
various  countries  have  been  prepared,  and  at  least  fifty  more 
are  in  contemplation.  A  world-wide  interest  in  the  improve- 
ment of  mathematical  teaching  has  been  awakened,  and  the 
influence  of  the  movement  is  certain  to  be  very  far  reaching. 
Ten  countries  have  completed  the  task  set  for  themselves. 
In  chronological  order  of  completion  these  countries  are 
Sweden,  Holland,  France,  Switzerland,  Austria,  Japan,  the 
United  States  of  America,  the  British  Isles,  Hungary,  and 
Denmark.  In  process  of  publication  are  the  monumental 
work  of  Germany,  with  twenty-seven  out  of  thirty-six  reports 
already  printed,  and  the  reports  of  Italy,  Roumania,  Spain, 
and  Russia.  In  contemplation  are  the  reports  of  Greece, 
Norway,  Australia,  Portugal,  Servia,  and  doubtless  of  several 
other  countries. 

"  As  to  the  future  work  of  the  Commission,  the  Central 
Committee  earnestly  desires  that  it  be  authorized  to  see  to 
the  completion  of  the  reports.  It  is  therefore  very  desirable 
that  it  be  continued  in  power,  botli  for  this  purpose  and  for 
the  consideration  of  certain  questions  of  great  international 
significance.  Such  topics  as  the  proper  training  of  engineers, 
of  calculus  in  the  secondary  schools,  of  the  genera!  value  of 
intuition  in  the  teaching  of  mathematics,  of  the  training  of 
teachers,  and  of  the  educational  (cultural,  disciplinary,  non- 
technical) value  of  mathematics,  may  properly  occupy  the 
attention  of  the  Commission  in  the  next  four  years.  Special 
conferences  having  already  been  held,  at  Bruxelles  and  Milano; 
it  is  proposed,  if  the  committee  is  continued  in  power,  to  hold 
others  between  now  and  the  time  of  the  meeting  of  the  Congress 
of  1916,  if  that  shall  be  the  date.  Possibly  such  conferences 
may  be  held  in  France  in  1914,  in  Germany  in  1915,  and  in 
Stockholm  in  1916. 

"  It  is  also  hoped  that  each  country  will  prepare  a  summary 
of  the  large  features  of  the  reports  of  other  countries,  to  the  end 
that  the  work  that  has  been  accomplished  may  have  its  full 
effect.  It  is  further  hoped  that  the  various  countries  will 
continue  the  financial  support  that  has  been  given  to  the 
central  committee  In  the  past. 

"  A  word  should  be  said  at  this  time  in  memory  of  those  dis- 
tinguished teachers  who  have  been  connected  with  the  move- 
ment, but  who  have  been  called  from  their  labors  to  solve 
the  great  problem.    Soon  after  the  last  Congress  adjourned. 
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Professor  Vailati,  of  Rome,  a  distinguished  writer  and  an 
accomplished  scholar,  passed  away.  Scarcely  in  his  full 
prime  of  life,  his  loss  is  felt  not  by  Italy  alone,  but  by  all  who 
appreciate  scholarship  and  high  educational  standards. 
Professor  Bovey,  president  of  the  Imperial  Technical  College 
at  South  Kensington,  who  was  charged  with  the  labor  of 
reporting  for  Canada,  has  also  been  called  from  us;  in  his 
death  the  world  lost  a  scholar  and  an  administrator  of  prom- 
inence. And  as  he  was  planning  to  attend  this  Congress, 
four  weeks  ago  to-day,  Geheimratb  Professor  P.  Treutlein  of 
Carlsrube,  passed  suddenly  away.  In  his  death  Germany 
lost  one  of  her  foremost  educators,  and  the  International 
Commission  one  of  its  best  supporters. 

"  We  shall  now  proceed  to  the  election  of  the  officers  for 
the  next  session,  and  then  to  the  reception  of  the  reports. 
The  central  committee  has  consulted  with  the  committee 
on  organization  and  it  has  been  decided  that  the  first  set  of 
reports  shall  be  presented  to  the  library  of  the  University  of 
Cambridge,  a  second  set  to  our  official  hosts,  the  Cambridge 
Philosophical  Society,  and  a  third  set  to  that  great  world- 
library,  the  library  of  the  British  Museum." 

The  general  secretary  of  the  Commission  next  made  a 
statement  as  to  the  work  of  the  central  committee,  and  sub- 
mitted its  collected  publications. 

Thereupon  the  reports  of  the  various  countries  were  formally 
submitted  to  the  congress.  The  countries  were  called  in 
alphabetical  order  in  the  French  language,  and  the  following 
members  of  the  Commission  presented  the  reports,  with  a 
brief  oral  description,  and  a  longer  written  statement,  which 
will  be  published  in  the  Proceedings  of  the  Congress,  and  in  the 
official  organ  of  the  Commission,  L'Etiseignement  MaihSmatiqtte, 
The  statement  accompanying  the  American  report  will  be 
published  in  School  Sciences  and  Malhemaiics,  the  official 
American  organ. 

Germany,  Professor  A.  Gutzmer  (Halle) ;  Austria,  Professor 
E.  Czuber  (Vienna);  Belgium,  Principal  E.  Clevers  (Ghent); 
Denmark,  Professor  H.  Fehr;  Spain,  Professor  Toledo  (Mad- 
rid) ;  United  States,  Professor  J.  W.  A.  Young  (Chicago) ;  France, 
Professor  C.  Bourlet  (Paris);  Greece,  Professor  H.  Fehr;  Hol- 
land, Professor  J.  Cardinaal  (Delft) ;  Hungary,  Professor  E.  Beke 
(Buda-Pesth);  British  Isles,  Professor  C.  S.  Jackson  (Wool- 
wich); Italy,  Professor  G.  Castelnuovo  (Rome);  Japan,  Pro- 
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lessor  R.  Fujlsawa  (Tokio);  Norway,  Professor  M.  Alfsen 
(Christiania) ;  Portugal,  Professor  F.  J.  Teixeira  (Oporto); 
Routnania,  Professor  G.  Tzitzeica  (Bucharest);  Russia,  Pro- 
fessor H.  Fehr;  Sweden,  Professor  H.  Fehr;  Switzerland,  Pro- 
fessor H.  Fehr  (Geneva). 

Also  the  following  associated  countries:  Brazil,  Professor 
E.  de  B.  R.  Gabaglia  (Rio  de  Janeiro);  Servia,  Professor  M. 
Petrovitch  (Belgrade). 

At  the  second  joint  session  of  Section  IV&  and  the  Inter- 
national Commission,  the  report  of  sub-commission  B,  on 
"  The  mathematical  education  of  the  physicist  in  the  univ- 
ersity," was  presented  by  Professor  C.  Runge,  and  followed 
by  a  lively  discussion. 

At  the  last  joint  session  of  Section  IVi  and  the  International 
Commission,  C.  Goldziher  presented  a  report  on  the  work  done 
by  David  Eugene  Smith  and  himself  towards  preparing  a 
bibliography  of  works  on  the  teaching  of  mathematics, 
published  since  1900.  (This  bibliography  is  about  to  be 
published  by  the  United  States  Bureau  of  Education  and  can 
be  obtained  from  the  Bureau  on  request.)  Upon  motion  of 
Professor  Smith  the  following  resolution  was  passed: 

Resolved:  that  Section  IVb  of  the  International  Congress  of 
Mathematicians,  assembled  at  Cambridge,  expresses  its 
thanks  to  the  Honorable  the  United  States  Commissioner  of 
Education  for  his  great  interest  in  publishing,  for  free  dis- 
tribution, the  recent  bibliography  on  the  teaching  of  mathe- 
matics (1900-1912),  and  the  hope  that  it  may,  through  his 
good  offices,  be  brought  to  completion  to  the  year  1915,  with 
such  additions  to  the  present  list  as  may  seem  desirable. 

David  Eugene  Smith  then  presented  the  report  of  Sub- 
commission  A  on:  "  Intuition  and  experiment  in  mathematical 
teaching  in  secondary  schools."  The  presentation  of  the 
report  was  followed  by  an  extended  discussion.  This  report 
will  be  published  in  the  various  official  organs  named  above. 

In  the  other  sessions  of  Section  IV&  the  following  papers  were 
presented : 

Whitehead,  A.  N. :  "  The  principles  of  mathematics  in 
relation  to  elementary  teaching." 

SUPPANTSCHITCH,  R,:  "  Le  raisonnement  logique  dans  I'en- 
seignement  math^matique  universitaire  et  secondaire." 

Hill,  M.  J.  M.:  "  The  teaching  of  the  theory  of  proportion." 

Hatzidakis,  N.:  "  Systematische  Rekreationsmathematik 
in  den  mittieren  Schuien." 
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G£rardin,  a.:  "Sur  quelques  nouvelles  machines  algfe- 
brique9," 

Carson,  G,  St.  L.:  "  The  place  of  deduction  in  elementary 
mechanics." 

XuNN,  T.  P.  "  The  proper  scope  and  method  of  instruction 
in  the  calculus  in  schools." 

It  was  not  possible  to  secure  brief  abstracts  of  the  above 
papers  for  incorporation  in  this  report.  The  papers  will  be 
published  in  full  in  the  Proceedings  of  the  Congress,  and 
elsewhere. 

Sir  G.  Greenhill  made  the  following  statement  in  regard 
to  the  work  of  the  International  Commission  on  the  teaching 
of  mathematics. 

"  The  statement  I  have  to  make,  Sir,  to  the  Congress,  is 
given  in  the  formal  words  following: 

1.  The  International  Commission  on  the  Teaching  of 
Mathematics  was  appointed  at  the  Rome  Congress,  on  the 
recommendation  of  the  members  of  Section  IV. 

2.  The  several  countries,  in  one  way  or  another,  have 
recognized  officially  the  work,  and  have  contributed  financial 
support. 

3.  About  150  reports  have  been  published,  and  about  50 
more  will  appear  later. 

4.  The  Commission  will  report  in  certain  sessions  of  Section 
IV. 

5.  The  Commission  hopes  to  be  continued  in  power,  in 
order  that  the  work  now  in  progress  may  be  brought  to 
completion. 

A  resolution  to  this  effect  will  be  offered  at  the  final  meeting 
of  the  Congress." 

The  third  general  session  closed  the  Congress.  At  this 
session,  upon  motion  of  C.  Godfrey,  seconded  by  W.  von  Dyck, 
the  following  resolution  was  unanimously  passed.  Its  adop- 
tion had  previously,  upon  the  motion  of  Sir  George  Greenhill, 
been  unanimously  recommended  to  the  Congress  by  the 
International  Commission  on  the  Teaching  of  INIathematics, 
in  its  separate  session,  and  by  Section  IVb  in  joint  session  with 
the  Commission. 

that  the  Congress  expresses  its  appreciation  of 
t  given  to  its  Commission  on  the  Teaching  of 
cs  by  various  governments,  institutions,  and  in- 
:hat  the  Central  Committee  composed  of  F.  Klein 
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(Gottingen),  Sir  G.  Greenbill  (London)  and  H.  Fehr  (Geneva) 
be  continued  in  power  and  that,  at  its  request,  David  Eugene 
Smith,  of  New  York,  be  added  to  its  number;  that  the  dele- 
gates be  requested  to  continue  their  good  offices  in  securing  the 
cooperation  of  their  respective  governments,  and  in  carrying 
OD  the  work;  and  that  the  Commission  be  requested  to  make 
such  further  report  at  the  Sixth  International  Congress,  and 
to  hold  such  conferences  in  the  meantime  as  the  circumstances 
warrant. 

ViROiL  Snyder. 


THE    MUXSTER    MEETING    OF    THE    DEUTSCHE 
MATHEMATIKER-VEREINIGUNG. 

The  annual  meeting  of  the  Deutsche  Mathematiker^Verein- 
igung  was  held  in  affiliation  with  the  eighty-second  con- 
vention of  the  association  of  German  naturalists  and  physicians 
at  Munster  in  Westphalia,  September  15  to  19,  under  the  presi- 
dency of  Professor  W.  v,  Dyck, 

As  usual,  ample  provision  was  made  for  the  entertainment 
of  the  guests,  a  number  of  excursions  being  arranged  for  the 
afternoons,  and  a  reception  or  concert  each  evening.  Perhaps 
the  most  interesting  excursion  was  that  to  the  neighboring 
city  of  Essen,  to  inspect  the  works  of  the  Krupp  manufacturing 
company.  The  guests  were  shown  the  manifold  processes 
of  casting  and  hardening  steel,  the  preparation  of  armor,  the 
boring  of  cannon,  etc.,  and  were  also  furnished  an  opportunity 
of  seeing  the  domestic  and  social  problems  and  usages  con- 
nected with  this  gigantic  enterprise. 

The  session  of  Tuesday  afternoon  was  devoted  to  the  ad- 
ministrative afTairs  of  the  society.  Reports  of  the  status  of 
the  Encyclopedia  and  of  the  International  commission  on 
mathematical  instruction- were  read,  as  well  as  a  statement 
concerning  the  publication  of  various  other  works  in  which 
the  society  is  interested,  primarily  those  of  Schroeder  and  of 
Euler.  At  this  session  Professor  W.  Killing  read  a  paper 
"On  the  preparation  of  the  gymnasium  teacher,"  which  was 
followed  by  a  general  discussion. 

The  session  of  Wednesday  morning  was  held  jointly  with 
the  section  of  physics,  upon  the  invitation  of  the  latter,  to 
listen  to  the  following  more  general  reports  in  mathematical 
physics: 
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(1)  D.  HiLBERT  (Gottingen) ;  "Begriindungderelementaren 
Strahlungstheorie. " 

(2)  W.  Nernst  (Berlin):  "  Ueber  den  Energiegehalt  der 
Gase." 

(3)  V.  Smolucbowski  (Lemberg) :  "  Experimeotell  nach- 
weisbare,  der  iiblichen  Thermodynamik  widersprecbende 
Molekularphanomene." 

Professor  Smolucbowski  presented  a  systematic  resum^  of 
certain  pbenomena,  obtained  experimentally,  based  upon  a 
general  formula  of  statistical  mechanics  derived  from  the 
fact  that  molecular  systems  execute  small  automatic  os- 
cillations from  the  state  of  thermodynamic  equilibrium,  ac- 
cording to  the  law  of  chance.  Here  belong  in  particular  the 
Brownian  molecular  motion  of  particles  suspended  in  liquids 
or  gases,  the  distribution  of  emulsion  particles  in  a  gravita- 
tional Seld,  the  irregularity  of  the  distribution  of  particles  in 
solutions  of  collodion  investigated  by  Svedberg,  the  appeal^ 
ance  of  opalescence  in  gases  and  mixtures  in  states  approxi- 
mating the  critical  ones,  the  blueness  of  the  sky,  certain 
manifestations  of  electric  and  optical  phenomena  observed 
in  emulsions  and  in  suspended  particles,  etc.  The  author 
called  attention  to  certain  other  important  phenomena, 
theoretically  expected,  which  await  experimental  confirmation, 
and  mentioned  the  width  of  the  lines  of  the  spectrum  of 
Fabry,  which,  according  to  the  Doppler  principle,  furnish  an 
excellent  justification  of  the  Maxwell  law  of  velocity.  All 
these  facts  decide  the  long  conflict  between  thermodynamics 
and  kinetic  theory  in  favor  of  the  latter,  so  that  it  follows  that 
the  second  fundamental  law  of  thermodynamics,  as  formulated 
by  Clausius,  Thomson,  and  others  is  not  true,  since  in  small 
intervals  of  time  and  of  space  contradictory  processes  are 
continually  going  on,  whi<~li   npp  nisn   nhwpvnhlp   in   nhvsicftl 

phenomena.    The  law  U 
of  time  and  space. 

Three  sectional  meeti 
presented  to  the  society  i 
account  of  the  Cambridj 
congress  of  mathematic 
shorter  and  the  attendai 
both  were  sufficient  to 
portant  one  in  the  histor 
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It  has  been  the  custom  during  a  number  of  years  to  pay 
particular  attention  to  some  one  branch  of  mathematics  at 
these  meetings,(and  the  proceedings  have  taken  the  form  of  sym- 
posiums and  reports  rather  than  the  presentation  of  finished 
papers  containing  results  of  original  research.  While  papers 
OD  other  subjects  were  welcomed,  the  emphasis  this  year  was 
primarily  on  differential  geometry,  and  over  half  the  papers 
treated  of  some  phase  of  this  subject. 

(1)  W.  V.  Dtck  (Munich):  "  Ueber  die  singularen  Stellen 
der  Differentialgleichungen  erster  Ordnung  zweiten  Grades." 

(2)  £.  H.  Moore  (Chicago):  "Remarks  concerning  rela- 
tively uniform  sequences  and  series  of  functions." 

(3)  R,  RoTHE  (Clausthal) :  "  Anwendung  der  Vektoranalysis 
auf  Differentialgeometrie." 

(4)  H.  Wiener  (Darmstadt) :  "  Ueber  eine  geometrische 
Theorie  der  algebraischen  Formen." 

(5)  F.  Meter  (Konigsberg) ;  "  Ueber  einen  verallgemein- 
erten  Krummungsbegriff." 

(6)  E,  Salkowbki  (Chariottenburg) :  "Ueber  die  verschie- 
denen  Begriindungsarten  der  Differentialgeometrie." 

(7)  R.  V,  LiLiENTHAL  (Miinster) :  "  Ueber  die  Bestimmung 
der  beriihrenden  Kurve  und  Flache  bei  Kurven-  und  Flachen- 
scharen." 

(8)  W.  Veltbn  (Kreuznach):  "  Ueber  die  Funktionen,  die 
aus  der  Jacobischen  Q-Funktionen  entspringen." 

(9)  A.  VoiGT  (Frankfurt) :  "  Mathematische  Theorie  des 
Tarifwesens." 

(10)  H.  MoHRMANN  (Carlsruhe) :  "  Ueber  bestandig  hyper- 
bolisch  gekriimmte  Kurvenstucke." 

Abstracts  of  a  number  of  the  papers  follow;  the  numbers 
correspond  to  those  of  the  titles  above. 

3.  Professor  Rothe  maintains  that  vector  analysis  in  dif- 
ferential geometry  is  in  fact  of  far  greater  importance  than 
furnishing  simply  an  abbreviation  in  the  proofs  and  a  con- 
venient formulation  of  results.  In  the  earlier  investigations, 
originated  by  Grassmann,  Hamilton,  Mobius,  the  main 
question  was  the  translation  of  formulas  already  known  into 
tile  language  of  vectors;  in  this  process  many  abridgements 
were  foimd  possible  in  the  presentation  and  proofs.  If  we 
confine  ourselves  to  vector  analysis  in  the  narrower  sense 
(algebra)  no  simpler  processes  appear  than  those  employed 
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by  Gauss,  but  when  differential  processes  (auaiysis)  are 
coDsidered,  it  becomes  a  different  matter.  There  we  deal 
particularly  with  the  gradient,  divergence,  and  curl.  By 
giving  these  concepts  their  proper  physical  meaning,  and 
combining  with  them  the  usual  elementary  concepts  of  dif- 
ferential geometry,  a  great  advance  is  possible.  With  every 
point  in  space  a  vector  (usually  one-valued)  is  associated, 
whose  direction  determines  the  lines  of  flow,  and  whose  length 
determines  the  intensity  of  the  field.  Such  considerations 
have  been  employed  (among  others)  by  Burali-Forti.  He 
takes,  for  example,  in  the  theory  of  surfaces  as  field  vector 
the  unit  vector  of  the  properly  directed  surface  normal,  and 
the  lines  of  flow  are  determined  as  the  lines  of  a  normal  con- 
gruence. This  assumption  materially  simpHfled  the  formulas 
of  the  theory  of  surfaces. 

After  explaining  the  concept  of  a  general  field,  a  number  of 
new  results  in  the  theory  of  surfaces  were  derived. 

4.  The  theory  of  invariants  of  algebraic  forms  of  order  v 
in  one  or  more  p-dimensional  variables  is  contained  within 
the  theory  of  the  forms  which  are  linearly  constructed  from 
V  series  X,  Y,  •■■,W.  The  form /(X,  K,  ■■  ■,W)  =  aiXi+--- 
+a^^  is  a  linear  form  of  order  i-  in  a  space  of  p  (homogeneous) 
dimensions  R^  when  its  coefficients  are  linear  forms  of  order 
f  —  1  in  the  series  Y,  ■  ■  -,  W.  Equated  to  zero  it  defines  a 
geometric  correspcmdence,  which  associates  v  —  1  arbitrarily 
chosen  points  Y,  ■  ■  -.W  as  locus  of  the  point  X  with  one 
element  of  p  —  1  dimensions  (point,  line,  plane,  .  .  .)  in 
space  Rf.  If  by  interchanging  the  series  of  /  new  forms  /i,  /j, 
•  ■  •  /,_!  appear,  then  rp  =  /  -|-  /i  +  ■  ■  ■  +  /i-i  is  a  polar 
form,  that  is,  in  it  any  two  rows  may  be  interehanged.  More- 
over, the  form  /  is  also  associated  with  a  null  form  n  =  f  —  p, 
that  is,  with  a  form  which  vanishes  when  the  coordinates  of 
any  arbitrary  point  are  substituted  in  all  the  series;  it  can 
always  be  written  in  such  a  manner  that  every  term  contains 
a  factor  (xiyi,  —  xtyi).  The  Clebsch-Gordan  development 
in  series  divides  a  form  /  into  its  polar  form  and  null  form, 
and  further  divides  the  latter  into  forms  whose  terms  contain 
1,  2,  3,  ■  ■  ■  factors  of  the  designated  kind,  while  the  associated 
remaining  factor  is  a  polar  form.  At  the  Dresden  meeting 
of  the  Vereinigung,  Professor  Wiener  explained  the  process  of 
transvection  as  applied  to  binarj'  forms,  and  thus  reduced  the 
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determination  of  the  invariants  of  any  form  to  the  problem 
of  determining  the  associated  polar  form  of  any  given  linear 
form.  In  the  extension  to  forms  in  p  variables  (ao  fjir  as 
completed)  he  employs,  as  method  of  construction,  only  the 
geometric  construction  of  the  linear  forms  and  their  linear 
systems,  and  as  means  of  proof  the  permutation  of  the  series 
and  the  Galois  groups  generated  by  it.  In  this  manner,  the 
application  of  any  symbol  in  the  new  theory  that  does  not  have 
a  geometric  meaning  is  rejected. 

6.  In  the  paper  of  Professor  Salkowski,  the  various  directions 
of  propagation  along  a  curve  were  considered  and  the  various 
concepts  of  curvature  systematized.  In  particular,  the  value 
and  significance  of  various  related  ideas,  like  the  synthetic 
methods  of  Schell  and  of  Mannheim,  were  criticized.  A  more 
extensive  summary  will  appear  in  an  early  number  of  the 
Jahresbericht. 

7.  Leibnitz  and  I'Hospital  were  familiar  with  the  fact  that 
the  various  curves  of  a  one-parameter  family  are  all  touched 
by  one  curve.  Monge  extended  the  idea  to  surfaces  (Appli- 
cations, §  6),  and  introduced  the  word  envelope  to  define 
the  surface  thus  generated,  the  word  being  at  once  sug- 
gested by  visualization.  If,  for  example,  we  take  a  cylinder 
whose  cross-section  extends  to  infinity  on  both  sides  of  an 
inflexional  tangent,  and  move  the  cylinder  along  the  tangent, 
a  family  of  surfaces  results,  each  of  which  is  touched  by  the 
same  plane.  Professor  Lilienthal  couMdered,  in  his  Differ- 
entialgeometrie.  Band  I,  the  conditions  under  which  the  curves 
of  a  cross-section  have  as  envelope  the  same  section  of  the 
envelope  of  the  surfaces.  The  same  method  is  here  immedi- 
ately extended  to  surfaces. 

Given  a  family  of  surfaces  /(x,  y,  z,  v)  =  0,  and  a  family  of 
space  curves 

(1)  /-O,        g{x,    y,    z,    ?)  =  0; 
or 

(2)  X  =  Mu,  B),    y  =  Mu,  V),    z  =  /.(u,  V); 

the  equations 

(3)  1^=0,    ^'  =  0 
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are  satisfied  by  (1).  Conversely,  if  (1)  and  (3)  satisfy 
X  =  ip\{T>),  y  =  ipti.'B),  z  =  Vii^),  the  curve  defined  by  these 
equations  is  a  contact  curve,  provided  the  determinants 
/rf*  ~  f'Qvt  etc.,  do  not  all  vanish  for  x  =  <(>\{v),  etc.  If  they 
do  vanish,  the  equations  must  be  further  examined.  For  the 
surfaces  defined  by  (2)  we  consider  the  determinants 

du    dv        dv    du' 

etc.  If  they  do  not  all  vanish  we  have  a  contact  curve  u= ^(n), 
provided  dfijdu  (i  =  I,  2,  3)  do  not  vanish.  We  now  assume 
that  the  u  series  and  v  series  are  orthc^onal;  theudx/dv,  etc., 
vanish  along  the  contact  curve.  The  series  of  contact  curves 
lie  on  a  surface.  We  consider  the  curve  in  the  region  of  an 
ordinary  point,  at  which  not  all  the  u-derivatives  vanish,  and 
the  normal  planes  of  the  surface.  Let  the  plane  Ni  contain 
the  tangent  to  the  contact  curve,  and  the  plane  Nt  be  perpen- 
dicular to  ^1  and  cut  the  surface  in  the  curve  L,  and  let  y  be 
the  smallest  value  of  n  for  which  the  derivatives  fl"a;/d»",  •  ■  ■ 
do  not  all  vanish.  For  the  coordinates  of  the  point  of  inter- 
section of  p  +  io  =  const,  and  L  we  have  expansions  of  the 
form 

»'  '+7ifi '■'"'>'+■■■■ 

and 

d'x 

is  the  equation  of  Ni.  For  odd  values  of  c,  the  part  of  the 
curve  L  corresponding  to  positive  values  of  Av  lies  on  one  side 
of  JVi,  and  that  corresponding  to  negative  values  on  the  other. 
The  contact  curve  is  therefore  not  a  proper  envelope.  For 
even  values  of  y  two  cases  are  possible;  first,  Ac  >  0  may 
correspond  to  a  different  part  of  the  curve  L  than  An  <  0,  in 
which  case  the  curve  L  has  a  cusp  at  its  point  of  intersection 
with  the  contact  curve,  which  is  an  edge  of  regression  on  the 
surface;  if,  however,  both  signs  of  Av  correspond  to  the  same 
point  of  L,  from  (4)  no  conclusions  can  be  drawn.  In  this 
case  the  contact  curve  is  an  envelope  of  the  series  v  =  const. 
This  can  be  seen  by  rolling  the  tangents  of  a  plane  curve 
around  a  cylinder. 
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Given  the  family  of  surfaces /(«,  y,  z,  v)  =  0,  and  the  curves 
/  =  0,    dfldv  =  0 
(characteriatica);  if  the  equations 

/  =  0,    df{dv  =  0,    Sildi?  =  0 

have  a  complete  solution,  corresponcling  geometrically  to  a 
curve,  this  curve  is  a  contact  curve  of  the  series  of  character- 
istics, provided 

dy    dzdv      dz  dydv '         '' 

are  not  all  zero.  It  is  not  necessarily  an  envelope  or  an  edge 
of  regression.  Monge's  "  arfite  de  rebroussement  "  is  not 
entirely  justified,  as  is  seen  in  the  example  of  the  circles  of 
curvature  and  spheres  of  curvature  of  a  space  curve. 

8.  Dr.  Velten's  paper  will  appear  in  full  in  the  next  number 
of  the  JakreabericM. 

9.  Professor  Voigt  first  pointed  out  a  number  of  serious 
errors  in  the  current  mathematical  theory  of  taxes  and  tariff, 
and  mentioned  the  remedy  found  in  his  recent  book:  Mathe- 
matische  Theorie  des  Tarifwesens  (Jena,  1912),  namely,  by 
means  of  a  rational  construction  of  the  tariff  from  a  mathe- 
matical basis.  Certain  advantages  to  both  the  importer 
and  to  the  government  were  explained  which  would  ensue 
from  this  procedure. 

Virgil  Snyder. 


SHORTER  NOTICES. 


Differential  and  Integral  Calculus.  By  Professor  L.  S.  HuL- 
BCHT.  New  York,  Longmans,  Green,  and  Co.,  1912,  xviii 
-I-  481  pp.  with  figures. 

The  subtitle  of  this  volume,  "  An  introductory  course  for 
colleges  and  engineering  schools,"  indicates  the  scope  of  the , 
author's  aims.  In  view  of  the  numerous  elementary  text 
books  on  the  calculus,  each  enjoying  more  or  less  popularity 
at  the  present  time,  it  might  seem  a  priori  that  a  newcomer 
in  the  field  would  have  difficulty  in  displaying  sufficient  in- 
dividuality to  warrant  its  entrance  upon  the  stage.     But  no 
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reader  of  Professor  Hulbuit's  book  will  have  any  difficulty 
in  recognizing  a  master  hand  at  all  stages  from  the  modest 
preface  to  the  closing  chapter  on  differential  equations.  In 
the  matter  of  notation,  of  selection  and  arrangement  of  topics 
and  of  kindred  points  we  may  continue  to  expect  a  wide 
variance  of  opinion,  but  it  is  obvious  that  the  author  has 
decided  views  on  ^ese  matters,  and  has  not  hesitated  to 
incorporate  them  in  his  book.  It  may  seem  rather  presump- 
tuous to  criticize  without  trial  what  such  a  successful  teacher 
as  Professor  Hulburt  tells  us  is  the  result  of  test  and  trial 
in  the  class  room,  but  as  the  fond  parent  is  ever  prone  to  regard 
the  idiosyncrasies  and  peculiarities  of  his  own  children  as 
evidences  of  promise  or  genius,  the  critic  may  at  all  times  be 
expected  to  differ  on  some  points.  Many  teachers  for  example 
prefer  the  symbol  d  jdx  to  Z>x,  which  the  present  text  employs, 
but  both  notations  are  so  common  that  even  the  beginner 
should  be  familiar  with  both.  Typographically  the  book  is 
well  done  and  quite  free  from  errors,  although  the  very  frequent 
use  of  a  double  line  within  brackets,  when  stating  a  theorem 
or  definition  consisting  of  two  parts,  differing  only  by  the 
substitution  of  an  alternative  word  or  phrase  at  one  or  more 
places,  does  not  add  to  the  attractiveness  nor  interest  of  certain 
pages.  The  use  of  very  heavy  cancellation  marks  in  the  alge- 
braic reduction  of  illustrative  examples  is  quite  conspicuous; 
but  it  is  obvious  that  these  are  mere  matters  of  taste  or  con- 
venience. The  double  use,  in  close  proximity,  of  e  as  the 
base  of  natural  logarithms  and  as  the  eccentricity  of  a  conic, 
without  explicit  statement,  might  lead  to  confusion.  There 
seems  to  be  no  reason  for  the  author's  defining  the  drcular 
functions  as  the  inverse  trigonometric  functions  instead  of 
adhering  to  the  well  established  meaning  as  found  in  various 
books  on  the  theory  of  functions  as  well  as  on  the  calculus. 

The  author  has  maintained  clearness  without  sacrificing 
rigor,  wherever  he  has  essayed  a  proof.  But  he  has  not  hesi- 
tated to  use  a  theorem  without  proof  where  he  believes  the 
rigorous  proof  would  not  appeal  to  the  ordinary  beginning 
student.  As  a  typical  illustration  of  this  we  might  mention 
the  theorem,  "  In  taking  a  mixed  partial  derivative  of  any 
order,  provided  the  function  be  continuous,  it  is  immaterial 
in  what  order  the  differentiations  are  performed."  Among 
others  the  general  theorems  on  limits,  and  the  ratio  test  for 
the  convergence  of  infinite  series  are  stated  without  proof. 
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This  omission  of  proofs  which  do  not  enligbten  is  in  accord- 
ance with  generally  accepted  sound  pedagogy  in  other  courses. 
Again  the  author  does  not  hesitate  to  introduce  a  new  idea 
by  a  working  definition  or  statement  of  a  theorem,  reserving 
the  rigorous  analytic  proof  for  later  pages.  For  example, 
he  begins  by  defining  a  function  as  being  discontinuous  for 
real  values  of  the  variable  "  wherever  it  has  a  break  in  its 
graph."  The  analytic  definition  of  discontinuity  follows  later. 
The  author  uses  the  method  of  limits,  as  distinguished  from 
the  method  of  rates,  and  appeals  strongly  to  the  geometrical 
intuition  from  the  start.  But  at  no  time  does  he  seem  to  lose 
sight  of  the  important  truth  that  a  clear  conception  of  the 
fundamental  ideas  of  the  calculus  is  of  more  importance  than 
the  mere  ability  to  manipulate  the  formal  side,  even  in  appli- 
cations. For  purposes  of  convenience  the  volume  is  divided 
into  six  books,  each  of  which  is  more  or  less  of  a  unit  in  itself. 
The  first  two  constitute  a  quite  complete  elementary  course 
in  themselves. 

Book  I,  with  its  seventeen  chapters  and  175  pages,  com- 
prises considerably  more  than  one  third  of  the  text  and  is  a 
complete  elementary  course  in  the  differential  calculus  of 
functions  of  one  variable.  The  introductory  chapters  on 
functions,  discontinuities  of  functions,  and  limits  are  models 
of  clearness  and  should  enable  any  intelligent  beginner  to 
start  upon  his  course  with  an  adequate  understanding  of  these 
rather  difficult  concepts.  The  distinction  between  the 
equation  of  a  graph,  and  the  function  which  the  graph  represents 
is  made  extremely  clear.  In  this  book  the  study  of  the  con- 
vexity and  concavity  of  algebraic  curves,  and  of  their  maxima, 
minima,  and  fiexes*  is  taken  up  before  the  formulas  for  dif- 
ferentiating logarithmic  and  exponential  functions  are  derived. 
The  illustrations  and  examples  in  this  book  are  almost  entirely 
geometrical,  except  in  the  brief  treatment  of  velocity. 
Chapters  X  to  XVI  are  devoted  to  plane  curves,  separate 
chapters  being  devoted  to  parametric  equations,  to  polar 
equations,  and  to  cycloidal  curves.  Curvature,  involutes,  and 
evolutes  are  treated  briefly.  The  collection  of  curves  is  a 
very  interesting  one.  It  may  be  noted  that,  despite  the 
amount  of  space  devoted  to  curves,  the  subjects  of  asymptotes 

•  Frofeasoi  Hulbiirt  (uJopU  the  terms  "  flex,"  "  flex  tangent,"  etc.,  instead 
of  the  loiter  "point  of  inflection,"  "  inflectional  tangent,  etc.  The  terms 
are  due  to  Proiesaor  Franlc  Morley. 
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and  of  general  methods  of  finding  singularities  are  not  taken 
up.  A3  these  topics  throw  little  added  light  on  the  meauing 
or  application  of  derivatives,  the  omission  is  doubtless  war- 
ranted, and  they  are  rightly  reserved  for  works  on  higher 
plane  curves  or  projective  geometry,  where  they  may  be 
completely  treated.  However  interesting  these  chapters  are 
to  the  mathematical  student,  it  may  seem  to  some  teachers 
that  they  might  he  curtailed  or,  preferably,  be  reserved  in  part 
for  some  later  book,  although  logically  they  belong  here.  There 
is  a  demand  from  the  physicists  and  others  in  engineering 
schools  that  the  formal  elements  of  both  differential  and 
integral  calculus  be  given  to  the  student  as  eariy  as  possible, 
and  this  goal  might  be  approached  by  deferring  these  chapters 
of  Book  I  until  after  Book  II  had  been  studied.  Indeter- 
minate forms  are  concisely  treated  in  the  last  chapter. 

Book  II  covers  90  pages,  of  which  but  25  are  devoted  to  the 
technique  of  formal  integration,  the  major  stress  being  on 
integration  by  the  aid  of  tables.  Of  the  ordinary  special 
methods  of  integration,  but  three  are  explained  in  detail — 
algebraic  substitution,  trigonometric  substitution,  and  in- 
tegration by  parts.  The  reduction  formulas  have  been 
deservedly  ejected  from  their  time  honored  seat,  and  do  not 
appear  in  the  volume  at  all,  while  the  integration  of  rational 
fractions  is  reserved  for  a  chapter  in  a  later  book.  Nineteen 
pages  are  devoted  to  the  applications  of  integration  in  kine- 
matics, so  that  this  topic  is  treated  with  some  detail,  and 
accomplishes  wei!  its  obvious  purpose  of  fixing  the  significance 
of  the  constants  of  integration  and  of  familiarizing  the  student 
with  typical  applications  of  the  indefinite  integral.  The 
remainder  of  this  book  is  devoted  to  the  simple  applications 
of  the  definite  integral, — calculating  the  lengths  of  arcs  of 
plane  curves,  the  areas  under  them,  and  the  surfaces  and  volumes 
of  solids  of  revolution.  The  clearness  of  statement  in  the 
two  chapters  on  the  definite  integral  deserves  special  note 
as  the  student  is  prone  to  swallow  this  part  of  the  theory  on 
faith  and  to  trust  to  his  works  in  solving  examples  to  bring 
about  his  salvation.  Yet  at  the  very  beginning  the  author  draws 
after  what  seems  to  be  the  least  convincing 
the  entire  book.  After  showing  that  x*  and 
h  integrals  of  3a:*,  he  immediately  states,  "  Hence 
■al  (italics  mine)  integral  of  3a^  is  a;*  -(-  c."  It 
I  the  reviewer  that  a  brief  table  of  integrals  might 
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well  have  been  included  in  the  volume  as  a  matter  of  con- 
venience if  not  of  necessity,  since  the  author  specifically  aims 
to  teach  the  students  to  use  a  table  skilfully.  The  references 
to  paragraphs  in  an  alien  book  are  at  times  slightly  confusing, 
and  it  seems,  in  general,  unwise  to  refer  to  paragraph  numbers 
which  may  be  changed  at  the  whim  of  another.  Many  teachers 
will  regret  the  absence  of  a  discussion  of  methods  of  ap- 
proximate integration. 

Book  III,  which  is  devoted  to  an  introduction  to  analytic 
geometry  of  three  dimensions,  will  be  warmly  welcomed  by 
teachers  who  find  it  necessary  to  take  up  the  calculus  without 
a  formal  course  in  solid  analytics.  The  essentials,  every- 
thing required  in  the  applications  of  the  calculus,  are  given 
compactly  (some  will  say  too  compactly)  but  clearly  and 
comprehensively  in  the  compass  of  20  pages.  The  teacher 
whose  students  have  covered  this  subject  matter  will  find  it 
convenient  for  review  and  reference,  whereas  others  will 
probably  find  no  serious  break  in  continuity  since  the  necessity 
for  a  three-dimensional  coordinate  system  is  presented  by  the 
nature  of  the  problems  to  be  attacked.  Volumes  of  simpler 
solids  and  areas  of  surfaces  are  treated  in  this  book  by  single 
integration  only. 

Book  IV,  of  55  pages,  is  a  brief  calculus  of  functions  of 
several  real  variables.  Partial  and  total  derivatives  with 
their  geometrical  interpretation  and  application,  and  multiple 
integrals  with  their  application  to  areas,  volumes,  surfaces,  and 
centers  of  mass  are  the  principal  topics  treated.  The  theory  of 
partial  and  total  derivatives  and  differentials  is  treated  in 
considerable  detail  and  one  sees  a  trace  of  humor  in  the  closing 
remark,  "  We  repeat  .  .  .  that  small  advantage  accrues 
from  the  use  of  differentials.  They  are  relics  of  the  early 
days  of  the  calculus,  and  as  the  reader  is  pr<Aahly  now  ready 
to  admit  (italics  mine)  constitute  for  the  bieginner  an  obstacle 
to  the  understanding  of  the  calculus  rather  than  an  aid. 
Nevertheless  they  are  in  almost  universal  use  and  it  is  therefore 
necessary  that  the  student  of  mathematics  become  thoroughly 
familiar  with  them."  Teachers  may  differ  as  to  the  utility 
of  this  relic.  Such  topics  as  work,  fluid  pressure,  and  center 
of  pressure  are  omitted.  It  b  doubtiess  true  that  these  subjects 
strengthen  very  slightly  the  grasp  of  the  student  on  the 
principles  and  methods  of  the  calculus,  as  the  mathematics 
is  lost  sight  of  in  struggling  with  the  ideas  of  physics  and 
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mechanics  involved.  The  moment  of  inertia  integral  is 
also  not  introduced  at  all,  and  center  of  mass  is  defined  as  an 
integral,  without  any  physical  interpretation  or  derivation. 
Book  V,  of  72  pages,  is  devoted  to  a  few  special  topics, 
chiefly  to  Taylor's  and  MacLaurin's  theorems,  De  Moivre's 
theorem,  hyperbolic  functions,  integration  of  rational  fractions,  * 
and  envelopes.  Many  teachers  doubtless  prefer  to  take  up 
some  of  these  topics  earlier,  to  which  the  author  would  cer- 
tainly not  object,  as  they  are  collected  In  this  rather  hetero- 
geneous book  for  convenience  of  omission  or  inclusion.  The 
devotion  of  a  few  pages  to  such  an  important  formula  as 
De  Moivre's  theorem  seems  justified,  although  it  is  omitted 
from  most  texts  in  common  use.  The  treatment  of  Taylor's 
theorem  possesses  peculiar  clearness  and  charm.  Based 
primarily  on  the  extension  of  the  law  of  the  mean,  the 
development  is  first  in  the  finite  form  where  the  remainder  is 
retained  and  discussed,  and  then  in  the  infinite  form,  applying 
of  course  only  when  the  series  is  convergent, — a  treatment 
which  certainly  tends  to  clearness.  The  caustic  is  a  leading 
example  of  an  envelope. 

Book  VI  is  entitled  "  An  Introduction  to  Ordinary  Dif- 
ferential Equations,"  and  the  subject  is  admirably  treated 
within  the  limits  of  30  pages.  It  is  vastly  more  than  a  mere 
tabulation  of  methods  of  solving  certain  types  of  differential 
equations.  A  half  dozen  pages  are  devoted  to  clearing  up  the 
ideas  involved  In  such  terms  as  "  solution  of  a  differential 
equation,"  "  particular  integral,"  "  complete  primitive,"  and 
the  like.  Then  all  classes  of  equations  ordinarily  met  by 
students  in  applied  mathematics  are  treated,  with  illustrative 
examples.  Clairaut's  equation  is  given  largely  as  a  curiosity. 
It  would  seem  to  the  reviewer  that  it  would  have  been  worth 
while  to  explain  in  somewhat  more  detail  the  special  method 
of  solving  linear  differential  equations  of  the  first  degree 
when  the  right  hand  member  contains  a  term  which  is  also 
a  term  of  the  complementary  function,  as  it  would  throw 
added  light  on  the  whole  topic.  The  remarks  by  the  author 
on  this  subject  (page  446)  are  scarcely  as  full  as  the  student 
will  need  to  make  them  truly  enlightening. 

Professor  Hulburt  has,  as  is  clear  from  the  above  outline, 
e  problem  of  producing  a  text  book  suitable  for 
es  and  engineering  schools  with  characteristic 
;ther  the  course  be  one  to  finish  off  the  mathe- 
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matical  studies  of  the  college  student,  or  to  mark  the  com- 
pletion of  formal  mathematics  for  the  prospective  engineer, 
or  be  but  the  stepping  stone  to  further  advanced  study  for  the 
mathematical  student,  the  arrangement  and  the  presentation 
in  this  volume  will  materially  aid  the  teacher  and  student. 
There  is  sufficient  of  the  spirit  of  research  and  rigorous  analysis 
to  meet  the  demands  of  the  last  class,  while  the  necessities 
of  the  others  have  not  been  neglected.  The  lists  of  problems 
are  of  sufficient  variety  and  extent  to  meet  all  ordinary  re- 
quirements. It  will  be  quite  clear  to  the  careful  reader  that 
both  in  illustrations  and  in  exercises,  the  author  has  avoided 
those  examples  which,  however  interesting  in  themselves, 
present  their  greatest  difficulty  or  interest  because  of  the 
dynamics,  physics,  or  other  science  involved,  and  beyond  that 
shed  little  or  no  new  light  on  the  methods  of  the  calculus. 
In  fact  the  field  of  dynamics  is  entirely  avoided.  On  the  other 
hand  the  author  does  not  attempt  to  conceal  or  minimize  the 
real  difficulties  of  calculus  by  employing  trivial  examples. 
The  answers  to  all  exercises  are  conveniently  assembled  at  the 
end  of  the  text.  The  index  is  exceptionally  complete.  There 
is  DO  doubt  but  that  this  text  will  be  a  valued  addition  to  the 
teacher's  library  and  will  find  a  deserved  admission  into  many 
class  rooms. 

D.  D.  Leib. 

Tkeorie  der  Zahlenreihen  vnd  der  Beihengleichungen.  By 
Andreas  Voigt.  Leipzig,  Goschen,  1911.  viii  +  133  pp. 
The  two  fundamental  ideas  which  underiie  this  work  are 

the  following: 

1 .  Instead  of  considering  a  number  as  isolated,  one  may  think 
of  it  as  belonging  to  a  sequence.  Thus  the  question  as  to 
whether  h  is  divisible  by  a  is  the  question  as  to  whether  h 
belongs  to  the  sequence  ■  ■  ■,  —  2a,  —  a,  0,  a,  2a,  -  ■  -. 

2.  Instead  of  expressing  an  integer  iV  as  a  polynomial  in 
X  of  the  form 

N  =  aoa:"  +  aii""'  +  ■  •  ■  +  a„_ix  +  a^, 
one  may  write  it  in  either  of  the  forms 
N  =  htit{x-\)  •■-  (ar-n+l) 

+  hiX{x  -  1)  •  •  •  (ar-  n  +  2)  +  •  •  •  +  K-iX  +  t„, 
N  =  C^ix  +  1)  -  ■  ■  (a:  +  n  -  1) 

+  c,a:(i  +  1)  . . .  (a:  +  ra  -  2)  + [-  c„_iz  +  c,. 
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These  ideas  are  not  new;  but  the  author  has  sought  to  make 
a  systematic  use  of  them  in  developing  a  theory  of  number 
sequences.  Two  such  fundamental  number  sequences  are 
considered,  each  of  which  is  a  generalization  of  a  sequence  of 
binomial  coefficients.  Several  important  sets  of  numbers 
can  be  expressed  in  terms  of  these  fundamental  sequences, 
as  for  instance  the  set  of  figurate  numbers  in  which  the  rth 
term  of  the  nth  row  equals  the  sum  of  the  first  r  terms  of  the 
(n  —  I)th  row,  the  first  row  being  1,  0,  0,  •  ■  •.  A  general 
theory  of  the  two  fundamental  sequences  is  developed  and 
the  results  are  applied  to  several  questions  in  number  theory; 
as,  for  instance,  the  solution  of  congruences  and  diophantine 
equations.  The  methods  employed  are  such  that  they  cannot 
be  explained 'briefly. 

R.  D.  Carmichael, 


NOTES. 


BEGiNmNG  with  volume  20  (1913),  the  American  Mathe- 
matical Monthly  will  be  in  charge  of  an  editorial  board  com- 
posed of  representatives  of  nine  supporting  institutions, 
together  with  Professor  B.  F,  Finkel,  the  founder  of  the 
journal  and  editor  since  its  inception  in  1894.  The  con- 
tributing institutions  are  Colorado  College  and  the  Universities 
of  Chicago,  Illinois,  Missouri,  Minnesota,  Nebraska,  Kansas, 
Indiana,  and  Iowa.  The  editorial  representatives  are  Pro- 
fessors Florian  Caiori,  H.  E.  Slaught,  G.  A.  Miller, 
E.  R.  Hedrick,  W.  H.  Busset,  W.  C.  Brenke,  C.  H.  Ashton, 
R.  D.  Carmichael,  and  R.  P.  Baker.  The  managing  editor 
is  Professor  Slaught. 

It  will  be  the  editorial  policy  of  the  Monthly  to  make  a 
strong  appeal  to  the  great  body  of  teachers  in  the  collegiate 
and  advanced  secondary  fields,  not  only  directing  attention 
to  questions  of  improvement  in  teaching  but  also  fostering 
the  development  of  the  scientific  spirit  among  large  numbers 
who  are  not  now  reached  by  the  more  highly  technical  journals. 
The  publication  of  original  papers  will  be  continued,  but  greater 
attention  than  heretofore  will  be  given  to  pedagogical  and 
historical  questions  of  interest  and  value  to  teachers  of  col- 
legiate mathematics.  An  index  of  volumes  1-19  will  soon  be 
issued. 
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The  annual  meeting  of  the  London  mathematical  society 
was  held  on  November  14,  1912.  The  following  papers  were 
presented:  By  H.  F.  Baker,  presidential  address,  "Recent 
advances  in  the  theory  of  surfaces";  by  A.  B.  Grieve,  "Some 
properties  of  cubic  surfaces  ";  by  W,  H.  Young,  "The  de- 
termination of  the  summability  of  a  function  by  means  of  its 
Fourier  constants";  by  W.  Burnside,  "Groups  of  linear 
substitutions  of  finite  order  which  possess  quadratic  invariants  " ; 
by  J.  B.  Holt,  "  The  irreducibility  of  Legendre's  polynomials  "; 
by  E.  W.  HoBSON,  "  The  representation  of  a  summable  function 
by  means  of  a  series  of  finite  polynomials";  by  E,  Cunning- 
ham, "The  theory  of  functions  of  real  vectors." 

Professor  A.  E.  H.  Love  was  chosen  president  of  the  society 
for  the  coming  year. 

At  the  meeting  of  the  Edinburgh  mathematical  society 
on  November  8  the  following  papers  were  read:  By  H.  S. 
Carslaw,  "Integral  equations  and  the  determination  of 
Green's  function  in  the  theory  of  potential ";  by  F.  E.  Eowards, 
"On  a  certain  infinite  expansion";  by  Mr.  Swaminaratan, 
"A  determinantal  proof  of  Ptolemy's  theorem." 

The  third  annual  meeting  of  the  Schweizerische  Mathe- 
matische  Gesellschaft  was  held  at  Altdorf  during  the  week 
beginning  September  10,  1912,  under  the  presidency  of 
Professor  R.  von  Fueter  and  in  affiliation  with  the  annual 
meeting  of  the  Swiss  association  of  science.  Professor  H. 
Fehr  was  chosen  president  for  the  ensuing  year.  The  fol- 
lowing papers  were  presented  at  the  meeting:  "Ueber  die 
Einteilung  der  Idealklassen  in  Geschlechter,"  by  R.  von 
Fueter;  "  Ueber  Ponceletsche  Polygene,"  by  —  BiirzBERGER; 
"Projektiver  Beweis  der  absoluten  Parallelkonstruktion  von 
Lobatschefskij,"  by  M.  Grossmann;  "Sur  quelques  probUmes 
eoncemant  le  jeu  de  trente  et  quarante,"  by  D,  Mirimanoff; 
"Ueber  Gnippen  algebraischer  Funktionen,"  by  O.  Spiess; 
"Sur  lea  singularity  des  surfaces,"  "by  G.  Dumas;  "Unicitfe 
du  d^veloppement  d'une  fonction  en  s6rie  de  polyndmes  de 
Legendre  et  expression  analytique  des  coefficients  de  ce  d& 
veloppement,"  by  M.  Plancherel;  "Nouveaux  modules 
de  mouvement  pour  I'enseignement  de  la  g^m^trie,"  by  J. 
Andrade;  " Kinematische  Untersuchung,"  by  E,  Meissner; 
"Ueber  cine  besondere  konforme  rationale  Transformation 
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in  derEbene,"  by  A.  Emch;  "Continuity  et  diacontinuitfi" 
and  "Sur  le  mouvement  le  plus  g€n6ral  d'un  fluid  dans 
I'espace,"  by  R.  de  Saussitre;  "Der  Stand  der  Herausgabe 
der  Werke  Leonhard  Eulers,"  by  F.  Rudio;  "L'fitat  des 
travaux  de  la  commission  interaationale  de  I'enseignement 
math^matique  et  de  la  sous-commission  Suisse,"  by  H.  Fehr. 

The  firm  of  Martin  Schilling  in  Leipzig  has  announced 
two  new  series  of  models:  one  is  a  combined  gyroscope  and 
pendulum,  and  the  other  consists  of  three  cardboard  models 
of  the  Bessel  functions  with  complex  argument. 

The  Carnegie  Institution  of  Wasbingon,  of  Washington, 
D.  C,  announces  the  following  books  in  press:  H.  W,  Stager, 
"A  Sylow  factor  table  for  the  first  twelve  thousand  numbers, 
giving  the  possible  number  of  subgroups  under  Sylow's  theorem 
of  a  group  of  given  order  between  the  limits  of  0  and  12,000"; 
D.  N.  Lehmer,  "Tables  giving  a  complete  list  of  the  prime 
numbers  between  the  limits  1  and  10,006,721." 

The  following  list,  compiled  from  the  "  Jahres-Verzeichnis 
der  an  den  Deutschen  Universitaten  erschienenen  Schriften," 
volume  26,  comprises  the  list  of  successful  candidates  for 
doctorates  in  mathematics  in  the  German  universities  for 
the  academic  year  1910-11.  The  list  is  incomplete  in  omitting 
the  names  of  candidates  whose  dissertations  were  unpublished 
before  the  volume  appeared,  early  in  1912.  The  title  of  the 
dissertation,  number  of  pages,  date  of  publication,  and  name 
of  the  chairman  of  the  examining  committee  are  added. 

Berlin. 

MCntz,  Ch.:  "Zum  Randwertproblem  der  partiellen  Differ- 
entialgleichung  der  Minimalflachen."  34  pp.  Oct.  1,  1910. 
Schwarz. 

Reuae,  R.  :  "  Ueber  die  Zerlegung  der  endlichen  Gruppen  in 
direkte  unzerlegbare  Faktoren."  20  pp.  Feb.  25,  1911. 
Frobenius,  Schwarz. 

Steinbacheh,  F.  :  "Abelsche  Korper  als  Kreisteilungs- 
korper."     16  pp.    Dec.  14,  1910.     Frobenius,  Schwarz. 

Bonn. 
BrUes,  M.:  "Zur  Theorie  der  desmischen  Fliicben  vierter 
Ordnung."     v  +  48  pp.     Nov.  23, 1910.     Study. 
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Bretlau. 
KoBER,  H.:  "  Konjugierte  kinetische  Brennpunkte."  77  pp. 
Nov.  23,  1910.    Kneser. 

Freiburg. 
MoNTFOBT,  P.:    "Die   Auflosung   der  numerischen  Glei- 
cbuDgen  nach  Fourier."    81  pp.     1911.    LQroth. 

Gieaten. 

Chahbr£,  a.  :  "  DarstelluDg  von  Faktoren  ganzer  Funktionen 
durch  Kovarianten."    36  pp.    Nov.  7,  1910.    Pasch. 

Drescher,  E.  :  "  Ueber  geometrische  Darstellung  von 
Gruppen."    22  pp.     Feb.  6,  1911.    Netto. 

ScHREiTER,  Fr.:  "Ueber  das  kombinatorische  Produkt 
von  vier  KoUiDeationen  im  Raum  und  die  Apolaritat  kol- 
linearer  Verwandsehaiten  auf  alien  Stufen."  60  pp.  April  12, 
1911.    Pasch. 

Seeuan,  H.  :  "  Projektive  Verallgemeinerung  metrischer 
Begriffe."    24  pp.    Sept.  21,  1910.    Pasch. 

Thaeb,  Fr.:  "Analytische  Beitrage  zur  Lehre  vom  Kegel- 
sehnittsystem  (3p,  11)."    28  pp.    April  15,  1911.    Pasch. 

Vaerting,  Marie:  "Zur  TransfonnatioD  der  vielfachen 
Integrale."    35  pp.    Oct.  22,  1910.    Pasch. 

Wolff,  G.:  "  Ueber  Kollineatlonen  in  der  Ebene."  60  pp. 
Sept.  21,  1910.    Pasch. 

Gottingen. 

Behbens,  W.:  "Ein  der  Theorie  der  Laval-Turbine  ent- 
nommenes  mechanisches  Problem,  behandelt  mit  der  Him- 
melsmechanik."    58  pp.    May  10,  1911.    Klein. 

Funk,  P.:  "Ueber  Flachen  mit  lauter  geschlossenen  geo- 
datischen  Linieu."    22  pp.    Aug.  1,  1911.    Hilbert. 

Grelung,  K.:  "Die  Axiome  der  Arithmetik  mit  besonderer 
Beriicksichtigung  der  Beziehungen  zur  Mengenlehre."  26  pp. 
Nov.  29,  1910.    Hilbert. 

Hecke,  E.:  "Zur  Theorie  der  Modulfunktionen  von  zwei 
Variabeln  und  ihrer  Anwendung  auf  die  Zahlentheorie." 
37  pp.    Nov.  15,  1910.    Hilbert. 

HiEMENZ,  K.:  "Die  Grenzschicht  an  einem  in  der  gleich- 
formigen  Fltissigkeitsstrom  eingetauchten  geraden  Kreis- 
zylinder."    21  pp.    Aug.  5,  1911.     Prandtl. 
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HuRWTTZ,  W.  A.:  " Randwertaufgaben  ba  Systemen  von 
lineareo  partiellen  OiSerentialgleichungen  erater  Ordnung." 
97  pp.    Oct.  30,  1910.    Hilbert. 

MtieLENDTCK,  O.:  "Klassification  der  regelmassigsym- 
metriachen  Flachen  fUnfter  Ordnung,"  iv  +  60  pp.  March 
30, 1911.    Hubert. 

RErNBTEiN,  E. :  "  Untersuchung  iiber die Tran9versa]3chwin- 
gungen  der  gleicbformig  gespannten  elliptiscb  oder  kreis- 
formig  begrenzten  Vollmembran  und  Kreisringmembran, 
90wie  von  Vollkreis-  und  Kreisringmembranen  nut  nacb 
speziellcQ  Gesetzen  variierter  ungleichformiger  Spannung." 
133  pp.     May  8,  1911.     Voigt. 

Steinhaus,  H.:  "Neue  Anwendungen  des  Dirichlet'schen 
Prinzipa."     45  pp.     Aug.  7,  1911.     Hilbert. 

Wiener,  Fb.  W,  :  "  Elementare  Beitrfige  zur  neueren  Funk- 
tionentheorie."    40  pp.    Aug.  4,  1911.    Landau. 

HaUe. 

Baruch,  a.  :  "  Ueber  die  Differentialrelationen  znischen  den 
Thetafunktionen  eines  Arguments."  34  pp.  Sept.  26,  1910. 
Cantor. 

Becker,  K.  :  "  Korper  grosster  Anziehung  auf  ein  und  zwei 
EUipsoide  von  n  Dimensionen."  vi  +  55  pp.  Nov.  10, 
1910.    Gutzmer. 

BoELE,  p.:  "Darstellung  und  Priifung  der  Merkurtheorie 
des  Claudius  Ptolemaeus."  40  pp.  Feb.  22,  1911.  Wan- 
gerin. 

JtJTHE,  O.:  "Die  Schmiegungskugel  einer  Flachenkurve." 
42  pp.     Sept.  8,  1910.     Wangerin. 

LtroERS,  O.:  "Ueber  orthogonale  Invarianten  der  bizirku- 
laren  Kurven  vierter  Ordnung."  58  pp.  Sept.  12,  1910. 
Gutzmer. 

Heidelberg. 

Person,  K.:  "Die  invarianten  Gebilde  erster  Ordnung  bei 
projektiven  Transformationen  der  Ebene  und  des  Rsumes  mit 
Anwendung  auf  die  Klassifikation  der  eingUedrigen  projektiven 
Gruppen  der  Ebene  und  des  Raumes."  45  pp.  Aug.  3,  1911. 
Konigsberger. 

WiTTSACK,  P.:  "Ueber  das  identische  Verschwinden  der 


-obvGoo»^lc 


1913.]  NOTES.  209 

HauptgleichuDgeD   der  Variation   vielfacher  Integrale."     30 
pp.     Jan.  13,  1911.     Konigsberger. 

Jena. 
Fender,  W.:  "Zut  Theorie  von  verallgemeinerten  Bernoul- 
lischen  und  Eulerschen    Zafalen."    58  pp.    July    4,    1911. 
Haussner. 

KGnigdheTg. 
MzRTENS,  F. :  "  Ueber  gewisse  raumlicbe  Punktmengen,  die 
sich  als  stetige  Flachen  auffassen  lessen."    86  pp.    Oct.  17, 
1910.    Schoenflies,  Meyer. 

Leipzig. 

MtiLLER,  W.:  "Die  rationale  Kurve  fiinfter  Ordnung  im 
fiinf-,  vier-,  drei-  und  zweidimensionalen  Raum."  100  pp. 
Jan.  20, 1911.     Rohn.Holder. 

PiCKEBT,  E.:  "  Verallgemeinerung  der  Uotersucbungen  von 
Gauss  iiber  das  arithmetiscb-geometrische  Mittel."  67  pp. 
May  30,  1911.    H61der,  Robn. 

RoBENHAUER,  K.:  "Die  oscillatoriscbe  Bewegung  einer 
Kreissebeibe  im  Innern  einer  festen  Cylinderflacbe."  46  pp. 
Jan.  19,  1911.    Neumann,  Robn. 

Marburg. 
ScHWANTKE,  C:  "Ueber  den  axiomatiscben  Aufbau  einer 
Geometrie  linearer  Kugelsysteme."    42  pp.    Sept.  19,  1910. 
Hensel. 

MiimteT. 

JoACHiMi,  O.:  "Ueber  Kurven,  bei  denen  die  beiden  Kriim- 
mungen  durcb  eine  quadratiscbe  Beziebung  verknupft  sind." 
57  pp.    Marcb  16,  1911.    von  Lilientbal. 

Keisker,  L.:  "Beitrage  zu  den  Anwendungen  der  Tbeorie 
der  unendlicb  kleinen  Schraubungen  auf  Raumkurven." 
44  pp.     Oct.  15,  1910.     von  Lilientbal. 

Kraft,  K.  :  "  Das  Normalenproblem  an  Kurven  und  Flacben 
zweiter  Ordnung  in  den  endllchen  Raumformen."  32  pp. 
Marcb  2,  1911.    Killing. 

Reckers,  O.:  "  Untersuchungen  Uber  Kurvennetze  ohne 
Umwege."     50  pp.     July  25,  1911.     von  Lilientbal. 
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Rogtock. 

Bleicher,  K.:  "Zur  Theorie  der  iibergeschlossenen  Gelenk- 
systeme."     75  pp.     June  10,  1910.     Staude. 

Blenck,  G.:  "  Untersuchungen  iiber  das  Amiotscbe  Theorem 
bei  den  Fliichen  zweiter  Ordnung  und  iiber  Erzeugungsarten 
des  elliptischen  Kegels."    91  pp.    March  16,  1911.    Staude. 

Geissler,  J.:  "Die  Gleichgewichtsbedingungen  der  Raum- 
mechanik  mit  besonderer  Beriicksichtigung  der  elektrischen, 
magnetischen  und  Gravitationserscheinungen."  86  pp. 
March  2,  1911.    Weber. 

StToaabuTg. 

FiNZEL,  A.:  "Die  Lehre  vom  FIficbeninhalt  in  der  allge- 
meinen  Geometric."    46  pp.     Feb.  22,  1911.    Schur. 

Glaser,  F.:  "Ueber  die  Galoisscbe  Gruppe  der  Gleichung 
16.  Grades,  von  der  die  16  Knotenpuokte  der  Kummerschen 
Flache  4.  O.  abbiingen."    30  pp.    Feb.  27,  1911.    Weber. 

Hahtwieg,  O.:  " Konstruktion  der  Hauptacbsen  des  Ellip- 
soides  aus  drei  konjugierten  Durchmessem."     17  pp.    Nov.  7, 

1910.  Schur. 

Kill,  P. :  "  Beitrage  zum  Fundamentalproblem  der  Flacben- 
theorie."    49  pp.    Nov.  14,  1910.    Schur. 

Meyer,  S.:  "  Struktureigenschaften  der  projektiven  In- 
varianten  von  Formen  mit  n  Variabeln,"    43  pp.    Dec.  15, 

1911.  Weber. 

MoHR,  R.:  "Die  Bertrandschen  Kurven  in  der  Theorie  der 
Normalensysteme."     38  pp.     Feb.  22,  1911.     Schur. 

ScHMEDES,  W.;  "Analytische  Behandlung  der  Bewegungen 
im  nichteuklidischen  Raume,"     33  pp.     Dec.  9, 1910.     Schur. 

Wiirzhurg. 

Engelharot,  Ph.:  "Untersuchungen  iiber  die  im  Schluss- 
wort  des  Lie'schen  Werkes  'Geometric  der  Beriihrungstrans- 
formationen'  angcdcutcten  Problemc."  65  pp.  Jan.  18, 
1911.    Rest. 

Haupt,  O.:  "Untersuchungen  iiber  Oszillationsthcoreme." 
50pp.     June  27, 1911.     Rost. 

The  philosophical  faculty  of  the  University  of  Gottingen 
announces  the  following  problem  for  the  Beneke  prize  for 
1915: 
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A  complete  discussion  of  the  problem  of  viscous  motion 
from  the  standpoint  of  hydrodynamics.  The  discussion,  either 
theoretical,  experimental  or  both,  should  advance  our 
present  knowledge  of  the  resistance  offered  to  the  motion 
of  a  solid  in  a  fiuid  and  the  resistance  to  fluid  motion  in 
tubes  and  canals.  Competing  memoirs  may  be  written 
in  any  modem  language,  should  be  signed  with  a  motto,  and 
must  be  received  by  the  faculty  by  August  31,  1914.  The 
major  prize  will  be  M.  1,700  and  the  minor  M.  680. 

The  Copley  medat  of  the  Royal  Society  has  been  awarded 
to  Professor  F.  Klein  "for  his  researches  in  mathematics." 

Dr.  K.  Bartel  has  been  appointed  docent  in  geometry 
in  the  technical  school  at  Lemb«rg. 

Dr.  E.  Hecke  has  been  appointed  docent  in  pure  mathe- 
matics in  the  University  of  Gottingen. 

Db.  Kaderavek  has  been  appointed  docent  in  synthetic 
geometry  in  the  Bohemian  technical  school  of  Prague. 

At  the  University  of  Munich  the  following  changes  have 
been  made:  Dr.  F.  Hartogs  has  been  promoted  to  an  associate 
professorship;  Dr.  A.  Rosenthal  has  been  appointed  docent; 
Dr.  H.  DiNGLER  has  been  appointed  docent  in  the  history 
and  teaching  of  mathematics. 

Dr.  J.  V.  E.  Westfall,  of  the  Equitable  life  assurance 
society,  has  been  promoted  to  the  position  of  acting  third 
vice-president.  Dr.  Westfall  was  formerly  assistant  professor 
of  mathematics  in  the  University  of  Iowa. 

The  announcement  in  the  Notes  of  the  December  Bdlletin 
that  Mr.  G.  H.  Albright  had  been  appointed  exchange  pro- 
fessor to  Harvard  University  proves  to  be  inexact. 

At  the  close  of  the  present  academic  year  Professor  W.  E. 
Bterlt,  of  Harvard  University,  will  retire  from  active  service 
with  the  title  of  professor  emeritus. 

The  death  is  announced  of  Professor  G.  Landsberg,  of 
the  University  of  Kiel,  on  September  H,  1912,  at  the  age  of 
47  years. 
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NEW  PUBLICATIONS. 

I.    HIGHER  MATHEMATICS. 


Abcais  (F.  ly).    AnalM  mfiniUiiiiule.    3ft  ediiione,  oon  modificatioiu 

ed  ugiunte.    Volume  I.    Padora,  Draghi,  1012.    Sro.    12+701  pp. 

L.  12.60 
BiBLiooRAPHT,  Riuewn,  or  science  and  nuttieinalka.    Volume  5  (190$). 

Feterabuig,  1912.    8vo.    1B6  pp. 
BjOrstidt  (F.  T.).    De  exakta  «-vfirdet  i&mto  en  ny  polygonteoii 

Stockholm,  1012.    8vo.    92  pp.  M.  3.00 

BOoER  (R.).    Symroetrwcbe  Involutionen  und  fokal  getrennte  Geraden. 

CProgr.)    Beilstein,  1912.    56  pp. 
BoTTo  (A.).    Solusione  geometric^  dd  pioblema  relativo  aUa  duplicaiione 

del  cubo.    Torino,  1912.    -         -^  .    .  — 


Dalwai  (B.).    Die  Theorie  der  Parallelflfichen  azter  gegebenen  Flfiche 

mit  beeonderer  BerUckncbtigung  der  ParallelflAchen  von  Regelflftcben. 

(Progr.)    HaU  i.  T.,  1912.    8vo.    39  pp. 
EcHOU  (W.  H.).    Inveetiigation  of  the  TtJue  of  an  inGnite  aeriee  on  the 

boundary  of  the  region  of  convergence.    Charlottesville,  Va.,  1911. 

8vo.     13  pp.  S0.25 
.    On  a  certwn  quadrotjc  form,  with  ita  geometric  and  kinematic 

interpretations.    Charlottesville,  Va.,  1912.    8vo.    12  pp. 
.    On  the  maximum  and  minimum  values  of  a  linear  function  of  the 

radial  coordinates  of  a  point  with  respect  to  a  simpUcissimum  in  space 

of  n  dimenaona.    Charlottesville,  Va.,  1910.    8vo.    40  pp,        S0.90 
Favabo  (A.).    Archjmede,    Geuova,  FoTmlggini,  1912.    ISmo.    83  pp. 
Fbstbcbrift  Heinrich  Weber.      Zu  s^em    70.     Geburtatsge    am    S. 

M&n  1012.    Gewidmet  von  eeicen  Freunden  und  SchUleni.    Ldpng, 

Teubner,  1912.    8vo.    8+SOO  pp.  M.  24.00 

FocHS  <C.  A.).    Mo  Ahnlicbkdtabeuehungen  tweier  imd  mehrerer  Kretse. 

Komotau,  1011.    8vo.    23  pp. 
Gad  (E.)  .    Sur  I'lnt^gration  des  ^uatjons  aux  d^v^es  partielles  du  second 

ordre  par  la  mitbode  de  Darboux.    Paris,  1911.    4ta.    123  pp. 

Ft.  7.50 
Grawe  (D.).    Encyclopedia  of  mathematics.    A  sketch  of  the  present 

aUle  of  the  science.     (Rua^an.)     1911.    Svo.    661  pp.  $2.00 

Gyr  (W.  X.).    Die  Polaren  der  Lemniakate.    Bern,  1911.    Svo.    60  pp. 

M.  2.50 
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HAnunu.  (F.  X.}-    Der  ctobm  Fermatsche  Sati  und  sane  LOsimg  mit 

HiUe  ednea  Modellfl.    Ntintberg,  1912.    Svo.     16  pp.  M:0.60 

EOmoBWAij}  (R.)-    Zum  Streit  Qber  die  Gnmdlagen  der  Mntheroatik. 

Hddelberg,  1912.    Svo.  M.  2.60 

Htttchinson'  (J.  I.).    See  Sntdeb  (V.). 
Janibeewbki  (S.)  .    Sur  les  continue  irriductiblee  entre  deux  pointa.    Psfis, 

1911.    4to.    99  pp.  Ft.  6.00 

JuBT  (W.).    Veber  den  BOschel  kubiaoher  Raumkurren  auf  einer  FlAche 

svdton  Gntdee  durcb  vier  ihrer  Punkte.     (Diss.)    Breslau,  1912. 

8to.    96  pp. 
LoBACHEFBKT  (J.  N.).    New  elemoktfl  of  Reometiy,  with  a.  complete 

theory  of  per&Uele.    With  a  bkMrsphicaT sketch.     (Russian.)    Char- 

kow,  1912.    Svo.    234  pp.  90.60 

Mabca  (R.  La).    Criterl  di  congniensa  e  critert  di  divimbilit&;  eeerciit 

vait.    Torre  del  Greco,  Pantaleo,  1012.    Svo.    30  pp. 

Mktxb  (F.).  Kskuaaion  einea  Systema  von  RotationaflAchen  2tea  Grodea. 
Bern,  1911.    Svo.    71pp.  M.  2.00 

Nabhole  (P.).  Geometiische  Interpretation  linearer  Abh&n^igkeiten 
und  ihre  Anwmdunic  suf  endliche  und  unendliche  lineare  Gleichunga- 
syateme.     (Diss.)    Zurich,  1910.    Svo.    120  pp.  M.  3.00 

Nevton  (Sir  I.),  The  portrait  medala  of.    Boston,  Ginn,  1912.    Svo. 

22  pp. 
Ondbasek  (H.).    Der  Dirichletsehe  Sat*  Qber  die  lineare  Funktion  im 

ZahlenkOrper  der  Determinant*    +5.     (Diaa.)    Wien,    1911.    Svo. 

45  pp. 
OnoLENQHi  ffl.).    Coeeistenia  e  identity  da  limitj  di  Holder  e  di  Cesaio. 

Padova,  Prosperini,  1912.    Svo.    16  pp. 
Phd*  (J.).    Sevm  follies  of  science.    3d  edition,  greatly  enlarged.    New 

YMk,  Van  Noatrand,  1912.    12nto.    9+231  pp.  S1.2S 

Plab  (H.  M.).    De  functjonaalvercelijking  van  Fredholm  opgelost  met 

behulp  van  coonusreeksra.     (Diaa.)    Groningen,  1911.     Svo.     114 

pp. 

1  the  differential  and  integral  calculus.    Part 

(Russian.)    PeterHburg,  1912.    Svo.    SOS  pp. 

S2.d0 

RuDio  (F.).    See  Aublzr  (A.). 
Rusmu,  (B.).    See  Wsitebxas  (A.  N.}. 
Sntdkk  (V.)  and  Htjtchinbon  (J.  I.).    Elementary  textbook  on  the  cal- 

culuB.    New  York,  American  Book  Co.,  1912.    12mo.    384  pp.    Half 

leather.  S2.20 

Stager  (H.  W.).    On  numbers  which  (»ntain  no  factors  of  the  form 

v(.kp  +  I).    Berkeley,  University  of  California,  1912.    Svo.    26  pp. 

10.60 
SiLvxaTEK  (J.  J.),    Collected  mathematical  papers.    In  about  5  volumee. 

Volume  IV  (1882-97).    Cambridge,  Univeraity  Press,   1912.    Svo. 

Cloth.  18a. 

Ubai  (G.).    Su  due  inviluppi  piani.    Pavia,  Mattd,  1912.    Svo.    7  pp. 
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Vaixb  (A.).    Ted  btoIU  di  matenuitica.    Napoli,  Tunbelli,  1013.    Svo. 

84  pp.  L.  2.00 

Wansborouoh  (W.  D.)-    The  A  B  C  of  diffoential  colculiu.    3d  editioa. 

London,    Technical    PubMiing    Co.,    1012.    12ino.    12+14S    pp. 

CloUi.  3a.  ad. 

Wkbeb  (H,).    Lehrbueh  der  Algebra.    2t«  Auflage,  Iter  B&nd.    Neuer 

Abdtuck.    Br&unschweig,  Vieweg,  1912.    Svo.    15+7Mpp. 

M.  10.00 

.    See  FnsncHBin. 

WKiaisL  (J.).    Ueber  die  geetaltlichen  Verh&ltniBse  der  Integralkurven 

«ner  IHSerentiAl^dchung  erster  Ordnung  sweiteo  Grades  in  der 

Umgebung  eines  Doppelpunktcs  der  Disfcriminant«nlcurve.     (Diaa.) 

Mtincben,  1912.     4to.     64  pp. 
ELSCH    (J.).    Ueber  daa  durcb  die  gemeinaamen  TaiigKit«n  iweier 

FIfichen  2ter  Ordnut^  bestinunte  NuU^steni.     (Dm.)     Erlangen, 

1912.    Svo.     107  pp. 
WuiTEUEAn    (A.   N.)   and  Russell   (B.J.    Prindpia  mathematica.    3 

volumes.    Volume    II:  Cardinal    and    relation    arithmetic;    aeries. 

Cambridge,  University  Press,  1912.    Svo.    34+772  pp.    Cloth.    30b. 


II.    ELEMENTARY  MATHEMATICS. 

Ascou  (G.).    Complement!  di  geometria.    Uvomo,  Giuati,  1012.    Svo. 

10+237  pp.  L.  3.00 

Bates  (E.  L.)  and  Chablebworth  (F.).    Practical  geometry  and  graphics. 

London,  Batsford,  1912.    Svo.    632  pp.  4s. 

Beaven  (C,  L.).    Solutions  of  tlie  exercises  in  Godfrey  and  Siddons'  solid 

geometry.    New  York,  Putnam,  1912.    Svo.  Sl.SO 

Bebrt  (A.  J.).    Visual  and  observational  arithmetic.    London,  Pitman, 

1912.    Svo.     178  pp.  2e.  ed. 

BoARn  OF  EDUCATION.    Special  reports  on  educational  subjects.    No.  12; 

Mathematics  with  relation  to  en^eering  work  in  schools.    London, 

1912.  2d. 


No.  14:  Examinations.    London,  1912. 
No.  15:  Educational  value  of  geometry. 


.    No.  17:  Mathematics  at  Oabome  and  DartmouUi.    London,  1912. 

2>^. 
BoBCBABDT  (W.  G.)  and  Newton  (C).    Key  to  elementary  algebra. 

London,  lUvingtona,  1012.    Svo.  lOa. 

Bhickb  (F.).    Aufgaben  aus  der  analytischen  Geometric,  I.     (Progr.) 

BresUu,  1912.    4to.     16  pp. 
COaslgbwohth  (F.).    See  Bates  (E.  L.). 
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CoNVEBsx  (H.  A.)-    See  Dubell  (P.). 


.    Plane  and  apheiical  trigonometry;  with  chapters  on  pUne  surveying 

by  H.  A.  Converse.    New  York,  Merrill,  1912.    Svo.    295+32  pp. 

S1.40 
Feldman  (D.  D.}.    See  Habt  (C.  A.). 


Gale  (A.  S.).    See  Smith  (P.  F.). 

Hast  (C.  A.)  and  Fbujman  (D.  D.).  Solid  geometry.  With  the  editorial 
coOperatJon  of  V.  Snyder  and  J.  H.  Tanner,  New  York,  American 
Book  Co.,  1912.     12ino.     187  pp.  SO.SO 

Habt  (W.  W.).    See  Wbllb  (W.). 

Mair  (D.  B.).  Junior  mathematics;  an  introduction  to  geometry  and 
algebra,  following  modem  lines  without  ^oin^  to  extremes.  With  or 
without  anawera.    New  York,  Oxford  Umveraity  Fresa,  1912.    Cloth, 

S0.50 

Moitm  (R.  E.).  Elements  of  plane  trigonometry;  high  school  edition. 
New  York,  Wiley,  1912.    Svo.    8+315  pp.    Cloth.  $1.00 

Mdbbat  (D.  A.).  Elemeuta  of  plane  trigonometry;  spherical  trigonom- 
etry. New  Yoric,  Longmans,  1912.  Svo.  9+136+9+114  pp. 
Cloth.  $1.00 

.  Elements  of  plane  trigonometry;  apherical  trigonometry;  logarith- 
mic and  trigonometric  tables  five-place  and  four-place.  New  York, 
Longmans,   1912.    Svo.    9+136+9+114+05  pp.    Qoth.         11.25 

Natlob  (W.  a.).    See  Tucket  (C.  O.). 

Newton  (C).    See  Borchahdt  (W.  G.). 

RANaou  (W.  R.).  Freshman  mathematics,  including  computation,  trigo- 
nometry, applied  algebra  and  coordinate  geometry.  Tufta  College, 
Mass.,  1912.    Svo.    4+175  pp.    Lithographed.  S1.30 

ScHUi/iSB  (A.).  The  teaching  of  mathematica  in  aecondary  schools. 
New  York,  Mocmillan,  1912.     12mo.     20+370  pp.     Cloth.         11.25 


.    See  Wentworth  (G.). 

SuTH  (F.  F.)  and  Gale  (A.  S.).  New  analytic  geometry.  Boston,  Ginn, 
1912.     12mo.    10+342  pp.  11.50 

Smolet  (C).  Parallel  tables  of  logarithms  and  squares,  dia^am  for 
solving  right  triangles,  and  other  tables.  7th  edition,  revised  and 
enlarged.    New  York,  McGraw-Hill,  1912.    12mo.    6+329  pp. 

>3.50 
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Y<rt, 
S0.60 


TDiKRDiNa  (H.  E.)-  IKe  Ernehung  der  Anschauung.  L^piig,  Teuboer, 
1912.    Svo.    8+241  pp.  M.  6.60 

ToLOiiKi  CG.).    See  Socci  (A.). 

TucEKT  (C.  O.)  and  Natixir  (W.  A.).  Aiulytieftl  BeomeUy.  A  first 
course.    Cambridge,  Univernty  Preas,  1912.    Sro.    382  pp.  Sfl. 

Wells  (W.)  and  Hart  (W.  W.).  Firat  year  alg*ra.  New  YoA,  Heath, 
1912.    340  pp.  S0.90 

Wbntwobth  (G.)  and  Siitth  (D.  E.).  Woric  and  play  with  numben. 
Boflton,  Ginn,  1912.    12mo.    3+144  pp.  t0.3S 

Wkhtwobth  (G.  A^.  Plane  and  m^  geometiy.  Teacher'a  edition, 
revised  by  G.  Wentnorth  and  D.  E.  Smith.  Boston,  Ginn,  1912. 
12mo.    3+690  pp.  S1.50 

WoRKMAH  (W.  P.).  Memoranda  mathematica.  A  aynopria  of  facts, 
formulae  and  methods  of  elementary  mathematics.  Ltmdon,  Claren- 
don Press,  1912.    Svo.    308  pp.  6e. 

III.    APPLIED   MATHEMATICS. 


Nostrand,  1913.    8to.    16+312  pp. 
AucxANDEs  (T.)  and  Thomson  (A.  W.).    Twenty-<dx  graduated  e 

in   graphic  statics.    Cheaper   edition.    London,   Macmillsn,    1912. 
Sewed.  6e. 

Le  applicaiioni  di  algebra  elementaie.    Rovigo, 


Bishop  (C.  T.).  Structural  details  of  hip  and  valley  rafters.  New  York, 
Wiley,  1912.    4to.    6+72  pp.    Cloth.  S1.76 

BLonAD  (A.).    See  ZflppRm  (K.). 

Bkahcb  (J.  G.).    See  Bubns  (£.  E.). 

Burns  (£.  E.)  and  Branch  (J.  G.).  Practical  mathematica  for  the 
ei^eer  ukd  electrician.    Chicago,  Branch,  1912.     12mo.     143  pp. 


Drbtrr  (J.  L.  E.).    See  Hkbschbl  (W.). 
Fantasia  (P.).     Noaioni  ed  esempii  di  calc 
Milano,  lUiggiBm,  1912.    8vo.     182  pf 
Forrest  (S.  N.).    Mining  mathematica.    London,  1911.    Svo.    312  pp. 


-obvGoo»^lc 


1913.]  HEW   PUBLICATIONS.  217 

Gkhotiho  (G.).    Nuovo  metodo  di  astroDomia  steiica  die  deternuna  il 

luogo  ddl'  oaaervatore  come  punU)  d'  incontro  di  due  circoli  mMwrni, 

ecc.    Genova,  Genovino,  1912.    8vo.    56  pp. 
Hka'ttbidb   (O.).    Electromagnetic  theory.    Volume  3.    London,  Eleo- 

trician,  1912.    8vo.    530  pp.  21b. 

HxBSCHKL  (W.).    Scientific  pap«»,  including  early  papas  hithrato  un> 

publisbed.    With  a  biographical  introduction  cominled  nuunly  from 

unpublished  material  by  J.  L.  E.  Dreyer.    2  volumes.    London,  1912. 

4to.    717  and  729  pp.    Boards.  54b. 

HiNKS  (A.  R.).    Map  projectiona.    Cambridge,  Univernty  Pieaa,  1912. 

8to.    13S  pp.  5s. 

Howx  (M.  A.)-    The  desiga  of  nmple  loof-trussee  in  wood  and  steel; 

with  an  introduction  to  the  elements  of  graphic  statics,    3d  edition, 

revised  and  enlarged.    New  York,  Wil^,  1912.    8vo.    8+173  pp. 

Cloth.  S2.00 

Hurst  (H.  E.)  and  Lattet  (R.  T.).    A  tmrtbook  of  physics.    3  volumes. 

London,  Constable,  1912.    8vo.    214,  186  and  266  pp.  Us.  6d. 

JanxtCP.).    AllgemeineElektrotechnik.    IterBaod:  Grundlagen^Gleich- 

strOme.    Deulach  von  Stkchting  und  lUecke.    Ldpsig,  Teubner,  1912. 

M.  7.00 
JoHANBBN  (N.  p.).    Laerebog  i  geodaed  til  brug  ved  undervisningeD  i 

stabeofdelingen  ved  haerena  offlcerakole.    I^Obenbsvn,  1912.    8vo. 

462  pp.  M.  12.00 

JoBLTN  (P.  L.).    Enersv  and  velocity  diagrams  of  large  gas  engines;  th^ 

use  and  lay-out.    Cincinnati,  Gas  Engine  Publishmg  Co.,  1912.    8vo. 

2+70  pp.  S2.oa 

Kafp(G.).    Electricity.    (Home  university  library  of  modem  knowledge.) 

London,  Williams  &,  Norgate,  1912.    12mo.    256  pp.  Is. 

Kitua  (K.).    Das  Krasdiagramm  der  Induktionsmotoren.    Berlin,  1911. 

M.2.80 
Lamb   (H.).    Statics,  including  hydrostatica  and  the  elements  of  the 

theory    of    elasticity.    Cambridge,    University    Press,    1912.    8vo. 

354  pp.  lOs.  6d. 

Lattbt  (R.  T.).    See  Huhot  (H.  E.)- 
LxoNTownBCH  (A.).    EHementorea  Hilfamittel  lur  Anwendung  der  Metho- 

den  von  Gauss  und  Pearson  bd  Sch&tzung  der  Fehler  in  der  Statislik 

urtd  in  der  Biolo^e.    Teilllundlll:  Mettwden  Pearsons;  Hilfstabel- 

len.     (Russian.)    KieS,  1911.    8vo.    307  pp. 
LoNET  (S.  L.).    Elementary  treatise  on  statics.    Cambridge,  Univerwiy 

Presa,  1912.    8vo.    8+393  pp.    Cktth.  12b. 

Low  (D.  A.).    Practical  geometry  and  graphics.    New  York,  Longmans, 

1912.    8vo.    6+448  pp.    Ctoth.  S2.60 


Mekbiman  (M.)  and  others.  American  civil  engineer's  pocket  book, 
2d  edition,  enlarged.  New  York,  Wiley,  1912.  16mo.  1483  pp. 
Morocco.  15.00 
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Rtan(W.T.).  DeaigD  of  electrical  machinery.  Vcdumelll:  AltenuUm, 
synchronous  motors,  rotary  convertors.  New  York,  WUey,  1912. 
8vo.    7+129  pp.    Cloth.  $1.50 

SirTBRLT  (J.).    See  Stewabt  (R.  W.). 

ScHAD  (J.).  Das  Centrifogalpendel.  (Dis*.)  GicMen,  1911.  8vo.  52 
pp. 

1  the  mathematical 


SouEBSCALEB  (A,  N.).    Lessoiis  in  mechanics. 

8vo.    278  pp. 
Stabiuni    (G.).     Sui    eiatemi    di    proiesione    asBonometrica    paralleU. 

Bologna,  Emiliano,  1912.     4to.     27  pp. 
Stewart  (R.  W.)  and  Sattbrlt  (J.).    Junior  sound  and  light.    London, 

CUve,  1912.    8vo.    7+227  pp.  2b.  6d. 

Tanzi  (A.).    Confronto  matematico  fra  il  siatema  tolemaico  e  copemicano. 

LariDo,  Galuppi,  1912.    8vo.    21  pp. 


Thohbon  (A.  W.).    See  Alexander  (T.). 

Trevibani  (R.).     Trattato  di  proiezioni  ortogonali  e  prospettiva  elemen- 

tare.    Savignano  di  Rom^na,  Rubicone,  1912.    Svo.    31  pp. 
Weib  (J.).    The  energy  ^stem  of  matUr.    Deduction  from  teireetrial 

energy  phenomena.    London,  1912.    8vo.    210  pp.    Cloth.  6e. 

Wbstlin  (O.  E.).     Realit&ten,  Abstraktionen,  Fingirungen  und  Fiktionen 

in   der   theoretischen    Mechanik.     Stockholm,    1911.     Svo.     56   pp. 

M.2.50 


ZOpfritz  (K.).  Leitfaden  der  Karteneatwurfslehre.  3t«,  neubearbeitet« 
und  erweitertc  Aufla^c,  herauBgegcben  von  A.  Bludau.  Iter  TeU: 
Froiektionalehre.    Leipiig,  Teubner,  1912.    Svo.     12+264  pp. 

M.  9.00 
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THE  SIXTH  REGULAR  MEETING  OF  THE 
SOUTHWESTERN  SECTION. 

The  sixth  re{|^lar  meetiDg  of  the  Southwestern  Section  of 
the  Society  was  held  at  the  University  of  Kansas,  Lawrence, 
Kansas,  on  Saturday,  November  30,  1912.  About  thirty 
persons  were  present  including  the  following  nineteen  membera 
of  the  Society; 

Professor  C.  H.  Aahton,  Dr.  Elizabeth  R.  Bennett,  Professor 
W.  C.  Brenke,  Professor  E.  W.  Davis,  Dr.  Otto  Dunkel, 
Professor  E.  P.  R.  Duval,  Professor  R.  R.  Fleet,  Professor 
W.  H.  Garrett,  Professor  W.  A.  Harshbai^er,  Professor  E,  R. 
Hedrick,  Dr.  S.  Lefschetz,  Miss  Hazel  H.  MacGregor,  Pro- 
fessor U.  G.  Mitchell,  Dr.  Mary  W.  Newson,  Professor  S.  W. 
Reaves,  Professor  W.  H.  Roever,  Professor  G.  H.  Scott, 
Professor  J.  N.  Van  der  Vries,  Professor  Marion  B.  White. 

The  morning  session  was  held  at  10  a.  m.  and  the  afternoon 
session  at  2:30  p.  m.  Professor  Van  der  Vries  presided.  It 
was  decided  to  bold  the  next  meeting  of  the  section  at 
Columbia,  Missouri,  on  November  29,  I9I3,  and  the  following 
programme  committee  was  elected :  Professors  Hedrick 
(chainnan),  Brenke,  and  Kellogg  (secretary). 

The  members  present  were  the  guests  at  a  smoker  and 
reception  given  on  the  evening  before  the  meeting  at  the 
Alpha  Tau  Omega  chapter  house. 

The  following  papers  were  presented  at  this  meeting: 

(1)  Professor  W.  H.  Roever:  "The  design  and  theorj'  of  a 
mechanism  for  illustrating  certain  systems  of  lines  of  force 
and  stream  lines." 

(2)  Professor  S.  W.  Reaves:  "On  the  projective  differ- 
ential geometry  of  plane  anharmonic  curves." 

(3)  Dr.  E.  R.  Bennett:  "Transitivegroupsof  degree  107." 

(4)  Dr.  E.  R.  Bennett:  "The  order  of  the  product  of  two 
substitutions." 

(5)  Professor  Arnold  Emch:  "On  closed  continuous 
curves." 

(6)  Professor  R.  D.  Cahmichael:  "On  the  theory  of 
relativity:  mass,  energy,  gravitation;  philosophical  aspects." 

(7)  Professor  Florian  Cajosi:  "Historical  note  on  the 
graphic  representation  of  imaginaries  before  the  time  of 
Weasel." 
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(8)  Dr.  S.  Lefschetz:   "Geometry  on  ruled  surfaces," 

(9)  Dr.  E.  L.  Dodd:  "The  error-risk  of  certain  functions 
of  the  measurements," 

(10)  Dr.  T.  H,  Gronwall:  "On  the  Riemann  2eta  function 
(first  paper)." 

(11)  Dr.  T.  H.  Gronwall:  "On  the  Riemann  zeta  function 
(second  paper)." 

(12)  Dr.  T.  H.  Gronwall:  "On  Dirichlet's  series  corre- 
sponding to  complex  characters." 

(13)  Dr.  T.  H.  Gronwall:  "On  Picard's  theorem." 

(14)  Professor  E,  R,  Hedrick:  "  Direct  definition  of 
the  logarithmic  derivative," 

(15)  Professor  Louis  Ingold:  "Note  on  systems  of  integral 
equations." 

In  the  absence  of  the  authors,  the  papers  of  Professor  Emch, 
Professor  Carmichael,  Dr;  Dodd,  and  Dr.  Gronwall  were  read 
by  title,  the  paper  of  Professor  Cajori  was  presented  by 
Professor  Mitchell,  and  the  paper  of  Professor  Ingold  by 
Professor  Hedrick.    Abstracts  of  the  papers  follow  below. 

1.  At  the  Chicago  meeting  (April  5-6,  1912)  Professor 
Roever  exhibited  a  mechanism  for  illustrating  certain  systems 
of  lines  of  force.  This  consisted  essentially  of  two  wheels 
with  radial  spokes  which  could  be  made  to  rotate  in  nearly 
coincident  planes  and  thus  render  visible  the  loci  of  the  inter- 
sections of  the  spokes  (Bulletin,  volume  18,  page  435).  Pro- 
fessor Roever  now  shows  that  not  only  for  radial  spokes  but 
also  for  spokes  in  the  form  of  logarithmic  spirals,  the  mechanism 
illustrates  lines  of  force.  By  having  several  pairs  of  wheels 
with  different  systems  of  logarithmic  spirals  (in  particular, 
of  radial  straight  lines)  it  is  possible,  in  virtue  of  the  device 
for  obtaining  different  angular  velocity  ratios,  to  obtain  a 
great  number  of  different  systems  of  curves,  each  of  which 
may  be  regarded  as  lines  of  force  or  stream  lines  in  five  or  six 
different  branches  of  mathematical  physics.  It  is  possible, 
by  making  time  exposures,  to  obtain  well-defined  photographs 
of  these  systems  of  curves.  This  possibility  adds  to  the 
usefulness  of  the  mechanism.  The  mechanism  and  photo- 
graphs of  some  of  the  systems  of  curves  were  exhibited. 

2.  In  this  paper  Professor  Reaves  applies  the  theory  of 
plane  curves  as  developed  by  Halphen  and  Wilczynski  to  a 
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study  of  certain  projective  differential  properties  of  the  an- 
harmonic  curves 

y  =  X*,     y  =  e',     and     r  =  e"*. 

For  each  of  these  curves  are  found  the  osculating  conic  at 
an  arbitrary  point  and  the  locus  of  its  center;  the  Halphea 
point  and  its  locus;  the  point  in  which  the  tangent  meets 
the  straight  line  on  which  lie  the  three  points  of  inflection  of 
the  eight-pointic  nodal  cubic  of  the  point  of  contact,  and  the 
locus  of  this  point.  For  each  curve  these  loci  are  found  to 
be  curves  of  the  same  type  and  having  the  same  invariaQt  tri- 
angle as  the  curve  from  which  they  are  derived.  The  oscu- 
lating conic  of  the  logarithmic  spiral  is  studied  in  some  detail 
and  a  construction  is  given  for  its  center  and  axes. 

3.  Transitive  groups  of  degree  p  =  2^+  1,  p  and  q  being 
prime  numbers,  have  been  considered  especially  by  Mathieu, 
de  Siguier,  and  Miller  and  all  groups  of  this  type,  p  <  107, 
have  been  determined.  Professor  Miller's  method  for  the 
determination  of  these  groups  is  applied  by  Miss  Bennett  to 
the  determination  of  the  transitive  groups  of  degree  107.  It 
b  shown  that  only  the  six  well-known  transitive  groups  of 
this  degree  exist. 

4.  Miss  Bennett  determined  the  order  of  the  product  of 
two  circular  substitutions  having  common  elements  when 
the  arrangement  of  the  common  elements  satisfied  certain 
conditions. 

5.  In  a  paper  soon  to  be  published,  Professor  Emch  shows 
that  in  every  closed  continuous  curve  at  least  one  square 
may  be  inscribed.  The  object  of  the  present  communication 
is  the  solution  of  the  inverse  problem:  to  find  the  para- 
metric equations  of  all  continuous  curves  through  the  vertices 
of  any  square  in  the  plane. 

Designating  by  f  a  parameter,  the  equations  of  such  a  curve 
may  always  be  written  in  the  form 


x=P+|t^2cos  (-^  +  ff) 
(1) 
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+  n3inj^-C2ft+l)||G(0, 

where  Fit)  and  G{t)  are  single  valued  continuous  functions  of  (. 
It  these  are  periodic  (with  the  same  period  «),  the  curve 
represented  by  (1)  is  a  closed  curve.  Every  closed  continuous 
■curve  through  the  vertices  of  a  square  may  therefore  be  re- 
presented in  the  form  (l). 

If  it  is  possible  to  show  that  the  parametric  equations  of 
any  closed  curve 

(2)  X  =  «(i'),    y  =  W). 

where  ^{(')  and  if/{t')  are  any  continuous  coperiodic  functions 
of  (',  by  proper  transformation  of  ('  into  t,  can  be  reduced  to 
(1),  then  every  closed  curve  admits  of  at  least  one  inscribed 


B.  Professor  Carmichael's  paper  on  relativity  falls  into 
two  parts.  The  first  part  deals  with  the  theory  of  mass, 
•energy  and  gravitation.  The  characteristic  conclusions  of 
the  theory  of  relativity  are  derived  in  a  simple  manner.  These 
are  then  applied  to  the  theorj'  of  the  Kaufmann  and  Bucherer 
experiments  concerning  the  ratio  of  electric  chaise  to  the  mass 
of  a  moving  charged  body.  There  is  then  a  discussion  of  the 
bearing  of  these  experiments  on  the  general  question  of  the 
experimental  proof  of  the  theory  of  relativity.  The  second 
part  of  the  paper  contains  a  discussion  of  some  philosophical 
questions  connected  with  that  part  of  the  theory  of  relativity 
which  is  developed  in  this  paper  and  in  an  earlier  one  by 
Professor  Carmichael  (see  Physical  Review,  September,  1912, 
pages  153-176). 

7.  Professor  Cajori  refers  to  a  letter  of  Wallis  to  Collins 
May  6,  1673,  which  gives  Wallis's  earliest  attempts  at  visual- 
ization of  imaginaries.  There  is  ground  for  suspecting  that  the 
Wessel-Argand  diagram  was  known  earlier  to  Euler,  Walmes- 
ley,  and  others,  and  that  Gauss  received  suggestions  from  Euler. 
The  most  important  contribution  before  Wessel  is  the  diagram 
of  W,  J.  G.  Karsten,  1768,  which  exhibits  the  infinitely  many 
Jogarithms  of  real  and  complex  numbers. 
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8.  In  this  paper  Dr.  Lefschetz  gives  two  proofs  of  a  formula 
given  by  W.  E.  Story  in  1883,  applying  to  scrolls  of  any  order 
fi,  for  the  number  of  intersections  of  curves  of  order  a,  b 
meeting  the  generators  in  a  and  ^  points.  One  of  the  proofs 
is  based  on  a  previous  work  of  Severi,  and  the  other,  of  an 
elementary  chfiracter,  on  the  theory  of  elimination. 

9.  Dr.  Dodd  uses  the  conception  of  the  error-risk*  to  draw 
comparisons  between  the  arithmetic  mean  and  certain  functions 
of  the  measurements, — the  error-risk  being  a  species  of  probable 
value.  The  following  theorems  are  closely  related  to  the 
theorems  presented  in  a  paper  at  the  recent  summer  meeting. 

The  Gaussian  Law  [G.  L.]  is  postulated  in  this  form:  viz^ 
that  the  probability  that  the  error  x  of  the  measurement  m 
will  lie  in  the  interval  (x',  x")  is  given  by 


■'•'^dx. 


where  x'  <  x". 

The  "  true  value  "  b  designated  by  a,  and  the  arithmetic 
mean  of  n  measurements  by  Mn,  or  simply  M. 

Theorem.  Under  the  G.  L.,  the  probable  value  of  the  square 
of  the  error  of  M  is  greater  than  that  of  BM,  if  5  is  any  constant 
such  that 

Usually  ha  is  very  large.  But,  if  not,  then  from  the  stand- 
point of  the  "  mean  erroivrisk,"  it  is  ■useless  to  make  any 
measuremenU  at  all — with  the  purpose  of  taking  the  arith- 
metic mean — unless  a  sufiSdent  number,  n,  are  made  so  that. 

(2)  2nAV  ^  I. 

For,  if  (2)  is  not  satisfied,  the  risk  in  accepting  zero  as  the^ 
value  of  the  unknown  is  less  than  that  in  accepting  M. 

A  somewhat  similar  theorem  is  valid,  involving  the  absolute 
value  of  the  error  of  M,  and  another  involving  any  even  power 
of  the  error  of  M. 

Now  let 


m:~  +  4 


w + . 


"  Daa  Fehldrisiko,"  Ciuber,  WahrscheinlichkeiUrachnung,  I,  p.  266. 
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ill  partijular. 

Theorem.  Under  the  G.  L.,  the  probable  value  of  the 
square  of  the  error  of  M'^  is  less  than  that  of  Mt,  if  o  >  0, 
and  A  is  sufficiently  great. 

Theorem.  Under  the  G.  L.,  the  probable  value  of  the 
square  of  the  error  of  Ml,  is  greater  than  that  of  3/,  if  n  >  3, 
and  h  is  sufficiently  great. 

By  a  weighted  mean  W  is  meant  pimi+pimjH j-puffin. 

where  the  p's  are  constants  whose  sum  is  unity;  and  by  an 
absolute  error  an  error  taken  positively. 

Theorem.  If  the  measurements  are  subject  to  the  G.  L. 
with  measures  of  precision  hi,  ht,  •■■,  A.,  respectively,  then 
the  probable  value  of  any  given  positive  power  of  the  absolute 
error  of  W  is  least  when  pi  =  k.^fSh^.  In  particular,  if  the 
h's  are  all  equal,  this  W  with  the  least  error-risk  is  M. 

10,  Let  «  =  ff  +  /i  be  a  complex  variable;  for  ff  >  1,  the 
Eiemann  zeta  function  is  defined  by  the  Dirichlet  series 

which  ceases  to  converge  for  <r  =  1.  On  this  line,  and  for 
!  1 1  sufficiently  large,  the  following  upper  and  lower  limitations 
for  the  zeta  function  were  found  by  Rlellin  and  Landau: 

Ha  +  ti)\<H\i\  +  cu 

1 


I  rd  +  ti)  I 


<  Cj  log  I  f  I  ■  log  log  1  ( I , 


where  Ci  and  Cj  are  positive  constants. 

In  the  present  paper,  Dr.  Gronwall  proves,  by  relatively 
elementary  means,  the  closer  limitations 

I  fd  +  ii)\<liog\t\  +  cu 

iToTiin  <  "^  '°s  U I  ■  (log  log  I  ( D*. 
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11.  Id  continuation  of  the  investigations  of  the  preceding 
paper,  and  using  some  of  the  less  elementary  properties  of 
the  zeros  of  the  zeta  function,  Dr.  Gronwall  finds  that 

<  c,  log  I  ( I, 


I  r{i  +  ti)  I 
I  r'd  +  ti)  I 


12.  In  showing  that  any  arithmetical  progression  kx  +1, 
where  k  and  I  are  relative  primes,  contains  an  infinity  of  prime 
numbers,  Dirichlet  introduced  the  series 

where  X,(n)  is  a  certain  kth  root  of  unity  called  the  character 
of  n.  The  main  point  in  Dirichlet's  investigation  consisted 
in  showing  that  X,(l)  %  0.  For  any  complex  character, 
Landau  has  recently  obtained  the  limitation 


where  c  is  independent  of  k  and  I. 

In  the  present  paper,  Dr.  Gronwall  derives  the  closer  limita- 
tion 

1 1^(1)  \  <  c  •  log  fc  .  (log  log  4)'. 

13.  According  to  Landau's  extension  of  Picard's  theorem, 
there  corresponds  to  any  given  power  series 

aa+  aix+  Oax*  +  -■■ 

a  minimum  radius  <p{at,  a{),  depending  on  the  first  two  coef- 
ficients only,  and  such  that  inside  or  on  the  circle  |x|  =  ^(ao,  ai) 
the  series  either  assumes  one  of  the  values  0  and  1,  or  has  a 
singular  point.  The  exact  expression  for  this  radius  was 
obtained  by  Carathlodory  in  terms  of  the  modular  function, 
while  the  ordinary  elementary  methods  for  proving  the 
theorem  in  question  only  give  an  upper  limit  for  the  radius 
of  a  much  higher  order  of  magnitude. 
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In  the  present  paper,  Dr.  GronwaJl  obtains,  by  quite 
elementary  considerations,  upper  and  lower  limits  for  thb 
radius,  each  of  which  is  of  the  same  order  of  magnitude  as  the 
exact  expression. 

14.  In  this  paper  Professor  Hedrick  suggests  several  possible 
direct  definitions  of  the  logarithmic  derivative,  and  discusses 
the  effect  of  each  of  them  upon  certain  fundamental  theorems 
and  upon  the  existence  of  the  concept  at  points  where  the 
given  function  vanishes. 

15.  In  this  note  Professor  Ingold  gives  the  general  solution 
for  p  of  the  system  of  equations 

I    aiix)i>ix)dx  =  bi 

both  for  the  case  1=1,  2,  -  •■,  n  and  the  case  t=l,  2,  ■■  -,  co. 
The  result  is  there  used  to  obtain  a  solution  of  die  equation 


f{.)-£'K{,,lMl)dl 


when  the  kernel  can  be  expressed  as  a  uniformly  convergent 
series 

K{g,  f)  =  Soi(«)«i(0 

and /may  be  written  as  a  convergent  series 

Neither  of  the  systems  Oi(a),  Ui(*)  is  assumed  to  be  orthogo- 
nal, or  to  be  dosed;  see  also  Fi(»rd,  Rendiconii  del  Circoio 
Maiemaiieo,  volume  29. 

John  N.  Van  der  Vhies, 
Secretary  (pro  lempore)  of  the  Section. 
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SOME    SPECIAL   BOUNDARY    PROBLEMS    IN    THE 
THEORY  OF  HARMONIC  FUNCTIONS. 

BT  DR.  T.  H.  OROJfWiLL. 

(liead  before  the  American  Mathematical  Society,  September  11,  1912.) 

1.  In  his  paper  on  "Le  probUme  de  Dirichlet  dana  une 
aire  annulaire,"  Rendiconii  del  Ctrcoh  Maiemaiwo  di  Palermo, 
volume  33  (1912),  pages  134-174,  H.  Villat  has  shown  that 
when  uip,  8)  is  harmonic,  uniform,  and  regular  in  the  circular 
ring  R>  p  >  T,  and  subject  to  the  boundary  conditions 

(1)  u(R,  9)  =  *(fl),        «(r,  6)  =  *(«), 

*{fl)  and  *(?)  being  integrable  for  0  ^  tf  £  25r  and  satisfying 
the  condition 


(2) 


j^{e)dB=  f  •9{e)de 


necessary  for  the  uniformity  of  u(p,  0),  then  this  function  is 
given  by 

(3)  ' 

where  (t  and  ai  are  the  Weierstraas  elliptic  sigma  functions, 
the  periods  a  and  a'  satisfying  the  conditions 

,   w'        ,      w'       1 1     ^ 
(i>  and  -r  real,    —  =-ioe-. 

Villat's  proof  consists  in  a  somewhat  lengthy  discussion  of 
the  integrals  in  (3),  similar  to  the  ordinary  treatment  of 
Poisson's  integral. 

Fejfer*  has  solved  Dlrichlet's  problem  for  a  circle  without 
the  use  of  Poisson's  integral.     In  the  present  note,  I  propose 

*L.  Fejir,  "UntereuchungeD  Qber  trigonometrische  Reibea,"  Math. 
^niwl«n,  vol.  58  (Ifi04),  pp.  61-69. 
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to  extend  Fejfir's  process  to  obtain  ViUat'3  results  (and  the 
corresponding  ones  in  three-dimensional  space)  id  a  consider- 
ably shorter  way  than  by  the  method  referred  to. 

2.  We  first  notice  that,  *(fl)  and  *(fl)  being  integrable, 
their  Fourier  coefficients 


If'  If' 

,  =  -  I     *(q:)  cos  nada,   6,  "■  -  (     *Ca)  sin  nada, 

/=  -  I     *(«)  cos  nada,  V=  -  I     *(a)  sianada 


(4) 

exist,  which  fact  we  denote  by 


the  equivalence  sign  n  implying  no  statement  whatever  in 
regard  to  the  convei^nce  of  the  right-hand  members.  We 
now  assume  a  development 

An  ■ 

U(p.  *)  =  2~  +  S  (-^n  cos  "^  +Sn  SlU  nfl)p" 

(6) 

+  ^  (Cn  cos  nO  +  Z>H  sin  n$)p-'', 

make  p  =  R  and  p  =  t,  and  identify  the  resulting  Fourier 
series,  term  by  term,  with  the  Fourier  series  (5)  for  *(fl)  and 
"^{6)  respectively,  which  gives  the  equations 

^0  =  flo  =  oo'. 
(7)        A^R'  +  C„R—  =  a^,     BnR-  +  D„Rr'  =  K, 
Anf"  +  C^r-"  =  a„',       B,p-  +  Z)„r-»  =  K' 

(71=1,2,3,    -.■). 

The  two  equations  for  ^0  are  consistent  by  (2),  and  from  the 
others  we  obtain,  making  r  =  qR,  so  that  9  <  1> 
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To  investigate  the  convergence  of  (6),  we  note  that,  when  n  is 
large  enough  to  make  ^"  <  J, 

IA.\-  fl-"  I"  "' 


(9)  '       _       . 

I  C.  I  -  R-r  |°i_^.'  I  <  2r"(  I  ft.  I  +  !  0.'  I  ). 

I  ^.  I  =  '''f\''\ZfT\<  2'-"(  I  I.  1  +  I  V  I  ). 

Now,  *(P)  aod  "9(0)  being  integrable,  -  On,  -  i»,  -  o»',  -  6,'  are 

bounded  for  all  values  of  n,*  and  therefore  it  follows  from 

(9)  that  both  series  in  (6),  together  with  their  partial  deriva- 
tives term  by  term  to  any  order,  are  uniformly  convergent, 
the  first  for  p  ^  ft  —  «,  0  ^  $  ^  2ir,  and  the  second  for 
p^r-\-(,  0^6^  2r,  where  t  is  positive  and  as  small  as 
we  like. 

Hence  the  expression  (6)  is  harmonic,  uniform,  and  regular 
for  R>  p  >  r.     To  show  that  the  boundary  conditions  (1) 
are  satisfied,  we  shall  use  the  following  lemmaif 
Let 

(10)  Fix,  $)  =  iMe)x\ 

and  suppose  that  the  (eventually  divergent)  series 

£».(») 

is  summable  by  Cesflro's  mean  values  of  the  first  order,  with 
the  sum  j(9)  (that  is,  the  limit 

(11)  i'i^^l^S"'^"'  "  '^^^ 

~  •  Fejfir,  1.  c.        '       ""      '  ~ 

t  Fei^r,  I.  c^  S  2,  Bpeci&liziiiK  hia  general  theorem  by  making  1  >  log  (1/x), 
rC)  ~  f~'-  Cximpare  also  U.  H,  Hardy,  "Some  theorems  concenung 
infinite  seriM,"  Math.  Annaten,  vol.  64  (1907),  pp.  77-94. 
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does  exist) ;  then  (10)  is  convergent  for  0  ^  a:  <  1  and 

(12)  lim  F(l  -  k,  $)  =  fl(0), 

and  on  any  range  for  $  where  (II)  holds  uniformly  the  same 
is  true  of  (12). 

Now  the  Fourier  series  (5)  for  *((?)  is  uniformly  summable 
of  the  first  order  with  the  sum  *(9)  on  any  range  where  *(9) 
is  continuous.*    Furthermore,  the  series 

*i{»)  =  Z  (C,  cos  nfl  +  D„  sin  nS)R-', 

being  uniformly  convergent,  is  obviously  uniformly  summable 
of  the  first  order  with  the  sum  *i(fl);  hence,  by  (7),  the  series 

An        ■ 

V  +  S  {-^m  cos  ne  +  B,  sin  nfl)fl" 

is  uniformly  summable  of  the  first  order  with  the  sum  ^(0) 
—  4>i(0).  Making  x  =  pjR  and  applying  the  lemma,  it  is 
seen  that 

(13)  lim  u(fl(l  -  A),  e)  =  *(ff)  -  *i(fl)  +  *i(9)  =  *(9) 

uniformly  on  any  range  where  #(0)  is  continuous.  Making 
X  ~  rjp  and  reasoning  in  the  same  way  on  4'(fl),  we  obtain 

<")  iiT."(r^*' ")-*<"' 

uniformly  on  any  range  where  *(tf)  is  continuous,  so  that  our 
expression  (6)  satisfies  all  the  conditions  of  the  problem. 

Introducing  the  values  (4)  into  (S)  and  using  well  known 
formulie  in  elliptic  functions,  we  may  easily  reduce  (6)  to  the 
form  (3). 

3.  Now  suppose  that  *((!)  is  continuous  for  B  =  6^,  and  let 
the  point  p,  6  approach  R,  0^  along  any  continuous  path 
p  =  p{$)  instead  of  the  radius.  For  any  positive  c  we  may 
find  a  5  such  that,  *(ff)  being  continuous  for  0  =  8t, 

\  *(fl)  -  *((Jo)  [  <  J(  for  9o  -  «  <  e  <  Co  +  5. 
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By  (13)t  there  exists  an  rj  independent  of  $  such  that 

I  u(B(l  -  A),  0)  -  *{())  I  <  Je 

totO  <  h  ^r}&ad9Q  —  5  <B  <  So  +  S, 

and  according  to  the  definition  of  p(9)  there  exists  a  6'  <  3 
such  that 

0<  R—  p{e)  <  Rij  for  Bo-5'  <  6  <9o+  S'. 

The  combination  of  these  inequalities  gives 

I  u(pie),  e)  -  *(ffo)  \<t  tor  00-S'  <$<$o  +  S', 

so  that,  for  any  $0  where  $(0)  is  continuous,  u(p,  $)  tends 
towards  *(9o)  when  p,  C  approaches  R,  $0  by  any  continuous 
path  entirely  inside  the  circle  of  radius  R. 

The  case  of  a  point  of  discontinuity  So.  such  that  *{Oo  +  0) 
and  *(Co  —  0)  both  exist,  may  be  reduced  to  the  continuity 
case,  according  to  H.  A.  Schwarz,  by  replacing  u{p,  8)  by 

,     „,       *(ffo  +  0)  -  *(0o  -  0)              psine-  R  sin  do 
ftp,  ff) ~- arctg  i — ~ji —  , 

and  from  the  preceding  results,  all  of  Villat's  theorems  are 
easily  deduced. 

4.  Passing  to  three-dimensional  space  referred  to  polar 
coordinates,  consider  the  harmonic  function  u(p,  8,  ip),  uni- 
form and  regular  for  t  <  p  <  R,  and  with  the  boundary 
conditions 

u(R,  $,  <p)  =  *(fl,  v>),    «(r.  fi.  1>)  =  *{».  <fi), 

where  *  and  *  are  integrable  on  the  unit  sphere. 

We  then  have  the  formal  developments  in  spherical  har- 
monics 

(15)  *(C,  *=)  "  g  Yn'ie,  v),    M8.  t>)  ~  £  I'n"(fl,  v). 
and  assuming  a  development 

(16)  u(p,  e,  p)  =  n  +  £  K(9,  *>)p"  +  g  F(fl.  ^)p-, 

we  make  p  =  fi  and  p  =  r  and  identify  (16)  term  by  term 
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with  the  developments  of  *  and  '9  respectively,  obtaining 

Yo  =  Yo'  =  Yo"    (condition  of  uniformity), 
R'Yn  +  ir-F,  =  Yn'. 
r'Yn  +  f— ?„  =  y,"  (n  =  1,  2,  3,  •  •  ■), 

whence 

»-n 

"y,'-  F„"). 


9  "-  9" 


(n  =  1,  2,  3,  .  ■  ■). 


By  expressing  Yn  and  Y^"  by  finite  trigonometric  sums  in 
the  usual  way  and  slightly  modifying  Fej^r's  argument  for 
showing  the  boundedness  of  On/n,  ■  •  •,  bn'fn  in  (8),  it  is  readily 
seen  that  Yn'/n*  and  Yn"ln*  are  bounded,  and  the  convergence 
of  (16)  and  its  partial  derivatives  term  by  term  is  then  es- 
tablished exactly  as  that  of  (6).  The  expression  (16)  is  there- 
fore harmonic,  uniform,  and  regular  for  r  <  p  <  /J;  to  prove 
that  the  boundary  conditions  are  satisfied,  we  may  proceed 
in  the  same  way  as  before,  only  substituting  Cesdro's  means  of 
the  second  order  for  those  of  the  first  order  previously  used.* 
Introducing  the  well-known  integral  expressions  for  Y„' 
and  Y„",  we  may  write  (16)  in  the  form 


»('.«-)=sXT*<-«l'+.5^[fe)" 


■(ir> 


r 

(cos  •Y)sin  a  do 


*  In  the  general  case  of  Bummability  or    2  "nC^)  by  CesAro's  means  of 

ler,  the  lemma  was  proved  by  Hardy,  I.  c.  The  summability 
nd  order  of  the  development  of  a  function /(fl,  ^)  in  Bpherical 
was  proved  by  Fej^r,  "Ueber  die  LapIaceHche  Reihe,  Math. 
ol.  67  (1909),  pp.  76-109,  when  /(S,  ■p)  is  abaoluUly  intep^le, 
present  writer  (m  a  paper  with  the  same  title  which  will  appear 
1  the  Malk.  Annaien),  when  (J{9,  ip)  is  any  integrable  fonction. 
e  paper,  it  is  shown  that  for  an  absolutely  integrable  function, 
■  means  of  the  first  order  are  summable. 
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7  being  the  angle  between  the  directions  6,  <p  and  a,  fi.  By 
using  the  Mehler  formulee  for  Legendre's  polynomials  Pn,  (18) 
may  be  transformed  so  as  to  contain  elliptic  sigma  functions 
under  a  triple  integral  sign,  giving  a  formula  somewhat 
similar  to  (3). 
Chicago,  III., 

November  9,  1912. 


NOTE  OX  FERMAT'S  LAST  THEOREM. 

BT   PKOFEBBOR   B.    D.   CABMtCHAEL. 

(Read  before  the  American  Mathematical  Society,  December  31,  1912.) 

The  object  of  this  note  is  to  prove  the  following 
Theorem.    If  pis  an  odd  prime  and  the  equation 

(1)  x^  Jr  y"- -\- z' =  Q 

has  a  loliOion  in  inUgers  x,  y,  z  each  of  which  is  prime  to  p,  then 
there  exists  a  positive  integer  s,  less  than  i(p  —  1),  sueh  that 

(j  +i)p*  -ap'+i  mod  p". 

The  proof  is  elementary.  If  there  exists  a  set  of  integers 
X,  y,  z  satisfying  (1),  there  exists  such  a  set  having  the  further 
property  that  they  are  prime  each  to  each.  Consequently, 
for  the  purpose  of  argument  we  may  assume  that  x,  y,  z  have 
this  property. 

Then  from  elementary  considerations  it  is  itnown*  that 
integers  a,  f3,  y  exist  such  that 

x+  y=  y",    y+  z^a",    z  +  i  =  (3^. 

Therefore 

(2)  (X  +  y)^^  B  1,    (y  +  z)"^'  =1.  (z  +  x)^^  =  1  mod  i)», 

ance  a''''^"  =  1  mod  p"  when  a  is  prime  to  p. 
From  (1)  it  follows  that 

I  +  y  +  2  a  0  mod  p, 

I  Niedere  Zahlentheorie,  Zweiter  Teil, 
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ance  sf  =  x,  y'  —  y,  z'  ^  z  mod  p  by  Fermat's  theorem. 
■Writing  X  +  y  =  Ap  —  z,  we  have  readily  (x  +  y)"  =  —  z" 
mod  p*.  Replacing  —  z"  by  its  value  x"  +  y*  and  writing 
tbe  resulting  congruence  and  two  similar  ones,  we  bave 

(x  +  yy^x'  +  jt.   {y  +  2)"  ^y'  +  2'. 

*^^  (2  +  z)"  s  zP  +  3*  mod  p*. 

Prom  (2)  and  (3)  we  see  that 

x*  +  y*  ^  X  +  y,    y'+  z*  =  y  +  z,    z'  +  ^^z+x  mod  p*. 

Adding  these  congruences  and  making  use  of  equation  (1),  we 
ha^'e 

X  +  y+  z  =  0  mod  p*. 

TTien  we  may  write  x  +  y  =  B^  —  z,  whence  {x  +  y)''  » 
—  r'  mod  p*.     Hence,  since  —  z"  =  jr"  +  y",  we  have 

{X  +  .v^'  *  J*  +  J/',    (y  +  -)"  =  y'-\-  z", 

(z  4-  a:)"  =  z^-\-  X*  mod  p*. 
Adding  these  three  congruences  and  employing  (1),  we  have 
l4\  U  +  !/>'  +  u/  +  z)"  +  (z  +  i)"  =  0  mod  p». 

Now  from   (-)  we  have  {x  4-  y)'^'  =  1  +  cp*,  whence  it 
follows  that 
^j  +  y^FJ-i)  E  1  mod  p*;  or  {x  +  y)-^  =  (x  +  »)"  mod  p*. 

with  similar  congruences  for  y  +  z  and  z  +  x.  From  these 
otugnieni-t*  and  1,4)  we  have  the  following  relation: 

^o^         {X  +  yi"^  -iryy-\-zy+{z-\-xym(i  mod  p». 

But  J  +  y  =  .-Ip  -  r,  and  therefore  (j  +  y)-^  =  -  z^  mod  p», 
with  similar  congniences  f or  y  +  z  and  z  +  i.    Substituting 
■e 

J*'  +  y^  +  :'^  s  0  mod  p*. 
)e  the  positive  integer  less  than  p  such  that 
y  ■  fff  mod  p. 
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Then  since  x  -\-  y-\-  z  ^  0  mod  p  we  have  x  +  <tx+  z  m  0 
mod  p  or  2  s  —  (i7  +  l)a-  mod  p.  It  is  then  obvious  that 
yf*  m  {axy  mod  p"  and  z"^  ^  {  -  {ff  +  \)x)'^  mod  p".  Sub- 
stituting in  (6)  and  dividing  the  resulting  congruence  by 
ar*^,  we  have 
(7)  (ff  +  DP*  =  ffp*  +  1  mod  p». 

If  <r  <  i(p  —  1),  it  may  be  taken  for  the  s  of  the  theorem, 
and  our  demonstration  is  then  complete.  If  4t  >  ^(p  —  1), 
write 


whence  3  <  i(p  —  1).    From  (7)  we  have 

(<r  +  1  -  p)"'  ■  (ff  -  p)*^  +  1  mod  p*; 
or 

(p  -  ff)*^  =  (p  -  ff  -  l)"^  +  1  mod  p', 
whence 

{« -\-\ym8^+l  mod  p*. 

If  ff  =  JCp  —  1)  we  have  from  (7),  on  multiplying  by  2"^, 
(p  +  Dp"  «  (p  -  1)^"  +  2*^  mod  p*; 

1  =  -  1  +  2^*  mod  f, 
whence 

2"'  =  2  mod  p*, 

so  that  for  the  s  of  the  theorem  we  may  in  this  case  take  3=1. 
This  completes  the  demonstration  of  the  theorem. 

CoROiXART.     //  any  two  qf  the  nuTnhers  x,  y,  z  are  congruent 
modido  p,  then 

2*^'  =  1  mod  p*. 

For,  if  X  and  y  are  congruent,  a  is  equal  to  unity  and  the 

corollary  follows  at  once  from  (7).     A  similar  proof  may  of 

course  be  made  when  y  and  s  or  z  and  x  are  congruent. 

From  the  way  in  which  the  theorem  was  proved  it  is  clear 

■  that  in  general  there  are  several  values  of  <r  satisfying  con< 

gruence  (7).     Thus  if  irr  »  1  mod  p,  so  that  x  =  ry  mod  p, 
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it  is  obvious  that  we  have  also 

(r+l)'^  =  T>^+  1  mod  p^. 

But  this  congruence  is  implied  by  (7)  alooe,  as  one  may 
readily  verify  by  multiplying  (7)  by  t*^.  Other  cases  may  be 
dealt  with  similarly. 


INTEGRAL  EQUATIONS. 

Introdvction  t  la    Thiorie  des  Equatioju  iniigrales.     By  T. 

Lalesco.     Paris,  A.  Hermann  et  Fils,  1912.     152  pp. 
L' Equation  de  Fredholm  et  aes  Applicatioju  h  la  Physique  mathi- 

matique.     By  H.  B.  Hetwood  and  M.  Frechet.     Paris, 

A.  Hermann  et  Fils,  1912.     165  pp. 

The  theory  of  integral  equations  has  been  developed  since 
the  publication  of  Volterra's  first  paper  in  1896,  and  most  of 
the  work  has  been  done  since  Fredholm's  fundamental  memoir 
appeared  in  1900.  Yet,  in  this  comparatively  short  time,  the 
number  of  printed  papers  dealing  with  the  subject  has  become 
80  great  that  one  approaching  the  subject  for  the  first  time  is 
embarrassed  by  the  wealth  of  material  at  his  command.  The 
two  books  mentioned  above  have  been  written  for  the  beginner 
in  the  study  of  this  interesting  and  useful  branch  of  analysis. 
The  authors  have  given  a  clear  and  concise  exposition  of  the 
fundamental  principles  and  of  the  most  important  results 
obtained  up  to  the  present  time.  While  admitting  freely  that 
there  is  much  yet  to  be  done  both  on  the  theoretical  side  and 
the  side  of  applications  to  mathematical  physics  and  me* 
chanics,  there  can  be  no  doubt  that  the  fundamental  portions 
have  already  reached  a  form  that  will  remain  classic,  and  that 
it  is  now  desirable  to  have  them  in  book  form  for  the  conven- 
ience of  the  mathematical  public.  These  two  small  volumes 
will  be  found  very  useful  to  the  reader  who  wishes  merely  an 
acquaintance  with  the  first  principles  of  the  subject,  as  well  as 
*"  *•"■  "^ader  who  expects  to  attain  a  wider  knowledge  by 
the  journal  articles.  While  there  is  necessarily  some 
1  the  two  books  may  well  be  used  together.  The 
is  devoted  to  the  theory  of  integral  equations  and 
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makes  no  mention  of  applications,  while  the  second  is  con- 
cerned chiefly  with  the  application  of  Fredholm's  equation 
to  the  problems  of  mathematical  physics. 

The  treatise  of  Lalesco  is  divided  into  three  parts  entitled: 
I.  The  Equation  of  Volterra,  II.  The  Equation  of  Fredholm, 
and  III.  Singular  Equations.  Beginning  in  part  I  with  the 
equation  of  Volterra  of  the  first  kind 


(1) 


j    Nix,  aMs)ds  =  Fix)  (0  g  a-  g  o). 


where  Fix)  and  the  kernel  N(x,  s)  are  known  functions  while 
f  is  to  be  determined,  the  author  first  shows  the  analogy 
of  the  theory  of  linear  integral  equations  to  that  of  a 
system  of  linear  algebraic  equations.  Throughout  this  part 
of  the  work  it  is  assumed  that  we  have  to  deal  only  with  finite 
and  integrable  functions.  Differentiating  (1)  with  respect  to 
X  and  assuming  that  Nix,  x)  does  not  vanish  in  the  interval 
(Oa)  leads  to  an  equation  of  the  second  kind,  that  is,  of  the 
form 

(2)  p(x)  +  £Nix,  s).pis)ds=  Fix). 

To  solve  this  equation  by  successive  approximations  a  param- 
eter X  is  introduced  as  a  factor  of  the  integral  and  the  solution 
is  assumed  as  a  power  series  in  X.  It  is  shown  that  the 
coefficients  are  uniquely  determined  and  that  the  series  repre- 
sents an  integral  function  of  X,  uniformly  convergent  with 
respect  to  x.  Furthermore  it  is  shown  that  this  is  the  only 
finite  solution.  The  solution  of  (1)  is  then  obtained  by 
integration  and  gives  Volterra's  theorem: 

If  Nix,  y)  and  Fix)  are  differentiable  with  respect  to  a:  in 
the  interval  (Oa)  and  if  Nix,  x)  +  0,  and  /"(O)  =  0,  the 
equation  (1)  admits  a  unique  solution  which  is  finite  and 
continuous  in  this  interval. 

The  restrictive  conditions  of  the  preceding  theorem  are  not 
necessary  for  an  equation  of  the  second  kind.  Proceeding 
with  the  consideration  of  the  latter  type,  the  formulas  of 
Volterra  for  the  iterated  and  reciprocal  functions  are  obtained 
by  applying  Dirichlet's  formula  to  the  coefficients  in  the 
series  obtained  above. 

Section  IV  of  the  first  part  explains  the  connection  between 
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the  equation  of  Volteira  and  linear  differential  equations. 
Every  linear  differential  equation  can  be  reduced  to  an 
equation  of  Volteira  from  which  can  be  deduced  immediately 
all  the  elementary  properties  of  the  solutions.  It  is  inter- 
esting to  note  that  by  this  process  it  is  possible  to  reach  the 
conception  of  a  linear  differential  equation  of  infinite  order. 
Under  suitable  conditions  of  convergence  the  existence  and 
uniqueness  of  the  solution  follow. 

liie  extension  to  equations  involving  several  variables  and 
to  systems  of  equations  offers  no  essential  difficulties  and  the 
brief  treatment  merely  indicates  the  procedure  by  the  method 
of  successive  approximations. 

The  equation  of  Fredholm,  which  forms  the  subject  of  the 
second  part  of  the  book,  differs  from  the  equation  of  Yolterra 
in  that  the  upper  limit  of  integration,  as  well  as  the  lower 
limit,  is  constant.  The  problem  is  to  find  a  function  <p  which 
satisfies  the  equation 

(3)  .p(x)  +  \£  Nix.  sMs)ds  -  fix). 

The  method  of  solution  proposed  by  Fredholm  is  said  to  be 
considered  by  Darboux  and  Picard  the  most  beautiful  in 
analysis.  In  the  exposition  of  this  method  the  author  has 
followed  the  works  of  Fredholm,  Goursat,  and  Heywood. 

Applying  the  method  of  successive  approximations,  the 
solution  is  obtained  as  a  power  series  in  X,  just  as  in  the  case 
of  Volterra's  equation.  There  is,  however,  an  important 
difference.  The  solution  of  Fredholm's  equation  is  not  an 
integral  function  of  X,  but  is  convergent  if  |  X  |  <  IjN,  where 
N  is  the  maximum  value  of  N(x,  s)  in  the  region  considered. 
The  solution  can  be  written  in  the  form 

vM  -  f  (.')  -  £  31(1,  ,,  X) /{,)&, 
where  the  teciprocal  function  (noyau  resolvant) 
31(1,  J,  X)  -  iV(»,  y)  -  XJV,(a:,  y)  +  •  ■  • 

+  (- I)»X»iV,(j-,  })  +  •••. 

The  analytic  character  of  the  solution  with  respect  to  X  depends 
in  the  first  place  on  that  of  91.     The  study  of  the  solution  is 
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then  thrown  upon  the  study  of  the  reciprocal  function.  The 
second  member  of  equation  (3)  plays  no  part  in  this  con- 
sideration. 

It  is  shown  that  the  reciprocal  function  satisfies  two  integral 
equations,  one  of  which  is 

(4)  9I(x,  y,  \)  =  N{x,  y)-\  f  Nix,  *)91(s,  y,  \)ds. 

Jo 

The  analogy  with  a  system  of  algebraic  equations  suggests 
that  the  solution  of  (4)  should  be  a  meromorphic  function 
of  \,  in  which  the  denominator  does  not  depend  upon  x  and  y. 
Accordingly  the  solution  is  assumed  in  the  form 

(5)  3l(x,  y.-K) i  +  «^x+--.+ap.^  +  --. 

_  D(x.  y,  X) 
2>(X)      ■ 

Substituting  (5)  in  (4)  and  equating  coefficients  of  powers  of 
X  shows  that  the  coefficients  a^  may  be  chosen  arbitrarily. 
If  dp  =  0  the  series  found  above  is  obtained.  In  order  to  get 
the  formulas  of  Fredbolm  the  relation 

(6)  pOp  =    I    Aj,{8,  a)ds 

is  assumed.  It  follows  then  ttat  the  coefficients  A^  are 
uniquely  determined  and  that  the  functions  D{x,  y,  X)  and 
Z>(X)  are  integral  functions  of  X.  This  method  of  exposition 
is  very  neat,  but  appears  artificial  because  no  reason  is  sug- 
gested for  the  choice  of  the  relation  (6).  The  function  D(K) 
is  called  the  determinant  of  the  kernel  N  and  the  roots  of 
D(\)  =  0  are  the  characteristic  values. 

The  second  chapter  of  part  II  is  devoted  to  a  more  detailed 
study  of  the  reciprocal  function.  The  first  two  paragraphs 
deal  with  orthogonal  and  biorthogonal  systems  of  functions, 
followed  by  a  treatment  of  the  kernel  of  the  special  form 

Ketuming  to  the  general  case,  it  is  shown  that  if  Xi  is  a  charac- 
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teristic  value  then  X  =  Xi  is  a  pole  of  the  reciprocal  function. 
For  X  =  Xi  the  expression  (5)  is  no  longer  valid.  In  general 
for  X  =  Xi  the  equation  (3)  does  not  admit  a  finite  solution. 
To  examine  this  case  more  in  detail  we  consider  the  homo- 
geneous equation,  that  is,  suppose  f{x)  ■  0,  and  reach  the 
second  and  third  theorems  of  Fredholm: 

II.  For  a  characteristic  value  Xi  of  multiplicity  n  and  rank 
(index)  r,  the  homogeneous  equation  admits  r  linearly  inde- 
pendent solutions  called  fundamental  solutions.  The  asso- 
ciated equation  (obtained  by  interchanging  the  variables  in  ff) 
has  exactly  the  same  number  of  fundamental  solutions. 

III.  The  necessary  and  sufficient  condition  that  the  equation 
of  Fredholm  with  second  member /(x)  shall  admit  a  solution 
for  a  characteristic  value  X  =  Xi  is  that  f{z)  shall  be  orthogonal 
to  all  the  fundamental  solutions  relative  to  Xi  of  the  asso- 
ciated equation. 

Chapter  III  of  the  second  part  is  entitled  Special  Kernels 
and  considers  principally  symmetric  and  skew-symmetric 
kernels,  and  the  development  of  functions  in  terms  of  funda- 
jnental  functions,  following  the  work  of  Hilbert  and  Schmidt. 
The  third  part  of  the  book  treats  of  singular  equations  and 
Tion-linear  equations.  A  linear  integral  equation  is  said  to 
be  singular  (1)  if  one  of  the  limits  of  integration  is  infinite, 
or  (2)  if  the  integrand  becomes  infinite  for  at  least  one  point 
in  the  interval  of  integration,  or  (3)  if,  in  the  equation  of 
Volterra  of  the  first  kind,  N{x,  x)  =  0  for  at  least  one  point 
of  the  interval.  Thb  chapter  of  the  theory  of  integral  equa- 
tions is  not  complete,  and  much  is  yet  to  be  done  towards 
obtaining  results  of  a  general  character.  The  present  theorems 
apply  for  the  most  part  to  special  cases  and  show  that  remark- 
able analytic  circumstances  of  the  most  diverse  character  may 
occur.  For  example,  the  characteristic  values,  in  general,  no 
longer  form  a  discrete  set,  but  may  be  distributed  upon  seg- 
jnents  of  the  real  axis  everywhere  dense,  and  the  analytic 
nature  of  the  solution  in  X  depends  essentially  on  the  second 
member  of  the  equation. 

The  extensive  bibliography  is  practically  complete  so  far 
as  the  theory  is  concerned.    No  attempt  is  made  to  cite 

to  papers  dealing  with  the  applications. 

nately  the  present  edition  of  Lalesco's  book  contains 

>rints  which  will  be  a  source  of  some  inconvenience 

ler. 
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The  book  by  Heywood  and  Frechet  contains  three  chapters. 
Id  the  first  is  found  a  statement  of  certain  problems  which  lead 
to  an  equation  of  Fredholm.  They  involve  principally  the 
determination  of  a  harmonic  function  in  a  domain  D  of  three 
dimensions,  that  is,  a  solution  of  the  equation  of  Laplace 

which  is  analytic  in  D.  Further  conditions  are  necessary  if 
D  is  infinite.  The  following  functions  are  harmonic  outside 
the  attracting  masses:  (1)  the  potential  of  a  space  distri- 
bution, (2)  the  potential  of  a  simple  distribution  on  a  surface, 
(3)  the  potential  of  a  double  distribution  on  a  surface.  The 
classic  problems  relative  to  harmonic  functions  are 

1.  Dirichlet's  Problem. — The  function  V  is  subject  to  the 
condition  of  taking  given  values  upon  the  surface  S.  V,  = 
f{M),  where  M  denotes  a  point  of  the  surface. 

2.  Neumann's  Problem. — In  this  case  the  values  of  the 
normal  derivative  upon  S  are  given.     BVjdn,  =  g(M). 

3.  Problem,  of  Heat.- — The  expression  dVjdn-i-  pV  is  given 
upon  S,  p  being  a  function  of  M.  The  condition  q-dV/dn 
+  pV  =  h{M)  reduces  to  the  preceding  if  ?  +  0. 

4.  The  term  "mixed  problem"  is  applied  to  a  problem 
which  one  meets  in  hydromechanics  and  corresponds  to 
9  =  0  upon  part  of  the  surface  and  p  =  0  upon  the  other  part. 

The  problems  of  mathematical  physics  corresponding  to  the 
preceding  occur  in  connection  with  the  newtonian  attraction 
and  electrostatics,  magnetism,  hydrodynamics,  elasticity, 
theory  of  heat,  and  acoustics.  It  is  shown  how  these  problems 
lead  to  integral  equations  of  the  Fredholm  type. 

The  second  chapter  treats  the  theory  of  Fredholm's  equa- 
tion. The  first  solution  is  obtained  by  Neumann's  method  of 
successive  substitutions  and  is  made  without  the  introduction 
of  a  parameter.  Throughout  this  chapter  the  method  of 
exposition  and  the  terminology  follow  closely  the  corresponding 
work  in  Bdcher's  Introduction  to  the  Study  of  Integral  Equa- 
tions. The  equation  of  Volterra  is  treated  as  a  special  case 
of  the  Fredholm  equation. 

In  the  third  chapter  the  theory  is  applied  to  the  solution 
of  the  problems  stated  in  chapter  I. 

W.   R.   LONGLET. 
Sheftixld  Scientific  School, 
New  Hatem,  Conn. 
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AN  ADVANCE  IN  THEORETICAL  MECHANICS. 

Thiorie  det   Corps  dfformaitles.     Par   E.   Cosserat  et  F. 

CossERAT.    Paris,  A.  Hennann  et  FUs,  1909.    vi+226  pp. 

In  a  recent  review*  of  the  French  edition  of  the  first  half  of 
Chwolson's  monumental  treatise  on  physics,  we  purposely 
and  explicitly  omitted  comment  upon  two  extended  notesf 
of  the  Cosserats  on  the  foundations  of  analytical  mechanics 
other  than  first  to  state  that,  owing  to  the  difficulty  of  the 
notes  themselves  and  the  lack  of  a  general  theoretical  treat- 
ment of  mechanics  in  Chwolson's  volumes,  these  notes  seemed 
out  of  place,  and  second  to  promise  that  these  important  con- 
tributions of  the  Cosserats  should  shortly  be  reviewed.  The 
Th£orie  des  Corps  d^formables  is  a  reprint,  with  repagination, 
of  the  second  of  these  notes,  and  may  be  obtained  separately 
by  those  who  may  want  it  without  the  rest  of  Chwolson's 
highly  valuable  treatise. 

The  underlying  idea  of  the  Cosserats  is  to  base  analytical 
mechanics,  in  its  most  widely  extended  sense,  not  upon 
Newton's  laws  or  Hamilton's  principle,  but  upon  what  they 
call  euelidean  action,  and  to  define  the  common  concepts  of 
mechanics  in  terms  of  this  euelidean  action;  to  develop  a 
general  theory  which  shall  include  as  special  cases  newtonian 
mechanics  and  its  various  derivatives  or  extensions,  of  which 
there  are  so  many,  hydrodynamics,  elasticity,  and  electro- 
magnetism,  and  which  shall  extend  in  its  generality  to  an 
infinity  of  possible  non-newtonian  systems  of  mechanics,  of 
which  at  least  one  is  now  familiar  to  students  of  relativity. 
This  ambitious  task  they  have  certainly  accomplished,  and 
from  the  favor  in  which  their  work  seems  to  be  received  by 
such  authorities  as  Appell,  it  is  by  no  means  impossible  that 
Hamilton's  principle,  which  up  to  the  present  has  contained 
the  most  general  and  unifying  theory  of  mechanics,  may 
rapidly  become  replaced  by  the  Cosserats'  euelidean  action. 

The  fundamental  geometric  element  of  their  system  is  not 
the  point,  but  the  point  carrying  a  system  of  rectangular  axes, 
that  is,  the  trirectangular  triedral  angle.    It  is  clear  that  the 

•  Thia  Bulletin,  volume  18,  pp.  497-508,  July,  1912. 
t  Chwolson,  TraiW  de  Phyuque,  volume  1,  pp.  236-273,  and  volume  2, 
pp.  95»-1173. 
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point  alone  could  not  be  sufficient;  for  an  elastic  filament 
differs  from  a  geometric  curve  in  the  way  in  which  a  con- 
tinuous series  of  trirectangular  triedral  angles  differs  from  the 
locus  of  the  vertices  of  the  angles.  Consider  a  function  W  of 
two  neighboring  positions  of  the  triedral  angle,  that  is,  a 
function  of  the  coordinates  of  the  vertex,  of  the  nine  direction 
cosines  of  the  edges  of  the  angle,  and  of  the  first  derivatives 
of  these  coordinates  and  direction  cosines  with  respect  to  the 
time  (in  the  case  of  a  moving  body)  or  with  respect  to  the 
arc  (in  the  case  of  the  elastic  filament).*  Any  such  function 
W  which  has  the  property  of  being  invariant  under  the 
transformations  of  the  euclidean  group  is  called  the  euclidean 
action;  the  quantity  Wdi  (or  Wdso,  where  dso  is  the  element 
of  arc  of  an  undeformed  elastic  filament)  is  called  the  euclidean 
action  in  the  time  interval  <H  (or  in  the  element  dst  of  arc), 
and  is  likewise  invariant  under  the  euchdean  group;  the 
function  W  may  contain  explicitly  the  arc  coordinate  ^o  or 
(under  appropriate  conditions)  the  time  t. 

If  the  theory  of  the  elastic  surface  is  desired  we  have  again 
to  determine  a  function  W  of  two  neighboring  positions  of 
the  triedral  angle  (that  is,  of  the  position  of  the  vertex  of 
the  angle,  of  the  direction  cosines  of  the  edges,  of  their  first 
derivatives  with  respect  to  the  coordinates  pi,  pj  of  position 
on  the  surface,  and  of  pi,  fit  themselves),  so  that  W  shall  be 
invariant  under  the  euclidean  group.  The  case  of  the  dy- 
namics of  an  elastic  filament  is  formally  identical  when  one  of 
the  coordinates  pi,  pi  becomes  the  arc  and  the  other  the  time. 
And  so  on  for  more  complicated  cases.  The  condition  that 
W  shall  be  invariant  specializes  the  form  of  ^  in  a  remarkable 
manner.  In  the  first  place  the  coordinates  of  the  vertex  of 
the  angle  cannot  occur  in  W,  and  in  the  second  place  the 
direction  cosines  and  the  various  first  derivatives  cannot  occur 
except  as  implied  in  the  "velodties  "  $,  rj,  f  or  the  "angular 
velocities  "  p,  q,  r  associated  with  the  triedral  angle.! 

The  authors  then  consider  the  total  action  between  the 

*  The  analogy  between  the  motioD  or  ao  elastic  medium  of  k  dimensioiis 
and  the  equilibrium  of  an  elaatic  medium  of  A  +  1  dimeoaions  is,  or  should 
be,  well  known  to  all  Btudents  of  mechanics;  it  is  this  analoi^  which  enables 
the  authors  to  give  a  uniform  treatment  to  dynamic  and  static  problems 
of  different  natures. 

tThe  terms  "velodties"  and  "angular  velocities"  are  included  in 
quotation  marks  because  in  the  statical  problem  they  are  not  true  velocities 
and  angular  velocities  but  the  corresponding  derivatives  with  respect  to 
non-temporal  coordinates  such  as  «>i,  p|. 
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bounding  conditions  of  the  problem,  for  example 

A'=   ("wdi,    A  =  J    IVdso,    A  =   ( jwdS^, 

and  they  employ  the  principle  of  varying  action  to  define 
the  fundamental  quantities  such  as  momentum,  force,  work, 
kinetic  energy.  The  whole  system  of  mechanics  thus  becomes 
one  of  nominal  definition  based  upon  the  function  W.  The 
generaUty,  uniformity,  and  precision  of  the  treatment  are 
striking,  and  this  general  statement  of  the  method  is  intended 
to  emphasize  as  much  as  possible  these  characteristics  even  at 
the  expense  of  being  vague.  We  shall  now,  therefore,  discuss 
a  particular  application  in  a  little  detail  for  the  sake  of  relieving 
the  vagueness, 

In  the  case  of  the  dynamics  of  a  particle  the  vertex  of  the 
triedral  angle  is  alone  significant  and  the  edges  must  be  ignored. 
The  function  W  is  then  necessarily  a  function  of  the  velocity  « 
aione,  provided  we  refer  the  particle  to  fixed,  not  moving,  axes. 
The  total  action  is 


'=r 


W{v)di. 


The  variation  of  the  action,  after  an  integration  by  parts 
becomes 

hA  ={Fix  +  G5j  +  mz\\\  -  f  '  {XSx  +  YSy  +  Z6z)di, 

where 

F=^l-        G=—^-^^-      i/=^'L''= 
dv  V  dt  '  dt  V  M'  dv  V  dt' 

y_dF       ^_dG      „  _dH 
^"'dt'      ^  ~  di'     ^  -~di- 

Then  F,  G,  H  are  by  definition  the  components  of  momentum 
and  X,  Y,  Z  are  by  definition  the  co  mponent  externa!  forces. 
In  like  manner 

X6x  +  YSy  +  ZSz    and    Fdx  +  Gby  +  f/fe 

are  respectively  the  work  done  by  the  external  force  and  the 
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work  done  by  the  momentum.*    From  these  definitions  we 
may  prove  that,  as  usual,  the  impulses  of  the  forces  and  of 
their  moments  are  respectively  the  change  of  the  components 
of  momentum  and  of  moment  of  momentum. 
The  work  done  by  the  forces  becomes  at  once 

Xdx-{-  Ydy-\-Zdz=dl  t.^  -  w\ 

an  exact  differential,  and  if  we  set 

E.M-W 
as 

and  define  E  as  kinetic  energy,  we  have  the  familiar  theorem 
as  to  the  equality  of  the  work  done  and  the  change  of  kinetic 
energy.  We  may  define  the  mass  of  the  particle  in  a  number 
of  ways  dependent  on  the  point  of  view  we  desire  to  adopt. 
Thus  we  have  several  masses: 

1°,  the  quotient  of  the  momentum  by  the  velocity,  called 
the  maupertuisian  mass,  l/v-dW/dt, 

2°,  the  quotient  of  the  action  by  half  the  square  of  the 
velocity,  the  hamiltonian  mass,  2WJt^, 

3°,  the  quotient  of  the  kinetic  energy  by  half  the  square  of 
the  velocity,  the  kinetic  mass,  2£/ii^. 

Now  if  it  be  supposed  that  the  mass  is  finite  and  the  W(t) 
is  developable  in  powers  of  v,  the  development  must  begin 
with  the  second  power. 

For  sufficiently  small  values  of  v  the  terms  of  order  higher 
than  ^mr?  may  be  neglected.  The  system  of  dynanucs 
founded  upon  the  approximation  W  =  ^mo*  is  none  other 
than  the  newtonian,  and  the  three  masses  above  defined 
reduce  to  the  same  constant  m.  Thus  newtonian  mechanics 
appears  as  the  theory  of  slow  motions,  of  motions  infinitely 
near  to  the  state  of  rest.  The  distinction  between  slow  and 
fast  motions  is  indeed  analogous  to  that  between  infinitesimal 
and  finite  displacements  in  the  theory  of  elasticity.    From 

•  The  authors  use  the  term  work  in  both  eaaes  despite  the  evident  dif- 
ference of  physical  dimensiona,  just  as  they  use  action  for  W  or  Wdt. 
This  seems  unfortunate. 
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the  point  of  view  of  the  principle  of  relativity,  motion  cannot 
be  infinitely  fast;  those  interested  in  these  theories  may 
discuss  the  mechanics  founded  on  the  assumption  W  = 
mod  -y  1  -1?). 

It  would  be  useless  here  to  follow  in  detail  the  three  great 
sections  of  the  text,  namely,  equilibrium  of  an  elastic  filament, 
equilibrium  of  an  elastic  surface  and  dynamics  of  an  elastic 
filament,  and  equilibrium  and  motion  of  a  continuous  medium; 
tbey  will  be  followed  in  detail  by  all  earnest  students  of  these 
topics.  We  prefer  here  to  point  out  an  advantage  and  a  dis- 
advantage of  the  Cosserats'  system.  In  the  main  these  are 
those  associated  with  the  transfer  of  any  deductive-intuitional 
physical  science  to  the  corresponding  formal-deductive  mathe- 
matical discipline.  The  gain  is  in  sureness,  in  freedom  from 
constant  doubtful  appeal  to  intuition;  a  great  variety  of 
possible  assumptions  and  corresponding  cases  may  be  dis- 
cussed systematically  and  accurately  from  a  given  uniform 
point  of  view.  Those  who  have  taught  the  theory  of  elasticity 
will  most  appreciate  this  advantage.  The  loss  is  in  the 
lessened  training  of  that  physical  intuition,  which  is  vital  for 
the  future  success  of  the  young  phjsicist  and  which  can  be 
acquired  only  by  practice  in  making  such  various  plausible, 
hut  not  demonstrated,  assumptions  as  are  frequent  in  the 
theory  of  elasticity.  The  simplest  explanation  of  the  world 
already  subdued  may  in  the  last  analysis  be  mathematically 
formal;  but  the  subjugation  of  the  regions  not  yet  reached 
can  in  the  first  instance  be  accomplished  only  by  the  imagi- 
nation. 

Edwin  B.  Wilson. 
Mabbachubetts  Institdtb  oy  Tbchsologt, 


SHORTER  NOTICES. 

fatemaiicke.  By  Giulio  Carlo  Dei  Toscei  di 
NO.  Pubhlicate  sotto  gli  Auspici  della  Societi 
la  per  il  Progresso  delle  Scienze.  Per  cura  dei 
sori  Senatore  Vito  Volterra,  Gino  Loria,  e  Donisio 
ioli.  Rome,  1912.  3  Vols.  40  lire, 
were  to  select  from  the  great  mathematicians  of  the 
half  dozen  whose  works  we  might  deem  worthy  of 
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new  editions,  or  whose  scattered  monographs  deserve  to  be 
brought  together,  it  is  hardly  probable  that  the  name  of  Fag- 
nano  would  be  in  the  list.  Well  known  as  he  was,  nevertheless 
he  was  hardly  one  of  the  world's  great  builders  of  science, 
nor  was  he  one  who  laid  deep  its  foundations  or  extended  its 
applications  into  fields  of  great  importance. 

Bom  of  a  distinguished  family  that  occupied  the  Castle  of 
Fagnano  for  many  generations,  and  that  later  settled  in 
Senigallia,  a  family  that  had  provided  one  pope  and  many 
distinguished  citizens,  the  Conte  Giulio  Carlo  early  gave 
evidence  of  bis  noble  breeding.  At  the  age  of  ten  he  cul- 
tivated poetry,  and  soon  after  he  published  some  philosophical 
verse  on  the  resurrection.  He  studied  in  the  CoUegio  Cle- 
mentino  at  Rome,  devoting  his  attention  exclusively  to  letters, 
philosophy,  and  theology.  Mathematics  was  not  a  favorite 
of  his  at  first,  but  he  seems  to  have  been  led  to  study  the 
science  through  the  philosophy  of  Leibniz,  Wolf,  Newton, , 
and  Malebranche. 

It  was  in  1718  that  Fagnano,  then  36  years  old,  published  his 
best-known  memoir,  the  "  Metodo  per  misurare  la  lemniscata," 
a  contribution  that  at  once  attracted  attention  and  was  fol- 
lowed by  numerous  other  essays,  most  of  them  appearing 
in  the  GiomaU  de'  Letterati  d' Italia.  In  1743  an  event  happened 
which  led  to  the  collection  and  amplification  of  his  memoirs, 
namely,  the  discovery  of  the  insecurity  of  the  dome  of  St, 
Peter's.  Pope  Benedict  XIV,  wearied  of  the  discussions 
among  Boscovich,  Jacquier,  Le  Seur,  and  the  Roman  archi- 
tects, and  hearing  from  Monsignore  Nicola  Antonelli  of  Seni- 
gallia of  the  abilities  of  Count  Fagnano,  sent  for  him,  and  was 
so  impressed  with  his  powers  that  he  ordered  the  publication 
of  his  works.  This  was  in  1743,  but  it  was  not  until  1750 
that  the  Froduzioni  matematiche  actually  appeared,  and  then 
under  circumstances  not  altogether  pleasing  with  respect  to 
the  relations  between  the  author  and  his  patron. 

The  lemniscate,  as  is  well  known,  was  first  described  by  the 
Bemoullis  in  1694.  To  them  Fagnano  gives  credit  in  the 
opening  sentence  of  his  Metodo.  His  work  consisted  chiefly 
in  measuring  the  curve  and  in  first  bisecting  its  quadrant,  and 
then  dividing  it  into  2-2,  3-2,  and  5-2  equal  parts.  It  was 
because  of  this  work  that  he  felt  justified  in  speaking  of  it  as 
"  mia  curva,"  nor  can  we  take  exception  to  this  claim  as  made 
in  the  investigations  beginning  in  1718.    It  was  Euler,  how- 
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ever,  to  whom  the  analytic  theory  is  chiefly  due  (in  volume 
5  of  the  Mhrnnret  de  St.  PeUnbouTg).     . 

An  examination  of  the  Produzioni  shows  that  it  is  as  an 
algebraist  that  Fagnano  deserves  chief  recognition.  To  be 
sure  he  devotes  a  large  amount  of  space  to  his  Teoria  generale 
delle  proporzioni  geometriche,  so  much  space  that  few  readers 
will  be  found  who  care  to  master  it,  but  it  is  in  his  Applicazione 
deir  algoiitmo  nuovo  that  One  finds  displayed  an  interest 
in  the  field  of  mathematics  ip  which  Italy  stood  preeminent 
from  the  time  of  Ferro  and  Florido.  Fagnano's  treatment  of 
equations,  bis  ability  to  handle  skilfully  the  complex  number, 
and  his  contributions  of  a  nuom  maniera  of  handling  cubic 
and  quartic  equations,  are  quite  as  noteworthy  as  his  dis- 
coveries in  the  theory  of  the  lemniscate. 

Of  the  three  volumes  edited  and  published  with  such  care 
by  Professors  Volterra,  Loria,  and  Gambioli,  the  first  contains 
.  Volume  I  of  the  Produzioni  matematiche,  devoted  chiefly  to 
geometric  proportion  and  the  "  new  algorism  "  applied  to  the 
treatment  of  equations.  The  second  contains  Volume  II  of  the 
Produzioni.  chiefly  concerned  with  the  theory  of  the  triangle, 
special  problems  in  the  calculus,  and  the  lemniscate.  The 
third  volume  contains  Fagnano's  other  scientific  and  polemic 
writings,  a  large  number  of  his  letters,  and  his  biography. 

Whether  or  not  one  feels  that  the  standing  of  Fagnano 
justifies  the  republication  of  his  memoirs  and  his  opu»  magnut 
before  those  of  other  scientists  whose  works  are  out  of  print, 
he  cannot  deny  the  value  of  the  labor  undertaken  by  the  Society 
Italiana  per  U  Progresso  delle  Scienze,  nor  withhold  the  praise 
that  IS  so  justly  due  to  Professors  Volterra,  Loria,  and  Gambioli. 
David  Eugene  Smith, 

The  Method  of  Archimedes  Recently  Discovered  by  Heiberg. 
A  Supplement  to  the  Works  of  Archimedes,  1897.  Edited 
by  Sir  Thomas  L.  Heath,  K.C.B.,  Sc.D.,  F.R.S.,  Sometime 
Fellow  of  Trinity  College,  Cambridge.  Cambridge  Univ- 
ersity Press,  1912.  51  pp.  Two  shillings  and  sixpence 
net. 

It  is  nearly  four  years  since  there  appeared  in  The  Monist 
Miss  Robinson's  translation  from  the  Grerman  of  the  treatise 
on  mechanics  by  Archimedes  discovered  by  Heiberg  in  1906. 
It  was  this  reviewer's  privilege  to  write  a  brief  introduction 
to  that  translation,  and  all  this  material  appeared  in  pamphlet 
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form  a  little  later.  It  is  therefore  with  a  personal  pleasure 
that  the  reviewer  calls  attention  to  the  pamphlet  prepared 
by  Sir  Thomas  L.  Heath  as  a  supplement  to  the  well-lmown 
edition  of  the  works  of  Archimedes  that  appeaced  in  1897. 

The  pamphlet  has  several  advantages  over  the  one  prepared 
in  1909.  In  the  first  place  the  introductory  note  is  more 
complete,  having  been  prepared  with  the  added  information 
given  out  by  Heiberg  in  1910  in  Volume  I  of  his  new  edition  of 
the  text  of  Archimedes.  Again,  it  is  prepared  with  the  wealth 
of  learning  that  only  Sir  Thomas  Heath  or  Professor  Heiberg 
could  bring  to  such  a  task.  And  finally,  the  translation  of 
the  text  is  from  the  Greek  instead  of  through  the  German,  and 
has  the  advantage  of  the  author's  profound  knowledge  of  the 
idioms  to  be  found  in  the  works  of  the  Greek  mathematicians. 

The  chief  value  of  the  work  lies  in  the  fact  that  it  sets  forth 
the  method  followed  by  the  great  Syracusan  in  making  his 
discoveries  in  mechanics,  and  to  the  testimony  that  it  bears 
to  the  fact  that  Democritus  instead  of  Eudoxus  should  be 
credited  with  the  discovery  that  the  volume  of  a  pyramid  or 
a  cone  is  one  third  of  the  volume  of  the  corresponding  prism 
or  cylinder. 

A  word  of  commendation  should  also  be  given  to  the  clear 
way  in  which  the  translation  has  been  arranged  upon  the  page, 
so  that,  as  in  the  edition  of  1897,  the  eye  easily  follows  the 
proof. 

David  Eugene  Smfth. 

Didahtik   dea   mathemattschen    Unierrichis.    Von  Dr.  Alois 

HoFLEB,  0.0.  Professor  an  der  Universitat  Wien.    Leipzig, 

B.  G.  Teubner,  1910.    Mit  zwei  Tafeln  und  147  Figuren 

im  Text,    xviii+509  pp.     12  Marks. 

The  present  day  in  the  teaching  of  secondary  mathematics, 

and  in  a  less  degree  of  all  mathematics,  is  characterized  by  a 

spirit  of  unrest  in  every  progressive  country  in  the  world. 

No  one  person  is  responsible  for  this  state  of  affairs,  and  not 

very  many  leading  names  are  connected  with  it.    It  is  not  a 

campaign  carried  on  by  field  marshals  in  education  or  in 

mathematics;  it  is  rather  a  mass  movement  without  other 

leader  than  the  Zeitgeist;   it  is  democracy  asserting  itself 

against  the  old  aristocracy  of  learning;  it  is  often  merely  an 

effort  to  have  things  different,  with  no  well-defined  plan  of 

having   them   better.     This  desire   for  change  shows  itself 
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in  various  aspects.  In  England  it  has  recently  been  directed 
to  the  elimination  of  Euclid,  with  the  result  that  matters 
mathematical  are  temporarily  in  a  condition  that  can  hardly 
be  satisfactory  to  anyone.  In  America  it  often  assumes  the 
form  of  petty  mathematics,  ill  arranged  courses,  or  the  hope 
that  we  may  no  longer  have  any  mathematics  whatever 
required  in  the  high  school.  In  France  it  shows  itself  in  the 
efTort  to  replace  Legendre's  geometry  of  congruence  by  a 
geometry  of  motion  that  seems  at  present  more  abstract  and 
ill  arranged  than  anything  that  has  preceded  it.  And  so, 
in  sll  countries,  we  find  this  longing  for  something  better, 
but  often  with  the  result  that  something  worse  appears.  Now 
there  is  no  doubt  that,  with  the  admission  of  the  mass  of  boys 
and  girls  to  high-school  training,  in  place  of  a  selected  lot  as 
in  tbe  past,  we  have  to  lower,  temporarily  at  least,  the  general 
standard.  This  is  sometimes  interpreted  to  mean  that  tbe 
heart  must  be  cut  right  out  of  secondary  mathematics  and 
that  we  are  to  have  merely  a  little  weak,  diluted  algebra  and 
geometric  drawing,  with  no  serious  work  requiring  sustained 
effort  and  logical  reasoning.  In  particular  it  is  often  asserted 
that  tbe  Realanstalten,  which  appear  with  us  as  technical 
high  schools  and  vocational  schools  of  one  kind  or  another, 
should  have  only  mathematics  that  is  immediately  practical, 
the  idea  of  the  potentially  practical  being  lost  in  the  desire 
for  the  present  need.  Some  go  so  far  as  to  assert  that  mathe- 
matics should  not  appear  as  a  science  at  all,  but  that  when  a 
real  problem  arises  its  solution  should  be  effected  and  no 
other  problems  should  be  ^ven. 

This  preliminary  statement,  long  as  it  is,  is  necessary  to  an 

understanding  of  the  need  for  a  book  like  this  by  Professor 

Hofler.     Written  as  the  first  one  of  a  series  of  didactic  manuals 

"  fur  den  realistischen  Unterricht  an  boheren  Schulen,"  it 

aims  directly  at  the  problem  of  improving  the  teaching  of 

mathematics,  and  of  giving  to  the  science  a  firm  basis,  in  the 

modern  type  of  school.     It  is  written  with  an  earnestness  of 

purpose  that  is  gratifying  to  every  teacher  of  the  subject  and 

tbat  should  be  gratifying  to  everyone  who  has  to  do  with  tbe 

"^■""•♦■"T  of  the  youth,  but  tbat  will  not  be  at  all  appreciated 

pe  of  mind  that  wishes  to  destroy  instead  of  construct. 

ork  is  divided  into  three  parts.     Of  these  the  first 

D  with  the  purposes  and  methods  of  mathematical 

>n,  and  with  modern  questions  of  values  and  of  topics 
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to  be  considered.  For  example,  the  question  of  the  function 
concept,  of  "  functionally  thinking  "  in  mathematics,  13  con- 
sidered at  much  length.  This  question,  of  which  we  shall 
be  hearing  a  great  deal  in  the  next  ten  years  in  the  secondary 
schools  of  America,  was  first  raised  for  such  schools  in  France 
some  time  ago,  chiefly  by  the  late  Professor  J.  Tannery,  and 
was  then  taken  up  by  Professor  Klein  and  given  a  definite 
standing  in  Germany  and  Austria,  whence  it  is  making  its 
way  into  other  countries.  What  this  innovation  for  our 
secondary  schools  means,  why  it  is  undertaken,  and  what 
purposes  are  supposed  to  be  accomplished,  are  considered  in 
this  work,  and  should  be  carefully  considered  by  all  teachers 
before  we  tend  to  go  to  the  extreme  that  usually  characterizes 
our  schools  whenever  a  novelty  is  suggested. 

The  second  part  relates  to  the  course  of  study,  the  char- 
acteristics of  the  successive  stages  of  the  pupil's  progress,  and 
the  treatment  of  distinctive  topics.  It  is  always  helpful, 
under  the  common  accusation  of  superficial  education  that  is 
advanced  against  us,  to  see  with  what  thoroughness  the  Teu- 
tonic schools  do  their  work.  Hence  a  teacher  of  high-school 
mathematics  can  hardly  find  better  reading  in  his  field  of 
activity  than  Professor  Hofler's  sections  on  topics  like  irrationat 
and  imaginary  numbers,  algebraic  and  transcendent  numbers, 
the  relation  of  mathematics  to  physics,  and  the  introductioQ 
to  the  calculus. 

The  third  part  considers  the  relation  of  psychology,  logic, 
and  philosophy  to  mathematics.  The  significance  of  number, 
of  space,  of  intuition  in  mathematical  teaching,  and  of  funda- 
mental concepts,  the  relation  of  logic  to  mathematical  proof, 
the  interesting  and  not  sufficiently  appreciated  question  of 
"mathematical  sophisms,"  and  a  review  of  mathematical 
values,  are  the  leading  features  of  the  concluding  part  of  the 
Work. 

We  have  great  need  of  books  of  this  type,  and  of  those  that 
have  thus  far  appeared  this  is,  to  say  the  least,  one  of  the 
best.  The  author  does  not  show  that  familiarity  with  the 
literature  of  other  languages  that  might  reasonably  be  ex- 
pected from  one  in  his  position  and  with  his  scholarship,  or 
from  a  writer  of  such  a  treatise;  but  as  a  representative  of 
the  best  Teutonic  thought  the  work  will  long  be  recognized 
as  a  standard  authority. 

David  Eugene  Smith. 
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Der  Wert  der  Wiaamachafi.     Von  Henri  PoiNCARfi.     Ueber- 

tragen  von  E.  Weber,  mit  Anmerkungen  imd  Zusatzen  von 

H.  Weber.    Zweite  Auflage  mit  einem  Vorwort  des  Verfas- 

sera.    Leipzig,  Teubner,  1910.    8vo.    viii  +  251  pages.    3 

Marks. 

This  edition  of  the  second  volume  in  Poincar^'s  series  of 
three  volumes  dealing  with  the  fundamental  concepts  of 
science  appeared  after  the  book  had  reached  its  fourteenth 
thousand  in  the  French  editions.  This  fact  indicates  the 
widespread  interest  which  it  inspired.  The  masterly  way  in 
which  the  real  significance  of  scientific  facts  and  theories  is 
brought  out,  and  that  which  is  permanent  and  abiding  in  the 
shifting  lights  of  the  new  discoveries  of  science  made  evident, 
appeals  to  every  philosophic  mind. 

This  particular  edition  is  enriched  with  a  preface  by  Poin- 
car£,  in  which  he  considers  the  service  that  industrial  science 
renders  to  pure  science.  After  speaking  of  the  amazement  of 
the  multitude  that  the  truth  of  today  in  science  becomes  so 
easily  the  error  on  tomorrow,  and  their  consequent  belief  that 
the  dbcoveries  of  science  are  after  all  of  less  significance  than 
we  suppose,  he  continues  thus: 

"And  I  am  not  speaking  here  of  those  abstract  truths  that 
have  become  so  general  that  they  have  lost  all  precise  signifi- 
cance; truths  spelled  in  capitals  and  a  source  of  wonder,  but 
of  whose  meaning  we  can  say  nothing.  The  permanent  truths 
of  science  are  the  facts,  not  only  the  crude  facts  but  also  the 
true  relations  between  the  facts;  what  changes  is  the  language 
in  which  the  facts  are  expressed;  the  mode  of  expression 
changes  because  on  the  old  facts  falls  the  light  reflected  by  the 
new,  which  are  discovered  every  instant  and  which  must  be 
expressed  as  well  as  one  can,  not  only  in  their  own  light  but 
in  the  significance  of  the  illumination  from  many  sources. 

"Happily  science  is  needed  for  its  applications,  and  this 
fact  silences  the  sceptic.  If  he  desires  to  use  some  new  dis- 
covery and  convinces  himself  that  it  is  a  success,  he  must 
indeed  admit  that  there  is  more  there  than  an  idle  dream. 
Thus  we  perceive  the  blessing  in  the  development  of  industry. 

"  I  do  not  wish  to  say  that  science  is  made  for  its  appli- 
cation, far  from  it;  one  must  love  it  for  its  own  sake;  but  the 
recognition  of  its  uses  protects  us  from  the  sceptic, 

"And  then  too  the  enemies  of  science  produce  another 
argument:  they  observe  that  many  discoveries  are  made  by 
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men  of  no  great  education;  that  the  learned  receive  these 
discoveries  at  first  with  shrugs  of  the  shoulders,  and  prove 
that  there  is  nothing  in  them;  but  after  the  discoverer  has 
persevered,  and  even  come  to  success  through  a  kind  of 
contempt  for  sdence,  then  the  learned  demonstrate  the 
possibility  of  success. 

"And  it  is  often  partially  true;  bold  undertakings  are  fre- 
quently due  to  those  who  are  free  from  dizziness,  and  to  prevent 
dizziness  one  must  not  see  too  clearly.  Of  these  adventurers 
only  the  successful  are  counted,  not  those  who  break  their  necks. 

"Not  the  less  true  is  it  that  modem  industrial  dev^opment, 
considered  as  a  whole,  would  have  been  impossible  but  for 
the  advance  of  science.  The  unlearned  live  daily  in  an 
environment  created  by  science,  and  unconsciously  receive 
the  benefit.  It  is  science  that  gives  a  form  to  their  dreaois, 
which  in  other  centuries  would  have  been  very  different. 
Many  bring  to  their  applications  ideas  of  stnentific  origin,  but 
which  their  discoverer  looked  upon  as  only  the  mind's  play, 
and  impractical,  because  he  foresaw  a  thousand  difficulties. 
Every  inventor  has  had  predecessors  whose  great  merit  was 
the  fact  that  they  did  not  halt  at  difficulties,  which  they  did 
not  perceive  simultaneously,  but  conquered  one  at  a  time." 

There  are  thirty-seven  pages  of  notes  by  H.  Weber.  These 
consist  of  explanatory  remarks,  historical  notes  on  the  ori^nal 
text,  and  some  philosophical  considerations.  They  will  be  par- 
ticularly useful  to  the  general  reader.  The  last  note  closes 
with  a  quotation  ascribed  to  Novalis: 

"The  life  of  the  Gods  is  mathematics.  All  divine  mes- 
sengers must  he  mathematicians.  Pure  mathematics  is 
religion.  Mathematicians  are  the  only  fortunate  ones. 
The  mathematician  is  naturally  an  enthusiast.  Without 
enthusiasm  no  mathematics." 

James  Btknie  Shaw, 

S-pezielle    Ftachen    und     TheorU    der    StrahlenayBteme.     Von 
Rektor  Dr.  V.  Kohmerell  und  Prof.  Dr.  K.  Komherell, 
Sammlung  Schubert  LXII.    Leipzig,  Goschen,  1911.    vi-|- 
171  pages. 
During  the  preparation  of  the  second  edition  of  the  authors' 

Allgemeine  Theorie  der  Raumkurven  und  Flachen,*  it  was 
First  edition  1903;  second 
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found  that,  in  the  process  of  revising  and  adding  desirable 
new  material,  the  second  volume  was  becoming  too  large. 
At  the  suggestion  of  the  publishers  this  volume  was  divided 
and  the  second  part  appears  as  a  separate  book.  In  com- 
paring this  new  ^tion  with  the  old,  it  b  to  be  noted  that  the 
general  character  of  the  text  has  not  been  changed.  It  is 
still  a  first  introduction  to  differeptial  geometry,  aiming  to 
present  the  fundamental  facts  and  principles  in  a  simple  and 
concise  manner.  Brevity,  however,  is  no  longer  a  striking 
feature,  for  there  are  531  pages  in  the  three  volumes  of  the 
new  edition. 

The  American  student  beginning  the  study  of  differential 
geometry  now  will  probably  not  use  this  second  edition  so 
frequeoUy  as  bis  predecessor  employed  the  first  one.  When 
the  latter  appeared,  four  years  after  the  German  edition 
of  Bianchi's  book,  there  was  no  text  in  the  English  language. 
But  now  we  have  Professor  Eisenhart's  excellent  work. 

In  the  present  volume  the  first  90  pages  are  devoted  to  the 
"special  surfaces,"  including  W-surfaces,  minimal  surfaces, 
surfaces  of  constant  curvature,  ruled  surfaces,  and  triply 
orthogonal  systems  of  surfaces.  Here  there  are  various  minor 
alterations  and  additions,  especially  under  the  first  three 
headings.  But  the  greatest  dianges  are  to  be  found  in  the 
next  60  pages,  which  deal  with  rectilinear  congruences.  The 
sections  on  isotropic  congruences  are  perhaps  the  most 
noteworthy,  not  only  because  of  the  fact  that  the  treatment 
here  is  fuller  than  in  most  of  the  texts;  but,  also,  because 
these  ten  pages  contain  material  from  a  recent  article*  by 
one  of  the  authors.  Of  especial  interest  are  the  remarkably 
simple  formulie  for  the  middle  surface  of  the  most  general 
isotropic  congruence. 
The  book  is  concluded  by  a  collection  of  thirty-one  problems. 

E.   B.   COWLET. 

Einfiikrung  in  die  Tkeorie  der  partiellen  Bifferentialgleichungen. 

Von  Dr.  J.  HoRN.  Professor  an  der  Technbchen  Hochschule 

zu  Darmstadt.    Leipzig,  Goschen,  1910.    vii+360  pp. 

This  work  may  be  considered  as  the  third  volume  of  the 
course  in  differential  equations  published  in  the  "Sammlung 
Schubert."  The  first  volume  is  the  well  known  work  by 
Schlesinger,  Einfuhrung  in  die  Theorie  der  Differantialgleich- 

•  Malh.  AKnaUn,  vol.  70,  pp.  143-160. 
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ungen  mit  einer  unabhangigen  Variabeln.*  The  second 
volume  is  Gewohnliche  Differentialgleichungen  beliebiger 
Ordnung,  by  the  author  of  the  book  under  review.  The 
task  which  Dr.  Horn  seems  to  have  set  himself  waa  to  produce 
in  one  small  volume  a  course  in  partial  differential  equations 
which  was  to  be  readable  for  the  mid-course  student,  rigorous 
in  treatment  and  such  as  to  bring  out  a  number  of  points  of 
view  of  both  the  older  and  the  more  modem  theory.  In  other 
words  the  book  was  to  fill  up  the  gap  between  the  rather 
meager  discussion  of  partial  differential  equations  in  the  last 
chapters  of  treatises  on  analysis  and  the  works  on  special 
topics  or  special  methods  of  treatment. 

After  the  first  chapter,  which  takes  up  existence  proofs  for 
linear  partial  differential  equations  of  the  first  order  and  with 
n  independent  variables,  the  author  restricts  himself  to 
equations  of  the  first  and  second  orders  with  two  independent 
variables.  In  the  chapter  on  equations  of  the  first  order  he 
gives  a  special  existence  proof  and  then  takes  up  Cauchy's 
method  of  integration  by  means  of  the  characteristics,  using 
Darboux's  geometrical  language.  The  methods  of  Lagrange 
and  Monge  are  used  in  the  discussion  of  the  complete  integral. 
In  the  third  chapter,  after  giving  Goursat's  existence  proof 
for  partial  differential  equations  of  the  second  order  and 
discussing  in  general  the  characteristics  and  their  relation  to 
the  integral  surfaces,  the  particular  equation  of  Monge  and 
Ampere 

Hr  +  2Ks+  Ll+  M+  Nirt-a')  =  0 
(H,  K,  L,  M,  N  functions  of  x,  y,  z,  p,  q) 

is  taken  up  with  the  linear  equation  of  the  second  order  as  a 
spedal  case.  Laplace's  method  of  solution  is  also  used  to 
introduce  the  subject  of  invariants.  The  fourth  chapter  is 
devoted  to  hyperbolic  partial  differential  equations  of  the 
second  order,  in  particular  to  the  discussion  of  the  integral 
by  means  of  Green's  theorem.  The  methods  of  Riemann  are 
abo  briefly  studied. 

In  the  fifth  chapter  begins  the  characteristic  half  of  the 
book,  which  up  to  this  point  differs  only  in  conciseness  and 
arrangement  from  other  texts,  say  parts  of  the  fifth  and  sixth 
volumes  of  Forsyth.     Before  introducing  the  reader  to  the 

*  See  review  in  the  Bdllbtin,  vol.  8,  p.  168. 
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elliptic  pBftial  diifereDtial  equation,  the  author  includes  a  good 
introduction  to  the  integral  equation  according  to  Fredholm. 
The  chapter  ia  clear  and  not  too  brief  for  the  reader  for  whom 
the  book  is  intended,  though  the  following  chapter  on  boundary 
problems  in  ordinary  linear  differential  equations  of  the  second 
order  might  have  been  shortened  with  profit  in  a  work  of  this 
type  and  title.  One  quarter  of  the  book  is  devoted  to  the 
introduction  to  integral  equations.  In  chapter  seven  the 
results  of  the  two  previous  chapters  are  applied  to  particular 
equations  of  the  elliptic  type.     Properties  of  the  solutions  of 

Au  =  0, 

in  particular  two  boundary  value  problems,  are  treated  at 
some  length,  following  Fredholm  and  Hilbert  in  treatment 
and  notation.  A  few  pages  are  devoted  to  special  points  con- 
nected with  the  solutions  of 

Au  +  2ir<f(x,  y)  =  0,    Am  +  Xu  =  0, 

Au  +  U(t.  y)u  =  0  (Jt  >  0). 

The  volume  closes  with  a  short  chapter  on  some  partial 
differential  equations  of  physics. 

The  book  is  clear  and  logical.  Generalities  are  illustrated 
by  well-chosen  special  examples.  After  deciding  upon  the 
content  the  author  keeps  to  the  point  and  does  not  forget  the 
student  for  whom  he  is  writing.  As  to  the  content,  of  course 
there  will  be  differences  of  opinion  as  to  the  choice  of  topics 
from  such  a  wide  field.  For  example  it  would  not  have  been 
a  difficult  task  to  give  some  notion  of  Lie's  methods  with- 
out an  increase  in  size.  This  volume  is  well  worthy  of  a 
place  in  a  series  which  includes  Schlesinger's  little  work, 

A.  R.  Chathorne. 

Lehrbuch  der  Differeniialgleickvngen.  Von  A.  R.  Forsyth. 
(Mit  den  Aufiosungen  der  Aufgaben  von  Hermann 
Maser.)  Zweite  autoriaierte  Auflage,  nach  der  dritten 
des  engllschen  Originals  besorgt  und  mit  einem  Anhang 
von  Zusiitzen  verschen  von  Walther  Jacobsthal.  Braun- 
schweig, Vieweg  und  Sohn,  1912.  xxii  +  921  pp. 
For  many  years  Forsyth's  Treatise  on  Differential  Equa- 
tions has  held  a  place  of  importance  among  physicists  and 
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other  workers  who  have  much  to  do  with  the  practical  problem 
of  solving  differential  equations.  The  value  of  the  book  in 
this  respect  is  due  to  its  fullness  of  practical  methods  of  in- 
tegration and .  its  great  number  of  well-chosen  examples. 
The  purpose  of  the  second  German  edition  is  to  extend  the 
range  of  subjects  beyond  those  embraced  in  the  third  English 
edition  so  as  to  make  the  book  more  useful  to  students  of 
pure  mathematics.  Nevertheless  no  use  is  made  of  function- 
theoretic  considerations;  and  the  discussion  is  confined  almost 
entirely  to  real  variables. 

For  convenience  of  review  the  book  may  be  divided  into 
three  parts.  The  first  (pages  1-526)  contains  a  translation 
of  the  third  English  edition;  the  second  (pages  527-664) 
contains  the  new  matter  supplied  to  the  German  edition  by 
the  translator;  while  the  third  (pages  665-912)  contains  solu- 
tions of  exercises.  There  is  added  an  author  index  and  a 
subject  index. 

The  third  part  of  the  book  contains  Maser's  solutions  of  the 
exercises  found  in  the  second  English  and  in  the  first  German 
edition,  with  numerous  corrections  made  by  the  translator. 
No  solutions  of  the  additional  problems  contained  in  the  third 
English  and  in  the  present  German  edition  are  given. 

The  first  part  of  the  book  follows  the  third  English  edition. 
Throughout  the  treatment  of  ordinary  equations  there  are 
many  footnotes  referring  to  the  discussion  given  in  the  Zusatze 
in  the  second  part,  where  additions  to  and  sometimes  criticisms 
of  the  statements  in  the  text  are  to  he  found.  No  such  ad- 
ditional remarks  are  adjoined  to  the  treatment  of  partial 
equations.  In  at  least  one  important  case  it  seems  desirable 
that  such  should  have  been  done.  The  classification  of  in- 
tegrals of  partial  differential  equations  (§§  177-183)  is  not 
satisfactory.  The  classification  is  arrived  at  by  means  of 
a  formal  process  of  elimination  and  there  is  no  inquiry  as 
to  the  range  of  validity  of  the  formal  process.  The  resulting 
classification  of  integrals  into  three  kinds  is  incomplete; 
there  are  integrals  which  do  not  come  in  any  of  these  classes. 
For  a  discussion  of  this  matter  see  Forsyth's  Theory  of  Dif- 
ferential Equations,  volume  V,  chapter  V. 

There  remains  yet  for  consideration  the  part  of  the  book 
which  contains  new  matter;  and  of  this  we  shall  speak  in 
more  detail.  Only  the  principal  additions  will  be  considered, 
numerous  shorter  notes  not  being  mentioned  at  all.  In  this 
part  attention  is  confined  entirely  to  ordinary  equations. 


-obvGoo»^lc 


358  SHOBTER  BOTICBS.  [Feb., 

Existence  theorems  are  giiven  (pages  529-541)  for  a  single 
equation  of  the  first  order,  for  n  equations  of  the  first  order,  and 
for  a  single  equation  of  the  nth  order.  The  argument  is 
presented  in  such  form  as  to  be  intelligible  to  one  who  has  no 
further  acquaintance  with  functions  than  is  obtained  in  a  good 
course  on  integral  calculus.  The  method  is  that  of  Cauchy 
and  Lipschitz,  Thus  we  have  a  satisfactory  treatment  for  a 
student's  first  introduction  to  the  rigor  of  an  existence  theorem. 

The  short  discussion  of  algebraic  solutions  and  addition 
theorems  (pages  545-550)  cannot  fail  to  be  interesting  and 
instructive  to  the  student.  The  systematic  treatment  of  the 
theory  of  integrating  factors  (pages  551-556)  is  also  a  welcome 
addition. 

The  general  discussion  of  singular  solutions  given  in  the 
English  edition  (and  reproduced  in  the  present  one)  is  some- 
what too  difficult  for  the  beginner.  Consequently,  a  more 
elementary  treatment  of  this  subject  is  given  (pages  556-565). 
There  can  be  no  doubt  that  this  addition  is  a  desirable  one. 

An  interesting  treatment  of  the  formal  problem  of  inte- 
grating by  series  is  given  on  pages  573-597,  The  discussion 
is  limited  to  linear  homogeneous  equations.  The  only  problem 
considered  is  that  of  the  formal  determination  of  power  series 
which  formally  satisfy  the  equation.  All  convergence  proofs 
are  omitted.  The  general  problem  of  finding  the  power  series 
expansions  which  formally  satisfy  the  equation  is  worked  out 
in  a  way  which  is  very  satisfactory  from  the  point  of  view  of 
the  beginner.  The  treatment  is  not  entirely  complete,  some 
exceptional  cases  being  omitted,  as  for  instance,  when  the 
roots  of  the  indicial  equation  differ  by  an  integer.  But  when 
the  equation  is  of  the  second  order  the  treatment  is  made 
complete. 

The  important  particular  case  when  the  recursion  formula 
for  determination  of  the  coefficients  of  the  series  expansion 
has  only  two  terms  is  given  a  special  detailed  treatment 
(pages  589-597).  The  importance  of  this  case,  especially 
in  a  student's  early  study  of  integration  by  series  and  in  ap- 
plications to  equations  of  physics,  will  make  this  section  a 
welcome  one  to  many  teachers.  The  matter  is  well  presented 
and  the  results  are  stated  in  such  form  as  to  be  easy  of  ref- 
erence (as  is  indeed  the  case  with  all  the  more  important 
results  contained  in  the  Zusatze). 

The  application  (pages  597-617)  of  the  theory  of  integration 
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by  series  to  the  Legendre,  Bessel,  and  hypergeometric  equations 
will  be  useful  to  the  student. 

The  last  of  the  important  Zusatze  (see  pages  637-663)  is 
devoted  to  an  exposition  of  the  theory  of  systems  of  simul- 
taneous differential  equations  of  the  first  order. 

Having  thus  passed  in  quick  review  the  contents  of  the  book, 
it  is  now  apparent  that  the  translator  has  certainly  accom- 
plished his  purpose  of  making  it  more  useful  to  the  student  of 
pure  mathematics.  There  remains  the  question  whether 
there  are  not  other  additions  which  would  have  been  desirable 
in  accomplishing  this  purpose.  There  is  at  least  one  which, 
in  the  reviewer's  opinion,  should  have  been  inserted. 

In  connection  with  the  theory  of  formal  integration  by  series 
it  would  have  been  easy  to  insert  a  proof  of  the  convergence 
in  general  of  the  series  for  the  case  of  second  order  equations; 
and  one  can  but  regret  that  this  was  not  done.  Such  a  treat- 
ment would  have  required  only  a  half-dozen  pages;  and  it 
would  have  added  greatly  to  the  value  of  this  already  valuable 
section.  The  translator's  reason  for  omitting  it  is  obvious; 
he  was  making  no  use  of  function-theoretic  considerations, 
and  such  a  proof  would  have  required  the  introduction  of 
these  notions.  But  the  great  value  to  the  student  of  having  at 
hand  this  proof,  for  the  relatively  simple  case  of  second  order 
equations,  seems  to  be  more  than  a  justification  for  departing 
in  this  case  from  the  general  plan  of  the  book;  it  seems  indeed 
to  be  a  demand  for  it. 

On  the  whole  the  translator  has  rendered  a  distinct  service 
to  beginners  in  the  modern  theory  of  differential  equations. 
The  Zusatze  which  he  has  inserted  In  this  volume  have  to  do 
with  well-selected  topics  and  the  treatment  is  for  the  most 
part  very  satisfactory.  The  careful  arrangement  of  material 
and  the  numerous  and  convenient  cross-references  given 
throughout  the  Zusatze  and  the  Aufiosungen  are  especially 
to  be  commended  as  contributing  to  the  reader's  comfort. 
The  usefulness  of  such  mechanical  conveniences  is  often  over- 
looked by  authors.  R.  D.  Carmickael. 

Calctd  des  Probability.    Par  H.  PoincarI    Redaction  de 
A.    QuiQUET.    Deuxiime   edition,    revue   et    augment^e. 
Paris,  Gauthier-Villars,  1912.    335  pp. 
The  first  edition  of  Poincar^'s  Calcul  des  Probabilitfis  was 

published  in  1896;  thus  it  has  been  before  the  public  for  sixteen 
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years.  Therefore  in  this  notice  it  will  be  necessary  to  indicate 
only  the  changes  (not  many  in  number)  which  have  been  made 
in  the  second  edition.  These  are  of  two  kinds:  changes  in 
content,  and  changes  in  arrangement  and  printing. 

The  principal  changes  in  content  consist  of  two  additions. 
There  is  an  introduction  taken  from  the  chapter  entitled 
Le  hasard  in  Poincarl's  Science  et  Mfethode.  It  has  to  do 
with  the  philosophical  considerations  connected  with  the  pos- 
sibility of  a  mathematical  theory  of  probability.  There  is  a 
fresh  chapter  at  the  close  of  the  hook  dealing  with  a  number  of 
miscellaneous  questions.  Besides  this  there  are  some  rear- 
rangements of  old  matter  and  additions  of  new  matter  through- 
out the  book;  but  in  no  cases  do  these  changes  seem  to  be  of 
sufScient  importance  to  require  separate  consideration. 

In  the  first  edition  the  material  was  grouped  by  lectures  and 
not  by  topics,  and  no  page  headings  were  given  to  indicate 
the  nature  of  the  contents  at  any  place.  On  this  account  the 
book  was  inconvenient  for  purposes  of  reference.  In  the 
second  edition  there  is  an  arrangement  of  the  matter  by  topics 
into  chapters  and  page  headings  are  given  to  indicate  the 
chapter  to  which  any  page  belongs.  This  adds  greatly  to  the 
reader's  comfort  and  will  increase  the  usefulness  of  the  book. 

Concerning  a  work  of  Poincar^'s,  one  scarcely  needs  to  add 
that  it  is  interesting  and  valuable  to  the  student  of  the  subject 
with  which  it  deals. 

R.  D.  Cabmichael. 

The  Dynamical  Theory  of  Sound.  By  HORACE  Lamb.  New 
York,  Longmans,  Green  and  Co.  (London,  Edward  Arnold), 
1910.     viii  +  303  pp. 

To  the  two  hundred  or  more  foreign  mathematicians  gath- 
ered at  Cambridge  last  summer  the  atmosphere  of  the  Con- 
gress may  well  have  appeared  somewhat  foreign;  for  prom- 
inent among  the  "home  talent"  were  Sir  George  Darwin, 
the  president,  Lord  Rayleigh,  the  honorary  president.  Sir 
J.  J.  Thomson,  Sir  Joseph  Larmor,  M.P.,  and  Professor  E.  W. 
Brown,  three  of  the  lecturers,  all  in  the  front  rank  of  mathe- 
maticians in  the  Cambridge  sense,  but  elsewhere  ranked 
rather  as  physicists  or  astronomers.  Indeed,  although  Cam- 
bridge has  been  and  still  is  graced  by  the  presence  of  eminent 
pure  mathematicians,  there  is  no  more  striking  phenomenon 
in  university  history,  no  more  persistent  and  justified  tradition. 
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than  the  preeminence  of  Cambridge  as  the  school  of  the  dy- 
namical explanation  of  the  universe,  foremost  from  Newton 
to  Maxwell  and  on  to  the  present  day.  Among  the  treatises, 
standards  for  the  world,  and  issue  of  this  school,  are  Lord 
Rayleigh's  Sound  and  Lamb's  Hydrodynamics;  and  now 
Lamb  offers  us  out  of  his  mature  experience  an  elementary 
Sound,  a  sort  of  lesser  Rayleigh,  written  in  a  delightful  style 
and  valuable  both  for  itself  and  as  an  introduction  to  the 
greater  work. 

Recently  we  have  had  occasion  to  remark  that  geometrical 
optics  has  fallen  between  the  mathematician  and  physicist 
into  the  hands  of  the  .optical  engineer.*  If  we  may  judge  by 
the  pamphlets  circulated  by  our  university  departments, 
sound  has  likewise,  and  probably  for  similar  reasons,  been 
abandoned  by  mathematician  and  physicist.  Indeed  one 
such  pamphlet  makes  bold  to  state  that  sound  is  not  the 
subject  of  any  course  in  physics,  but  in  some  of  its  important 
aspects  is  treated  in  a  certain  course  in  mathematics.  Needless 
to  say,  this  course  is  on  harmonic  analysis  and  the  aspects 
of  the  theory  of  sound  therein  treated  are  merely  those  con- 
nected with  the  determination  of  solutions  of  ceitain  differential 
equations  subject  to  particular  boundary  conditions.  These 
problems  are  adequately  treated  by  Lamb,  not  only  from  the 
mathematical,  but  from  the  dynamical  and  physical  view- 
points. There  are,  however,  numerous  other  phenomena  of 
sound,  sometimes  connected  with  common  and  simple  physical 
instruments,  which  the  author  discusses,  and  which  be  must 
sketch  more  from  the  physical  side,  less  from  the  mathematical, 
because  the  complete  mathematical  solution  offers  too  great 
difficulties  in  analysis.t  Thus  a  considerable  part  of  the 
work  assumes  a  semi-descriptive  tone. 

Mathematicians  are  offered  a  number  of  interesting  problems 
in  the  theory  of  sound  somewhat  more  advanced  than  ele- 
mentary harmonic  analysis.  For  example,  there  is  the  theory 
of  finite  waves,  where  the  differential  equations  are  no  longer 
linear.  Riemann,  Hugoniot,  Hadamard  X  is  the  sequence 
of  names  which  should  be  mentioned  in  this  connection. 
Lamb  merely  discusses  the  matter  briefly  with  a  reference  to 

•  This  BcLLETiN,  November,  1912,  p,  74. 

t  The  megaphone,  for  inBtance,  is  a  simple  object  with  familiar  effects, 
but  its  mathematiral  theory  is  not  by  any  means  simple. 

t  See  a  review  of  Hadamard'a  Thtorie  dee  Ondes,  this  Bullbtin,  vol.  10, 

pp.  305-317. 
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Riemsnn.  Perhaps,  however,  the  topic  dow  most  likely  to 
draw  mathematicians  back  to  the  abandoned  theory  of  sound 
is  the  theory  of  integral  equations  and  its  applications  to  the 
integration  of  differential  equations  of  physics.  But  unfor- 
tunately for  the  practical  man  the  series  which  arise  in  Fred- 
holm's  solutions,  though  very  rapidly  convergent,  are  ex- 
tremely difficult  to  compute,  owing  to  the  complexity  of 
each  term.  It  may  be,  therefore,  that  for  special  problems 
apart  from  existence  theorems  we  may  still  be  forced  to  use 
something  more  akin  to  harmonic  analysis,  perhaps  the  method 
of  Ritz.*  These  matters  the  author  very  properly  omits  from 
this  elementary  treatise. 

As  for  matters  of  detail,  the  book,  after  a  short  introduction, 
takes  up  the  study  of  vibrations.  The  pace  is  moderate, 
passing  successively  the  simple  pendulum,  the  general  system 
of  one  degree  of  freedom,  forced  vibrations,  resonance,  friction 
and  damping,  systems  of  several  degrees  of  freedom,  and  the 
transition  to  continuous  systems.  The  principle  that  the 
periods  of  the  normal  modes  are  "stationary  "  is  not  over- 
looked,— nor  is  the  principle  of  reciprocity.  Although  both 
these  principles  are  mathematical,  they  are  unfortunately 
omitted  from  most  treatises  which  are  not  primarily  interested 
in  the  physical  foundation  of  the  subject.  Chapter  II  is  on  the 
vibrations  of  strings,  and  leads  to  the  study  of  Fourier's 
theorem  (Chapter  III).  This  is  followed  by  a  chapter  on  the 
vibrations  of  bars,  and  one  on  membranes  and  plates.  These 
developments  have  filled  about  one  half  of  the  volume.  Apart 
from  tiie  derivations  of  the  differential  equations,  the  con- 
siderations of  energy,  and  the  discussions  of  the  various 
limitations  which  actual  physical  conditions  may  impose, 
the  work  is  such  as  might  well  be  found  in  a  mathematical 
course  on  harmonic  analysis. 

In  passing  it  should  be  observed  that  the  page  of  this  book 
has  a  very  pleasing  and  restful  appearance;  it  is  neither  too 
large  nor  too  small,  too  open  not  too  closely  packed.  The 
typography,  though  excellent,  could  be  improved  in  two 
particulars:  1°,  by  the  use  of  mortised  integral  signs,  wherever 
a  lower  limit  has  to  be  set;  2",  by  raising  the  periods  and 
commas  when  occurring  immediately  after  the  central  line  of 

*  Reference  may  be  made  to  the  illiuniaating  developmeats  and  com- 
ments of  Poincai*,  LeQona  de  M^anique  celeste,  tome  3:  Thforie  dea 
Mai^,  chap.  10. 
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a  fraction.  As  this  latter  improvement,  bowever,  is  un- 
familiar in  our  Bulletin  and  Transactions,'  we  regret 
throwing  the  stone  1 

In  the  sixtb  chapter,  after  discussing  the  elasticity  of  gases, 
the  velocity  and  energy  of  plane  sound  waves,  reflection,  and 
the  vibrations  of  a  column  of  air,  Lamb  takes  up  waves  of 
finite  amplitude  and  the  possibility  of  the  propagation  of  a 
wave  of  discontinuity.  He  gets  far  enough  to  run  into  the 
diflSculty,  first  signalized  by  Lord  Rayleigh,  in  regard  to  the 
conservation  of  energy;  and  then,  instead  of  discussing 
Hugoniot's  law  of  dynamic  adiabaticity,  he  remarks  that 
obviously  no  complete  theory  of  waves  of  discontinuity  can 
be  attempted  without  some  reference  to  viscosity  and  thermal 
conduction,  and  he  therefore  proceeds  to  treat  these  two 
subjects.  His  remark  is  both  right  and  wrong;  it  is  wrong 
in  stating  that  no  complete  theory  of  waves  of  discontinuity 
can  be  attempted  without  some  reference  to  viscosity,  for 
this  is  precisely  what  Hugoniot  and  his  follower  Hadamard 
have  attempted  and  accomplished  with  results  well  in  accord 
with  Vieille's  experiments ;  it  is  right  because  there  is  no  tl  priori 
reason  for  disregarding  viscosity,  especially  in  the  case  of 
waves  of  discontinuity.  The  chapter  ends  with  the  tfeatment 
of  the  damping  of  waves  in  narrow  tubes  and  crevices. 

The  author  is  now  ready  for  the  general  theory  of  sound 
waves  (Chapter  VII),  the  general  equations  of  fluid  motion, 
specialized  for  sound,  spherical  waves,  waves  resulting  from  a 
given  initial  disturbance,  point  sources,  reflection,  refraction 
due  to  temperature  gradients,  and  refraction  by  wind.  Chapter 
VIII  continues  with  spherical  waves  and  point  sources,  and 
applies  them  to  the  waves  given  off  by  a  vibrating  sphere  or 
other  solids.  TTie  scattering  of  sound  by  an  obstacle  and  its 
transmission  through  an  aperture  (diffraction)  are  briefly 
discussed.  Only  the  theory  of  pipes  and  resonators  (Chapter 
IX)  and  some  account  of  physiological  acoustics  (Chapter  X)  is 
needed  to  round  out  and  complete  the  work. 

It  should  be  evident  that  the  author  has  exhibited  excellent 
taste  and  balance  in  his  selection  and  treatment  of  topics,  that 
he  has  accomplished  just  what  he  intended,  and  that  it  was 
worth  accomplishing, — a  text  that  by  easy  stages  fits  the 
reader  for  the  more  advanced  treatises  and,  we  may  add,  a 

*  So  ffir  as  we  recaU  the  only  people  who  know  how  to  set  conmuts  alta 
fractions  are  Ginn  and  Co.  and  Gauthier-VillarB;  others  drop  them  too  low 
BO  that  they  either  look  lost  or  look  like  accents  to  the  deDominator. 
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text  that  by  its  graceful  composition  can  bardly  fail  to  lure 
the  reader  on  to  the  further  study  of  the  subject.  All  this 
would  have  been  predicted  in  advance  of  reading  the  Sound 
by  anybody  at  all  familiar  with  the  author's  Hydrodynamics. 
Edwin  Bidwell  Wilson. 


NOTES. 


The  opening  (January  number)  of  volume  14  of  the  TranS' 
actiona  of  the  American  Mathematical  Society  contains  the 
following  papers:  "The  triad  systems  of  thirteen  letters," 
by  F.  N.  Cole;  "Triple  system  sas  transformations,  and  their 
paths  among  triads,"  by  H.  S.  White;  "Proof  of  Poincarfi'a 
geometric  theorem,"  by  G.  D.  Birkhoff;  "On  the  existence 
of  loci  with  given  singularities,"  by  S.  Lefschetz;  "Singular 
multiple  integrals,  with  applications  to  series,"  by  B.  H. 
Camp;  "Decomposition  of  an  n-space  by  a  polyhedron,"  by 
Oswald  Veblen;  "On  convergence  factors  in  double  series 
and  the  double  Fourier  series,"  by  C.  X,  Moore;  "Algebraic 
surfaces  invariant  under  an  infinite  discontinuous  group  of 
birational  transformations.  Second  paper,"  by  Virgil 
Sntdek;  "Note  on  Van  Meck's  non-measurable  sets,"  by 
N.  J.  Lennes;  "Some  asymptotic  expressions  in  the  theory  of 
numbers,"  by  T.  H.  Gronwall;  "Determination  of  the  finite 
quaternary  linear  groups,"  by  H.  H.  Mitchell;  "On  the 
character  of  a  transformation  in  the  neighborhood  of  a  point 
where  its  Jacobian  vanishes,"  by  L.  S.  Dederick. 

The  December  number  (volume  14,  number  2)  of  the  Annalt 
of  MatkeTnatics  contains  the  following  papers:  "Two  theorems 
on  conies,"  by  S.  Lefschetz;  "A  new  type  of  solution  of 
Laplace's  equation,"  by,  H.  Bateman;  "Involutoric  circular 
transformations  as  a  particular  case  of  the  Steinerian  trans- 
formation and  their  invariant  nets  of  cubics,"  by  A.  Emch; 
"On  analytic  functions  of  constant  modulus  on  a  given  con- 
tour," by  T.  H.  Gronwall;  "Necessary  and  sufficient  con- 
ditions for  the  interchange  of  limit  and  summation  in  the  case 
of  sequences  of  infinite  series  of  a  certain  type,"  by  T.  H. 
Hildebrandt;  "A  simple  proof  of  a  fundamental  theorem 
in  the  theory  of  integral  equations,"  by  Maxime  B6cher; 
"An  application  of  modular  equations  in  analysis  situs,"  by 
O.  Veblen. 
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During  the  year  1912  the  American  Academy  of  Arts  and 
Sciences  published  in  its  Proceedings  (volumes  47  and  48)  the 
following  papers  -wholly  or  largely  mathematical:  "On  an 
electromagnetic  theory  of  gravitation, "  by  D.  L.  Webster; 
"An  algebra  of  plane  projective  geometry,"  byH.  B.  Philups 
and  C.  L.  E.  Moore;  "A  theory  of  linear  distance  and  angle, " 
by  H.  B.  Phillips  and  C.  L.  E.  Moore;  "The  impedance  of 
telephone  receivers  as  affected  by  the  motion  of  their  dia- 
phragms," by  A.  E.  "Kennellt  and  G.  W.  Pierce;  "The 
space-time  manifold  of  relativity.  The  non-euclidean  geom- 
etry of  mechanics  and  electromagnetics,"  by  E.  B.  Wilson 
and  G.  N.  Lewis;  "On  the  existence  and  properties  of  the 
ether, "  by  D.  L.  Webster.  These  make  a  total  of  about  300 
pages.  Each  article  is  published  separately  and  can  be  ob- 
tained by  purchase  direct  from  the  Academy,  28  Newbury 
Street,  Boston,  if  authors  are  unable  to  supply  copies. 

At  the  Cleveland  meeting  of  the  American  association  for 
the  advancement  of  science  Dr.  Frank  Schlesinqer,  of 
Allegheny  Observatory,  was  elected  vice-president  and  Pro- 
fessor F.  R.  MoiTLTON  secretary  of  Section  A.  Professor  J.  C. 
Fields  was  elected  member  of  the  sectional  committee  and 
Professor  T.  M.  Focke  member  of  the  general  committee. 
The  next  meeting  of  the  Association  will  be  held  at  Atlanta, 
Ga,,  in  convocation  week  under  the  presidency  of  Professor 
E.  B.  Wilson,  of  Columbia  University. 

The  following  papers  were  presented  at  the  December 
meeting  of  the  London  mathematical  sodety:  "A  connection 
between  the  functions  of  Hermite  and  Jacobi,"  by  H.  E.  J. 
Cuhzon;  "The  equations  of  the  theory  of  electrons  trans- 
formed relative  to  a  system  in  accelerated  motion,"  by  H.  R. 
Habs£;  "The  convergence  of  series  of  orthogonal  functions," 
by  E.  W.  HoBSON;  "Derivatives  and  their  primitive  func- 
tions "  and  "  Functions  and  their  associated  sets  of  points," 
by  W.  H.  Young;  "Mersenne's  primes,"  by  J.  McDonnell; 
"  The  Diophantine  equation  y*  =  a:*  +  k,"  by  L.  J.  Mordell. 

With  the  support  of  the  Cfaristiania  and  Leipzig  Academies, 
the  firm  of  B.  G.  Teubner  contemplates  the  publication  by 
subscription  of  the  Collected  Works  of  Sophus  Lie,  edited  by 
Friedrich  Engel.  It  is  proposed  to  issue  the  Works  in 
seven  large  octavo  volumes,  averaging  about  600  pages,  at  a 
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total  cost  of  about  160  Marks  (single  ugnatures  of  16  pages 
at  60  Pf.).  The  plan  is  conditioned  on  the  receipt,  before 
April  1,  1913,  of  a  sufficient  number  of  subscriptions  to  justify 
the  great  expense  involved.  In  view  of  the  importance  of 
Lie's  work  and  ideas  and  of  the  fact  that  some  of  bis  papers 
are  not  easily  accessible,  it  is  hoped  that  this  proposed  monu- 
ment to  hia  genius  may  receive  the  necessary  support.  Sub- 
scriptions should  be  sent  to  B.  G.  Teubner,  Leipzig.  Upon 
the  appearance  of  the  first  volume,  the  price  will  be  consider- 
ably increased. 

Tbe  following  changes  have  bee*  announced  in  the  faculty 
of  science  of  the  University  of  Paris:  The  chair  of  physical 
astronomy  has  been  renamed  the  "chair  of  astronomy"; 
the  chair  of  mathematical  astronomy  and  celestial  mechanics 
has  been  renamed  the  "chair  of  analytic  and  celestial  me- 
chanics" and  Professor  P.  Appell  has  been  appointed  to  it; 
Professor  P.  Painl£v£  will  occupy  the  chair  of  rational 
mechanics  vacated  by  Professor  Appell;  tbe  chair  in  general 
mathematics,  vacated  by  Professor  Painlevg,  will  not  be  filled 
for  the  present. 

Professor  G.  MrrrAo-LEFFLER,  of  the  University  of 
Stockholm,  and  Professor  H.  A.  Schwarz,  of  the  University 
of  Berlin,  have  been  elected  corresponding  members  of  the 
Munich  academy  of  science. 

Professor  J.  Hadahard,  of  tbe  College  de  France,  has 
been  elected  a  member  of  the  Paris  academy  of  science  in 
succession  to  the  late  Professor  H.  Poincare. 

Professor  F.  Enriques,  of  the  University  of  Bologna,  has 
been  elected  member  and  Professor  E.  Picard,  of  the  Uni- 
versity of  Paris,  foreign  associate  of  the  Italian  Society  of 
Sciences  (the  XL). 

Professor  G.  Hamel,  of  the  German  technical  school 
at  Briinn,  has  been  appointed  professor  of  mathematics  in 
the  technical  school  at  Aachen. 

Dr.  Th.  von  Karman,  of  the  University  of  Gottingen,  has 
been  appointed  professor  of  mathematics  in  the  forestry 
school  at  Schemnitz  (Hungary). 
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Mr.  G.  Ruhu  has  been  appointed  professor  of  mathematics 
in  the  Agricultural  College  at  Bonn-Poppelsdorf. 

Dh.  L.  Crelier,  of  the  University  of  Bern,  has  been  pro- 
moted to  an  associate  professorship  in  geometry. 

Mr.  E.  S.  Palmer  has  been  appointed  professor  of  mathe- 
matics in  Rollins  College,  Winter  Park,  Fla. 

At  the  University  of  Manitoba,  Mr.  L.  A.  H.  Warren  has 
been  promoted  to  an  assistant  professorship  in  mathematics. 

Sir  G.  H.  Darwin,  Flumian  professor  of  astronomy  and 
experimental  philosophy  in  the  University  of  Cambridge,  died 
December  7  at  the  age  of  sixty-seven  years. 

Professor  Wilhelm  Fiedler  died  November  19,  1912  at 
the  age  of  84  years.  Professor  Fiedler  was  connected  with  the 
technical  school  of  Zurich  for  40  years,  retiring  in  1907. 

The  death  is  announced  of  Dr.  K.  Schiumack,  of  the  Uni- 
versity of  Gottingen,  at  the  age  of  31  years. 

PROPESSOH  William  J.  Vaughn,  head  of  the  departments- 
of  mathematics  and  astronomy  at  Yanderbilt  University,  died 
December  16,  at  the  age  of  seventy-eight  years.  Professor 
Vaughn  graduated  from  the  University  of  Alabama  in  1857 
and  was  instructor  and  professor  in  that  institution  from  1860 
to  1865  and  again  from  1878  to  1882.  At  Vanderbilt  he  held 
the  chair  of  mathematics  since  1882  and  that  of  astronomy 
since  1895.  He  had  been  a  member  of  the  American  Mathe- 
matical Society  since  1900. 

Catalogue  of  second  hand  mathematical  books:  R.  Fried- 
lander  und  Sohn,  Karlstrasse  11,  Berlin,  catalogue  480, 
history  and  older  authors  to  the  time  of  Euler,  22  pp. — 
A.  Hermann  et  Fils,  6  Rue  de  la  Sorbonne,  Paris,  catalogue 
118,  4465  titles. 
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NEW  PUBLICATIONS. 
I.    HIGHER  MATHEMATICS. 

'" uaanem, 

M.3.00 
Bbsa     (W.).    HemiregulAre    Potygone.     (Progr.)    Krems,     1912.    8vo. 

5  pp. 
BoBBL  (E.).    See  Notice. 
BitKaaKN  (J.  van  der).    Vademecum  d.  wukunde.    ZutpheD,  1911. 

M.  1.00 
Bkicabo  (R.).    See  Dufobco  (E.). 
Caiulaw  (H.  S.).    Introduction  to  the  infinitceinud  calculua.    2d  edition. 

London,  1912.    8vo.    Cloth.  4a. 

Cretcokcr   (A.   J.    M.).    Couts  d'analyse  infinit^eimale.    Partie   III: 

Caleul  dea  probabilit^e  ou  thfotie  analytique  du  basord.    2e  ^tion. 

Anren,  1911.    8vo.    253  pp.  Fr.  7.S0 

CsvBBR    (E.).    VorleeiuiRen    fiber    Differential-    und    Integralrechnung. 

2ter  Band.    3te,  sor^altig  durchgesehene  Auflage.    Ldpiig,  Teubner, 

1912.    8vo.     10+590  pp.    Ooth.  M.  12.00 

DurrEK  (J.).    Bewda  dee  Fermatechen  Satxes.     Mfthr.-TrQbau,  Nowotny, 

1912.    8vo.     15  pp.  M.  0.60 

DuPORCQ  (E.).    Premiere  principee  de  gtem^trie  modeme.    2e  Edition, 

revue  et  augment^e  par  R.  Bricard.    Paris,  1912.    8va.    8+174  pp. 

Fr.  4.00 


Fausse  (V.).  Cours  de  gtem^trie  analytique  plane.  7e  Mition,  revue 
et  augmented  par  A.  Gob.    Bruxellee,  Leb^e,  1912.    6+014  pp. 

Ft.  8.00 

FlSCBER  (P,  p.).  Det«rnunanten.  (Sammlung  GOechen.  Nr.  402.) 
2te,  verbeaserte  Auflage.  Berlin,  Gdachen,  1912.  8vo.  136  pp. 
Cloth.  M.  0.80 

Gob  (A.).    See  Fausse  (V.). 

GbOttnek  (A.).    Die  Grundlasen  der  Geometrographie.    Leipiig,  1912. 

ti.  0.80 

HiLBEBT  (D.).  GrundzDge  einer  allgemeinen  Theorie  der  linearen  Integral- 
gleichungen.  (Fortechritte  der  mathematischen  WiseenBchaften  in 
Monographien.  3tes  Heft.)  Leipijg,  Teubner,  1912.  8vo.  26+ 
282  pp.    Cloth.  M.  12.00 

HocHutrr  (L.).  Ueber  ein  Konoid  vierten  Grades.  (Progr.)  Wien, 
1912.    8vo.     16  pp. 

Kissel  (A.).  Einleitung  in  die  gonioroetrischen  Glnchungen.  (Progr.) 
Mies,  1911.    8vo.    5  pp. 
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Laplao  (P.  &.)■  OeuTTee  complgUe  de  Laplace,  publi^es  sous  les  auspices 
de  I'Acad^miB  dea  aciencea,  par  MM.  lee  eecr^tairee  perp^tueln.' 
Tome  14:  CorreBpondance  et  m^moirea  divetses.  Tables  0a£ralefl. 
Nourelle  Edition  avec  un  beau  portrait  de  Laplace.  Paris,  Uiuitfaier* 
VilUrt,  1912.    4to.    8+46flpp.  Fr.  20.00 

Lboband  (E.).  Bommatioofl  par  une  formule  d'Euler.  (En  langUM 
fraoftuse  et  espagnole.)    Paris,  1911.    8vo.    46  pp.  Fr.  3.00 

LiBEB  Mkuoruus.    Manifestation  en  I'honneur  de  M.  J.   Neuberg, 

Erofesaeur  imiiite  de  la  faculty  des  sciences  de  I'luuveraitj  de  Li^. 
i^ge,  1911. 


Nkuberq  (J.).    See  Libzb  Mbmoriaus. 


KoncK  sur  les  travaux  soientifiquea  de  M.  Emile  Borel.    Paris,  Gauthier- 

Villwa,  1912.     4te.     79  pp. 
NuBER   (A.).    Untersuchung  der  Kemkurven  spezieller  ebener  Korre- 

latioiteD  und  der  damit  verbundeoen  quadratischen  Vovandtschaften. 

(Diaa.)    MUnchen,  1912.    8vo.    44  pp. 

Padoa  (A.).  La  lo^que  deductive  datu  la  demiSre  phase  de  son  d^eloppfr- 
ment.  Avec  une  pr^oce  de  G.  Peano.  Paris,  Gauthier-Villara,  1912. 
8vo.     106  pp.  PV.  3.2S 


P«BCH  (M.}.    Vorleaungen  fiber  Geometrie.    2te,  nut  ZusHtcen  versehene 
Ausgabe.    Leipzig,  Teubner,  1912.    8vo.    4+227  pp.    Cloth. 

M.  7.00 


Robe  (M.).    Einldtungin  die  Funktionentheorie.    Theoiiederkomplexen 

Zahlenr^en.     (Sammlung  Goschen.)    Leipzig,  Gosphen,  1912. 

M.  0.80 
ScHiirTKA  Edler  v.  Rechtenstauu  (L.),    Elemente  der  hoheren  Mathe- 

matik.     Wien,  Deuticke,  1912.    8vo.    24+569  pp.  M.  10.00 

ScBUR    (F.).    Lehrbucb  der  analytiachen   Geometrie.    2te,   verbeeserte 

imd   vennehrl*   Auflage.     Leipzig,    Veit,    1912.     8vo.     12+248   pp. 

Cloth.  M.  fsO 

SiLBEHBAUER   (A.).    Zum   ptkTabolischen  Schnitt  dca  Kegels.     (Proer ) 

Waidhofen,  1912.    Srt..    2  pp. 
Sforer  (B.).     Niedere  Analysis.    2te  Auflage.    4ter  Abdruck.    Berlin, 

1912.  8vo.     179  pp.    Ctotb.  M.  0.80 
VailAe  PorasiN  (C.  J.  de  la).    Coura  d'onalyse  iiifinitiSsimale,  Tome  II. 

2e    Edition,    considfrablement    remanide.    Paria,    Gauthier-VillarB, 

1913.  9+464  pp.  Ft.  1.5.06 
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WiNTKR   (M.).    La  m^thode  dans  la  philooophie  dee  mathteutiquM. 

(BibliioUque  de  pbilosophie  contAmporaine.)    Paris,   Alcan,    1011. 

16mo.    200  pp.  Ft.  2.S0 

WrrriNa     (A.}.    EiofOhning    in    die     lnfinitcsimalrechnuiig.     (Matbe- 

matische  Bibliothek,  Nr.  9.)     Ldptig,  Teubner,  1912.    8vo.    4+73 

pp.  M.  0.S0 


II.    ELEMENTARY  MATHEMATICS. 
AixifcBSE.    Coura    fil6meiitftire.    Par    F.    G.    M.    7e    ^tjon.    Paris, 

Gigord,  1913.    8vo.    S+SOSpp. 
.    Couis     £l^ineDtaire.    4e    idition.    Paris,     Vitte,     1912,    16mo. 

216  pp. 
.    PremiSrea    notions.    Par    une    reunion    de    prof«aseure.    Paris, 

Pouttielgue.     16mo.    88  pp. 
Babnard  (S.)  and  Cbiu>  (J.  M.).    A  aew  algebra.    Two  parte.    London, 

MacmillaD,  1912.    12mo.  38. 


Ft.  3.60 


Cabonkkt  (T.).    Coure  de  trigonometric.    Paria,  Gauthier-VillarB,  1912. 

8vo.    4+217  pp.  Ft.  4.50 

CfeAR  (J.).    Exercicee  d'algibre  &  I'usage  d€s  ^coles  moyennes.     Bnutellee, 

Dewit,,  1912.    8+329  pp.  Fr.  7.60 

Charleb  (F.)  and  Sotton  (W.).    Eitamplea  in  elementanr  trigonomeUy. 

London,  Christophers,  1912.     tOmo.    Limp.  Is. 

Child  (J.  M.).    See  Barnard  (S.). 
Orvu.  service  matbematics.    Algebra  and  geometry.    New  regulations. 

London,  Penningtona,  1912.    Svo.    92  pp.    Boards.  Is.  6d. 

CoiiBEROcseB  (C.  de).    See  RoucHi  (E.). 
ComnssAiRE  <H.).    Le^ns  de  trigonom^trie.    Gassea  de  Ik  C  ct  D. 

Paris,  Maeaon,  1913.    Svo.    8+273  pp.  Fr.  3.00 

Crahtz  (P.).  Aritbmetili  und  Algebra.  Iter  Teil.  (Aus  Natur  und 
O^ateswelt.  Nr.  120.)  3te  Auflage.  Lnpsig,  Teubner,  1912.  8to. 
4+120  pp.    Cloth.  M.  1.26 

Daixb  (A.).  2000  th&rSmea  et  problfmes  de  g£om^trie,  avec  solutions. 
Namur,  1912.    Svo.    8+825  pp.  Fr.  16.00 
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und  Spabn.    Algebra  fOr  Mittelschulen.    2t«  Auflage.    StroBsburg, 

Bull,  1912.    8vo.    6+100  pp.  M.  1.20 


GcBHAaDT  (M.).  Die  Geechicht«  d«r  Matheniatik  im  Mathematiachen 
UnUnrichte  der  bOheren  Schulen  Deutschlanda.  (Abhaodlungen, 
3ter  Band,  6t«8  Heft.)     Lapzig,  Teubner,  1912.    8vo.    7+157  pp. 

M.  4.80 

Geifel  (G.)  und  Weoeuann  (G.).  Lehrbuch  der  Mathenutik  und 
Aufgabensaminlung.  Iter  Teil:  Klasse  III.  Bielefeld,  Velhagen 
und  Kladng,  1912.    8vo.    5+126  pp.  M.  1.70 

QioHiTRiE.  Coun  ^^ment^re.  Par  une  reunion  de  profeeaeun.  Paris, 
Gigord,  1912.     16ino.     112  pp. 

.    Coun  sup^rieur.    Par  une  reunion  de  profesaeurB.    Paris,  Gigord, 

1912.     16roo.    8+323  pp. 

Groodt  (G.  De).    AlgM>re;  exemces.    Mona,  Delporte,  1912.    75  pp. 

Ft.  2.00 


HoMANN  (C).  PlanimetriBche  Konstruktionssufgaben.  Berlin-SchOne- 
berg,  Mentor-Verlag,  1912.    52  pp.  M.  1.00 

HossFBLD  (C.).  Der  mathematische  Untarricht  an  den  bfiheren  Schulen 
in  den  tbOringiBchen  Staaten.  (Abhandlungen,  2ter  Band,  6tee  Heft.) 
Ldpxig,  Teubnet,  1912.    8vo.    4+18  pp.  M.  0.80 

Kett  (A.).  AuBOeungen  fOr  die  Trigouometrie.  3te  Auflage.  Ldpiig, 
BsAge,  1912.    8vo.     19  pp.  M.  0.60 

.    Die  fUchen-  und  KOrperi^ereclmungen.    3te  Auflage.    L^psig, 

Bange,  1912.    Svo.    19  pp.  M.  O.W 

LiBTZHANN  (W.).  Stoff  und  Methode  des  Raunilehreuntenichta  in 
Deutschland.  Ein  Literaturtierit^t.  (Abhandlungen,  5ter  Band, 
2te8Ueft.)    Lapug,  Teubner,  1912.    8vo.    8+SSpp.  M.  2.80 

MOlleb  (J.  H.  T.)<  VietBtellige  Logarithmen.  2te,  Terbeeaerte  Aufiage. 
Halle,  Wuaenhaue,  1912.    8vo.     12+30  pp.  M.  1.00 

Pknndobf  (B.).  Rechnen  und  Mathenuitik  iin  Untenicht  der  kaufm&n* 
niscben  Lehraostalten.  (Abhandlungen,  4ter  Band,  6tea  Heft.) 
Leipiig,  Teubner,  1912.    8vo.    6+100  pp.  M.  3.00 


Petebs  (P.).  Grundlagen  der  Arithmetik,  insbeaondere  der  BegriS  der 
natOrlichen  Zahlen  for  den  Unterricht  in  der  Prima.  (Progr.) 
KSnigaberg,  1912.    8vo.     13  pp. 
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R&PPORTO  BUT  I'enaeupement  des  tnaUifimatiquea  dans  les  ^colee,  1m 
stb£n^  et  Us  colUgee  beiges.     Bnutellea,  Goemaere,  1011.    348  pp. 

Fr.6.00 

Ratinst  (A.).    See  Bouvart  (C). 

Rteouta  (A.  G.).    See  Camman  (P.). 

Redgbote  (H.  S.).  ExpeiimeDtal  mensuratiDn.  An  elementary  text- 
book of  inductive  geometiy.  LoodoD,  Hriaenuuiii,  1912.  12mo. 
346  pp.  2s.  6d. 

RorcHl  (E.)  et  Cohbbbottbbb  (C.  de).  Tniti  de  g^mftrie.  8e  Edition. 
Ire  partie:  G^om^trie  plane.  Paris,  Gauthier-ViUara,  1912.  8vo. 
42+647  pp.  Ft.  7.50 


SiHON  (G.).  Petit  dictionnaire  de  calculs.  V^viera,  Waltb^re-Lejeune, 
1912.    99+17+26  pp.    Qotb.  Fr.  5,00 

SoBCR  (J.).  Notions  d'alg^bre.  2e  Edition.  Charleroi,  Foumier,  1912. 
327  pp.    Boards.  Fr.  2.60 

Stutvaert  (M.).  Lea  nombree  podtifs.  Manuel  d'arithm^tique  i\i- 
mentaire.  2e  ^tion,  revue.  Gand,  Van  Goethem,  1912.  14+171 
pp.  Ft.  3.00 

Sutton  (W,).    See  Charles  (F.). 

Taube  (G.).  Schemata  von  Determinationen  geometrischer  Konstnik- 
tionsaufgaben.     (Progr.)     Naumburg,  1911.    8vo.    60  pp. 

TInterricht,  Der  mathematiscfae,  Rn  den  Volksschulen  und  Lehrer-  und 
Lehrerinnenbildungsanstalten  in  Suddeutscfaland.  (Abhandlungen, 
5ter  Band,  3te8  Heft.)    Leipzig,  Teubner,  1912.    8vo.     14+163  pp. 

M.  5.0O 

Weqeuann  <G.).    See  Geipel  (G.). 

Wernicke  (A.).  Mathematilc  und  philoeopbische  Propftdeutik.  (Ab- 
handlungen, 3ter  Band,  7tea  Heft.)  Leipzig,  Tei^ner,  1912.  Svo. 
7+138  pp.  M.  4.00 


III.    APPLIED  MATHEMATICS. 
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BouBSiNXBQ  (J.).  Thdorie  gfem^ttique,  pour  un  corpe  non  rigide,  des 
ddplAcemeDts  bien  coDtinua,  ainu  que  des  d^fonnaUons  et  dea  rotationa 
de  sea  particulea.    Pom,  GauthieT-VillaiB,  1912.    4Ui.     17  pp. 

Fr.  1.00 


CiPABT  (G.).    See  Vibwbcikb  (H.). 


Fir.  10.00 

W.  KOnig.    Stuttgart, 

M.  IQ.OO 

Ebnxb  (F.).  Technieche  Infinitcomalrechnuag.  Berlin,  Salic,  1912. 
8vo.  M.  2.40 

Gaux  (A.).  Mathematiache  Instnmiente.  Rechenscbieber,  Rechen- 
maschinen,  Kurven-  und  Fl&chemiiesaer,  Integratoren,  Analvsatoren 
und  Intw^phen.  (Mathematisch-physikaliscDe  Schnften,  Kr.  15.) 
Leiprigf  Teubner,  1912.    8vo.    4+1S7  pp.    Cloth.  M.  4.80 

GiRARD  (E.).    Mesuree  dectriquee.    4e  Edition.    Pam,  Gauthier-Villan, 

1012.    8+749  pp.  R'.  12.00 

GuiLLBT  (A.).    Propri^t^  cin^matiques  fondamentales  dee  vibrations. 


HosKiNB  (L.   M,).    llkeoretjcal  mechanics;    an  elementary  text-book. 

4th  edition.    Stanford  Univeimty,  Cal.,  1911.    8vo.    467  pp.    Qoth. 

S3.eO 
HoDBTON  (R.  A.).    An  introducUon  to  mathematical  phymcs.    London, 

Longmans,  1912.     12mo.    210  pp. 

ISRAKL  (O.).  Zur  Theorie  der  einsdtig  wirlcenden  Instnimentalfehler  an 
Repotitionstheodoliten.    Dresden,  1912.    8vo.    S9  pp.  M.  2.20 

Jaiheson  (A.).  A  text-book  of  applied  meclianica  and  mechanical  engi- 
neaing.  Volume  I.  9th  edition,  thoroughly  revised  and  enlarged. 
London,  Griffin,  1912.    12mo.    430  pp.  fia. 

KOnig  (W.).    See  Dkude. 

LuuiOK  (Sir  J.}.    See  Thouson  (J.). 


Macb  (E.).  Die  Mechanik  in  ihrer  Entwickluiig.  Historiscb-kritisch 
dargeatellt.  7te,  verbeaaerte  und  vermehrte  Aufloge.  Leipzig,  1912. 
8vo.    12+494  pp.  M.  8.00 


Chemikw.    BerHn,  Springer,  1912. 
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MObids  (W.).  Zur  Theorie  dea  KegcnbogeiiB  an  Ku^ln  vod  1-10  lichb- 
wellenlAngen  DurehmmBer.  (CiekrOnUi  Pinascbnft.)  Leipiig,  Teub- 
ner,  1912.    Sto.    31  pp.  M.  2.00 

MOlleb-Breblao  (H.).  Die  graphische  Statik  der  BMikonstraktionen. 
It«r  Band.    5t«  vennehrte  Autlage.    Leipiig,  1912.  M.  20.00 

Nacbterqal  (A.).  Tables  et  nombrcs  uauela  &  I'luage  dea  ing^eun, 
agtem^tne,  etc.    Bnuelles,  Bieleveld,  1911.    06  pp.  Fr.  2.00 

Neduann  (E.  R.).  Bdtrftge  ni  dnielnen  Fragen  der  hfiberen  Potential- 
tbeorie.  (Gelcrente  Freisachnft.)  Leipzig,  Teubner,  1912.  8vo. 
23+188  pp.  M.  11.00 

NicoLAu  (C.)-  Sur  la  variation  dans  le  raouvement  de  la  lune.  (Thtee.) 
Paris,  Gauthier-Viliare,  1912.    4to.    73  pp.  Fr.  4.0O 

OerrwALD  (W.).  Die  Energie.  (Wioaoi  und  Kdnnen.)  2M  AuflAge. 
Leipiig,  Barlh,  1912.    8vo,     167  pp.    Cloth.  M.  4.40 

PoTiER  (A.).  M^moiraa  sur  I'^loctricit^  et  I'optique.  Paris,  Gauthier- 
Viliare,  1912.  Fr.  13.00 

Sadbborb  (R.  de).  nkforie  gfem^trique  du  mouvement  dea  o«ps  solkles 
etfluides.    Psrtie  3.    Pane,  1911.    8vo.    37  pp.  Fr.  2.25 

See  (T.  J.  J,).  Determination  of  the  depth  of  the  milky  way.  Lcmdon, 
Wesley,  1912.    8vo.     17  pp.    Sewed.  2b. 


syBt«ms  of  high  order.    London,  Wesley,  1912.    8vo.    49  pp.    Sewed. 

4a. 

Tbousoh  (J.).    Collected  papers  is  physics  and  engineering.    Selected 

and  anonged  with  unpublished  material  and  bnef  annotations  tqr 

Sir  J.  Larmor  and  J.  Thomson.    Cambridge,  UniveiBity  Press,  1912. 


588  pp. 

TiUERniNo  (H.  £.).  Die  Fallgesetxe.  Ihre  Gesctuchte  und  ihre  Be- 
deutung.  (Mathematische  Bibliothdc,  Nr.  5.)  Leipiig,  Teubner, 
1912.    8vo.    4+48  pp.  M.  0.80 


ViEWEOER  (U.).    Probl^mea  eur  I'^lectricil^  et  sea  applicaUons  praticjues. 

Traductbn  francaise  de  G.  Capart.    3e  Edition,  revue  et  comg^. 

Paris,  Dunod  et  Pinat,  1912.    8vo.     16+400  pp.  Fr.  9.00 

WiLOENROTHBR  {J.).    BewcguDg  einea  Punktes  unter  dem  Zwang  von 

totalen    linearen    Differentialgleichungeu.     (Progr.)     Landau,    1912. 

Svo.    31  pp. 
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THE   ANKUAL   MEETING   OF  THE  SOCIETY. 


THE    NINETEENTH   ANNUAL   MEETING   OF   THE 
AMERICAN  MATHEMATICAL  SOCIETY. 

The  Society  this  year  took  advantage  of  the  favorable 
opportunity  afforded  by  the  meeting  of  the  American  Associ- 
ation for  the  Advancement  of  Science  at  Cleveland  to  hold  its 
annual  meeting  at  that  central  point  and  to  consolidate  with 
it  the  usual  winter  meeting  of  the  Chicago  Section.  Such 
occasions  are  always  enjoyable  and  contribute  greatly  to 
solidify  the  common  interests  of  the  entire  Society.  Our 
members  recall  with  pleasure  the  April  meeting  held  at  Chicago 
in  1911,  and  the  long  series  of  summer  meetings  and  colloquia 
which  bring  together  mathematicians  from  all  parts  of  the 
country  in  united  fellowship. 

The  time  chosen  for  the  annual  meeting  was  Tuesday  to 
Thursday,  December  31  to  January  2.  Tuesday  afternoon 
was  set  apart  for  a  joint  meeting  with  Sections  A  and  B  of 
the  Association,  the  Astronomical  and  Astrophysical  Society 
of  America,  and  the  American  Physical  Society.  Separate 
sessions  of  the  Mathematical  Sodety  were  held  on  Tuesday 
morning,  Wednesday  morning  and  afternoon,  and  Thursday 
morning.  The  attendance  included  the  following  sixty-two 
members : 

Professor  0.  P.  Akers,  Professor  R.  B.  Allen,  Professor 
Frederick  Anderegg,  Professor  C.  S.  Atchison,  Professor 
Clara  L.  Bacon,  Professor  W.  W.  Beman,  Professor  G.  A. 
Bliss,  Professor  J.  W.  Bradshaw,  Professor  E.  W.  Brown, 
Professor  W.  H.  Butts,  Professor  W.  deW.  Cairns,  Professor 
F.  N.  Cole,  Professor  J.  L.  Coolidge,  Professor  D.  R.  Curtiss, 
Professor  E,  W,  Davis,  Professor  L.  E.  Dickson,  Professor 
H.  T.  Eddy,  Professor  J.  A.  Eiesland,  Professor  Arnold  Emch, 
Professor  G.  C.  Evans,  Professor  F.  C.  Ferry,  Professor  Peter 
Field,  Professor  J.  C.  Fields,  Professor  T.  M.  Focke,  Professor 
W.  B.  Ford,  Mr.  Meyer  Gaba,  Professor  W.  A  Garrison,  Mr. 
C.  E.  Githens,  Professor  M.  E.  Graber,  Professor  A.  G.  Hall, 
Professor  Harris  Hancock,  Professor  E,  R.  Hedrick,  Dr.  L.  I 
Hewes,  Professor  L.  S.  Hulburt,  Dr.  W.  A,  Hurwitz,  Professor 
A.  M.  Kenyon,  Professor  H.  W.  Kuhn,  Dr.  Joseph  Lipke, 
Dr.  Alexander  Macfarlane,  Dr.  H.  F.  MacNeish,  Professor 
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W.  H.  Metzler,  Professor  G.  A.  Miller,  Professor  C.  L.  E. 
Moore,  Professor  C.  N.  Moore,  Professor  E.  H.  Moore, 
Professor  Anna  H.  Palmife,  Dr.  H.  B.  Phillips,  Professor  S.  E. 
Rasor,  Professor  H.  L.  Rietz,  Professor  W.  J.  Risley,  Miss 
I.  M.  Schottenfels,  Professor  J.  B.  Shaw,  Professor  S.  E. 
Slocum,  Professor  E.  R.  Smith,  Professor  K,  D.  Swartzel, 
Professor  E.  J.  Townsend,  Professor  J.  N.  Van  der  Vries, 
Professor  E.  B.  Van  VIeck,  Professor  J,  K.  Whittemore, 
Professor  E.  J.  Wilczynski,  Dr.  R.  M.  Winger,  Professor  J.  W. 
Young. 

The  chair  was  occupied  in  succession  by  Professors  E.  W. 
Davis,  E.  H.  Moore,  G.  A.  Bliss,  and  after  the  annual  election 
by  the  President-elect,  Professor  E.  B.  Van  \leck.  The 
Council  announced  the  election  of  the  following  persons  to 
membership  in  the  Society:  Dr.  E.  W.  Chittenden,  University 
of  Illinois;  Mr.  C.  S.  Cox,  High  School,  Mulberry,  Fla.; 
Dr.  S.  D.  Killam,  University  of  Rochester;  Dr.  J.  T.  Rorer, 
WilUam  Penn  High  School,  Philadelphia,  Pa.;  Dr.  R.  M. 
Winger,  University  of  Illinois.  Sixteen  applications  for 
membership  in  the  Society  were  received. 

Sixty  members  and  friends  attended  the  annual  dinner  on 
Tuesday  evening.  A  very  informal  dinner  and  smoker  was 
also  arranged  for  Wednesday  evening.  A  vote  of  thanks  was 
tendered  to  the  local  committee  and  the  institutions  repre- 
sented by  them  for  their  generous  hospitality. 

The  reports  of  the  Treasurer,  Auditing  Committee,  and 
Librarian  have  appeared  in  the  Annual  Register.  The 
membership  of  the  Society  is  now  681,  including  64  life 
members.  The  total  attendance  of  members  at  all  meetings 
of  the  past  year  was  336;  the  number  of  papers  presented 
was  179.  At  the  annual  election  216  votes  were  cast.  The 
Society's  library  now  contains  4,560  volumes,  excluding 
unbound  dissertations.  Much  of  this  considerable  increase  is 
due  to  gifts  by  Dr.  Emory  McClintock  and  Dr.  G.  W.  Hill, 
Ex-Presidents  of  the  Society,  of  several  hundred  valuable 
volumes.  The  Treasurer's  report  shows  a  balance  of  19684.92, 
including  a  life  membership  fund  of  $4483.69.  The  income 
from  sales  of  the  Society's  publications  during  the  year  was 
$1730.94. 

At  the  annual  election,  which  closed  on  Thursday  morning, 
the  following  officers  and  other  members  of  the  Council  were 
chosen : 
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Presideni,  Professor  E.  B.  Van  Vleck. 

Vice-Preaidevit,  Professor  M.  W.  Haskell, 
Professor  B.  O.  Peirce. 

Secretary,  Professor  F.  N.  Cole. 

Treasurer,  Professor  J.  H.  Tanner. 

lAbrarian,  Professor  D.  E.  Smith. 

Committee  of  Publication, 

Professor  F.  N.  Cole, 

Professor  E.  W.  Brown, 

Professor  Virgil  Sntdeh. 

Members  of  the  Council  to  serve  until  December,  1915, 
Professor  F.  C.  Ferbt,  President  R.  C.  MACLAnaiN, 

Professor  "W.  B.  Ford,  Professor  Jacob  Westlund. 

The  following  papers  were  read  at  the  joint  session  on 
Tuesday: 

Professor  E.  B.  Frost;  Vice-presidential  address,  Section  A: 
"The  spectroscopic  determination  of  stellar  velocities,  con- 
sidered practically." 

Professor  R.  A.  Millikan;  Vice-presidential  address. 
Section  B:  Unitarj'  theories  in  physics," 

Professor  A.  G.  Webster:  "Henri  Poincarfe  as  a  mathe- 
matical physicist." 

Professor  E.  J.  Wilcztnski:  "Some  general  aspects  of 
modern  geometry." 

Professor  L.  A.  Batjer:  "Cosmical  magnetic  fields." 

Professor  G.  E.  Hale:  "  Preliminary  note  on  an  attempt  to 
detect  the  general  magnetic  field  of  the  sun." 

The  following  papers  were  read  at  the  separate  sessions  of 
the  Society: 

(1)  Professor  R.  D.  Cahmichael:  "On  the  numerical 
factors  of  the  arithmetic  forms  a"  =•=  y?"." 

(2)  Professor  R.  D.  Carmichael:  "On  non-homogeneous 
linear  equations  with  an  infinite  number  of  variables." 

(3)  Professor  R.  D.  Carmichael:  "Note  on  Fermat's  last 
theorem." 

(4)  Dr.  W.  A.  HtiRWiTZ:  "Mixed  linear  integral  equations 
of  the  first  order." 
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(5)  Mr.  H.  Galajikian:  "On  certain  non-linear  integral 
equations." 

(6)  Dr.  W.  A.  HuHWrrz:  "On  Green's  theorem  for  the 
plane." 

(7)  Professor  Arnold  Emch:  "On  some  properties  of  closed 
continuous  curves." 

(8)  Professor  G.  A.  Milleb:  "The  product  of  two  or  more 
groups." 

(9)  Dr.  J.  E.  Rowe:  "Three  or  more  rational  curves  in 
■Gollinear  relation." 

(10)  Professor  F.  E.  Sharpe  and  Dr.  F.  M.  Morgan: 
■"Quartic  surfaces  invariant  under  periodic  transformations." 

(11)  Dr.  H.  M.  Sheffer;  "A  set  of  postulates  for  the 
Boolean  algebra." 

(12)  Dr.  J.  R.  Conner:  "The  rational  sextic  curve  and  the 
Cayley  symmetroid." 

(13)  Dr.  J.  R.  Conner:  "Multiple  correspondences  deter- 
mined by  the  rational  space  septimic." 

(14)  Professor  L.  E.  Dickson:  "Finiteness  of  the  odd 
perfect  and  primitive  abundant  numbers  with  a  given  number 
^f  distinct  prime  factors." 

(15)  Professor  L.  E.  Dickson:  "Amicable  number  triples." 
<16)  Professor  J.   L.   Coolidge:  "A  study  of  the  circle- 
cross." 

(17)  Professor  G.  A.  Buss:  "The  relation  satisfied  by  two 
dependent  functions  near  a  point  at  which  both  are  singular," 

(18)  Professor  J.  A.  Eiesland:  "On  the  algebraic  curves 
of  a  tetrahedral  complex  and  the  corresponding  surfaces 
conjugate  to  it." 

(19)  Professor  E.  H.  Moore:  "On  nowhere  negative 
kernels"  (preliminary  communication). 

(20)  Professor  Daniel  Buchanan:  "Oscillations  near  one 
of  the  isosceles  triangular  solutions  of  the  three  body  problem." 

(21)  Professor  Peter  Field:  "On  constrained  motion." 

(22)  Professor  G.  C.  Evans:  "On  the  reduction  of  certain 
types  of  integro-differential  equations." 

(23)  Professor  J.  A.  Caparo:  "Hyperspace  and  the  non- 
«uclidean  geometry  of  four  dimensions." 

(24)  Professor  Jacob  Westllnd:  "On  the  factorization  of 
rational  primes  in  cubic  cyclotomic  number  fields." 

(25)  Dr.  E.  L.  Dodd:  "An  erroneous  apphcation  of  Bayes' 
theorem  to  the  set  of  real  numbers." 
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(26)  Dr.  E.  L.  Dodd:  "The  validity  of  Bertrand's  approri- 
mations  leading  to  the  probability  integral." 

(27)  Professor  Edwahd  Kasneh:  "  Equitangential  tra^ 
jectories  in  space." 

(28)  Professor  C.  J.  Ketseh:  "Concerning  multiple  inter- 
pretations of  postulate  systems,  and  the  'existence'  of  hyper- 
spaces." 

(29)  Professor  E.  J.  Wilczynski:  "On  a  certain  completely 
integrable  system  of  linear  partial  differential  equations." 

(30)  Professor  L.  C.  Kabpinski:  "The  Quadripartitum 
numerorum  of  Johannes  de  Muris." 

(31)  Professor  L.  C.  Kabpinski:  "Hindu  numerals  among 
the  Arabs." 

(32)  Dr.  H.  B.  Phillips:  "Directed  integration." 

(33)  Dr.  Joseph  Lipke:  "Geometric  characterization  of 
isogonal  trajectories  on  a  surface." 

(34)  Professor  J.  B,  Shaw:  "Integral  invariants  of  general 
vector  analysis." 

(35)  Professor  J.  B.  Shaw:  "On  non-linear  algebras." 

(36)  Professor  D.  R.  Cuhtiss:  "Proofs  of  certain  formulas 
suggested  by  Laguerre's  work  in  the  theory  of  equations." 

(37)  Professor  Ahthuk  Ranum:  "On  the  projective  diffeiv 
ential  classification  of  n-dimensional  spreads  generated  by 
»'  flats." 

(38)  Miss  I.  M.  Schottenfels:  "Proof  that  there  is  but 
one  simple  group  of  order  7!/2." 

(39)  Professor  L.  P.  Eisenh.\bt:  "Certain  continuous 
deformations  of  surfaces  applicable  to  the  quadrics." 

(40)  Professor  E.  V.  Huntington:  "A  set  of  independent 
postulates  for  '  betweenness. ' " 

(41)  Professor  A.  B.  Frizell:  "Some  terms  in  the  expansion 
of  the  infinite  determinant." 

(42)  Dr.  T,  H.  Gronwall:  "On  Weierstrass's  preparation 
theorem." 

(43)  Dr.  T.  H.  Ghonwall:  "On  series  of  spherical  har- 
monics (second  paper)." 

(44)  Dr.  CoBA  B.  Hennel:  "Transformations  and  invari- 
ants connected  with  linear  homogeneous  difference  equations 
and  other  functional  equations." 

(45)  Professor  Harris  Hancock:  "Problems  in  arith- 
metical geometry." 

(46)  Professor  Harris   Hancock:   "Generalization   of  a 
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theorem  due  to  Liouville  or  to  Dedekind,  with  applications  to 
the  geometry  of  numbers." 

(47)  Professor  W.  D.  MacMilxan  :  "  A  proof  of  Wilczynski's 
theorem." 

(48)  Professor  W.  D.  MacMillan;  "On  Poincar€'s  cor- 
rection to  Bruns'  theorem." 

(49)  Professor  W.  B.  Fite;  "Some  theorems  concerning 
groups  whose  orders  are  powers  of  a  prime." 

(50)  Mr.  L.  L.  Smail:  "Some  generalizations  in  the  theory 
of  summable  divergent  series." 

(51)  Mr.  C.  E.  Love:  "On  the  asymptotic  solutions  of 
linear  differential  equations." 

(52)  Professor  Virgil  Snyder:  "Algebraic  surfaces  invari- 
ant under  an  infinite  discontinuous  group  of  hirational  trans- 
formations (second  paper)." 

(53)  Dr.  L.  L.  Silverman  :  "  On  the  equivalence  of 
definitions  of  summability." 

(54)  Dr.  R.  M.  Winger:  "Self-projective  rational  curves 
of  the  fourth  and  fifth  orders." 

The  papers  of  Mr.  Galajikian  and  Dr.  Sheffer  were  com- 
municated to  the  Society  through  Dr.  Hurwitz,  that  of 
Professor  Caparo  through  Professor  G.  A.  Miller.  Dr.  Hennel 
was  introduced  by  Professor  Carmichael,  Mr.  Love  by  Pro- 
fessor Ford.  The  papers  of  the  following  authors  were  read 
by  title:  Professor  Carmichael,  Professor  Miller,  Dr.  Rowe, 
Professor  Sharpe  and  Dr.  Morgan,  Dr.  Sheffer,  Dr.  Conner, 
Professor  Buchanan,  Professor  Evans,  Professor  Caparo, 
Professor  Westlund,  Dr.  Dodd,  Professor  Kasner,  Professor 
Keyser,  Professor  Ranum,  Professor  Eisenhart,  Professor 
Huntington,  Professor  Frizell,  Dr.  Gronwall,  Professor  Mac- 
Millan, Professor  Fite,  Mr.  Smail,  Professor  Snyder,  Dr. 
Silverman.  The  second  papers  of  Professor  Dickson  and 
Professor  Karpinski  were  also  read  by  title.  Mr.  Galajikian's 
paper  was  read  by  Dr.  Hurwitz. 

Abstracts  of  the  papers  follow  below.  The  abstracts  are 
numbered  to  correspond  to  the  titles  in  the  list  above. 

I.  Let  a  and  0  be  the  roots  of  the  quadratic  equation 

Z=-   (a  +  ^)2  +  a^  =  0, 

whose  coefficients  a  +  ^  and  a/3  are  relatively  prime  integers 
such  that  a  and  /9  are  not  roots  of  unity.     Then  the  numbers 
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i)»  and  S„ 

a  —  P 

are  integers.    The  principal  object  of  Professor  Carmichael's 
first  paper  is  an  investigation  of  the  numerical  properties  of  - 
Z)„  and  Sfl.    The  general  results  obtained  have  several  appli- 
cations in  the  theory  of  numbers. 

Among  the  factors  of  Ob  and  5™  are  numbers  of  the  form 
Fk(fii,  0),  where  f*(a,  $)  is  that  irreducible  algebraic  factor  of 
or*  —  j3*  which  is  not  a  factor  of  any  a'  —  (3'  for  which  » is  less 
than  k.  These  numbers  /**(«,  ^)  play  a  fundamental  rSle 
throughout  the  paper. 

The  general  results  cannot  be  briefly  stated.  Of  the  con- 
clusions obtained  in  application  of  the  general  theorems  we 
mention  the  following  two:  a  necessary  and  sufficient  con- 
dition that  an  odd  number  p  is  prime  is  that  an  integer  a 
exists  such  that  Fp_i(a,  1)  is  divisible  by  p;  a  necessary  and 
sufficient  condition  that  2t  +  1  =  2*"  +  I,  where  n  >  1,  is 
prime  is  that 

3*  +  1  s  0  mod  2jt  +  1. 

2.  In  recent  years  important  contributions  to  the  problem 
of  solving  linear  equations  with  an  infinite  number  of  variables 
have  been  made  by  Hill,  Poincare,  von  Koch,  Hilbert,  ToepUtz, 
Schmidt,  and  Bocher  and  Brand.  The  most  interesting  and 
far-reaching  developments  which  have  been  given  up  to  the 
present  time  are  those  of  the  last  two  mentioned.  The  object 
of  Professor  Carmichael's  second  paper  is  to  establish  a  range 
of  validity  for  results  obtained  by  a  useful  method  due  to 
Kotteritzsch. 

The  method  of  the  paper,  although  it  is  one  of  great  sim- 
plicity, is  yet  such  as  not  to  yield  readily  to  description  within 
limits  of  space  appropriate  for  this  abstract. 

3.  Professor  Carmichael's  third  paper  appeared  in  full  in 
the  February  Bulletin. 

4.  In  his  first  paper  Dr.  Hurwitz  attempts  to  supply  a 
relatively  complete  theory  of  mixed  linear  equations  of  the 
first  order,  such  as  he  has  considered  briefly  in  an  earlier  note. 
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The  notion  of  the  adjoint  system  to  such  an  equation  is 
introduced  and  used  to  obtain  a  simple  form  of  statement  of 
conditions  for  the  solution  of  the  non-homogeneous  equation 
in  cases  where  the  homogeneous  equation  possesses  non- 
trivial  solutions.  A  function  2)(X)  corresponds  to  the  Fred- 
holm  determinant  of  the  pure  equation,  and  a  set  of  functions 
D(x,  y;  X);  Diix;  X),  Di{x;  X),  ■  ■  -,  Z)™(x;  X)  corresponds  to  the 
Fredholm  first  minor;  these  are  integral  functions  of  X.  Re- 
solvent and  pseudo-resolvent  systems  may  be  constructed, 
having  properties  analogous  to  those  of  the  resolvent  and 
pseudo-resolvent  functions  for  the  pure  equation.  By  means 
of  a  natural  generalization  a  parallel  to  the  theory  of  the 
symmetric  kernel  may  also  be  established. 

5.  In  this  paper  Mr.  Galajikian  considers  integral  equations 
of  the  type 

»(«)=»{*.  /'/.fc'.  J(0)*  •■■,  /'/.(».(,»('»*}• 

with  the  generalization  to  systems  of  such  equations.  By 
the  method  of  successive  approximations  it  is  shown  that  a 
continuous  solution  exists  in  a  sufficiently  small  interval 
under  conditions  of  continuity  and  Lipschitz  conditions  on 
the  given  functions.  A  special  form  of  the  equation  con- 
sidered has  been  treated  by  T.  Lalesco. 

6.  The  usual  proofs  of  Green's  theorem  on  the  equality  of 
certain  double  and  curve  integrals  not  only  demand  that  the 
region  of  double  integration  be  bounded  by  simple  regular 
closed  curves,  but  also  explicitly  or  implicitly  use  a  further 
assumption,  ordinarily  in  the  form  that  the  boundary  should 
be  cut  in  only  a  finite  number  of  points  by  any  straight  line 
parallel  to  either  coordinate  axis.  As  results  are  frequently 
stated,  in  the  application  of  the  theorem  to  partial  differential 
equations,  without  mention  of  this  restriction,  one  is  led  to 
ask  whether  or  not  it  is  essential.  Dr.  Hurwitz  in  his  second 
paper  establishes  the  truth  of  Green's  theorem  without  the 
additional  assumption  on  the  boundarj*. 

7.  In  a  paper  recently  presented  to  the  Southwestern 
Section  Professor  Emch  has  shown  how  to  represent  para- 
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metrically  any  closed  coDtinuous  curve  passing  through  the 
vertices  of  a  square.  He  has  proved  also  that  at  least  one 
square  may  be  inscribed  in  every  ordinary  (admitting  of  a 
definite  tangent  at  every  point)  continuous  closed  convex 
curve  or  oval.  From  this  follows  that  any  oval  may  be 
parametrically  represented  in  the  form  referred  to  above. 

In  the  present  paper  the  results  are  generalized  for  any 
ordinary  closed  cur\'e  without  singular  points. 

8.  Professor  Miller's  paper  appears  in  full  in  the  present 
number  of  the  Bulletin. 

9.  Certain  rational  plane  curves  possess  sets  of  covariant 
rational  point  or  line  curves  which  are  related  as  follows: 
if  A,  B,  and  C  are  three  point  curves  of  such  a  set,  any  param- 
eter value  substituted  in  the  parametric  equations  of  A,  B, 
and  C  yields  the  coordinates  of  three  collinear  points;  if  A', 
B',  and  C  are  three  line  curves  of  such  a  set,  any  parameter 
value  substituted  in  the  parametric  equations  of  A,  B,  and  C 
yields  the  coordinates  of  three  concurrent  lines;  Dr.  Rowe's 
paper  consists  in  discussing  such  curves,  and  in  giving  illus- 
trations of  their  existence. 

10.  Professor  Sharpe  and  Dr.  Moi^an  consider  a  quartic 
surface  having  two  conical  points  P  and  Q.  If  any  line 
through  P  meets  the  surface  in  A  and  B  and  QB  meets  the 
surface  in  C,  the  conditions  are  found  that  the  transformation 
which  sends  A  into  C  should  be  of  period  2  or  3.  There 
appears  to  be  no  surface  of  this  type  with  a  transformation  of 
period  >  3  for  all  positions  of  A.  The  conditions  may  be 
interpreted  as  the  condition  that  the  two  involutorial  trans- 
formations /i,  /j  of  the  general  (2,  2)  correspondence  should 
satisfy  {/i/j}'  or  (/i/s)'  »  1.  The  geometrical  interpretation 
for  a  quartic  curve  with  two  double  points  is  given  and  is 
analogous  to  Steiner's  theorems  for  a  cubic  curve  (Crelle,  1845). 

11.  In  this  paper  Dr.  Sheffer  gives  a  determination  of  the 
Boolean  algebra,  the  "algebra  of  logic,"  by  means  of  a  set  of 
postulates  which  differs  from  Huntington's  sets  (Transactions, 
volume  5,  pages  288-309)  mainly  in  that  Huntington's 
existence  postulates  for  the  logical  elements  0  and  1,  and  for 
the  class  of  "negatives,"  are  deduced  as  theorems. 
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12.  Thia  paper  is  intended  primarily  as  an  illustration  of 
the  value  of  the  rational  curve  as  an  instrument  by  means 
of  which  the  properties  of  certain  types  of  surfaces  may  be 
studied.  Dr.  Conner's  starting-point  is  the  rational  sextic 
curve  r*, 

(1)  ^=  ia^tr  (i=  1.2,  3,4), 
taken  in  connection  with  its  conjugate  p*, 

(2)  Xi=  ioit)*  (t=  1,  2,  3,  4), 

where  lafljl'  =  0.  Giving  a  point  x  of  space  determines  6 
parameters  on  r*;  if  the  catalecticant  of  the  binary  sextic  so 
obtained  is  made  to  vanish,  the  locus  of  x  is  the  quartic 
surface  S  with  10  symmetrical  nodes,  called  by  Cayley  the 
symmetroid.  The  rational  curve  r*  and  the  symmetroid  have 
each  24  constants,  and  it  is  shown  that  S  has  two  associated 
rational  sextics,  each  of  which  determines  it  in  the  above 
manner.  These  sextics  have  a  common  rational  covariant 
quadric  surface  K,  which  is  thus  a  rational  covariant  surface 
of  the  symmetroid.  The  separation  of  the  sextics  depends 
on  the  separation  of  the  two  systems  of  generators  of  K. 

There  are  10  quadrics  each  on  all  nodes  of  S  but  one,  and 
the  two  systems  of  generators  of  each  of  these  pair  off  with  the 
two  systems  on  K.  Thus  giving  one  of  these  latter  quadrics 
a  node  forces  every  other  to  have  a  node — a  remarkable 
property  of  the  10  nodes  of  S. 

Other  covariant  surfaces  and  special  cases  of  S  (Kummer 
surface,  Hessian  of  cubic)  are  discussed. 

13.  This  paper  is  to  be  regarded  as  a  continuation  of  an 
earlier  paper  by  Dr.  Conner,  entitled  "Alultiple  correspond- 
ences determined  by  the  rational  plane  quintic  curve"  {TTans- 
actwns,  volume  13,  pages  265-275,  April,  1912). 

Given  a  rational  7-ic  curve  p'  in  a  space  S, 

Xi=  (oity  (i=  1,  2,  3,  4) 

and  its  conjugate  curve  r'  in  a  space  2, 

f,  =  (a.ty  (i=  1,  2,  3,  4), 

where  \a,a,\'  =  0,  a  {7,  1)  correspondence  T  is  determined 
between  S  and  2.    The  surfaces  in  S  which  are  maps  by  T  of 
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planes  of  Z  are  a  3-fold  linear  system  of  cubic  surfaces  Ci, 
having  a  common  double  line  r.  The  points  of  ir  are  the 
only  singular  points  of  £.  The  jacobian  J  of  the  system  Ct 
is  transformed  by  T  into  the  developable  of  tangents  of  r'. 
T  transforms  planes  of  S  into  quintic  surfaces  in  2  which 
bear  interesting  relations  to  the  surface  T{J).  Other  corre- 
spondences assodated  with  T  are  discussed. 

The  proof  of  the  existence  of  T  and  its  connection  with  the 
osculants  of  p'  are  developed  in  a  manner  analogous  to  the 
method  of  the  earlier  paper. 

It  is  shown  that  similar  correspondences  exist  for  rational 
curves  in  general,  and  it  is  hoped  that  their  value  as  an  aid 
to  the  study  of  rational  curves  is  clearly  shown. 

14.  In  the  first  paper  by  Professor  Dickson  a  primitive 
non-deficient  number  is  defined  to  be  a  non-deficient  number 
not  a  multiple  of  a  smaller  non-deficient  number.  It  is 
proved  that  there  is  only  a  finite  number  of  primitive  non- 
deficient  odd  numbers  having  any  given  number  n  of  dis- 
tinct prime  factors.  Since  any  perfect  number  is  a  primi- 
tive non-deficient  number,  it  follows  as  a  corollary  that 
there  is  not  an  infinitude  of  odd  perfect  numbers  with  a  given 
number  of  distinct  prime  factors.  The  main  theorem  is 
proved  by  applying  the  following  lemma  once  to  the  set  of  all 
deficient  numbers  with  given  prime  factors  (to  prove  by 
induction  that  the  n  prime  factors  of  a  primitive  non-deficient 
number  are  each  limited)  and  finally  to  the  set  of  all  primitive 
non-deficient  numbers  with  n  given  prime  factors.  The 
lemma  states  that  any  set  S  of  integers  pi"  ■  ■  ■  pn';  where 
pi,  -  ■  ■ ,  p»  are  given  integers,  contains  a  finite  number  of 
integers  Fi,  ■■■,  Fi,  such  that  every  integer  of  the  set  is  a 
multiple  of  at  least  one  F;.  By  the  same  method  it  is  shown 
that  there  is  only  a  finite  number  of  primitive  abundant 
numbers  having  a  given  number  of  distinct  odd  prime  factors 
and  a  given  number  of  factors  2.  The  paper  will  be  offered  to 
the  American  Journal  of  Mathematics. 

15.  In  the  second  paper  by  Professor  Dickson  an  amicable 
number  triple  is  defined  to  be  a  set  of  three  integers  such  that 
the  sum  of  the  proper  divisors  of  each  equals  the  sum  of  the 
remaining  two  numbers.  If  <r(n)  is  the  sum  of  all  the  divisors 
of  n,  then  ni,  nj,  ■  •  ■ ,  tit  form  an  amicable  Ar-tuple  if 

(r(ni)  =  ff(n»)  =  -  ■  -  =  ^(nji)  =  ni  +  ni+  ■■  ■  +  nt. 
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For  k  =  2,  the  numbers  are  amicable  in  the  usual  sense.  If 
the  n's  are  all  equal,  rti  is  a  multiply  perfect  number  of  multi- 
plicity k.  For  A  =  3,  the  paper  gives  7  amicable  triples  in 
which  two  of  the  three  numbers  are  equal,  and  the  two  ex- 
amples of  amicable  triples  of  distinct  numbers 

293-337  a,        5  16561  o,      99371a,      o  =  2^3-13; 
3-89  a,        11-29  o,  359  a,      a  =  2"-5-19-3il5L 

The  paper  will  appear  in  the  American  MatkematietU  Monthly^ 

16.  A  circle-cross  is  the  figure  of  two  circles  so  related  that 
each  is  orthogonal  to  every  sphere  through  the  other.  It 
bears  a  relation  to  the  circles  of  a  general  linear  system 
analogous  to  that  which  the  central  axis  bears  to  the  lines 
of  a  linear  complex.  Professor  Coolidge's  paper  considers 
systems  of  crosses  orthogonal  to  one  sphere,  crosses  derived 
from  one  and  two  parameter  families  of  linear  circle  systems, 
and  an  involutory  transformation  which  carries  circles  into 
circles,  but  not  spheres  into  spheres. 

17.  It  is  well  known  that  when  the  functional  determinant 
of  two  analytic  functions  p(u,  v)  and  ipiu,  u)  vanishes  identi- 
cally there  must  be  a  relation  of  the  form 

FMu,  .),  *(»,  .»  -  0, 

holding  identically  in  u  and  v.  Near  any  point  which  is  not 
a  singular  point  for  ip,  the  form  of  this  relation  can  be  found 
by  solving  the  equation 

ipiu,  »)  =  4 

for  one  of  the  variables  and  substituting  the  result  in  ^. 
Near  a  point  at  which  both  tf>  and  ^  are  singular  this  process 
can  not  be  carried  out.  In  the  paper  of  Professor  Bliss  a 
method  is  given  for  determining  the  character  of  the  relation 
near  a  point  where  <f>  and  ip  both  begin  with  terms  of  higher 
than  the  first  degree,  and  it  is  shown  that  /"(p,  tp)  is  analytic 
but  has  itself  a  singular  point.  The  proof  makes  use  of  the 
preparation  theorem  of  Weierstrass  by  means  of  which  the 
variable  u  can  be  eliminated  from  the  functions  ip  —  x,il/  —  y. 
The  resultant  R(.v,  x,  y)  is  a  series  in  c,  x,  y,  and  the  function 
F{tp,  ^)  required  is  R  (0,  ip,  ^). 
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18.  The  purpose  of  Professor  Eiesland's  paper  is  to  deter- 
mine all  the  algebraic  eurves  of  a  tetrahedral  complex.  The 
algebraic  surfaces  conjugate  to  the  complex  may  then,  ac- 
cording to  Lie,  be  formed  by  putting 

r  Vdu  ,    r  vi, 

C  Vdu    ,     C  Vit 
"■8'  -  J  «-  +  -„+  J  H^' 

where  (u)  and  (r)  are  complex  curves  and  also  conjugate 
curves  on  the  surface.  The  work  of  determining  these  curves 
(and  surfaces)  is  chiefly  of  a  function-theoretical  nature,  but 
a  number  of  interesting  geometrical  theorems  have  also  been 
found  in  the  course  of  the  investigation. 

19.  In  his  preliminary  communication  Professor  Moore 
stated  the  following  theorems: 

(1)  If  a  real-valued  continuous  kernel  «(«,  0  (a  ^  «  ^  6, 
a  ^  i  ^  6)  satisfies  the  two  conditions:  (a)  for  every  real- 
valued  continuous  function  |(a)  not  identically  null  (a^jr^i) 


'e,  then  the  kerne 
jlute  v^ue  ^  1.— 
()  the  solution  i)(j 

^(fl)  =  vi')  -  f  k(s.  tHOdt        (a^t^  b). 


(b)  k(3,  0  is  nowhere  negative,  then  the  kernel  k{s,  t)  has  no 
characteristic  number  of  absolute  v^ue  ^  1. — Corollaries: 

(2)  For  such  a  kernel  k{9,  t)  the  solution  i)(a)  of  the  linear 
integral  equation 


has  the  form 
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(3)  If  the  given  function  f(s)  is  nowhere  negative  or  every- 
where positive  (a  ^  a  ^  b),  the  solution  ij(a)  is  respectively 
nowhere  negative  or  everywhere  positive  (a  ^s  ^b). 

According  to  Hilbert  and  Bateman,  the  conclusion  of  (1) 
holds  for  symmetric  kernels  with  the  condition  (a).  In  this 
case  the  characteristic  numbers  are  real.  For  (possibly 
asymmetric)  kernels  with  the  conditions  (a,  b)  one  proves 
readily  that  a.  real  characteristic  number,  if  any  exists,  is  of 
absolute  value  >  1,  and  hence  that  every  characteristic  num- 
ber is  of  absolute  value  >  1,  from  the  theorem: 

(4)  For  a  kernel  k{s,  t)  with  the  condition  C^)  either  no 
characteristic  number  exists  or  there  exists  a  positive  char- 
acteristic number  amongst  the  characteristic  numbers  of  least 
absolute  value.  This  follows  from  Fredholm's  expression  of  the 
logarithm  of  the  integral  transcendental  function  2>(X)  as  a 
power  series  in  X  convergent  near  X  =  0. 

The  theorems  here  stated  are  instances  of  general  theorems 
in  Professor  Moore's  general  theory  of  linear  integral  equa- 
tions (cf.  this  Bulletin,  April  1912).  Theorem  (3)  for  the 
symmetric  (algebraic)  instance  II,  of  a  system  of  n  linear  equa- 
tions in  n  unknowns  »)(«)  (8=1,2,  •  ■  ■  ,  n)  is  essentially  a 
theorem  established  by  Stieltjes  (Acla  Mathematica,  volume  9, 
page  385,  1887)  for  use  in  his  investigation  of  the  roots  of 
Legendre's  polynomials. 

20.  The  isosceles  triangular  solutions  of  the  three  body 
problem  are  the  periodic  solutions  in  which  two  of  the  masses 
are  finite  and  equal,  while  the  third  body  moves  so  that  it  is 
equidistant  from  the  finite  bodies.  Pavanini  obtained  the 
first  of  these  solutions  in  1907  by  means  of  an  elliptic  integral. 
In  this  solution  the  finite  bodies  move  in  a  circle  and  the 
third  body,  an  infinitesimal,  moves  in  a  line  through  the  center 
of  mass  perpendicularly  to  the  plane  of  the  motion  of  the 
finite  bodies.  Macmillan  also  obtained  this  solution  inde- 
pendently in  1910,  and  further  developed  the  solution  as  a 
periodic  function  of  the  independent  variable.  In  his  paper 
before  the  society  at  the  April  meeting  in  Chicago,  1911, 
Professor  Buchanan  dealt  with  two  additional  solutions:  one 
in  which  the  finite  bodies  move  in  ellipses  and  the  third  body 
is  infinitesimal;  the  other  in  which  the  three  bodies  are  finite. 
The  present  paper  deals  with  the  case  in  which  the  infinitesimal 
body  oscillates  about  the  straight  line  while  the  equal  bodies 
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move  in  a  circle.  The  solution  is  developed  as  a  power  series 
in  two  parameters,  one  representing  the  initial  projection  from 
the  plane  of  motion  of  the  finite  bodies,  the  other  representing 
the  initial  displacement  from  the  center  of  mass. 

21.  The  suggestion  of  studying  the  type  of  constrained 
motion  which  is  considered  in  Professor  Field's  paper  was 
obtained  from  an  article  by  Saint-Germain  and  Lecomu 
entitled  "Sur  I'impossibilit^  de  certaines  mouvements,"  pub- 
lished in  the  Comptea  RenduB,  volume  114  (1892). 

The  following  problem  is  solved.  Given  two  parallel  plane 
curves  c  and  ci,  the  distance  between  the  two  being  a;  two 
particles  of  mass  m  and  mi,  connected  by  a  weightless  rod  of 
length  a,  are  constrained  to  move  along  c  and  Ci.  No  external 
forces  act  on  the  particles.  Under  what  circumstances  does 
the  supposition  that  motion  takes  place  lead  to  conditions 
which  are  compatible:  (a)  when  c  and  ci  are  smooth,  Q>)  when 
c  and  Ci  are  rough  7 

22.  We  are  often  concerned,  as  in  the  theory  of  Gatois,  with 
the  question  as  to  when  the  solution  of  certain  equations  can 
be  expressed  in  terms  of  a  finite  number  of  operations  and 
functions,  belonging  to  given  classes.  We  may  speak  of  this 
as  the  question  of  getting  the  solutions  in  cloaedform. 

Professor  Evans  considers  the  closed  forms  of  solutions  of 
certain  types  of  linear  integro-differential  equations.  By 
means  of  transformations  involving  a  finite  number  of  quad- 
ratures, the  integro-difFerential  equations  in  these  cases  are 
reduced  to  systems  of  equations  purely  differential  or  purely 
integral. 

23.  From  considerations  of  the  non-eucUdean  geometries 
of  Riemann  and  Lobachevsky  it  can  be  demonstrated  that 
the  space  of  our  physical  perceptions  could  have  a  curvature, 
although  very  small,  towards  a  fourth  dimensional  space,  and 
though  this  cannot  be  proved  by  experiment  upon  space,  still 
its  consideration  involves  a  philosophical  train  of  thought 
and  a  series  of  useful  principles  in  the  realm  of  pure  mathe- 
matics. In  Professor  Caparo's  paper  several  hyperbodies 
are  studied  under  the  most  simple  conditions;  e.  g.,  hyper- 
bodies extending  from  a  three-dimensional  space  towards  the 
space  of  four  dimensions,  thus  leaving  their  bases,  or  at  least 
Uieir  sections,  in  the  three  dimensional  space. 


-obvGoo»^lc 


290  THE   ASNDAL   MEETING   OP  THE  SOCIETY.        [Mar., 

Relations  between  spaces  of  higher  order  and  the  orders  of 
infinite  are  also  established,  showing  the  non-absurdity  of  the 
assumptions  and  conclusions  in  the  proposed  theorems  and 
axioms  of  a  non-euclidean  fourth  dimensional  geometry.  The 
degrees  of  freedom  of  elements  in  hyperspacea  are  also  studied 
with  a  view  of  explaining  several  physical  and  chemical 
phei 


24.  If  p  is  an  odd  prime  of  the  form  6n  +  1,  r  a  primitive 
pth  root  of  unity,  and  g  a  primitive  root  of  p,  then  a  =  r 
_|_  frt  _|_  . . .  ^  j.e  i*"-"!  generates  a  cubic  cyclic  number  field. 
In  order  to  determine  the  class  number  of  this  field  a  knowledge 
of  the  prime  ideals  in  the  field  is  necessary.  In  Professor 
Westlund's  paper  a  method  for  decomposing  rational  primes 
into  prime  ideal  factors  in  k(_a)  is  given,  and  the  method  is 
applied,  for  a  large  number  of  values  of  p,  to  the  actual 
factorization  of  those  rational  primes  on  which  the  deter- 
mination of  the  class  number  depends. 

25.  Dr.  Dodd  deals  with  an  attempted  generalization  of 
the  following  corollary  of  Bayes'  theorem,  viz, :  If  each  of  a 
finite  number  of  mutually  exclusive  "causes"  is  equally  likely, 
a  priori,  to  come  into  play,  then  the  probability,  a  posteriori, 
that  a  given  event  had  its  origin  in  a  given  cause  is  pro- 
portional to  the  probability  that  the  given  cause  would  produce 
that  event. 

In  the  theory  of  measurements  a  function  ^(z)dz  is  some- 
times regarded  as  giving  the  probability,  a  priori,  that  the 
true  value  lies  between  2  and  2  +  dz.  Then  the  attempt  is 
made  to  regard  1^(2)  as  a  constant  for  all  real  values  of  z, 
viewing  each  real  number  as  equally  likely,  a  priori,  to  be 
the  true  value.  Not  only  is  this  probability  difficult  to 
interpret  in  terms  of  ideal  frequency,  but  ^(2)  cannot  be  made 
a  constant;  for  the  integral  of  i('(2)  from  —  so  to  +  00  must  be 
unity,  the  symbol  for  certainty. 

With  measurements  designated  by  mi,  rrii,  ■■■,mn,  true 
value  by  z,  and  errors  by  z  —  mi,  ■  ■  ■ ,  2  —  m„,  the  probability 
that  this  specified  set  of  measurements,  with  attendant  errors, 
will  occur  is  written  as 

P  =  <p(z—  mi)<f>(z  —  TTti)  *•'  <p(z—  m„). 
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or  perhaps  this  product  multiplied  by  dmi  ■  •  ■  dm„.  The 
attempt  is  then  made  to  view  P  as  a  function  of  z,  proportional 
to  the  probability  that  2  be  the  true  value, — it  being  imagined 
that  this  is  a  legitimate  generalization  of  the  corollary  of 
Bayes'  theorem — when,  indeed,  the  writer  seeks  any  justi- 
fication at  all.  After  hasty  reading,  some  may  even  suppose 
that  P(z)  is  equal  to  the  probability  that  z  be  the  true  value, 
llhen  setting  dP/dz  =  0,  and  assuming  that  the  arithmetic 
mean  is  the  most  probable  value,  the  argument  is  supposed 
to  lead  to  the  Gaussian  probability  law. 

26.  Dr.  Dodd  uses  Stirling's  formula  in  finite  form,*  viz.: 
n  !  =  n"e~"''"jSi  1^211^1,  where  0  <  S  <  1,  and  finite  develop- 
ments of  e*  and  log,  (1  +  (),  to  verify  Bertrand'st  deduction 
of  the  probability  integral. 

Let  p  be  the  probability  that  an  event  will  happen  on  a 
single  trial,  where  0  <  p  <  1 ;  and  set  ?  =  1  —  p.  Then  the 
probability  that  the  event  will  happen  exactly  r  times  in  a 
trials  is 

Now  let  any  positive  number  c  be  chosen;  and  then  let 
s  be  taken  large  enough  so  that  sp  —  eVs  >  0  and  sp  +  cVa 
<  8.    Then  let  r,  Tu  and  rj  be  such  that 

(2)  »p  —  cVs  ^rj^r^fi^*p-|-  cVs. 
Set 

I  =  sp  —  T,     h  =  ap  —  Ti,    12  =  sp  —  Tt,     h  =  {28pq)~K 

Then  constants,  Ki,  Kt,  Kt,  and  Ki,  independent  of  8,  exist 
such  that 

(3)  P,=    ^-.e-^'"  +  *i,       [*.  I<^; 

Vir  »  ' 

(4)  £P,  =  -*- £.-'■'  +  «,    I'.Kt: 

r,  Vir  ii  « 


-obvGoo»^lc 


292  THE  ANNUAL  HEETINO   OF  THE  SOCTETY.        [Mar., 

(5)     Ae-«'  =  i  r'V>-i.  +  a,     |..l<.-^-; 
^  '     VT  VirJi-m  'VB' 


(6) 


It  can  now  be  shown  that  lim  <«  =  0,  uniformly,  even  with 

the  reatriction  (2)  removed. 

Theorem. — Let  p  be  the  probability  that  an  event  will 
occur  on  a  single  trial,  where  0  <  p  <  1 ;  let  s  he  the  number 
of  trials  to  be  made;  and  set  A  =  [2«p(l  —  p)]~'.  Then  the 
probability  that  the  number  of  occurrences  of  the  event  will 
be  some  number  in  the  set  sp  —  k  to  »p  —  U  inclusive, 
where  0  ^  ap  —  It  ^  sp  —  h  ■^  s,  ia 


1     p 


€~*'dt  +  S,     where  lim  5  =  0,  uniformly. 


27.  If  each  lineal  element  of  a  congruence  of  space  curves 
slides  along  its  own  direction  a  fixed  distance  c,  the  new 
elements  generate  a  new  congruence  equitangentiallj-  related 
to  the  original.  By  varying  c,  we  obtain  a  famil.^'  of  oo'  space 
curves,  whose  properties  are  discussed  by  Professor  Kasner. 
The  simplest  results  are  the  following.  A  line  tangent  to  one 
curve  is  tangent  to  »•  curves;  the  osculating  planes  passing 
through  the  line  are  homographically  related  to  the  points 
of  contact;  the  locus  of  the  centers  of  curvature  is  a  twisted 
cubic. 

28.  Professor  Keyser's  paper,  which  for  definiteness  attaches 
itself  to  Hilbert's  axioms  for  geometrj*,  undertakes  to  examine 
the  current  "critical"  creed:  that  the  element-names,  since 
they  are  not  defined,  may  be  interpreted  to  be  the  names  of 
any  things  whatever,  subject  to  the  sole  restriction  that  the 
things  must  satisfy  the  axioms;  that,  an  admissible  (possible) 
interpretation  once  given,  a  definite  science,  theory,  or  doctrine 
arises;  that  replacing  that  interpretation  by  another  admissible 
one  leaves  the  doctrine  unchanged;  that  this  doctrine  is 
euclidean  geometry  of  three  dimensions;  and  that,  if  one 
wishes  to  regard  the  geometry  as  a  doctrine  of  or  about  some- 
thing to  be  called  space  Ss,  S3  is  nothing  but  any  system  of 
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things  that  satisfy  the  axioms.  The  examination  leads  to 
the  conclusion  that,  whilst  there  are  many  (even  infinitely 
many)  admissible  interpretations,  no  two  of  these  yield  the 
same  doctrine;  that  one  and  but  one  of  the  doctrines  so  arising 
is  rightly  called  geometry;  that  it  is  not  merely  a  matter  of 
temperament  or  taste  whether  this  doctrine  be  regarded  as 
being  about  something  (called  space);  that  this  space,  though 
it  is  not  sensible  (or  empirical)  space,  is  an  affair  connoting 
conceptual  extension,  as  Euclid's  much  ill-advisedly  criticised 
descriptive  "definitions"  of  point,  line  and  plane  so  usefully 
intimate;  and  that,  even  if  this  extensional  view  of  space  be 
rejected,  the  long  vexed  question  as  to  what,  if  any,  sort  of 
ejustence  hyperspaces  have,  is  to  be  answered  finally  by  the 
profHJsition  that  hyperspaces  possess  every  kind  of  existence 
that  may  be  warrantably  attributed  to  the  space  of  ordinary 
geometry. 

29.  In  a  paper  read  before  the  summer  meeting  of  the 
Society,  Professor  Wilczynski  defined  a  class  of  surfaces 
whose  theory  was  equivalent  to  the  theory  of  the  completely 
iDtegrable  system 

3V,  „a!( 


+  2j;  +  Cc.u  +  c,)j,-0, 


where  ca,  ci,  and  ct  are  constants.  An  exhaustive  discussion 
was  there  given  of  the  cases  in  which  Co  is  equal  to  zero.  The 
present  paper  is  devoted  to  the  integration  of  the  above 
system  in  the  case  where  co  does  not  vanish.  One  of  the 
preliminaries  to  the  solution  of  this  problem  is  the  problem  of 
integrating  a  completely  integrable  non-homogeneous  system 
when  the  integrals  of  the  corresponding  homogeneous  system 
are  known.  The  integrals  of  (S),  which  then  appear  as  power 
series  in  cb,  have  associated  with  them  a  remarkable  family  of 
polynomials  whose  properties  are  studied  to  some  extent. 
It  turns  out,  moreoverj  that  the  solutions  of  (S)  satisfy 
integral  equations  of  a  peculiar  kind,  involving  exact  differ- 
entials in  two  independent  variables,  thus  suggesting  several 
new  problems  to  which,  in  part  at  least,  the  processes  of  this 
paper- are  applicable. 
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30.  This  is  a  fiaat  report  on  the  Quadripartitum,  more 
especially  of  the  third  book  dealing  with  alf^bra.  Professor 
Karpinski  shows  that  de  Muris  drew  extensively  both  from 
Leonard  of  Pisa  and  from  Al-Khowarizmi.  While  this  writer 
contributed  little  if  anything  to  the  development  of  the  science, 
yet  his  work  was  influential  in  spreading  the  popular  study 
of  algebra.  The  origin  of  certain  terms  used  for  algebra, 
ars  major  and  ars  rei  et  census,  is  touched. 

31.  Up  to  the  present  time  the  earliest  known  forms  of 
Hindu  numeraU  among  the  Arabs  are  in  documents  of  S73  a.d. 
The  arithmetic  of  Al-Khowarizmi  antedates  this  by  some 
fifty  years,  but  it  has  not  yet  been  found  in  the  Arabic  original 
but  only  in  Latin  translation.  Professor  Karpinski  presents 
a  reference  to  the  numerals  in  an  Arabic  work  of  S55  a.d.,  in 
which  the  Hindu  forms  are  given  as  a  type  of  alphabet.  The 
work  is  by  one  Ibn  Wahshiyya,  who  is  notorious  as  being  one 
of  the  earliest  nature  fakirs,  having  written  a  monumental 
treatise  purporting  to  explain  Babylonian  agriculture  and 
civilization.  This  has  been  shown  to  be  the  product  of  an 
overactive  imagination.  While  the  treatise  on  alphabets  is 
similarly  largely  fictitious,  yet  he  does  therein  present  the 
numeral  forms  now  used  by  the  Arabs. 

32.  In  a  continuous  variety  of  m  dimensions  are  defined 
m  one-valued  functions  z,  whose  jacobian  vanishes  only  on 
certain  singular  surfaces  of  not  more  than  m  —  1  dimensions. 
The  surfaces  representing  constant  values  of  these  functions 
divide  the  variety  into  regions  bounded  by  xt  =  Ci,  xi  = 
Ci  +  Aci.  In  one  of  these  regions  take  Axi  =  Act.  By  a 
continuous  motion  (birational)  it  will  be  possible  to  transform 
this  into  any  other  region  except  one  bordering  on  the  singular 
surface  or  boundary,  in  such  a  way  that  x,  =  c,  passes  into 
Xi  =  Ci'.  The  increment  of  i,  for  this  region  is  that  into 
which  Ax,  passes  by  continuity.  If  the  variety  is  bilateral 
the  resulting  quantity  Aa-i  ■  ■  -  Axn  will  be  independent  of  the 
path  by  which  we  pass  (within  the  variety)  from  the  first  to 
the  second  point.  In  this  case  Dr.  Phillips  defines  the  integral 
of  a  one-valued  function  over  the  variety  as 

lira  2  fAxi  ■  ■  ■  Ax„ 
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if  that  limit  exists.  If  the  variety  13  unilateral  there  are  two 
values  for  the  product  of  increments,  the  two  difTering  only 
in  sign.  In  this  case  both  are  used  in  the  above  limit  and  / 
allowed  to  be  correspondingly  two-valued.  With  this  defini- 
tion of  integration  the  formulas  for  change  of  variable  are  not 
limited  to  regions  in  which  the  jacobian  has  a  constant  sign. 
Symbolically  the  differentials  under  the  integral  sign  multiply 
according  to  the  alternative  law.  A  series  of  results  analogous 
to  the  fonnulas  of  Stokes  and  Gauss  are  given  by  the  formula 

/  .  •  ■  Jfdxi  ■•■dx„  =  f  ■■•  fdfdxi  ■  ■  ■  (tr„; 

the  one  integral  being  taken  over  the  boundary  and  the  other 
over  the  region  enclosed. 

33.  In  this  paper,  Dr.  Lipke  characterizes  geometrically 
the  complete  family  of  (»')  isogonal  trajectories  of  a  simple 
(00')  system  of  curves  on  any  surface.  (This  has  already 
been  done  for  the  plane  by  Professor  Kasner  and  Dr.  W,  M. 
Smith.)  To  test  whether  a  given  family  {X)  of  oc*  curves  on 
a  surface  are  the  isogonal  trajectories  of  some  simple  system, 
we  proceed  as  follows:  Through  each  point  in  each  direction 
there  pass  one  curve  of  the  family  {X)  and  one  curve  of  the 
family  (7)  of  isogonal  trajectories  of  an  arbitrary  isothennal 
system  of  curves;  through  each  point  in  each  direction  con- 
struct a  curvature  element  whose  geodesic  curvature  is  equal 
to  the  diflerence  of  the  geodesic  curvatures  of  the  elements  of 
{X)  and  (/)  passing  out  in  that  direction,  and  rotate  each 
new  element  through  a  right  angle;  if  the  family  of  curves 
thus  obtained  have  the  properties  of  a  natural  family  of 
curves,  then  the  family  {X)  are  the  isogonal  trajectories  of  a 
simple  system.  Natural  families  of  curves  on  a  surface  have 
been  geometrically  characterized  by  the  writer  in  a  previous 
paper.* 

34.  This  paper  by  Professor  Shaw  is  a  generalization  of  the 
integral  invariants  of  Foincar6  to  expressions  of  a  general 
vector  analysis.  The  expressions  are  analogous  to  the 
quaternion  generalizations  of  Green's  theorems  and  similar 
forms.  See  Goursat,  Journal  des  MatMmatiquea,  (6)  4  (1908), 
page  331. 

'"Natural  families  of  curves  in  a  general  curved  apace  of  n  dioienuona." 
Ttwm.  Amer.  Math.  Soc,  vol.  13,  p.  93. 
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35.  By  noD-linear  algebra  is  meant  one  in  which  the  co- 
ordioates  of  the  product  of  two  general  numbers  of  the  algebra 
are  not  bilinear  forms  in  the  coordinates  of  the  two  numbers, 
but  are  forms  of  higher  order.  Professor  Shaw  discusses  the 
application  of  continuous  transformation  groups  to  a  class  of 
Don-Unear  algebras. 

36.  In  a  paper  read  at  the  April,  1912,  meeting  of  the 
Chicago  Section,  Professor  Curtiss  indicated  the  existence  of 
other  functions  besides  ^'  which  have  the  property,  proved  by 
LAguerre  for  the  function  named,  provided  z  is  sufficiently 
large,  that  when  the  product  of  one  of  them  with  a  polynomial 
fix)  is  developed  in  a  power  series,  the  number  of  variations 
of  sign  in  the  coefficients  is  equal  to  the  number  of  positive 
real  roots  otf(x).  Since  that  time  a  paper  has  been  published 
by  Fekete  and  P61ya,  proving  that  (1  -  ar)"*  is  a  function  of 
this  class  for  the  inter\'al  [0,  1],  provided  k  is  sufficiently  large, 
and  stating  that  (I  +  x)*  has  the  same  property  for  the 
interval  [0,  »].  Their  demonstrations  depend  on  systems 
of  somewhat  complicated  inequalities.  In  the  present  paper 
briefer  proofs  of  a  different  nature  are  given,  and  certain 
corollaries  are  deduced,  of  which  the  following  may  serve  as 
an  example:  If  k  is  sufficiently  large  the  number  of  variations 
of  sign  in  the  sequence 


m  my  ■ 


for  a:  =  ^1  >  0.  is  equal  to  the  number  of  positive  roots  of 
f{x)  less  than  Xi. 

37.  Professor  Ranum  considers  the  classification  of  ti- 
dimensional  spreads  from  a  broad  projective  differential 
standpoint.  For  instance,  ruled  non-developable  surfaces, 
which  in  5»  may  be  regarded  as  all  of  the  same  class,  in  S<  fall 
into  four  distinct  classes;  and  non-developable  hypersurfaces 
irenerated  by  oo>  planes  in  S,  belong  to  four  classes,  while  in 
St  they  belong  to  forty-three  classes.  Analytic  criteria  are 
found  for  distinguishing  the  various  classes. 

38.  Every  complete  set  of  conjugate  substitutions,  or 
subgroups  of  a  simple  group,  is  transformed  according  to  a 
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simply  isomorphic  group,  whenever  these  substitutions  op 
subgroups  differ  from  identity.  This  characteristic  property 
of  simple  groups  may  be  used  to  define  such  groups. 

In  this  paper  Miss  Schottenfels  assumes  the  existence  of 
the  alternating  group  of  degree  7,  and  proves  that  if  another 
simple  group  of  this  order  exists,  it  contains  the  same  number 
of  Sylow  subgroups  of  orders  7  and  9  as  this  alternating 
group.  She  then  shows  that  the  Sylow  subgroups  of  order  9 
in  the  supposed  simple  group  are  transformed  according  to  an 
imprimitive  group,  and  that  these  systems  of  imprimitivity 
are  transformed  according  to  the  alternating  group  of  degree  7. 
It  follows  that  the  supposed  simple  group  is  simply  isomorphic 
with  the  alternating  group  of  degree  7,  and  that  there  exists 
but  one  simple  group  of  order  71/2  =  2,520. 

Since  it  is  known  that  there  exist  but  one  simple  group  of 
the  orders  60  and  360,  this  paper  establishes  the  fact  that 
the  alternating  group  of  degree  8  is  the  smallest  alternating 
group  whose  order  is  that  of  a  non-altemating  simple  group 
(as  the  writer  proved  several  years  ago). 

39.  Professor  Eisenhart's  paper  is  essentially  the  same  as 
that  read  at  the  Fifth  International  Congress,  an  abstract  of 
which  appeared  in  the  January  number  of  the  Bulletin 
(page  177).    The  memoir  will  be  printed  in  the  Tran^actiotM. 

40.  The  first  explicit  set  of  postulates  for  the  notion  "be- 
tween" was  given  by  Pasch  in  1882,  but  no  attempt  was 
made  at  that  time  to  establish  the  independence  of  the  postu- 
lates. Substantially  the  same  set  was  adopted  by  Peano  in 
1894,  but  again  with  no  satisfactory  proof  of  independence. 
Two  later  sets  of  postulates  have  been  given,  one  by  Hilbert 
in  1899,  and  one  by  Veblen  in  1904;  but  neither  of  these  sets 
is  sufficient  to  establish  some  of  the  simplest  laws  of  order 
along  a  straight  line  without  the  use  of  a  certain  two-dimen- 
sional existence  postulate  (the  "triangle  transverse  postu- 
late"), which  was  taken  from  the  geometry  of  the  plane  and 
has  tiroperly  si>eaking  no  place  in  a  one-dimensional  theory. 
The  object  of  Professor  Huntington's  paper  is  (1)  to  supply 
complete  proofs  of  independence  for  a  set  of  pyostulat^ 
substantially  the  same  as  the  original  set  of  Pasch,  and  (2)  to 
show  how  all  the  fundamental  formal  laws  of  serial  order  can 
be  deduced  from  these  postulates  without  the  aid  of  any 
existence  postulates. 
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The  postulates  are  as  follows,  where  " XRAB"  may  be 
read  "X  between  A  and  B."  (1)  If  XRAB,  then  XRBA. 
(2)  If  XRAB,  then  A  =^  B.  (3)  If  XRAB  is  true,  then 
ARBX  is  false.  (4)  If  ARXB  and  BRAY,  and  X  +  Y, 
then  ARXY.  (5)  If  ZR^5  and  BRAY,  and  JT  +  y,  then 
A"R^  Y.  (6)  If  ZR^B  and  YRAB,  and  Z  +  y,  then  either 
XRAY  ot  YRAX.  (7)  If  ^RZB  and  ARYB,  and  Jf  +  y, 
then  either  XRYA  or  FRA"^. 

41.  The  present  paper  proposes  to  apply  to  the  problem  of 
developing  an  infinite  determinant  a  procedure  for  postulating 
well  ordered  types  which  Professor  Frizell  communicated  to 
the  Fifth  International  Congress  under  the  title:  "Axioms  of 
ordinal  magnitudes."  This  consists  essentially  of  a  recurring 
process  whereby,  having  built  up  a  certain  ordinal  tj-pe 
V  =  /(t),  where  t  is  a  previously  defined  ordinal  magnitude, 
it  is  possible  to  postulate  the  new  type  v  =  fir  +  1)  by  using 
e  = /(t)  as  a  basis  after  the  following  manner:  The  first 
value  of  t  is  /(I)  =  u  and  the  postulating  process  assigns  to 
it  a  well  ordered  set  of  symbols  comprehending  a  set  equivalent 
to  the  assemblage  of  all  finite  products  of  elements  taken 
from  the  infinite  matrix  in  accordance  with  the  rule  for 
forming  a  term  of  the  determinant. 

The  result  reached  is  to  justify  an  analogous  statement  for 
subsequent  values  of  ti;  and,  since  the  factors  of  each  product 
always  form  a  series  of  type  not  lower  than  t,  it  follows  that 
by  carrying  on  the  process  up  to  r  =  tiJi  we  obtain  terms  of 
the  infinite  determinant  arranged  in  a  series  the  ordinal  type 
of  which  is  not  higher  than  /((i?i). 

42.  Let  the  analytic  function /(ari,  3^,  ■  ■  -,  a;„)  be  regular  in 
a  space  T  of  2n  dimensions,  and  ai,  os,  •  ■  •,  a„  be  a  point  in 
this  space  where  /  =  0.  Then  Weierstrass's  preparation  the- 
orem gives  the  decomposition,  in  the  vicinity  of  01,02,  ■  •  ■ ,  o„, 
of  /(ici,  Xi,  ■  ■  -,  Xn)  in  two  factors,  one  of  which  is  a  poly- 
nomial in  xi  —  fli  and  defines  all  the  zeros  of  /  in  the  vicinity 
considered,  except  when  the  point  oi,  oj,  ■  ■  ■ ,  On  is  such*  that 
f(xi,  flj,  ■■■,  a„)  vanishes  identically  in  respect  to  Xi.  In 
the  case  of  exception  it  is  necessary,  according  to  Weierstrass, 
to  perform  a  linear  substitution  on  xi,  xt,  •■■,  Xn,  the  co- 
efficients of  which  depend  on  oi,  os,  ■  ■  ■ ,  a„. 

Dr.  Gronwall  shows  that  it  is  possible  to  find,  a  priori,  a 
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linear  substitution  Xi  =  T^a.txt'  (i  =  1,  2,  •  ■  -,  n)  such  that, 

making /(xi,  xt,  ■  ■■,  a*,)  =  F(xi,  x^,  •■  ■,  ar„'),  the  expression 
F{xi',  Oil,  ■  ■  ■ ,  Ob')  will  not  vanish  identically  in  respect  to  X\ 
at  any  point  a\',  at,  ■•-,  o„'  in  the  space  T'  corresfwnding 
to  7*  by  the  substitution  referred  to,  so  that  the  case  of  ex- 
ception will  never  occur  for  the  new  variables. 

It  is  further  shown  how  this  theorem  may  serve  to  abbreviate 
materially  a  considerable  number  of  proofs  in  the  theory  of 
analytic  functions  of  several  variables. 

43.  Dr.  Gronwall  has  shown  (in  a  paper  presented  to  the 
Society,  September,  1912)  that  for  any  absolutely  integrable 
function  /($,  v)  the  formal  development  in  a  Laplace  series  of 
spherical  harmonics  is  summable  by  Ces&ro's  means  of  order 
one,  with  the  sum/(ff,  ip),  in  every  point  where  the  function  is 
continuous.  The  present  paper  gives  an  investigation  of  the 
corresponding  Cesdro  means  of  order  A;(0  <  k  <  1),  and  it  is 
shown  that  for  J  <  t  <  1  these  means  converge  towards 
f{0,  ip)  in  any  point  $,  <f>  where  the  funcdon  is  continuous, 
provided  a  certain  limit  expression  vanishes  at  the  antipode 
■K  —  d,  V  +  T  (which  is  the  case,  for  instance,  when  the 
function  is  bounded  in  the  vicinity  of  this  point).  It  is  shown 
by  examples  that  this  restriction  relative  to  t  —  ff,  ^p  +  i  is 
also  necessary.  For  0  <  i  ^  J,  there  exist  functions  /{fl,  p), 
continuous  on  the  entire  sphere,  for  which  the  Cesiro  means 
of  order  k  are  divergent  at  a  given  point. 

Concerning  the  particular  case  of  the  Legendre  development 
of  a  function  /(ar)  (where  x  =  cosff),  continuous  for  —  1  g  * 
^  1,  it  is  shown  that  the  corresponding  CesSro  means  of 
order  k  (where  0  <  t  <  1)  converge  towards  /(ar)  for  —  1 
<  a;  <  1,  but  not  necessarily  at  the  end  points  —  1,  +  1  of 
the  interval. 

44.  The  first  part  of  the  paper  by  Dr.  Hennel  deals  with 
the  general  linear  homogeneous  difference  equation  of  order  n. 
The  most  general  point  transformation  that  changes  every 
equation  of  this  type  and  order  into  another  of  the  same 
type  and  order  is  determined,  and  fundamental  sets  of  semin- 
variants,  invariants,  semi-covariants,  and  covariants  of  the 
equation  with  regard  to  the  group  of  point  transformations 
are  found.  The  second  part  of  the  paper  is  a  similar  discussion 
of  a  certain  general  type  of  functional  equations. 
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45.  Id  the  theory  of  numhera  with  Gauss  the  problems  have 
to  do  with  integers  which  are  usually  considered  with  regard 
to  one  number,  an  integer  or  modulus;  so  that  the  funda- 
mental concept  is  a  comparison  of  two  numbers.  These 
numbers  may  be  represented  by  the  coordinates  of  points  in 
the  plane,  one  of  the  coordinates  being  a  fixed  integer,  A 
generalization  of  this  idea,  whereby  the  present  scope  of 
natural  numbers  is  essentially  widened,  is  a  comparison  of 
three  or  more  integers  in  such  a  way  that  the  relations  among 
several  integers  may  be  expressed  by  the  coordinates  of  points 
in  a  three  or  more  dimensional  space. 

In  Professor  Hancock's  first  paper  the  Eulerian  ^function 
is  generalized,  other  functions  are  introduced  by  means  of 
which  many  new  theorems  in  the  theory  of  numbers  are 
derived  and  certain  theorems  of  Kronecker,  Dedekind, 
Lipscbitz,  Ces^ro,  and  others  are  extended. 

46.  In  Professor  Hancock's  second  paper  is  generalized 
the  theorem  stated  by  Kronecker  in  his  Vorlesungen  iiber 
Zahlentheorie,  page  250.  Among  the  applications  it  is 
shown  that 

T  gn  Cdd'  g  JV;  d=  1,  2,   ■■-,  JV), 

where  cj  are  the  Mobius  coefficients,  [Kid]  represents  the 
greatest  integer  in  K/d,  and  (n,  k,  t)  denotes  the  greatest 
common  divisor  of  n,  k,  and  r. 

47.  About  a  year  ago  Professor  Wilczynski  announced  the 
theorem  that  isosceles  triangular  solutions  of  the  problem  of 
three  bodies,  other  than  the  Lagrangian  equilateral  triangular 
--1..^; —    J-  _.i  ._:.i  unless  two  of  the  masses  are  equal. 

jhows  that  if  a  solution  exists  the 
lits  in  polar  coordinates  are  readily 
grals  of  areas.  The  expressions  thus 
certain  linear  differential  equation  of 
he  proof  is  obtained  by  showing  that 
ifferent  the  singularities  of  these  ex- 
ide  to  coincide  with  the  singularities 
equation  by  any  choice  of  the  available 
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constants  except  such  as  give  tlie  equilateral  triangular  solu- 
tion. 

48.  In  1896  Poincar£  pointed  out  a  defect  in  the  proof  of 
Brun's  theorem  of  the  non-existence  of  algebraic  integrals  in 
the  problem  of  three  bodies.  Foincar^  pointed  out  also  the 
method  by  which  this  defect  could  be  remedied,  but  did  oot 
give  the  dettuls  of  bis  analysis.  The  details,  given  by  several 
other  writers,  are  not  entirely  satisfactory  and  it  is  the  purpose 
of  Professor  MacMillan's  second  paper  to  remedy  these 
defidencies. 

49.  The  principal  results  in  Professor  Fite's  paper  are 
contained  in  the  following  theorems: 

If  6  is  a  group  of  class  k  and  order  p",  p  an  odd  prime,  its 
second  central  cannot  be  cyclic. 

If  the  commutator  subgroup  of  G  is  cyclic,  its  {k  —  l)th 
central  cannot  be  abelian,  when  i  >  3. 

If  the  commutators  of  G  that  correspond  to  the  invariant 
operations  of  the  first  cogredient  of  G  form  a  cyclic  subgroup, 
then  the  commutator  subgroup  of  G  is  cyclic. 

This  last  theorem  is  closely  related  to  a  theorem  of  Professor 
Burnside's  in  a  recent  number  of  the  Proceedings  of  the  London 
Mathematical  Society  to  the  effect  that  a  non-abelian  group 
whose  central  is  cyclic  cannot  be  a  commutator  subgroup  of  a 
group  of  order  p*. 

50.  Various  definitions  have  been  given  of  the  "sum"  of  a 
divergent  series  (cf.  Cesiiro,  Riesz,  Borel,  LeRoy,  etc.).  In 
this  paper,  Mr.  Smail  gives  a  process  which  leads  to  four 
general  methods  of  summation  of  divergent  series,  and  each 
of  these  four  methods  includes  as  special  cases  several  of  the 
known  definitions.  It  is  shown  that  all  these  general  methods 
satisfy  the  so-called  "condition  of  consistency,"  i.  e.,  that 
every  convei^ent  series  is  summable  with  generalized  "sum" 
equal  to  the  ordinary  sum;  that  no  properly  divergent  series 
is  summable  by  these  methods.  Uniform  summability,  the 
continuity,  and  the  term-by-term  integration  and  differ- 
entiation of  uniformly  summable  series  are  discussed.  Appli- 
cations are  then  made  of  these  general  theorems  to  the  various 
particular  known  methods  (Cesilro's,  Riesz's,  Borel's,  LeRoy's, 
and  the  Cesiro-Riesz  methods),  resulting  in  many  known 
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theorems  as  well  as  many  new  theorems.  The  methods  of 
proof  employed  throughout  are  simpler  than  those  hitherto 
used  for  proving  the  theorems  directly  for  the  particular 
methods.  In  this  way  the  essential  properties  of  the  various 
known  methods  are  brought  out,  and  also  greater  uniformity 
of  treatment  is  secured, 

51.  It  is  known  that  if  the  coefficients  of  a  homogeneous 
linear  differential  equation  are  developable  in  as^'mptotic 
power  series  for  large  (real)  values  of  the  independent  variable, 
then  a  set  of  fundamental  solutions  of  the  equation  likewise 
possess  asymptotic  expansions  in  the  same  region,  provided 
the  roots  of  the  so-called  auxiliary  equation  are  distinct. 
The  chief  object  of  Mr,  Love's  paper  is  to  study  the  case  in 
which  the  roots  of  the  auxiliary  equation  are  not  all  distinct. 
The  method  used  is  an  application  of  a  general  theorem 
arising  from  Dini's  researches  in  the  theory  of  linear  differ- 
ential equations.  For  the  equation  of  arbitrary  order,  only 
an  incomplete  discussion  is  attempted,  on  account  of  the  mul- 
tiplicity of  cases  that  arise,  but  the  equation  of  the  second 
order  is  considered  in  detail,  and  for  this  the  problem  is 
completely  solved,  leading  to  six  distinguishable  cases. 

52.  In  this  paper  Professor  Snyder  gives  two  examples  of 
surfaces  of  any  order  and  of  arbitrary  geometric  genus  (or  of 
index  of  irregularity)  that  have  infinite  groups  of  birational 
transformations  that  are  Cremonian  groups  for  entire  space. 
The  paper  appeared  in  full  in  the  January  number  of  the 
Transactions. 

53.  In  a  paper  previously  read  before  the  Society,*  Dr. 
Silverman  has  given  a  generalization  of  all  the  definitions  of 
summability  of  a  certain  type.  In  the  present  paper,  sufficient 
conditions  are  obtained  for  the  equivalence  of  any  two  such 
general  definitions.  Several  new  theorems  are  obtained 
concerning  Cesfiro's  and  Holder's  definitions;  and  the  new 
proof  given  for  the  equivalence  of  CesSro's  summability  of 
order  r  and  Holder's  summability  of  order  r  seems  simpler 
than  the  proofs  previously  given,  t 
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54.  The  varieties  of  self-projective  quartic  and  quintic 
curves  have  been  tabulated  for  the  general  case  by  Ciani 
and  Snyder  respectively.  Dr.  Winger  in  his  paper  presents 
the  projectively  distinct  types  of  the  most  general  rational 
curves  of  these  orders  which  are  invariant  under  the  different 
finite  colhneation  groups.  The  quartics  are  readily  obtained 
from  the  consideration  of  the  Stahl  binary  sextic.  Six  types 
are  found  with  characteristic  groups  of  orders  2,  3,  4,  4,  6  and 
24,  the  first  three  being  c>-clic,  besides  one  with  an  infinite 
group. 

Of  the  quintics,  two  admit  a  one-parameter  group.  The 
others  belong  to  cyclic  groups  of  orders  2,  3,  4,  5  (two  types), 
and  dihedral  groups  of  orders  4,  6,  and  10  (two  types), — eleven 
in  alt. 

F.  N.  Cole, 
Secretary. 


THE  PRODUCT  OF  TWO  OR  MORE  GROUPS. 

BT   PKOFEB80B  O.    A.   HIUjER. 

(Read  before  the  Americao  Mathematical  Society,  December  31,  1912.) 
§  1.     Introduction. 

If  Hi  and  Hi  are  any  two  groups,  the  symbol  H\  ■  ff»  denotes 
the  totality  of  the  products  obtained  by  multiplying  each 
operator  of  Hi  on  the  right  by  every  operator  of  ffj.  A 
necessary  and  sufficient  condition  that  this  totality  constitutes 
a  group  is  that  Hj  ■  H2  =  H2  •  Hi.  As  Hi  ■  H^  is  always 
composed  of  the  inverses  of  all  the  operators  represented  by 
Ht  ■  Hi,  irrespective  of  whether  this  product  is  a  group  or 
does  not  have  this  property,  we  may  also  say  that  a  jwcessary 
and  svficienl  condition  that  Hi  ■  Hi  is  a  group  w  that  it  includes 
the  inverse  of  each  one  of  its  operators. 

Suppose  that  Hi  and  Hi  have  exactly  ko  operators  in 
common.  These  common  operators  constitute  a  subgroup 
Ho,  which  is  known  as  the  cross-cut  of  Hi  and  Hi.  It  is  easy 
to  prove  that  the  number  of  the  distinct  operators  in  Hi  ■  Hj 
is  always  AiAi/Ao>  where  Ai  and  As  represent  the  orders  of 
^1  and  //i  respectively.  To  see  that  Hi  ■  Hi  cannot  involve 
more  than  this  number  of  distinct  operators,  it  is  only  neces- 
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sary  to  arrange  all  the  operators  of  Hi  and  //j  in  augmented 
left  and  right  co-sets,*  respectively,  as  follows: 

Hi=  m  +  »2Ho  +  aJIa+  ■•■  +  »„ffo, 

Ht=H^+H^+H^+  ■■■  +  H^^. 

The  fact  that  hih/ho  of  the  operators  in  Hi  ■  Hi  are  distinct 

results  from  the  following  equations: 

If 

aMo  ■  H4»  =  *.,ffo  ■  //oi*„ 
then 

*.r'*.ffo  =  H^a,h~^- 
As  the  first  member  of  the  last  equation  represents  an  operator 
of  Hi  while  the  second  member  represents  an  operator  of  Ht, 
it  results  that  the  last  equation  implies  on  =  a  and  0i  =  )3. 
Hence  the  elementary  theorem:  //  Hi  and  Hi  Have  exactly  ko 
common  operators,  then  Hi  ■  Ht  involves  kihi/ho  distinct  opera- 
tors, and  each  of  these  operators  appears  exactly  ho  times  among 
the  operators  of  Hi  ■  Hi. 

While  the  theory  of  the  product  of  two  groups  is  very 
elementary,  the  theory  of  the  product  of  more  than  two  groups 
is  much  more  complex.  We  observe  in  the  first  place  that  if 
Hi,  Ht,  •  ■  •,  ff*  represent  any  X  groups,  then  Hi  ■  Hi  ■  ■  ■  H^ 
and  Hx  ■  •  ■  Hi  •  Hi  are  composed  of  operators  which  are  re- 
spectively the  inverses  of  each  other,  independently  of  whether 
diese  products  are  groups  or  do  not  have  this  property.  If 
one  of  these  products  is  a  group,  the  other  is  evidently  also  a 
group.  Moreover,  it  is  clear  that  Hi  ■  H^  ■  ■  •  H^  is  a,  group 
whenever  its  factors  Hi,  H^,  ■  •  ■,  H,,  can  he  permuted  according 
to  all  of  the  substitutions  of  the  cyclic  group  generated  by  the 
substitution  {HiHi  ■  •  ■  H^,  without  affecting  the  value  of 
this  product.  In  fact,  if  the  function  Hi  ■  Hi  ■  ■  ■  H^  admits 
all  the  substitutions  of  this  cyclic  group,  the  product  of  any 
two  of  its  operators  is  again  an  operator  in  this  product  since 

Hi-Hi-  ■  ■H^.Hi-Hi-  ■Hx=HiHi-  ■  H^-Hi-Hi-  ■  H^-i 

^  Hi  •  Hi  •  •  ■  Hi^—i  •  Hx '  Hi  •  •  •  // X— 1  =  ■  ■  ■  ^  Hi  •  Hi  •  •  •  H^.. 

Hence  the  theorem:  //  the  product  Hi  ■  Hi  -■  ■  H>.  admits 
the  cyclic  group  on  its  factors,  in  order,  U  must  also  admit  the 
dihedral  group  on  these  factors. 

•  Trmtatiumt  Amer.  Math.  Sodely.  vol.  12  (1911),  p.  326. 
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§2.  Substitutions  which  Tramiform  a  Product  of  Groups  into 
Itself. 

One  of  the  most  useful  theorems  in  the  theory  of  substi- 
tution groups  is  often  stated  in  a  somewhat  indefinite  form  as 
follows:  All  the  substitutions  on  n  letters  which  tTansform  inio 
itself  a  given  function  of  these  letters  constitute  a  group.  Hence 
it  may  be  desirable  to  direct  attention  to  an  important  limita- 
tion of  this  general  statement  of  the  theorem,  which  exhibits 
interesting  properties  of  the  product  of  three  groups.  The 
main  point  in  question  can  he  illustrated  by  means  of  the 
simple  group  of  order  60,  which  we  shall  represent  by  the 
symbol  G  throughout  the  present  section. 

Let  three  Sylow  subgroups  of  G  whose  orders  are  3,  4,  and  5 
be  represented  by  the  symbols  d,  Gt,  and  (?i  respectively,  and 
suppose  that  Gi  and  Gt  have  been  so  selected  that  they  gener- 
ate a  subgroup  of  order  12  while  (7j  is  any  one  of  the  sub- 
groups of  order  5  contained  in  G.  From  the  fact  that  the 
number  of  the  distinct  operators  in  the  product  of  two  groups 
which  have  only  identity  in  common  is  equal  to  the  product 
of  the  orders  of  these  groups,  it  results  that  every  operator  of 
G  is  found  once  and  only  once  in  each  of  the  products 
Gi-Gf  Gi,    Gi-Gi-  Gi. 

The  second  of  these  products  may  be  obtained  from  the 
first  by  means  of  the  substitution  (GiGjG^),  and  hence  we 
may  say  that  G  =  d  ■  Gi  ■  Gj  is  transformed  into  itself  by 
this  substitution.  We  proceed  to  prove  that  G  is  not  trans- 
formed into  itself  by  the  square  of  this  substitution,  and 
hence  it  will  result  ^at  the  substitutions  on  the  letters  Gi, 
Gi,  Gt  which  transform  G  into  itself  do  not  constitute  a  group. 
This  fact  will  be  established  if  we  prove  that  G  +  GjGtGi. 

We  proceed  to  prove  the  more  general  theorem  that  6 
cannot  be  the  product  of  three  Sylow  subgroups  of  different 
orders  if  the  middle  one  of  these  subgroups  is  of  order  5. 
Since  the  60  operators  of  Gi  ■  Gj  ■  Gj  are  the  inverses  of  those 
of  Gi  ■  Gt  •  Gi,  it  is  only  necessary  to  prove  that  it  is  impossible 
to  find  in  G  tiiree  Sylow  subgroups  Gi,  Gt,  Gi  of  orders  4,  5,  3 
respectively  such  that  G  =  Gt  ■  Gt  ■  Gi. 

It  G  were  equal  to  Gt  ■  Gt  ■  Gi,  all  the  transforms  of  this 
product  under  the  symmetric  group  of  order  120  would  also 
be  equal  to  G.  Since  all  the  subgroups  of  order  4  in  G  are 
conjugate,  we  may  select  any  one  of  these  five  subgroups  for 
Gj.    If  we  represent  G  as  the  alternating  group  of  degree  5,  it 
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may  therefore  be  supposed  that 

C,  =  1,  (afc)(cd),  {acXbd),  {ad)(_bc). 

The  substitutions  which  transform  both  G  and  d  into 
themselves  transform  also  the  six  subgroups  of  order  5  con- 
tained in  G  among  themselves,  and  hence  we  may  assume  that 

Cj  =  1,  {abcde),  (acebd),  (adbec),  (oerfcfc). 

The  four  substitutions  1,  (ad)(bc),  (abdc),  (acdb),  which 
transform  each  of  the  three  groups  G,  Gt,  Gj  into  itself,  trans- 
form also  the  ten  subgroups  of  order  3  contained  in  G  into 
three  complete  sets  of  conjugates,  two  sets  being  composed  of 
four  subgroups  each,  while  the  remaining  set  involves  only 
two  such  subgroups.  Hence  it  remains  only  to  prove  that  0 
cannot  be  represented  by  any  one  of  the  following  three 
products  of  three  Sylow  subgroups  of  different  orders: 


1  I  1 

{ab){cd)    (abcde) 
(ac){bd)    {acebd) 
(ad)(fcc)   {adbec) 
I {aedch) 


I 

{abc) 
{acb) 


1 


1 


I 


1 

1 

(")(M) 

(acebd) 

(o<0(tc) 

{adbec) 

iaedcb) 

i(d})(_cd)   (abcde)   (abe) 
{ac)(bd) '  iacebd)  \  (aeb) 
(ad)(bc)  ■  (adbec)  j 
, (aedcb) I 

I 

(ade) 
(aed). 


The  fact  that  none  of  these  products  represents  60  distinct 
operators  results  immediately  from  the  following  equations: 

(ac){bd)(abcde)(acb)  =  (adbec),  (ac)(bd)(aeb)  =  (acebd), 

(ac)(bd)(abcde)(ade)  =  (aedcb). 

Hence  it  results  that  the  substitutions  on  G\,  Gi,  ffj  which 
transform  the  product  d  ■  Gj  ■  6'i  info  itself  do  not  constitute  a 
growp.'  The  theorem  stated  at  the  beginning  of  this  section, 
relating  to  all  the  substitutions  which  transform  a  given  func- 

•  Thk  theorem  is  cloeely  related  to  the  theorem  that  all  the  substitutiona 
which  transforiD  &  functioD  into  theme  having  the  same  aumerical  value  do 
not  always  constitute  a  group. 
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tion  into  itself,  applies  therefore  only  to  a  special  class  of  func- 
tions. In  particular,  it  applies  to  the  formal  values  of  rational 
functions  of  the  roots  of  an  equation.  In  fact,  it  was  first 
formulated  with  a  view  to  these  functions. 

§  3.     Groups  which  are  Products  of  Sylow  Subgroups. 

The  illustrative  example  above  directs  attention  to  groups 
which  are  the  product  of  non-conjugate  Sylow  subgroups.* 
It  is  evident  that  every  group  whose  order  is  of  the  form 
p'q^,  p  and  q  being  prime  numbers,  is  the  product  of  any  two 
arbitrary  Sylow  subgroups  of  orders  p'  and  q'  respectively. 
On  the  other  hand,  the  icosahedral  group  is  the  product  of 
Sylow  subgroups  provided  these  subgroups  occur  in  a  given 
order  and  have  been  properly  chosen.  The  question  whether 
a  group  is  a  product  of  Sylow  subgroups  or  does  not  have  this 
property  is,  in  general,  very  complex  when  the  number  of  the 
distinct  prime  factors  of  the  order  of  the  group  exceeds  two. 
Even  in  the  case  when  the  number  of  these  factors  is  only 
three  there  are  great  difficulties.  We  proceed  to  give  a  few 
theorems  relating  to  this  case. 

Suppose  that  the  order  of  G  is  p'q'r'',  where  p,  q,  r  are  three 
distinct  prime  numbers,  and  let  Gi,  Gi,  d  be  three  Sylow 
subgroups  of  orders  p',  q',  r*  respectively.  From  the  facts 
that  the  two  double  co-sets  Gi»iGt  and  dsjft,  where  Si  and  st 
are  any  operators  of  G,  either  have  no  operator  in  common  or 
have  all  their  operators  in  common,  and  that  the  number  of 
the  distinct  operators  in  each  of  these  double  co-sets  is  a 
multiple  of  each  of  the  numbers  p'  and  r^,  it  results  that 
the  number  of  the  distinct  operators  in  G\  ■  Gt  ■  Gtis  always  qf 
the  form  p'q'r''  —  kp^r''. 

A  necessary  and  sufficient  condition  that  G  =  G\  ■  Gi  ■  Gt 
is  that  jb  =  0  in  the  formula  which  closes  the  preceding  para- 
graph, and  a  necessary  and  sufficient  condition  that  this 
it  =  0  is  that  the  equation  GisGi  =  s  has  exactly  (^  solutions 
when  s  represents  successively  each  of  the  operators  of  0% 
once  and  only  once.  In  other  words,  a  necessary  and  suffi- 
cient condition  that  A  =  0  is  that  GisGt  =  s,  where  s  represents 
any  operator  of  Cj,  can  be  solved  only  when  the  operators  from 
Gi  and  Gj  are  both  identity.     If  GisGi  has  exactly  n  operators 
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in  common  with  Gi,  t  being  some  operator  of  Gi,  then  each 
of  these  n  operators  occurs  exactly  n  times  in  Gi  ■  Gj  ■  Gj. 
In  fact,  each  of  the  p'r''  distinct  operators  of  Gi»Gj  occurs 
exactly  n  times  in  d  ■  d  ■  Gj.     Hence 

Til  —  1  Wi  —  1  ,     Wj,  —  1 

where  ira,  {a  =  1,2,  ■  ■  ■ ,  X)  is  the  exact  number  of  the  distinct 
operators  of  Gt  which  occur  n.  times  in  Gi  ■  Gi  ■  Gt.  It  is 
«lear  that  m.  is  always  a  multiple  of  n.. 

If  G  is  any  solvable  group,  it  is  known  that  we  reach 
identity  by  forming  the  successive  commutator  subgroups, 
and  that  the  group  H  which  precedes  identity  in  this  series 
of  commutator  subgroups  is  an  invariant  abelian  sub-group 
of  G.  If  we  can  prove  that  G  is  a  product  of  non-conju- 
gate Sylow  subgroups,  provided  we  assume  that  the  quotient 
group  GjH  has  this  property,  we  can  evidently  establish  by 
■complete  induction  that  every  solvable  group  is  a  product  of 
Sylow  subgroups. 

Suppose  that  GjH  is  the  product  of  non-conjugate  Sylow 
subgroups.  To  every  Sylow  subgroup  of  order  p*  in  GjH 
there  corresponds  at  least  one  Sylow  subgroup  of  order  p*  in 
G.  If  we  select  any  set  of  Sylow  subgroups  of  G  which 
correspond,  in  order,  to  the  set  of  such  subgroups  whose 
product  is  GjH,  we  evidently  obtain  a  set  of  non-conjugate 
Sylow  subgroups  of  G  whose  product,  in  order,  constitutes  all 
the  operators  of  G.  Hence  we  have  established  the  interesting 
theorem:  Etery  solvable  group  is  the  product  of  non-conjugate 
Sylow  subgroups,  and  the  order  of  the  factors  in  this  product  is 
arbitrary. 

While  every  solvable  group  is  the  product  of  non-conjugate 
Sylow  subgroups,  it  is  not  true  that  a  group  which  is  a  product 
of  non-conjugate  Sylow  subgroups  is  always  solvable,  as  may 
be  seen  from  the  case  of  the  icosahedral  group  cited  above. 
A  more  interesting  example  is  furnished  by  the  simple  group 
of  order  360,  whose  non-conjugate  Sylow  sub-groups  are  of 
orders  5,  8,  9  respectively.  Although  this  group  does  not 
contain  a  subgroup  whose  order  is  the  product  of  two  of  the 
orders  of  its  Sylow  subgroups,  yet  it  is  possible  to  find  three 
non-conjugate  Sylow  subgroups  such  that  their  product  gives 
this  group.    In  fact,  it  is  not  difficult  to  verify  that  the  fol- 


-obvGoo»^lc 


1913.]  PBODDCTTS   OF  QRODP8.  309 

lowing  product  gives  this  simple  group  in  the  form  of  the  al- 
ternating group  on  six  letters: 


(bmdf) 

1 

1 

(bcfcd) 

(«)M 

W») 

(,Ucfe) 

WXfc) 

{Ms) 

[bSdec) 

(»c)(^ 

(acO(M«) 

M(«f) 

Wc)(i<fe) 

{abci){ef) 

(M 

{(Mj){4) 

Wc)(ieii) 

It  is  not  possible  to  select  three  non-conjugate  subgroups 
G\,  Gi,  Cj  such  that  the  simple  group  G  of  order  360  is  their 
product,  if  the  middle  factor  is  either  of  order  5  or  of  order  9. 
That  is,  if  G  =  Gi  ■  Gj  ■  Gg,  it  is  necessary  that  the  order  of 
Gt  is  8.  Hence  the  product  Gi  ■  Gj  ■  Gb  =  G  is  trans- 
formed into  itself  only  by  the  substitution  (GiGb)  and  identity. 
The  substitutions  which  transform  this  prdduct  into  itsdf 
must  therefore  constitute  a  group.  The  proof  of  the  fact, 
stated  above,  that  G  cannot  be  the  product  of  three  noD- 
conjugate  Sjlow  subgroups  if  the  order  of  the  middle  factor 
is  either  5  or  9,  is  not  difficult  when  G  is  represented  as  the 
alternating  group  on  six  letters,  but  it  is  somewhat  long  and 
hence  we  omit  it. 

The  preceding  results  give  rise  to  two  important  questions 
which  remain  unanswered.  The  first  of  these  may  be  stated 
as  follows:  Is  there  a  simple  group  of  composite  order  which 
is  the  product  of  each  one  of  its  possible  sets  of  non-conjugate 
Sylow  subgroups?  If  this  question  can  be  answered  nega- 
tively, then  it  follows  from  what  precedes  that  a  necessary  and 
sufficient  condition  that  a  group  is  solvable  is  that  it  is  the 
product  of  each  one  of  its  possible  sets  of  non-conjugate 
Sylow  subgroups,  taken  in  every  possible  order.  It  is  evident 
that  the  simple  group  of  order  168  is  the  product  of  some  seta 
of  non-conjugate  Sylow  subgroups  taken  in  any  one  of  the 
six  possible  orders,  but  it  is  not  the  product  of  every  possible 
set  of  non-conjugate  Sylow  subgroups,  since  it  contains  two 
operators  of  orders  2  and  3  respectively  whose  product  is  of 
order  7,  as  was  observed  by  Dyck,*  A  group  which  is  the 
product  of  each  one  of  its  possible  sets  of  non-conjugate  Sylow 

*  Dyck,  Math.  AnnaUn,  vol.  20  (1883),  p.  41. 
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subgroups  cannot  involve  two  operators  whose  orders  are 
powers  of  prime  numbers  and  whose  product  has  an  order 
which  is  a  power  of  another  prime  number.  In  particular, 
a  solvable  group  cannot  involve  two  such  operators. 

The  second  question  to  which  we  referred  above  is  as 
follows:  Is  there  a  group  which  is  not  the  product  of  some 
one  of  its  possible  sets  of  non-conjugate  Sylow  subgroups? 
It  is  well  known  that  a  necessary  and  sufficient  condition  that 
a  group  is  the  direct  product  of  its  Sylow  subgroups  is  that  we 
arrive  at  identity  by  forming  the  successive  groups  of  inner 
isomorphisms,  but  no  general  criterion  as  regards  whether 
a  group  is  a  product  of  a  set  of  non-conjugate  Sylow  sub- 
groups seems  to  have  been  found. 


THE   MATHEMATICS  OF  MAHAVIRACARYA. 

The  Ganita-SaronSangraha  qf  Mahanracarya  with  English 
Translations  and  Notes.  By  M.  RancacAbta,  M.A.,  Rao 
Bahadur,  Professor  of  Sanskrit  and  Comparative  Philology 
in  the  Presidency  College,  and  Curator  of  the  Government 
Oriental  Manuscripts  Library,  Madras.  Sanskrit  text  and 
English  translation.  Madras,  Government  Press,  1912. 
27-1-325  pp. 

It  was  announced  at  the  Fourth  International  Congress  of 
Mathematicians,  at  Rome,  in  1908,  that  Professor  Rangacarya 
had  for  a  number  of  years  been  engaged  in  the  laborious  task 
of  translating  a  work  of  great  importance  in  the  history  of 
mathematics,  the  Ganita-Sara-Sangraha  of  Mahavir  the 
Learned.  Now,  after  four  years  more,  the  work  has  been 
brought  to  completion,  and  the  mathematical  world  b  the 
debtor  to  Professor  Rangacarya  for  his  arduous  labor  and  to 
the  Government  Press  for  publishing  the  volume  that  is 
before  us. 

We  have  so  long  been  accustomed  to  think  of  Pataliputra  on 
the  Ganges  and  of  Ujjain  over  towards  the  western  coast  of 
India  as  the  ancient  habitats  of  Hindu  mathematics,  that 
we  experience  a  kind  of  surprise  at  thinking  that  other  centers 
equally  important  existed  among  the  multitude  of  cities  of 
that  great  empire.  We  have  known  for  a  century,  thanks 
ebiefly  to  the  labors  of  such  scholars  as  Colebrooke  and  Taylor, 
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the  works  of  Aryabhata,  Brahmagupta,  and  Bhaskars,  and 
have  come  to  feel  that  to  these  men  alone  are  due  the  note- 
worthy contributions  to  native  Hindu  mathematics.  Of 
course  a  Httle  reflection  shows  this  conclusion  to  be  an  incorrect 
one.  Other  great  schools,  particularly  of  astronomy,  did  exist, 
and  other  scholars  taught  and  wrote  and  added  their  quota, 
small  or  othemise,  to  make  up  the  sum  total.  It  has,  how- 
ever, been  a  little  discouraging  that  native  scholars  under  the 
English  supremacy  have  done  so  little  to  bring  to  light  the 
ancient  material  known  to  exist,  and  to  make  it  known  to  the 
Western  world.  This  neglect  has  not  been  owing  to  the  lack 
of  material,  for  Sanskrit  manuscripts  are  known,  as  are  also 
Persian  and  Arabic  and  Chinese  and  Japanese,  that  are  well 
worth  translating,  from  the  historical  standpoint.  It  has 
rather  been  owing  to  the  fact  that  it  is  hard  to  find  a  man  like 
Professor  Rahgacarya,  with  the  requisite  scholarship,  who 
could  afford  to  give  his  time  to  what  is  necessarily  a  labor 
of  love. 

Mahaviracarya  probably  lived  in  the  court  of  one  of  the 
old  Rashtrakuta  monarchs  who  ruled  over  what  is  now  the 
kingdom  of  Mysore,  and  whose  name  is  given  as  Amoghavarsha 
Nirpatuiiga.  He  ascended  the  throne  in  the  first  half  of  the 
ninth  century  a,  d.,  so  that  we  may  roughly  fix  the  date  of 
the  treatise  in  question  as  about  850,  or  between  the  dates  of 
Brahmagupta  and  Bhaskara,  though  nearer  to  the  former. 
There  are  four  or  five  manuscripts  of  this  author's  work 
known,  three  of  the  oldest  being  in  Madras.  One  of  the 
Madras  copies  is  written  on  paper  in  Grantha  characters  and 
contains  the  first  five  chapters.  The  other  two  are  written 
on  palm  leaves  in  the  Kanarese  characters  used  in  Mysore  in 
Mahaviracarya's  time.  In  all  cases  the  language  is  Sanskrit. 
There  is  another  manuscript  in  Kanarese  characters  at  Mysore, 
and  still  another  in  a  Jaina  monastery  at  ISIudbidri  in  South 
Canara.  All  of  these  have  been  us^  in  making  the  trans- 
lation, and  all  were  necessary  in  the  reading  and  in  arriving 
at  the  meaning  of  many  of  the  obscure  passages. 

In  general  it  may  be  said  that  MahavTraciirya  seems  to  have 
known  the  work  of  Brahmagupta.  It  would  have  been 
strange  if  this  were  not  so,  for  the  Brahmasphutasiddhanta 
was  probably  generally  recognized  in  his  time  as  a  standard 
authority.  Mah&vlrac&rya  seems  to  have  made  the  effort  to 
improve  upon  the  work  of  his  predecessor,  and  certainly  did  so 
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in  his  classification  of  the  operations,  in  the  statement  of  rules, 
and  in  the  nature  and  number  of  problems.  As  a  result  his  work 
became  well  known  in  southern  India,  although  there  is  no 
'  definite  proof  that  Bbaskara,  living  in  Ujjain,  far  to  the  north, 
was  familiar  with  it.  The  work  itself  consists  of  nine  chapters. 
The  first  is  introductory,  and  contains  seventy  stanzas  on 
terminology.  It  opens,  as  is  usual  in  oriental  treatises, 
with  an  invocation,  in  this  case  apparently  to  the  author's 
patron  deity:  "Salutation  to  Mahavira,  the  Lord  of  the 
Jinas,  the  protector  (of  the  faithful),  whose  four  infinite 
attributes,  worthy  to  be  esteemed  in  (all)  the  three  worlds, 
are  unsurpassable  (in  excellence).  I  bow  to  that  highly- 
glorious  Lord  of  the  Jinas,  by  whom,  as  forming  the  shining 
lamp  of  the  knowledge  of  numbers,  the  whole  of  the  universe 
has  been  made  to  shine,"  This  is  followed  by  "An  appreci- 
ation of  the  Science  of  Calculation"  of  which  I  venture  to 
quote  three  stanzas:  "In  all  those  transactions  which  relate 
to  worldly,  Vedic,  or  (other)  similar  religious  affairs,  calcu- 
lation is  of  use.  In  the  science  of  love,  in  the  science  of 
wealth,  in  music  and  in  the  drama,  in  the  art  of  cooking,  and 
similarly  in  medicine  and  in  things  like  the  knowledge  of 
architecture:  in  prosody,  in  poetics  and  poetry,  in  logic  and 
grammar  and  such  other  things,  and  in  relation  to  all  that 
constitutes  the  peculiar  value  of  (all)  the  (various)  arts;  the 
science  of  computation  is  held  in  high  esteem."  The  termin- 
ology relates  chiefly  to  the  measures  used,  the  names  of  the 
operations,  numeration,  and  negatives  and  zero.  Of  the  oper^ 
ations  with  numbers,  eight  are  given,  addition  (except  in 
series)  and  subtraction  (even  with  fractions)  being  omitted 
as  if  presupposed.  One  interesting  feature  is  the  law  relating 
to  zero,  which  is  stated  thus:  "A  number  multiplied  by  zero 
is  zero,  and  that  (number)  remains  unchanged  when  it  is 
divided  by,  combined  with,  (or)  diminished  by  zero."  That 
is,  the  law  known  to  Bhaskara.  of  dividing  by  zero,  is  not  here 
recognized,  division  by  zero  being  looked  upon  as  of  no  effect. 
The  law  of  multiplication  by  negatives  is  stated,  and  the 
imaginary  number  is  thus  disposed  of:  "As  in  the  nature  of 
things  a  negative  (quantity)  is  not  a  square  (quantity),  it 
has  therefore  no  square  root." 

The  second  chapter  treats  of  arithmetical  operations,  the 
first  being  multiplication,  and  this  being  followed  by  division, 
squaring,  square  root,  cubing,  cube  root,  summation  of  series. 
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ID  which  is  included  some  treatment  of  arithmetical  and 
geometrical  progressions,  and  Vyutkalita  (that  is,  the  sum- 
mation of  a  series  after  a  certain  number  of  initial  terms, 
wta,  have  been  cut  off). 

Chapter  III  treats  of  fractions,  following  the  same  order  as 
Chapter  II.  The  mo8t  noteworthy  feature  is  that  relating 
to  the  inverted  divisor,  which  is  set  forth  as  follows:  "After 
making  the  denominator  of  the  divisor  its  numerator  (and 
vice-versa),  the  operation  to  be  conducted  then  is  as  in  the 
multiplication  (of  fractions)."  It  is  curious  that  this  device, 
which  from  another  source  we  know  to  have  been  used  in  the 
East,  became  as  it  were  a  lost  art  until  rediscovered  in  Europe 
in  the  sixteenth  century. 

Chapter  IV  consists  of  miscellaneous  problems  in  fractions, 
which,  however,  include  certain  questions  involving  quadratic 
equations.  For  example:  "One  fourth  of  a  herd  of  camels 
was  seen  in  the  forest;  twice  the  square  root  (of  that  herd)  had 
gone  on  to  mountain  slopes;  and  three  times  five  camels 
(were),  however,  (found)  to  remain  on  the  bank  of  a  river. 
What  is  the  (numerical)  measure  of  that  herd  of  camels?" 
This  evidently  requires  the  finding  of  the  positive  root  of  the 
equation  {x  +  2v'x  +  15  =  x,  or,  in  general,  the  solution  of 
an  equation  of  the  type  x  —  (6x  +  cVx  +  o)  =  0.  the  rule 
for  which  is  given.  The  chapter  also  contains  various  other 
types  of  equations  involving  some  knowledge  of  radical 
quantities. 

Chapter  V  relates  to  the  rule  of  three,  simple  and  com- 
pound, direct  and  inverse,  with  applications  to  interest,  barter, 
and  mensuration. 

Chapter  VI  is  entitled  "  Mixed  Problems,"  and  is  interesting 
from  the  considerable  use  made  of  rules  that  would  now  he 
expressed  in  algebraic  formulas,  particularly  with  reference 
to  the  various  computations  of  interest  and  to  the  solution 
of  indeterminate  equations. 

Of  the  latter  a  single  example  may  sufSce  to  show  the  nature 
of  the  problems.  "Into  the  bright  and  refreshing  outskirts 
of  a  forest,  which  were  full  of  numerous  trees  with  their 
branches  bent  down  with  the  weight  of  flowers  and  fruits, 
trees  such  as  jambu  trees,  lime  trees,  plantains,  areca  palms, 
jack  trees,  date  palms,  hintala  trees,  palmyras,  punnaga  trees, 
and  mango  trees — (into  the  outskirts),  the  various  quarters 
whereof  were  filled  with  the  many  sounds  of  crowds  of  parrots 
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and  cuckoos  found  near  springs  containing  lotuses  with  bees 
roaming  about  them — (into  such  forest  outskirts)  a  number 
of  weary  travellers  entered  with  joy.  (There  were)  sixty- 
three  (numerically  equal)  heaps  of  plantain  fruits  put  together 
and  combined  with  seven  (more)  of  those  same  fruits,  and 
these  were  equally  distributed  among  twenty-three  travellers 
so  as  to  have  no  remainder.  You  tell  me  now  the  numerical 
measure  of  a  heap  of  plantains."  Problems  of  this  sort  are 
solved  by  s  process  of  calculation  known  as  Yallika-Kuttikara, 
a  kind  of  division  or  distribution  employing  a  creeper-like 
chain  of  figures,  and  the  patience  shown  by  Professor  Ratiga- 
carya  in  interpreting  the  long  and  complicated  rule  will  strike 
the  reader  of  this  work  as  worthy  of  the  highest  praise. 

A  complex  kuttlkara,  known  as  Sakala-kuttikara,  is  also 
given,  an  example  of  which  is  as  follows:  "  A  certain  quantity 
multiplied  by  six,  then  increased  by  ten,  and  then  divided  by 
nine,  leaves  no  remainder.  Similarly,  a  certain  other  quantity, 
multiplied  by  six,  then  diminished  by  ten,  and  then  divided 
by  nine,  leaves  no  remainder.  Tell  me  quickly  what  these 
two  quantities  are  which  are  to  be  multiplied  {by  the  given 
multiplier  here)."  The  case  has  no  new  interest,  however, 
Muce  it  resolves  itself  into  two  simple  problems,  ^(Qx  +  10)  = 
integer,  and  i(6j  —  10)  =  integer,  instead  of  the  problem 
(ax  +  by'^jc  =  integer.  Cases,  however,  of  the  type  ax  +  hy 
■\-  cz  -^  dw  =  p,  2a  =  n,  are  given,  and  others  involving 
several  variables. 

A  single  example  will  suffice  to  show  their  general  nature: 
"Four  merchants  who  had  invested  their  money  in  common 
were  asked,  each  separately,  by  the  customs  officer  what  the 
value  of  the  commodities  was,  and  indeed  one  eminent  mer- 
chant among  them,  deducting  his  own  in\'estment,  said  that  it 
was  twenty-two;  then  another  said  that  it  was  twenty-three; 
then  another,  twenty-four;  and  the  fourth  said  that  it  was 
twenty-seven,  each  of  them  deducting  his  own  invested 
amount.  O  friend,  tell  me  separately  the  value  of  the  com- 
modity owned  by  each."     This  is  of  course  determinate. 

Chapter  VII  relates  to  the  measurement  of  areas,  and 
naturally  reminds  one  of  a  similar  chapter  in  Brahmagupta. 
It  is,  however,  distinctly  in  advance  of  the  latter.  Mahavir 
makes  the  same  mistake  as  Brahmagupta  with  respect  to  the 
formula  for  the  area  of  a  trapezoid,  in  that  he  does  not  limit 
it  to  a  cyclic  figure.    The  same  error  enters  into  his  formula 
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for  the  diagonal  of  a  quadrilateral,  which  he  gives  as 

y  ad+bc  Of      M  -j  +  cd  ^ 

For  IT  he  uses  l/iO,  a  common  value  all  through  the  East  and 
also  in  medieval  Europe,  although  Aryabhata*  had  long  before 
this  time  given  the  approximation  62832/20000  =  3.1416. 
Bhaskara  had  also  given  the  latter  value,  in  the  reduced  form 
3927/1250. 

Chapter  VIII  relates  to  "calculations  regarding  excava- 
tions," a  common  title  in  India  for  the  treatment  of  the 
mensuration  of  solids.  The  rule  for  the  sphere  is  interesting. 
The  approximate  value  is  given  as  |((//2)',  and  the  accurate 
value  as  /j  ■  |{d/2)',  which  means  that  w  must  be  taken  as 
3.03$,  which  is  somewhere  near  Vld. 

Chapter  IX  relates  to  shadows,  the  primitive  trigonometry 
of  the  gnomon. 

Professor  Raiigacarya  has  added  to  the  value  of  the  work 
by  an  extensive  appendix  in  which  he  gives  the  Sanskrit 
numeral  words;  the  Sanskrit  words  used  in  the  translation, 
with  an  explanation  of  their  meaning, — a  most  helpful  list; 
the  answers  to  all  of  the  problems;  and  the  tables  of  measures 
used  in  the  work. 

Such  is  a  brief  outline  of  the  work.  It  is  sufficient,  however, 
to  show  that  we  shall  have,  in  Professor  Rangacarya's  labors, 
the  most  noteworthy  single  contribution  to  the  history  of 
Hindu  mathematics  that  has  been  made  for  nearly  a  century. 
What  light  it  will  throw  upon  the  relation  of  Bhaskara's 
Lilavati  to  works  of  his  predecessors,  upon  the  relation  of  the 
schools  of  Pataliputra  and  Ujjain  to  each  other  and  to  that 
of  Mysore,  upon  the  knowledge  of  Greek  mathematics  in  the 
East,  and  upon  the  state  of  algebra  in  India  at  about  the  time 
that  Al-Khowarazmi  was  writing  his  Al-jebr  w'al-muq&bala 
in  Baghdad,  it  is  impossible  as  yet  to  say. 

David  Eugene  Smith. 

*  Mr.  Kaye  thinks  a  later  matbematician  of  the  same  name. 
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SHORTER  NOTICES. 

Firaf  Course  in  Calaihs.  By  E.  J.  TowNSEND,  Professor  of 
Mathematics,  and  G.  A.  Goodenough,  Professor  of 
Mechanical  Engineering,  University  of  Illinois.  New 
York,  Henry  Holt  and  Company,  1908,  xii  +  466  pp. 
Eascniiab  of  Caleuhti.  By  the  same  authors  and  publishers, 
1910.    xii+355  pp. 

The  larger  of  these  books  is  intended  as  a  text  in  calculus 
in  courses  given  to  engineering  and  college  students  in  our 
stronger  universities  and  technical  schools.  In  preparing 
the  smaller  volume  "the  authors  have  had  in  view  the  needs 
of  those  colleges  and  technical  schools  in  which  the  time 
devoted  to  calculus  is  limited  to  a  three-hour  course  for  a 
year." 

These  books  are  sufficiently  alike  to  permit  of  a  common 
characterization.  They  are  perhaps  unique  among  our  texts  on 
the  calculus  in  that  they  are  a  collaboration  by  a  pure  mathe- 
matician and  a  mechanical  engineer.  The  result  is  "  that  more 
attention  is  given  to  elementary  applications  to  mechanics 
than  is  usual  and  perhaps  less  to  geometry,  it  beiug  the  thought 
of  the  authors  that  the  two  should  stand  in  about  the  same 
relative  importance."  However  "the  attempt  has  been 
made  to  select  such  problems  and  applications  as  arise  in 
actual  practice  of  an  engineer  without  introducing  technical 
difficulties  beyond  the  experience  of  the  average  sophomore 
student  who  has  had  the  usual  course  in  high  school  physics. 
The  book  has  not  been  written,  however,  solely  from  the  point 
of  view  of  the  engineer.  The  applications  are  such  as  the 
general  ■  student  will  find  both  helpful  and  stimulating  in 
showing  the  broad  use  of  the  calculus  in  practical  problems." 
On  reading  these  volumes  these  claims  of  the  authors 
seem  to  be  well  borne  out.  To  a  teacher  who  is  asked  many 
times  each  year  "what  is  the  use  of  all  these  theorems  and 
processes?"  such  applications  will  be  most  welcome.  The 
authors  have  avoided  one  of  the  commonest  pitfalls,  viz.,  the 
introduction  of  real  applied  problems  which  are  too  difficult  in 
their  essential  character,  or  which  are  so  long  and  bungling  in 
statement  as  entirely  to  discourage  the  student  and  thus  to 
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serve  no  good  purpose  whatever  except  in  case  of  the  most 
brilliant  students. 

This  idea  of  exhibiting  the  calculus  to  the  beginner  in  its 
many  and  varied  uses  has  largely  determined  the  character 
of  the  books.  Thus  integration  is  begun  unusually  early. 
"The  book  has  not  been  divided  into  differential  and  integral 
calculus.  The  student  is  made  familiar  nnth  integration  as 
soon  as  be  learns  to  differentiate,  thus  making;  it  possible  to 
introduce  early  a  broader  field  of  simple  applications  of  the 
calculus." 

Tn  general  the  more  difGcuIt  parts  come  late  in  the  book. 
The  arrangement  is  pedagogical  rather  than  logical, — but 
not  illogical.  Thus  series  and  expansion  of  functions  begin 
on  page  310  in  the  larger  book  and  on  page  291  in  the  smaller. 
Still  later  comes  a  general  treatment  of  indeterminate  forms, 
plane  curves  with  such  topics  as  order  of  contact,  osculating 
circles,  envelopes,  evolutes.  singular  points,  and  a  brief  chapter 
on  differential  equations.  Special  methods  of  integration  are 
scarcely  touched.  Envelopes  and  order  of  contact  are 
entirely  omitted  in  the  smaller  volume.  Functions  of  two 
variables  are  treated  more  fully  than  usual  on  account  of  the 
many  important  applications. 

The  authors  have  set  out  to  do  a  perfectly  definite  thing. 
What  is  uppermost  in  their  minds  is  not  the  calculus  as  an 
abstract  science  with  the  traditional  grouping  of  subjects  and 
distribution  of  emphasis.  It  is  rather  such  a  science  plus 
the  young  student  of  average  caliber  who  meets  it  for  the  first 
time  and  whose  interest  it  is  sought  to  engage.  The  inclusion 
and  exclusion  of  subject  matter  and  the  distribution  of 
emphasis  is  determined  rather  by  what  are  thought  to  be  the 
needs  and  eapadties  of  such  students  than  by  any  a  priori 
notion  as  to  what  logically  belongs  to  a  first  course  in  calculus. 

Effort  is  made  to  develop  the  theory  in  the  form  and 
terminology  which  is  in  constant  use  by  those  who  are  applying 
the  calculus  to  practical  ends.  A  good  example  of  this  is 
§  128  of  the  Essentials  of  Calculus,  which  deals  with  exact  and 
inexact  differentials.  These  are  treated  in  a  manner  which 
falls  directly  into  use  in  physics  and  thermodynamics. 

Considered  as  a  whole  the  authors  have  done  a  distinctive 
piece  of  work  which  is  bound  to  influence  teaching  and  the 
future  editions  of  texts. 

N.  J.  Lennes. 
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Vorlesutigen  iiber  Differential-   und   Integral-Recknung.    By 

Dr.  Otto  Dziobek.     Leipzig,  Teubner,  1909.    x+648  pp. 

In  comparisoD  with  American  texts  on  the  differential  and 
integral  calculus  this  volume  of  648  pages  bulks  rather  large. 
Being  a.  compilation  of  class  lectures,  with  such  fulness  of 
explanatory  and  pedagogic  matter  as  characterizes  German 
teaching  practice,  accounts  for  most  of  the  btilkiness.  The 
treatment  organizes  the  matter  into  three  books, 

The  first  is  an  introduction  to  differential  and  integral 
calculus,  of  164  pages ;  the  second,  of  246  pages,  is  on  differential 
calculus,  and  the  third,  of  191  pages,  treats  integral  calculus. 
This,  with  an  introduction,  table  of  contents,  and  an  appendix 
of  38  pages  on  solutions  of  the  more  difficult  problems  and 
exercises  of  the  text,  completes  the  work. 

Book  I  again  falls  into  three  parts,  viz.,  calculus  of  differ- 
ences, introduction  to  function  theory,  and  the  development 
of  the  concept  of  continuity. 

Book  II,  also  of  three  parts,  treats  the  fundamental  notions 
of  the  differential  calculus,  leading  applications  of  the  differ- 
ential calculus,  and  the  analytical  development  of  functions. 

Book  III  treats  the  ground  formulas  of  integral  calculus, 
systematic  integration  of  standard  functional  forms,  and  a 
little  of  differential  equations. 

The  work  is  illustrated  with  150  excellent  figures.  This 
remark  must  not  be  omitted  in  commenting  on  a  German  text. 

This  is  about  the  kind  and  scope  of  work  in  the  differential 
and  integral  calculus  that  the  German  military  academies 
require  of  their  students.  These  students  are  studying  the 
subject  for  its  practical  uses,  and  not  as  a  principal  subject. 
This  treatment  is,  however,  sufficiently  rigorous  for  a  first 
course. 

The  aforesaid  seeming  bulkiness  of  the  work  is  due  to  the 
fact  that  it  is  essentially  the  author's  customary  course  of 
lectures.  Furthermore,  many  delicate  or  more  difficult  points 
are  very  fully  explained  and  copiously  illustrated  in  the 
interest  of  beginners.  In  the  reviewer's  opinion  this  matter 
has  been  rather  overdone.  Also,  for  the  sake  of  somewhat 
greater  completeness  than  is  practicable  in  a  lecture  course, 
some  fuller  developments  and  more  numerous  glimpses  into 
neighboring  and  higher  fields  are  given  in  the  printed  book 
than  a  lecture  course  could  always  contain.  Since  the 
lecturer's  audience  consists  of  technological  students,  much 


-obvGoo»^lc 


1913.]  8H0BTER  KOTICES.  319 

care  is  taken  with  the  applications.  These  are  unusually 
numerous  and  excellent  for  the  purpose  intended,  and  very 
many  of  them  are  solved  in  detail  in  the  text.  This  makes 
the  book  easy  reading  and  adapts  it  to  self-study  for  one  who 
wants  a  modem  and  rigorous  practical  grounding  in  this  most 
important  branch. 

As  was  suggested  above,  more  might  well  have  been  left 
for  the  student  to  do;  but  with  large  classes  and  meager  time 
allowance,  of  course,  the  German  professor  would  feel  this 
procedure  very  doubtful  and  dangerous.  Then  there  is  a 
liberal  number  of  problems  that  are  not  worked  oit,  distrib- 
uted in  well-chosen  places,  on  which  the  student  may  develop 
"mental  muscle."  The  treatments  of  continuity,  limit, 
integration,  the  indeterminate  forms,  convergency  and  diver- 
gency, if  not  coQcise,  are  clear,  strong,  and  practical.  On  the 
whole,  fulness  is  «  close  concomitant  of  clearness,  and  sound- 
ness. Fulness  is  not  in  this  case  wordiness,  but  conscientious 
didactics.  It  is  in  the  interest  of  guaranteeing  insight. 
Bulkiness  therefore,  if  a  fault  at  all  here,  at  least  leans  to  the 
side  of  virtue.  Every  teacher  of  calculus  to  collegiate  sopho- 
mores would  do  well  to  have  this  book  at  hand  for  problem 
material,  for  pedagogic  suggestion,  and  for  inspiration. 

The  few  trivial  errors  that  have  appeared,  all  of  them  typo- 
graphical, are  not  worth  mentioning.  The  publisher  might 
well  be  commended  for  the  excellence  of  his  work,  if  his  name 
were  not  already  a  suflBcient  guarantee  of  tj-pographical 
excellence.  The  binding  is  however  decidedly  frail  for  so 
heavy  a  book. 

G.  W.  Myers. 

WahTscheitilichkeiUTecbnvng.    Von   Prof.    Dr.   Franz   Hack. 

Leipzig,  Teubner,  1911.     122  pp. 

This  is  a  worthy  sample  of  the  Sammlung  Goschen,  covering 
in  six  parts  the  fundamentals  of  the  calculus  of  probabilities. 
The  treatment  is  rather  too  condensed  for  the  very  beginner, 
but  is  well  adapted  to  the  reader  who  has  once  learned  the 
elements  and,  having  grown  a  little  rusty  on  reasons,  wishes 
to  recover  enough  of  the  theory  to  make  rational  use  of  it. 

The  first  part  is  on  the  basic  theory;  the  second,  on  appli- 
cations of  the  theory  to  special  problems;  the  third,  on  the 
laws  of  large  numbers;  the  fourth,  on  a  comparison  of  the 
theory  of  probability  with  experience;  the  fifth,  on  the  theory 
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of  errors  of  observation;  and  the  sixth,  on  the  application  of 
the  calculus  of  probabilities  to  statistical  matters.  An 
appendix  contains  a  table  of  values  of  the  probability  integral 
and  a  brief  mortality  table. 

Works  on  thb  subject  seem  just  now  to  be  attracting  little 
interest  in  America.  When  American  students  of  mathe- 
matics learn  to  take  mathematical  studies  as  seriously  as  do 
German  students,  American  colleges  and  universities  will 
hardly  care  to  continue  to  slight  the  calculus  of  probabilities, 
as  is  now  being  too  generally  done.  Stilt  may  it  not  be  worth 
while  to  rtmark  the  duty  of  our  college  and  university  curricula 
to  lead  rather  than  to  follow  the  trend  of  mathematical  events? 

The  general  slighting  of  this  very  practical  field  of  mathe- 
matical theory  b  perhaps  only  a  phase  of  the  very  prevalent 
neglect  in  America,  both  in  universities  and  in  the  professions, 
of  most  mathematical  interests  beyond  the  rudiments  and 
the  demands  of  professional  practice. 

When  we  have  become  so  many-sided  in  our  mathematical 
appreciations  and  interests  as  to  include  the  all-around 
utilities  as  well  as  the  logical  perfection  of  the  science,  we  shall 
see  less  to  jeer  at  in  the  appearance  from  the  German  press  of 
one  or  more  books  every  year  dealing  with  probabilities,  least 
squares,  etc.  The  more  or  less  empirical  character  of  these 
subjects  is  no  sufficient  ground  for  our  general  neglect  of  them. 

This  little  book  will  be  a.  handy  reference  book  to  the  actual 
user  of  least  square  adjustments.  With  a  modicum  of 
mathematical  training  even  a  beginner  in  this  theory  would 
find  the  little  volume  highly  useful. 

The  typography  and  page  arrangement  are  up  to  the 
standard  of  the  Goschen  collection,  and  no  errors  of  sig- 
nificance in  either  form  or  substance  have  been  found.  Of 
course,  no  extended  view  of  the  subject  can  be  given  in  a 
hundred  and  twenty-two  small  pages,  but  the  standard  liter- 
ature of  the  subject  is  cited  with  discrimination  and  some 
fulness  in  a  condensed  bibliography  on  page  six  and  in  foot- 
notes throughout  the  book.  Of  course,  European  conti- 
nental literature  is  regarded  as  sufficient  by  the  author, 
though  there  is  some  cause  for  complaint  that  the  applications 
of  the  theory  by  Galton  and  Pearson  in  England  to  statistical 
and  inheritance  questions  have  received  not  even  the  con- 
sideration of  a  footnote  reference. 

G.  W.  Mters. 
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Das   RelaHvilalsprinzip.     Eine    Einjiihrung    in    die    Tkeorie. 

Von  A.  Brill.     Leipzig,  B.  G.  Teubner,  1912.     3+28  pp. 

This  short  brochure  by  Brill  is  merely  a  reprint  of  his  article 
in  volume  21  of  the  Jakreabericht  der  d^uUchen  Mathematiker- 
Vereinigvng,  with  a  short  preface,  table  of  contents,  and  index 
added.  The  treatment  is  mathematical  and  didactic,  without 
pretense  of  origiinality,  and  directed  toward  giving  a  brief 
account  of  the  kinematics  and  dynamics  of  a  particle  from  the 
point  of  view  of  relativity;  electromagnetic  phenomena  and 
the  theory  of  radiant  energy  are  omitted.*  It  will  doubtless 
be  advantageous  to  many  to  be  able  to  procure  the  reprint 
separately;  but  it  is  a  rather  doubtful  policy  for  any  journal 
to  undertake  to  review  such  brochures,  no  matter  how  valuable 
they  be. 

E.  B.  Wilson. 

Vorhsungen    iiber    tecbnische    Mechanik.     Von     A.     FoPPL. 

Erster  Band:  Einfiikrung  in  die  Mechanik.    4te  Aufage. 

Leipzig,  B.  G.  Teubner,  1911.    xv+424  pp. 

Except  for  a  more  elaborate  treatment  of  friction  and  a 
few  minor  changes,  the  fourth  edition  of  the  first  volume  of 
Foppl's  lectures  on  mechanics  does  not  differ  from  the  second 
edition.  Even  figure  7,  page  71,  remains  blocked  on  the  wrong 
line.  It  will  therefore  be  suflScient  merely  to  cite  our  earlier 
re  views,  t 

E.  B.  Wilson. 


Die  Theorie  der  WechehtrSme.     Von  E.  Orlich.       Leipzig, 

B.  G.  Teubner,  1912.    94  pp. 

This  is  the  twelfth  tract  in  Jabnke's  series  of  Mathematiseh- 
Fbysikalische  Schriften  fiir  Ingenieure  und  Studierende.  It 
contains  that  sort  of  treatment  of  alternating  current  phe- 
nomena for  which  we  in  America  look  to  the  works  of  Stetn- 
metz.  The  work  is  elementary  and  straightforward.  The 
algebra  of  rotating  vectors  and  the  geometrical  representations 

*Tbe  reader  who  desires  to  see  theee  roattera  treated  by  four-dimen- 
nonal,  non-euclidean,  vectorial  methods  may  consult  Wilaon  end  Lewis, 
"Relativity,"  Praceedingt  of  the  American  Aeademy  of  Arts  and  Scientett 
volume  48,  pp.  38B-507. 

tThis  Bulletin,  volume  9,  pp.  25-35,  volume  13,  p.  520,  volume  17, 
p.  548. 
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therewith  connected  are  carefully  explained.  There  ia  a 
treatment  of  the  elements  of  Fourier  series,  from  the  practical 
rather  than  theoretical  point  of  view.  Single  phase  and  mul- 
tiple phase  systems  are  discussed.  At  the  close  there  are  a 
few  words  about  skin  effect.  The  work  will  appeal  to  engineers 
more  exclusively  than  many  of  the  other  texts  in  the  series. 
E,  B,  Wilson. 


NOTES, 


The  opening  (January)  number  of  volume  35  of  the  Ameri- 
can Journal  of  Mathematics  contains  the  following  papers: 
"  Groups  containing  a  given  number  of  operators  whose  orders 
are  powers  of  the  same  prime  number, "  by  G.  A.  Miller;  "Nor- 
mal congruences  determined  by  centers  of  geodesic  curvature," 
by  F.  W.  Beal;  "A  theory  of  geometrical  relations — con- 
tinued," by  A.  R.  Schweitzer;  "The  double  tangents  of  a 
binodal  quartic,"  by  H.  Bateman;  "Involutorial  transforma- 
tions," by  F.  M.  Morgan;  "A  theorem  for  the  development 
of  a  function  as  an  infinite  product,"  by  A.  F.  Cahpenteh. 

The  frontispiece  of  the  volume  is  a  portrait  of  Camille 
Jordan. 

At  the  January  meeting  of  the  London  mathematical  society 
the  following  papers  were  read:  By  J.  C.  Fields,  "Proofs  of 
certain  general  theorems  relating  to  orders  of  coincidence"; 
by  W.  E.  H.  Berwick,  "The  reduction  of  ideal  numbers"; 
by  A.  E.  H.  Love,  "Notes  on  the  dynamical  theory  of  tides"; 
by  W.  H,  Young,  "  Uniform  oscillation  of  the  first  and  second 
kind";  by  H.  Bateman,  "Some  definite  integrals  occurring 
in  the  harmonic  analysis  connected  with  a  circular  ring." 

The  United  States  Bureau  of  Education  has  just  published 
a  Bibliography  of  The  Teaching  of  Mathematics  covering  the 
period  from  1900  to  1912,  by  David  Eugene  Smith  and 
Charles  Goldziber.  This  Bulletin  gives  1849  titles  of  books 
and  articles  on  the  teaching  of  mathematics  that  have  ap- 
peared since  1900.  The  Bulletin  will  be  sent  gratis  upon  ap- 
plication to  the  United  States  Commissioner  of  Education, 
Washington,  D.  C. 
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The  university  court  of  tiie  Univeraity  of  Edinburgh  iios 
made  a  grant  of  funds  for  the  establishment  of  a  laboratory 
for  practical  training  in  mathematics  and  also  as  a  research 
institution.  This  laboratory,  which  is  believed  to  be  the  first 
of  its  kind  in  a  British  university,  will  he  under  the  direction 
of  Professor  E,  T.  Whtttaker. 

The  commission  for  the  Wolfskehl  foundation  announces 
the  following  series  of  lectures  in  the  field  of  the  kinetic  theory 
of  matter,  to  be  delivered  in  Gottingen  during  the  week  begin- 
ning April  21:  M.  Planck,  "Gegenwiirtige  Bedeutung  der 
Quantenhypothese  fur  die  Gastheorie."  P.  Debye,  "Die 
Zustandsgleichung  auf  Grand  der  Quantenhypothese."  W. 
Nernst,  "Kinetische  Theorie  der  festen  Korper."  M.  v. 
Smoluchowski,  "  Gultigkeltsgrenzen  des  zweiten  Hauptsatzes 
der  Warmetheorie."  A.  Sommehfeld,  "Probleme  der  freien 
Weglange."  H.  A.  Lohentz,  "Anwendung  der  kinetiscfaen 
Methoden  auf  Elektronenbewegung." 

The  EnseignemerU  MathSmaiique  offers  for  sale  enlarged 
copies  (25  X  32  cm.)  of  the  portrait  of  Henri  Poincar^  which 
appeared  in  the  January  issue  of  that  journal.  The  price  is 
3  fr.  25.  Orders  should  be  addressed  to  the  En^eignement 
Matktmatique,  Florissant  110,  Geneva,  Switzerland. 

The  Paris  academy  of  science  has  divided  its  grand  prize 
in  the  mathematical  sciences  between  Pierre  Boutroux, 
Jean  Chazy,  and  Ren£  Gahnier.  The  Lalande  prize  in 
theoretical  astronomy  was  awarded  to  H.  Kobold  and  C.  W. 
WiRTZ  for  their  work  on  the  determination  of  the  motion  ot 
nebulffi,  and  Henri  Lebesgue  received  one  of  the  HouUevtgue 
prizes. 

In  addition  to  its  annual  prizes  in  special  and  general  fields, 
the  Paris  academy  of  science  announces  the  following  subjects 
for  certain  of  its  prizes:  The  grand  prize  in  the  mathematical 
sciences  will  be  awarded  in  1914  for  the  solution  of  the  problem: 
"To  perfect  the  theory  of  functions  of  one  variable  which 
may  be  represented  by  trigonometric  series  whose  arguments 
are  linear  functions  of  the  variable."  Important  applications 
in  mathematical  physics  and  celestial  mechanics  are  desired. 
The  Boileau  prize  for  1915  will  be  awarded  for  "researches 
on  the  theory  of  the  motion  of  fluids,  judged  to  contribute 
to  progress  in  hydraulics." 
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A  new  annual  prize  of  2500  fr.,  to  be  known  as  the  "  Henri 
de  Parville  prize"  will  be  awarded  for  the  first  time  this  year, 
for  "the  most  worthy  scientific  work  whieh  has  appeared: 
either  a  book  on  original  science  or  scientific  popularization." 

The  University  of  St.  Andrews  has  conferred  its  honorary 
doctorate  on  Professor  G,  Cantor,  of  the  University  of  Halle. 

The  University  of  Oxford  has  conferred  its  honorary  doc- 
torate in  science  on  Professor  E.  W.  Hobson,  of  the  University 
of  Cambridge. 

Dr.  a.  D.  Ross,  of  the  University  of  Glasgow,  has  been 
appointed  to  the  chair  of  mathematics  and  physics  in  the 
University  of  West  Australia. 

FiiOFEssoR  F.  Staecsel,  of  Karisruhe,  has  accepted  a  pro- 
fessorship in  mathematics  at  the  University  of  Heidelberg. 

Phofessok  R.  Fdeter,  of  Basle,  has  been  appointed  to 
succeed  Professor  Staeckel  at  Karlsruhe. 

Professor  H.  Reissner,  of  Aachen,  has  been  appointed 
professor  of  mechanics  and  graphical  statics  in  the  technical 
school  in  Berlin. 

Professor  Friedrich  Engel,  of  the  University  of  Greifs- 
wald,  has  accepted  a  call  to  the  University  of  Kiel. 

Professor  J.  Horn,  of  Darmstadt,  has  been  appointed 
professor  of  mathematics  at  the  University  of  Giessen,  as  suc- 
cessor of  Professor  E.  Netto,  who  has  retired  from  active 
service. 

Professor  R.  Rotiie,  of  Clausthal,  has  been  appointed 
professor  of  advanced  and  applied  mathematics  in  the  technical 
school  in  Hannover. 

At  the  University  of  Gottingen,  Dr.  O.  Toeputz  has  been 
promoted  to  an  associate  professorship  in  mathematics. 

Professor  F.  Enriques,  of  the  University  of  Bologna, 
has  been  elected  member  of  the  Italian  society  of  science 
(the  XL)  and  Professor  E.  Picard,  of  the  University  of  Paris, 
has  been  chosen  foreign  associate  of  the  same  society. 

Professor  D.  Hilbert,  of  the  University  of  Gottingen, 
has  been  elected  an  associate  member  of  the  royal  academy  of 
Belgium. 
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By  special  invitation  Dr.  A.  R.  Forsyth  Is  delivering  a 
course  of  sixteen  lectures  on  the  theory  of  functions  of  two 
or  more  complex  variables  at  the  University  of  Calcutta. 
It  has  been  announced  that  the  lectures  will  be  published  in 
book  form  later. 

Phopebsor  Oskar  Bolza,  of  the  University  of  Freiburg, 
will  give  courses  of  lectures  on  the  theory  of  functions  and  on 
linear  integral  equations  at  the  University  of  Chicago  through- 
out the  coming  summer  quarter. 

Mr,  W,  C,  Graustein,  now  studying  at  Bonn  as  Sheldon 
fellow  of  Harvard  University,  has  been  appointed  instructor  in 
mathematics  at  Harvard  for  the  academic  year  1913-1914. 

Professor  J,  H.  Tanner,  of  Cornell  University,  has  been 
granted  leave  of  absence  for  the  entire  academic  year  1913- 
1914. 

Professor  P.  Gohdan,  of  the  University  of  Erlangen,  died 
December  21,  1912,  at  the  age  of  76  years.  He  had  been 
professor  of  mathematics  in  the  University  of  Erlangen  since 
1875  and  an  associate  editor  of  the  Mathemaiiacke  Annalen 
since  1873. 

Professor  G.  Laitricella,  of  the  University  of  Catania, 
died  on  January  9,  at  the  age  of  45  years.  He  was  a  member 
of  the  Accademia  dei  Lincei,  and  was  well  known  for  his 
researches  on  the  integration  of  the  equations  of  mathematical 
physics  and  on  integral  equations. 

Professor  H.  Kinkelin,  formerly  professor  of  mathematics 
in  the  University  of  Basel,  died  on  January  2,  at  the  age  of  80 
years. 

NEW  PUBLICATION'S. 
I.    HIGHER  MATHEMATICS. 


CiANi  (E.).    Lezioni  di  geometric  proiettiv&  ed  analitica.    Pisa,  Spoeiri, 

1912.    8vo.    525  pp.  L.  20.00 

DiNOLER  (H.).    Ueber  woU^eordnete  Mengeo  und  leretreute  Mengen  im 

allgemeinen.     (Habilitationsschrift.)     Mllnchen,    Ackermotin,    1912. 

8vo.    4flpp.  M.  1.20 

Eknst    (E.).    Mathematische    Uoteihaltungen    und    Spielereieo.    2ter 

Band.    Ravcneburg,  Maier,  1912.    8vo.    84  pp.  M.  1.00 
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pen.     Hilchenbach,  Wiegaod,  1912.    8vo.     16  +  250  pp. 
Koch  (J.).    Der  FermaUche  Sati.    KMeeislauUm,  Robr,  1912.    Svo. 

11  pp.  M.  0.75 

liiPPMANN  (B.).    Anmerkungen  lum  Beweise  dea  Fennat'schen  Satses. 

Prag,  KatB,  1912.    Svo.     10  pp.  M.  0.40 


SuiNi  (A.).  Nuovo  contribute  alia  coofutacioDe  delle  Reometrie  non 
euclidee  coll'esame  delle  iDterpretazioni  datene  dal  Beltrami  e  dal 
Poincarf.    Piacenia,  Poria,  1912.    Svo.     18  pp. 

11.     ELEMENTARY  MATHEMATICS. 

Babdet  (E.).    AuTgabensammlung  fur  Arithmetik,  Algebra  und  Analysis. 

Reformau^abe  A.     Iter  Teil:  Unterstufe.    Leipzig,  Teubner,  1913. 

Svo.    6  +  201  pp.    Cloth.  M.  2.00 

Beck    (H.}.    Raumlehre.    Halle,   Schroedel,    1913.    Svo.    S  + 173  pp. 

Cloth.  M.  2.00 

Bebsano  (G.  B.).    Algebra  per  le  Bcuole  t^cniche.    Nuova  ristaropa  cor- 

retta.    Torino,  Olivero,  1912.    Svo.     176  pp.  L.  2.40 

BtlRKLEN  (O.  T.).    FormelBammlung  und  Repetitorium  der  Mathematik. 

3te,  durcheesehene  Auflage.     (Sammlung  GOBchen.    Neue  Auflage. 

Nr.  51.)     Berlin,  Goachen,  1912.    Svo.    227  pp.    Cloth.        M.  0.80 
0>Nn    (A.).    Element!    di    calcolo    letterale.    3a    edizione.    Bolt^pa, 

ZanJchelli,  1912.     16mo.    136  pp.  L.  1.20 

DoLEiAL  (E.).    See  Stampfer  (S.). 
DwoNT  (E.).    Trigonomftrie  rectiligne  et  Bpb<!rique.    2e  feljtion,  revue 

et  augments.    Bruxelles,  DeBoeck,  1912.     16  +  314  pp.       Fr.  5.00 
DtlsiHO  (K.).    Einlilhrung  in  die  Algebra.    Leipzig,  J&nicke,  1912.    Svo. 

6  +  155  pp.  M.  2.30 

Faifopgr  (A.).    ElemenU  di  algebra.     ISa  edisione.    Venezia,  Sorteni  e 

Vidotti,  1912.    Svo.    435  pp.  L.  3.00 
.    Elementi  di  geometria.     18a  edizione.    Venesia,  Sorteni  e  Vidotti, 

1912.    Svo.    533  pp.  L.  4.00 

Fenkner    (H.).    Mathematischea    Unterrichtswerk.    Auagabe   A.    4ter 

Tdl:  Analytiache  Geometrie.    Berlin,   Salle,    1612.    Svo.    8  +  220 

pp.  M.  2.80 

Fiti-Patbice  (J.).  Eierdces  d'arithm^tique.  Avec  prtface  de  J.  Tan- 
nery. 3e  Edition,  enti^rement  refondue  et  trte  augments.  Paria, 
Hermann,  1912.    Svo.    600  pp.  Ft.  10.00 


M.  3.00 
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Babti.    (R.    H.)-    Lehrbuch  der  ebenen   Trigonometrie.    3te  Auflage. 

Wien,  Deuticke,  1912.    8vo.    5  +  93  pp.    Cloth.  M.  1^ 

Jacob  (J.)  und  Schipfnbr  (R.  F.)-    Ebene  und  gph&riacbe  Trigonometrie. 

Wien,  Deuticke,  1912.    Svo.    4  +  107  pp.  M.  1.80 
und  TEAvmfEK  (J.),    Analytische  Geometrie  der  Ebene.    Wien, 

Deuticke,  1912.    8vo.    4 +  115  pp.  M.  2.00 

' —   .    Ebene    Trigonometrie.    Wien,    Deuticke,    1912.    Svo. 

4 +  78  pp.  M.  1.40 

KoENio  (A.).    Planimetrie.     (Goldene  Schtilerbibliothek.    41ter  Band.) 

Eattowitz,  PhdnbC'VerUg,  1912.    Svo.     123  pp.  M.  I.OO 

Kdtnewbki  <M.).    See  MUller  (H.). 
Massari  (V.)-    Elementi  di  geometria  intuitiva.    Volume  I.    Citt&  di 

CasteUo,  Lapi,  1913.    Svo.     173  pp.  L.  2.00 

M1}UAB  (H.)  und  KuTNEWSKT  (M.).    Aufgaben  aus  der  Arittimetik, 

TriRoaometrie  und  Stereometne.    2ter  Teil.    4te  Auflage.    Leipsig, 

Teubner,  1912.    Svo.     10  +  308  pp.    Cloth.  M.  3.O0 

Ortc   Carboni    (S.).    Esercizt  di   geometria  elementare.    2a  ediiione 

riveduta.    Ijvorao,  GiuBti,  1913.     16mo.    8  +  170  pp.  L.  1.00 

RoTHRocK  (D.  A.).    Anawere  to  the  problems  in  the  Elementa  of  plane 

and  Bpherical  trigonometry.    New  York,    Macmillan,    1912.    Svo. 

10  pp.    Paper.  90.20 

SAiNTE-LAadE  <A.).    Notions  de  math^matiquea.    Arithm^tique,  alg^bre, 

g£om€trie,  trigonometrie,  cindmatique.    Avec  preface  de  O.  Koenigs. 

Paris,  Hermann,  1912.    Svo.    480  pp.  Fr.  7.00 

ScHiTFNER  (R.  F,}.    See  Jacob  (J,). 
ScHHKHL  (C).    Die  Blemente  der  analytischen  Geometrie  der  Ebene. 

Gieseen,  Roth,  1612.    Svo.    8  +  221  pp.  M.  3.00 

Shcttb  (G.  C).    Plane  and  solid  geometry:  suggestive  method.    Revised 

edition.    Boston,  Atkinson,  Mentzei  &  Co.,  1912.     12mo.    4  +  376 

pp.    Cloth.  $1.25 

Btamptbr     .    .  K,        ¥ 

Neu  bearbeitet  von  E.  DolezaT.    „_.    „ 

tiker.    Wien,  Gerold,  1912.    Svo.    34  +  340  pp.    Cloth. 
Travni6ek  (J.).    See  Jacob  <J,}. 

TRENARn  (M.).  Gfiomftrie.  2e  et  3e  ami£ee.  Paris,  Dunod  et  Pinat, 
1S12.     ISmo.    Cartonn^.  Fr.  3.00 

UMi.Arr  <K.).  Mathematjk  und  Naturwissenschaften  an  den  deutschen 
LehrerbildimgHaostaltea.  (Arbeiten  des  Bundee  fOr  Schulreform. 
Ni.  3.)    Leipcig,  Teubner,  1912.    Svo.    4  +  124  pp.  M.  3.60 


VoRBCBiAaB  fUr  den  mathematiscben,  naturwissenschaftLchen  und  erd- 
kundlichen  Unterricht  an  Lehrerseminaren.  (Schriften  des  deut«chen 
AusBcbusses,  14tes  Heft.)    Leipzig,  Teubner,  1B12.    Svo.    5  +  49  pp. 

M.  0.80 

Wenzxi.  (G.).  Lelu'buch  der  Arithmetik  und  Algebra  fUr  Lehrerbildimga- 
anstalten.    Wien,  Tempeky,  1912.    Svo.  K.  6.50 

,    Lehrbuch  der  Geometrie.    Wien,  Tempsky,  1912.    Svo.     K.  3.60 


-obvGoo»^lc 


330  NEW  PUBUCAT10H8.  [Mar.,  1913.3 

Palmer  (C.  I.)-  Pnctical  mftthemaUra;  in  4  parts.  Parta  1-2:  Arith- 
metic &Dd  geometry,  with  appUcations.  New  York,  McGraw-Hill, 
1912.    12mo.  11.50 

Pebcival  (A.  S.).  Geometrical  optics.  London,  Longmans,  1912.  8vo. 
6  +  132  pp.    Ooth.  4b.  6d. 

PsTEHS  (J.).  T&feln  lur  Berechnung  der  Mittelpunkts^eichun^  und  des 
RadiuBvektors  in  elliptiecheD  Batmen  flkr  ExzentniitAtAwmkel  von 
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SOME  GENERALASPECTSOFMODERN  GEOMETRY.* 

BT  PBOPKBBOB  E.  J.  WILCZTNBZI. 

It  is  a  great  honor  and  an  exceptional  privilege  to  be  asked 
to  address  such  a  distinguished  audience  as  is  assembled  here 
upon  this  occasion.  And  so  my  first  duty  is  the  simple  and 
elementary  one  of  expressing  to  the  officers  of  the  societies, 
meeting  in  joint  session,  my  gratitude  for  having  selected  me 
for  such  a  task.  But  the  task  itself  is  not  a  simple  oae. 
Unwelcome  as  it  may  be,  the  fact  remains  that  the  workers 
in  the  fields  of  mathematics,  physics,  and  astronomy,  in- 
timate associates  in  former  times,  have  become  comparative 
strangers.  So  widely  have  their  various  dialects  diverged 
from  the  common  mother  tongue,  that  they  find  it  possible 
to  follow  each  other's  speech  only  when  great  care  is  taken  to 
articulate  distinctly,  and  even  then  only  at  the  expense  of 
most  intense  and  rigid  attention.  But  while  we  may  find  it 
difficult  to  understand  each  other,  after  all,  these  sister 
sdences  have  much  in  common.  The  love  and  respect 
which  they  bear  each  other  are  still  alive.  They  appredate 
fully  how  great  are  the  services  which  they  can  render  each 
other,  and  how  fruitful  are  those  domains  of  thought  in  which 
these  various  subjects  are  made  to  intermingle.  It  is  well 
that  we  should  speciali^ie,  for  only  by  intense  application  of 
intellectual  forces  to  specific  problems  can  real  progress  in 
sdence  be  made.  But,  unless  we  preserve  a  broad  interest 
in  a  larger  field,  we  nm  into  the  danger  of  losing  a  proper 
sense  of  balance  and  perspective.  It  is  not  true,  even  Id 
science,  that  all  things  are  of  equal  value,  and  it  is  better  for 
sdence  that  we  should  study  important  problems  rather  than 
unimportant  ones.  But  which  problems  are  important,  and 
which  are  not?  Here  is  a  question  which  is  worth  some 
thought.  We  know  that  it  cannot  be  answered  from  the 
utilitarian  point  of  view,  at  least  not  in  an  adequate  and 
permanent  fashion.  We  also  know  that  any  attempt  to  impose 
upon  each  other  our  individual  criterion  of  value  can  only 

*  Address  delivered  before  a  ioint  meeting  of  the  AmericMt  Mfttheinatical 
Society^  the  Ameiic&n  Fhyrical  Society,  the  Aatronomical  and  Aatroph^ 
ical  Society  of  America,  and  Sections  A  and  H  of  the  American  AaeooatioD 
for  the  Advancement  of  Scienre.    Cfereland  ,Obio.  December  31 ,  1912. 
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result  in  harm.  It  is  well  tbeo  that  we  should  meet  and  dis- 
cuss our  problems,  that  we  should  attempt  to  formulate  into 
general  principles  the  results  of  our  daily  meditations,  in  the 
hope  that  these  principles,  whose  value  has  been  tested  in 
our  own  individual  experience,  may  prove  to  be  helpful  in 
some  other  related  field.  This  is  the  interpretation  which 
I  have  placed  upon  my  task,  an  attempt  to  show  how  one 
great  unifying  principle  pervades  the  whole  realm  of  geometry. 
The  distinction  between  analysis  and  geometry,  while  a 
convenient  one,  is  really  superficial  and  in  some  respects 
injurious.  For,  if  there  is  any  one  thing  which  the  invention 
of  analytic  geometry  has  taught  us,  it  is  this:  that  every 
problem  of  analysis  is  capable  of  a  geometrical  interpretation, 
and  that  every  problem  of  geometry  may  be  formulated 
analytically.  It  is  my  individual  oon\iction  that  no  mathe- 
matical investigation  is  truly  complete  unless  it  puts  into 
evidence  the  existing  relations  both  from  an  anab'tic  and  a 
geometric  point  of  view.  It  is  true  that  geometric  intuition 
has  occasionally  led  mathematicians  into  error,  but  the 
first  intuitions  of  analysts  have  also  frequently  been  found 
wanting.  All  of  our  intuitions  must  be  subjected  to  rigorous 
criticism.  Geometry  obeys  the  same  laws  of  logic  as  analysis, 
and  the  disrepute  into  which  it  has  fallen,  in  some  quarters, 
is  due  to  the  fact  that  naive  geometric  intuitions  have  been 
compared,  to  their  disadvantage,  with  refined  anab'tical  the- 
ories rather  than  with  the  naive  anal>'tic  intuitions  to  which 
they  really  correspond.  But,  aside  from  the  question  of  rigor, 
it  is  very  important  that  our  mathematical  theorems  should 
present  themselves  to  us,  not  merely  as  the  final  consequences 
of  long  and  complicated  arguments.  Thej'  are  not  truly 
our  own,  we  have  not  fully  s^zed  their  significance,  until 
from  some  point  of  view  they  appear  to  be  obviously  and  in- 
tuitively true.  In  very  many  cases,  geometry  furnishes  the 
best  method  for  thus  intuitively  grasping  the  full  import  of  a 
mathematical  situation.  And  this  is  true,  not  merely  in  the 
case  of  rough  and  simple  analogies,  but  also  in  those  very 
cases  in  which  an  untrained  and  naive  intuition  had  caused 
the  earlier  students  to  go  astray.  Thus,  for  instance,  the 
theory  of  uniform  convei^nce,  as  presented  by  Osgood  in 
geometric  form,  assumes  a  convincing  force  which  no  mere 
analytic  treatment  could  give  it,  although  the  logic  is  pre- 
cisely the  same  whether  the  argument  be  presented  analytic- 
ally or  geometrically. 
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There  is  then,  to  my  mind,  no  fundamental  distinction 
between  geometi?  and  analysis.  If,  nevertheless,  I  have  used 
the  wotd  geometry  in  the  title  of  this  address,  I  have  done  so 
because,  according  to  the  traditional  classification,  the  ques- 
tions which  I  shall  discuss  are  generally  regarded  as  questions 
of  geometry. 

The  peculiar  efficacy  of  geometric  notions  for  illustrating 
an  abstract  argument  ha^  given  rise  to  a  striking  paradox. 
The  elements  of  analytic  geometry  have  taught  us  to  associate 
irith  a  point  in  a  plane  a  pair  of  numbers,  and  with  a  point  of 
space  a  system  of  three  numbers,  the  coordinates  of  the  point. 
The  desire  for  complete  parallelism  between  analysis  and 
geometry  has  led  to  the  notion  of  a  point  in  a  space  of  n 
dimensions  as  the  geometric  image  of  a  system  of  n  numbers 
(xi,  ■  ■■,x„).  Although  we  surely  cannot  be  said  to  have  any 
primitive  intuitive  notions  as  to  the  properties  of  a  space  of 
n  dimensions,  we  nevertheless  speak  of  curves,  surfaces,  etc, 
in  such  a  space,  the  analogies  indicated  by  this  geometric 
manner  of  speech  being  extremely  valuable  and  suggestive  for 
the  purposes  of  analysis.  Thus,  and  this  is  the  paradox  to 
which  I  am  referring,  we  make  use  of  the  abstract  idea  of  aa 
n-space,  of  which  we  have  no  direct  geometric  intuition,  to- 
render  intelligible  so  concrete  a  thing  as  a  system  of  n  numbers. 

The  idea  of  a  space  of  n  dimensions  (or  an  n-space)  has  now- 
become  an  essential  part  of  our  mathematical  patrimony. 
The  notion  developed  gradually,  and  traces  of  it  are  to  be 
found  in  the  writings  of  several  of  the  mathematicians  of  the 
latter  part  of  the  eighteenth  and  the  eariy  part  of  the  nine- 
teenth century,  especially  in  those  of  Gauss  and  Cauchy. 
The  complete  notion  of  an  ?i-space,  however,  with  all  of  its 
most  essential  implications,  must  be  ascribed  to  Grassmann, 
whose  first  "  Ausdehnungslehre  "  of  1844  is  largely  devoted 
to  this  subject. 

It  seems,  at  first  thought,  as  though  the  dimensionality 
of  a  space  ought  to  be  regarded  as  its  most  important  charac- 
teristic, and  that  it  would  be  vain  to  attempt  to  look  at  the 
same  space  in  two  different  fashions,  so  as  to  attribute  to  it 
two  different  dimensionalities.  It  seems,  also,  as  though 
nothing  could  be  more  hopeless  than  to  attempt  to  associate 
a  genuine  geometric  intuition  with  such  an  abstract  notioa 
aa  that  of  an  7t-space.  And  indeed,  if  all  of  our  thinking 
were  abstract,  I  doubt  whether  the  possibility  of  doing  either 
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of  these  things  would  ever  have  occurred  to  anybody.  From 
Another  point  of  view,  however,  which  gradually  presented 
itself  in  the  course  of  development  of  mathematical  thought, 
the  affirmative  answers  to  both  of  these  questions  become  so 
evident  as  to  appear  almost  trivial.  Two  geometers  of  the 
«arly  part  of  the  nineteenth  century,  Poncelet  and  Gergonne, 
bad  discovered  what  b  now  knowa  as  the  principle  of  duality, 
according  to  which  every  theorem  of  projective  geometry  may 
be  made  to  yield  a  second  one  by  the  simple  process  of  in- 
terchanging the  words  point  and  plane,  and  leaving  the  word 
line  unchanged.  It  thus  became  apparent  that,  for  the  pur- 
poses of  projective  geometry,  the  point  and  the  plane  were 
coordinate  notions.  To  the  already  existing  ideas  of  curves 
and  surfaces  thought  of  as  point  loci,  were  added  the  strictly 
correlative  notions  of  one  and  two-dimensional  aggregate 
of  planes  and  their  respective  envelopes.  Thus,  as  a  conse- 
quence of  the  principle  of  duality,  for  the  first  time  an  element 
different  from  a  point,  namely  a  plane,  was  thought  of  as  the 
generating  unit  of  geometric  forms.  But  our  ordinary  space 
Hs  three-dimensional  from  the  point  of  view  of  its  planes  as 
veil  as  of  its  points,  so  that  the  dimensionality  of  space  was 
3tiU  left  unchanged.  Moreover,  this  single  instance  of  a 
change  of  the  space  element  was  too  isolated  and  special 
a  thing  to  inspire  any  easy  or  far-going  generalization.  It  was 
a  great  step  in  advance,  therefore,  when  Pliieker  in  1846 
proposed  to  regard  the  straight  line  as  the  generating  element 
of  space,  and  introduced  the  notion  of  line  coordinates.  For 
here,  for  the  first  time,  do  we  find  space  presenting  itself  as  a 
four-dimensional  aggregate,  thus  destroying  the  idea  of 
dimensionality  as  an  inherent  geometric  characteristic  of 
space.  And  here  too,  do  we  find  the  fountain  bead  for  all 
of  those  generahzations  of  modem  geometry,  in  which  not 
merely  the  point,  plane,  and  line,  but  countless  other  geometric 
forms  appear  as  generating  elements.  There  is  nothing  easier, 
nowadays,  than  to  represent  concretely  in  the  plane,  a  ge- 
ometry of  any  number  of  dimensions. 

For  the  purpose  of  characterizing  some  particular  branch 
of  geometric  research,  the  choice  of  the  space  element  is 
particularly  important.  The  same  analytic  theorems  may, 
by  a  change  of  space  element,  receive  many  widely  differing 
geometrical  interpretations.  The  principle  of  duality,  to  which 
I  have  already  alluded,  is  probably  the  best  known  illustration 
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ot  thi3  fact.  Another  system  of  abstractly  equivalent  ge- 
ometric theories  ts  given  by  Plucker's  line  geometry,  Lie's 
sphere  geometry,  and  the  geometry  of  a  quadric  four-spread 
in  a  space  of  five  dimensions.  Similarly  it  is,  abstractly 
speaking,  the  same  thing  whether  we  are  discussing  a  linear 
space  of  five  dimensions,  the  aggregate  of  conies  in  a  plane, 
or  the  totaUty  of  linear  complexes  in  ordinary  space.  But 
the  geometric  content  of  our  theorems  is  very  different  in 
these  various  cases.  It  is  not  necessarily  desirable,  even  in 
any  particular  iuvestigation,  to  consider  always  the  same 
geometric  form  as  space  element.  In  fact,  one  of  the  most 
fruitful  results  of  the  discussions  of  Fliicker  and  his  successors 
is  the  freedom  which  they  have  given  to  the  present  day 
geometer  to  change  his  space  element  whenever  the  change 
may  seem  desirable. 

Let  us  suppose  that  we  have  selected  some  geometric  form 
as  generating  element  for  a  particular  geometric  theory  which 
we  wish  to  develop.  If  this  element  requires  k  numbers  for 
its  complete  determination  we  may,  in  accordance  with  our 
previous  remarks,  speak  of  it  as  a  "  poini  "  in  a  space  of  k 
dimensions,  this  apace  being  the  aggregate  of  all  such  elements. 
This  apace  may  have  the  property  that  every  point  of  the  line 
which  joins  any  two  of  its  points  itself  belongs  to  this  space.* 
If  this  is  so  we  shall  call  it  a  linear  space.  Such  is,  for  instance, 
the  two^imensional  aggregate  of  all  of  the  points  of  a  plane, 
the  three-dimensional  aggregate  of  all  points  of  ordinary 
space,  the  fiveKlimensional  aggregate  of  all  conies  in  a  plaoe. 
As  an  illustration  of  a  non-linear  two-dimensional  space  we 
may  take  the  aggregate  of  all  of  the  points  of  a  curved  surface. 
Such  a  curved  surface  may,  however,  be  regarded  as  immersed 
in  a  linear  space  of  three  dimensions,  and  indeed  this  is  our 
customary  way  of  looking  at  it.  In  the  same  way,  if  the  space 
of  k  dimensions  determined  by  our  space  element  is  not  a 
linear  space,  we  shall  think  of  it  as  immersed  in  a  linear  space  of 
n  >  ^  dimensions,  choosing  the  number  n  as  small  as  may  be 
compatible  with  the  nature  of  our  original  non-linear  ft-space. 
Now  a  point  of  this  linear  n-space  is  determined  by  n  coor- 
dinates Xi,  ■■■,Xn.  But  since  the  aggregate  of  aJI  of  the 
geometric  forms  which  we  are  using  as  space  elements  has 
only  k  dimensions  we  shall  have  to  think  of  ;ri,   •••,x^  as 
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satisfying  n—  k  independent  equations  none  of  whicli  are 
of  the  first  degree,  since  otherwise  our  Ar-dimensional  aggregate 
of  space  elements  would  belong  to  a  linear  space  of  less  than 
n  dimensions.  In  most  applications  these  n  ~  k  equations 
are  algebraic. 

In  the  language  of  hypergeometry  we  are  then  dealing  with 
a  point  upon  an  algebraic  ^-spread  immersed  in  a  space  of  n 
dimensions.  This  it-spread  is  characterized  by  the  n  —k 
independent  algebraic  equations 

(1)  /,(j-..^»,  ■-■,3-„)  =  0     (t=  1,2,  ■■■,«-*), 

none  of  which  is  of  the  first  degree.* 

Let  us  consider,  first,  the  case  that  no  such  equations  are 
present,  so  that  all  of  the  points  of  our  n-space  are  available 
as  generating  elements  for  the  geometric  forms  which  we  wish 
to  study.  Any  system  of  values  (xi,  •  -  ■ ,  Xn)  gives  us  a  "point" 
of  such  a  space;  several  such  systems  give  us  several  "  points." 
We  are  primarily  interested  in  the  case  where  we  have  an 
infinite  number  of  such  points.  If  we  assume  that  the  points 
of  such  an  infinite  set  form  a  continuous  analytic  aggregate, 
we  shall  have  expressions  of  the  form 

(2)  Xi  =  <f>i{Ui,   •  •  •,  Mr),     •  ■  •,   X»  =   ipr,(.Ui,  •  •  ■,  Ur) 

for  their  coordinates,  where  r  may  be  any  integer  between  1 
and  n,  and  where  pi.  •  ■  ■>  Vn  are  analytic  functions  of  their 
arguments.  If  r  =  1  we  have  a  one-dimensional  spread, 
or  curve,  composed  of  a  single  infinity  of  points  of  our  n-space 
iSr.  If  n  =  2  we  have  a  two-dimensional  spread,  or  surface, 
immersed  in  iS„.  In  every  case  we  find  an  analytic  r-spread 
immersed  in  our  space  S„  of  n  dimensions,  which  for  r  =  n 
coincides  with  S„  itself,  or  at  least  with  an  n-dimensional 
portion  of  Sn. 

If  we  use  three  coordinates  for  a  point  in  ordinary  space, 
some  complications  arise,  caused  by  the  exceptional  rflle 
played  by  the  "points  at  infinity,"  To  avoid  this  difficulty 
it  has  long  been  customary  to  introduce  the  soM^alled  homo- 
geneous coordinates.  For  precisely  the  same  reason  it  will 
be  advantageous  to  introduce  homogeneous  coordinates  for 
the  points  of  our  n-space.     Let  us  write 
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Xi  =  ,      Xi  =  ,       •  -  •,      Xn  =  -, 

i.  e.,  let  us  introduce  a  system  of  n  +  1  uumbera  j/i,  yi,  •  ■■,  y^+i 
whose  ratios  are  equal  to  xi,  xi,  •■•,Xn  respectively.  These 
n  +  1  numbers,  only  whose  ratios  are  of  interest  for  us,  are 
called  the  homogeneous  coordinates  of  the  poiat.  The 
homogeneous  coordinates  of  any  point  of  our  p-spread  will 
then  be  given  by  n  +  1  equations  of  the  form 

1/1  =  lAl(Wl-   ■•■>  «r),      yi  =  ^j(«l,   ■•■,«r),       ■•■, 
(3) 

l/M-l  =  ^B+l{"l.  •••,^), 

the  geometrical  content  of  which  equations  would  not  be 
altered  if  we  were  to  multiply  all  of  their  right  members  by 
any  common  factor  X(ui,  ■  ■  ■,  Ur),  since  such  a  multiplication 
obviously  has  no  influence  upon  the  values  of  the  ratios 
yi  •yt'  •■•  '■  Sn+t-  We  may  assume,  of  course,  that  the 
functions  j/i,  ■■•,  y,^+.i  are  linearly  independent.  For,  if 
they  were  not,  we  could  reduce  our  problem  to  a  similar  one 
in  a  linear  space  of  fewer  than  n  dimensions. 

We  wish  to  show  that  we  can  always  find  a  system  of  linear 
homogeneous  differential  equations  of  which  yi,  yj,  •••,  y^\ 
are  the  fundamental  solutions,  in  the  sense  that  the  most 
general  solution  of  the  system  will  have  the  form 

(4)  y  =  Ciyi  +  Cii/j  +  ■  -  ■  +  Cn+ty-H-u 

where  Ci,  Cj,  •  ■  •,  iVn  are  arbitrarj'  constants. 

The  truth  of  this  statement  is  obvious  for  p  =  1.  We  are 
then  dealing  with  a  curve  of  S„,  and  ^i,  yj,  ■•  ■,  y^i  may  be 
regarded  as  the  fundamental  solutions  of  an  ordinary  linear 
homogeneous  differential  equation  of  the  (n  +  l)th  order 

(5)  £31  +  P.  W  0  +  ■  •  •  +  pM  %  +  P.M,  =  0, 

whose  general  solution  will  then  be  given  by  (4). 

If  r  >  1  we  shall  have  to  consider  partial  differential  equa- 
tions. A  function  of  r  independent  variables  has  r  partial 
derivatives  of  the  first  order,  ^r^^r  -|-  I)  partial  derivatives 
of  the  second  order,  etc.,  [r{r  +  1)  ■  ■  ■  (p  +  i  —  l)]/fcl  partial 


-obvGoo»^lc 


338  OESEBAL   ASPECTO   OF    MODEBN    QEOHBTRY.      [April, 

derivatives  of  order  it.    We  may  think  of  the  function  itself 
as  its  zeroth  derivative.    Thus  there  will  be  altogether 

*   rC,  J.  !■»  . . .  /►  -1-  .'_  1^ 

(6)  p*  =  1  +  Z  - 


partial  derivatives  of  a  function  y  of  U|,  ■  ■  •,  Ur>  whose  order 
does  not  exceed  k.  This  number  grows  very  rapidly  with  k, 
and  we  may  obviously  choose  k  so  large  that  pk  shall  become 
greater  than  n+  1,  n  being  the  number  of  dimensions  of  the 
space  under  consideration. 

If  our  r-spread  does  not  degenerate  into  an  r  —  I-spread, 
yi.  ■  ■  ■(  Sn+i  cannot  satisfy  one  and  the  same  linear  homogene- 
ous partial  differential  equation  of  the  first  order 

-^  +  <+-  +  <  =  o- 

For,  if  they  did,  the  ratios  of  yi,  jj,  •  ■  -,  jft^-i  would  be  functions 
of  at  most  r  —  I  combinations  of  Wi,  ■  ■  - ,  a,,  i.  e.,  we  should 
be  at  most  dealing  with  an  (r  —  l)-spread. 

All  of  the  functions  yi,  ■■■, y,+i  may,  however,  satisfy  one 
or  several  such  partial  differential  equations  of  the  second 
order.  If  they  satisfy  as  many  as  Jr(r  +  1)  independent 
equations  of  this  kind,  all  of  the  second  order  derivatives  can 
be  expressed  in  the  form 

^'y     _   ^    -.  -    B      (11  ^  I    ...    D      M^l 


=  ^..y+S.,.">^+  ■■■+£. 


dllr 


ii,k=  1,2,  ■•■,r), 

and  therefore  also  all  of  the  derivatives  of  higher  order.  The 
most  general  analytic  solution  of  such  a  system  is  clearly  a 
linear  homogeneous  combination  with  constant  coefficients 
of  r  +  1  independent  ones,  so  that  our  r-spread  must  be 
contained  in  a  linear  r-space.  Since  we  have  assumed  that 
the  n-space,  which  we  have  under  consideration,  is  the  linear 
space  of  lowest  dimensionality  which  contains  our  r-spread, 
this  case  can  present  itself  only  if  r  =  n. 

In  general,  our  n-|-  1  functions  yi,  ■■•,ya*-i  will  satisfy 
fewer  than  jr(r  -I-  1)  linear  homogeneous  partial  differential 
equations  of  tlie  second  order,  perhaps  none  at  all.  If  the 
number  of  such  equations  is  ^r(r  +  \)  —  a,  we  may  regard 
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y,  Byldu\,  ••■,  dy/dur,  and  a  of  the  second  order  derivatives 
as  linearly  independent  while  the  remaining  second  order 
derivatives  are  expressible  linearly  and  homogeneously  tn 
terms  of  these  1  +  r  +  «  quantities  with  coefficients  which 
may  be  functions  of  ui,  ■■■,Ut.  If  1  +  r  +  « is  less  than  n  +  1, 
we  examine  the  derivatives  of  the  third  order.  Suppose  that 
all  of  these  are  expressible  linearly  and  homogeneously  in 
terms  of  the  above  1  +  r  +  s  quantities  and  of  t  independent 
third  order  derivatives.  Let  us  continue  this  process.  We 
shall  finally  have  all  of  the  partial  derivatives  of  a  certain, 
say  the  (th,  order  expressed  linearly  and  homogeneously  in 
terms  ofl-f-r  +  s+  ■  •■  +  w  oi  them,  where  ifc  b  so  large 
that  for  the  first  time 

(7)  1  +  r  +  J  +  . . .  +  w  ^  n  +  1. 

For,  if  this  were  not  so,  we  could  express  all  of  the  partial 
derivatives,  of  all  orders,  linearly  and  homogeneously  in  terms 
of  less  than  n  +  1  independent  ones  and  our  r-spread  would 
be  contained  in  a  linear  space  of  fewer  than  n  dimensions, 
contrary  to  our  hypothesis. 

But  the  sum  \  +  r  •{- 1  ■\-  ■■•  +  w  cannot  exceed  n  +  1. 
For,  if  it  did,  our  r-spread  could  not  be  contained  in  any  linear 
n-space.    Therefore  we  have 

(8)  1  +  r  +  «+••■+«>=  n  +  1. 

We  have  found  a  system  of  linear  homogeneous  differential 
equations,  consisting  of  \r{r  +  1)  —  «  equations  of  the  second 
order,  \t{t  +  l)(r  -f  2)  —  (  equations  of  the  third  order,  etc., 
Ir(r  +  1)  ■  ■  ■  (r  +  fc  —  1)1  /  il  —  m  equations  of  the  fcth  order. 
In  most  cases,  these  equations  and  those  obtained  from  them 
by  differentiation  will  enable  us  to  express  all  of  the  derivatives 
of  order  i  -f-  1  linearly  and  homogeneously  in  terms  of  the 
n  +  1  independent  ones  of  lower  order,  and  the  same  thing 
will  then  be  true  of  all  derivatives  of  order  ft  +  2,  i  -f  3,  etc. 
If,  however,  some  of  the  derivatives  of  order  k-\-\  cannot 
be  determined  in  this  way,  we  can  always  add  to  our  system  a 
sufScient  number  of  equations  of  order  fc  +  1  of  which  y\, 
■  ■  ■ ,  y,^^\  will  also  be  solutions,  to  insure  that  all  derivatives 
of  Older  A  -f-  1  will  appear  as  linear  homogeneous  functions 
of  the  n  +  1  fundamental  derivatives  of  lower  order. 

The  coefficients  of  this  system  will  be  analytic  functions  of 
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ui,  ■■  -.Ur  and  its  most  general  solution  will  be  of  the  form 

(9)  y  =  ciyi  +  cjy,  + 1-  c^+ts^i, 

where  Ci,  ■  ■  •  c»^.l  are  arbitrary  constants. 

Such  a  system  of  partial  differential  equations  is  called  a 
completely  integrable  system. 

Obviously,  if  any  completely  integrable  system  is  given, 
its  solutions  may  be  interpreted  as  the  coordinates  of  the 
points  of  an  r-spread  in  n  dimensions.  We  see,  therefore, 
that  to  every  analytic  r-spread  contained  in  a  linear  space  of 
n  dimensions,  there  corresponds  a  completely  integrable 
system  of  linear  homogeneous  partial  differential  equations 
whose  general  solution  contains  n  +  1  arbitrary  constants, 
and  conversely. 

But  we  can  give  a  more  precise  significance  to  our  result. 
The  r-spread  with  which  we  started  is  not  the  only  one  which 
satisfies  our  completely  integrable  system  of  equations.  The 
r-spread,  whose  equations  are 

yi  =  Ci,yi  +  ClsI/2  +   ■  ■  ■  +  fl.  n+lffrH-l. 

(10)  

j/«+l  =  C„^.i,  ij/i  -|-  C^i,  iff!  +    •  ■  ■   +  Cn+1.  TM-lffn+l. 

where  the  quantities  cn,  are  arbitrary  constants  with  a  non- 
vanishing  determinant,  will  also  satisfy  the  same  system  of 
partial  differential  equations.  Moreover,  since  we  know  that 
(9)  is  the  expression  for  the  most  general  solution  of  our  system, 
no  r-spreads,  other  than  those  expressible  by  (10),  will  satisfy 
the  same  system  of  partial  differential  equations.  Now  the 
equations  (10)  are  precisely  the  equations  of  the  most  general 
projective  transformation  of  our  n-space,  projective  trans- 
formations being  those  which  convert  every  linear  it-spread 
of  the  space  again  into  a  linear  ^-spread.  Thus,  by  means  of 
our  system  of  partial  differential  equations  alone,  we  shall  not 
be  able  to  distinguish  between  the  original  r-spread  and  any 
one  of  its  projective  transformations.  The  properties  which 
are  common  to  all  of  these  projectively  equivalent  r-spreads 
are  called  projective  properties.  Consequently  our  completely 
integrable  system  of  equations,  taken  by  itself,  is  concerned 
only  with  the  projective  properties  of  the  r-spread. 
However,   the   analytical   representation   of   our   r-spread 
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given  by  equations  (3),  and  consequently  the  resulting  system 
of  partial  difTerential  equations,  contains  some  elements  which 
cannot  fairly  be  said  to  belong  to  the  r-spread  itself,  and  which 
may  be  changed  without  giving  rise  to  a  corresponding  change 
in  the  r-spread.  In  fact,  as  we  have  already  noticed,  we  may 
multiply  ff[,  •  •  - ,  jpH-i  by  a  common  factor  X(ui,  ■■■,«,)  without 
changing  the  r-spread,  since  yi,  ■■■,^n+i  are  homogeneous 
coordinates.  Furthermore  an  arbitrary  transformation  of  the 
form 

»*  ■=  Vk{ui,  wj,- ■-,»,)       (fc  =  1,  2,  ■■-,r) 

merely  changes  the  parameters  to  which  the  r-spread  is  re- 
ferred, without  affecting  the  r-spread  itself.  We  are  thus  led 
to  transform  our  system  of  partial  differential  equations  by 
the  transformations 

™  ^^^(wi,  ■■■/«.)!/, 

■  ■  [vk  =  *>t(wi,  ■■■,'ut)    (fc  =  ],  2,  ■■■,  r),l 

where  the  functions  X,  ip\,  ••■,  ipr  are  arbitrary  functions  of 
their  arguments.  All  of  the  systems  obtained  in  this  way  from 
a  given  one  correspond  to  the  same  class  of  projectively  equiv- 
alent r-spreads.  Those  combinations  of  the  coefficients  and 
of  the  variables  of  our  system  of  partial  differential  equations 
which  are  left  unchanged  when  we  make  any  transformation 
of  the  form  ( T)  are  called  its  vraariania  and  cotanariis.  Their 
values  give  the  true  and  adequate  expression  of  the  projective 
properties  of  the  r-spread,  in  a  form  independent  of  the  ac- 
cidental elements  of  any  particular  analytic  representation. 
We  have  discussed,  so  far,  the  case  that  no  equations  of  the 
form  (1),  initially  limiting  us  to  the  points  of  an  algebraic 
A'-spread  of  our  n-space,  are  present.  But  it  makes  little 
difference  for  our  theory  if  such  equations  do  appear.  Since 
our  r-spread  must  then  be  contained  in  the  A-spread  whose 
equations  are  given  by  (1),  the  functions  y\,  ■  ■■,  y„+i  will  of 
their  own  accord  satisfy  these  equations.  If,  however,  instead 
of  starting  out  with  the  explicit  equations  of  a  given  r-spread, 
we  were  to  begin  our  theory  with  a  given  completely  integrable 
system  of  partial  differential  equations,  we  should  have  to 
impose  upon  its  solutions  the  condition  of  satisfying  the  con- 
ditions (1).  This  may  be  done,  very  simply,  by  adding  these 
equations  (1)  as  subsidiary  conditions  to  our  system.    It 
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may  also  be  done,  but  this  may  involve  greater  difficulties, 
by  imposing  appropriate  conditions  on  the  coefficients  of  the 
system. 

Thus,  the  projective  georiietry  of  an  analytw  r-apread  in  a 
linear  space  (^  n  dimermont  is  equimUent  to  the  theory  of  the 
invariants  and  covarianis  of  a  completely  integrable-  ayatem  of 
linear  partial  differential  eqiuUions  with  r  independent  variables, 
whose  general  aolvlion  depends  on  n+  i  arbitrary  constants. 

If  we  recall  our  preliminary  discussion  regarding  the  ar- 
bitrariness of  the  space  element,  and  the  great  generality 
which  is  therefore  involved  in  the  notion  "  r-spread  in  n 
dimensions "  even  as  applied  to  ordinary  space,  we  shall 
appreciate  the  sweeping  character  of  this  generalization  which 
unifies  such  a  vast  domain.  To  the  mathematician  who 
knows  that  metric  properties  may,  in  a  certain  sense,  be 
regarded  as  projective  properties,  it  will  be  evident  what  must 
be  added  in  order  that  this  unifying  principle  may  embrace 
metric  geometry  as  well. 


ON  CERTAIN  NON-LINEAR  INTEGRAL  EQUATIONS 

BY   IIR.    H.    OALAJtKIAN. 

(Read  before  the  American  Mathematical  Society,  December  31,  1012.) 

NoN-UNEAR  integral  equations  of  the  Volterra  type  have 
been  considered  by  Lalesco,*  Cotton.f  and  Piconct  The 
two  theorems  of  the  present  paper  give  results  which  are  of 
more  general  character.  Theorem.?  apparently  still  more 
general  have  been  stated  very  recently  by  Evan3.§  The 
method  used  is  that  of  successive  approximations.  The 
plan  of   treatment  applies  to  integral  equations  of  the  type 

'Journal  de  Jlfa£Wma(i?ues,  series  6,  vol.  4  (1908),  p.  165;  Introduction 
&  la  Thterie  des  Equatione  Int^gralee,  p.  127. 

t  BvUelin  de  la  Sociili  maUi.  de  France,  vol.  38  (1910),  p.  144. 

j  Rendiconti  del  Cireolo  MaUm.  di  Palermo,  vol.  30  (1910),  p.  351. 

S  Proceedings  of  the  International  Congren  of  MathematKians,  Cam- 
bridge,  December,  1912.  The  present  paper  was  completed  without 
knowledge  of  Professor  Evans'  work,  and  forma  one  section  of  a  Cornell 
University  master's  thesis,  which  was  officially  approved  in  May,  1912. 
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ff(^)  =  ff  j ^,  ffii^. t. y(t)]dt,  ■-■.  j"f„[x, t, 3/(0 ]dij, 

or  to  a  system  of  n  such  equations  with  n  unknown  functions; 
as  a  very  special  case  we  have  the  usual  existence  theorems 
for  systems  of  ordinary  differential  equations.  For  brevity 
we  consider,  as  a  typi<»l  case,  the  integral  equation 


(1) 


y{x)  -  g  jx,  J"/fc  (,  y{f)Vi,fnx,  I.  »(()1<«|- 


Theorem  I.    Let  g{x,  ui,  uij  satiny  a  lApeckttz  condition 
\g[x  +  ^,  ui  +  )tu  itt  +  fxt]  -  9{x,u,,ui\\ 

^Am+\Hr\  +  \^\\, 

in  the  region  \x  —  xo\  g  a,  \ui\  g  ^,  \ut\  ^  /3.  Letfi{x,  t,  y) 
and  ft{x,  t,  y)  he  contintuma,  and  aatisfy  a  Zdpschitz  condition 
for  the  argument  y 

Uiix,  t,y+v)-  M=c,  t,  y)\  %  B\v\      {»  =  1,  2), 

in  the  region  \x  —  xq\  ^  a,  |(  —  io|  ^a,\y  —  g\xQ,(i,  Oj|  ^  t; 
furthermore  let 

mx,t,y)\  ^M  (i=l,2). 

Then  ij  p  aalijJUa  the  conditiona 


P  S  o,     PS 


M'    '-Ai.l  +  iM)' 


there  exiete,  in  the  inienal  [x  —  xol  S  Pi  o"*  ^^  ^U  <>"*  <">'*" 
titmtma  eoltUion  yix)  of  the  iniegral  equation  (1). 
Define  the  functions 

joW  -  j|io,0,0) 
(2)    ».(«)  =  J  ji,    ffi[x,l.v.-MVt,   fM',i,«.-Mw\ 

("-1,2,  ■■•). 
At  each  stage  of  the  approximation,  we  see  that  the  function 
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j/ii(x)  satisfies  the  conditions 

fXx,  t.  y^(tm  Up  (t  =  1,  2), 


\fj 


when  \x  —  a;o|  S  P;  bence  the  next  following  approximatioD 
will  have  a  meaning.  Evidently  each  j/ni^)  is  continuous, 
|ar  -  XqI  ^  p. 

We  shall  prove  that  the  sequence  ^.(x)  approaches  a  limit 
uniformly.    To  this  end  write 

VM  -  y^i(x)  =  Y,(x)       (n  =  1,  2,  -  ■  ■). 
so  that 

y»{x)  =  yo(x)  +  Y,(x)  +  Y,(x)  +  •-•  +  Y,(x) 

(n=l,2,  ■■■). 
The  usual  methods  suffice  to  show  that 

|1._(^)|  ^2-M"g-(l  +  2Jf)lz-a:o|-^ 

hence  that 

,„,  „  ^  2--M"fi-'(l  +  2J/)p"      1  +  2M  {2ABp)' 
l*^-^*'!  -  n!  "      2B  nl 

when  |a;  —  ;£o|  ^  p>    Since  the  series  of  constants 

^(2ABpr 


converges,  we  see  that  the  series  yo(x)  +  Yi(x)  +  ■  ■  ■ 
+  Y„(x)  +  ■  •■  converges  uniformly,  \x  —  Xo\  ^  p;  if  we 
represent  its  value  by  y{x)  we  have 

lim  y„(x)  =  yix) 

uniformly,  ]x  —  x^]  ^  p.  Thus  y{x)  is  a  continuous  function 
which,  as  we  see  by  reference  to  (2),  satisfies  the  integral 
equation  (1). 

That  there  is  only  one  such  continuous  solution  may  be 
seen  as  follows.    Suppose  there  were  two,  y{x)  and  zix),  and 
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put  y{x)  —  z(x)  —  w(x).  Then  if  we  write  equation  (1) 
for  y(x)  and  zix),  and  subtract,  we  see  readily  from  the  given 
conditions  on  the  functions  g,  /i,  /j,  that 


tr{a-)|  g  2AB 


\£\ymdi\ 


If  nowwewrite  |u'(a;)|  ^  R'',  we  find  by  successive  applications 
of  the  preceding  formula 

Kar)|  g  2ABW\x-xo\, 
and  in  general,  , 

M')\  i 5 ■ 

Since  the  expression  on  the  right  has  the  limit  zero  as  n 
becomes  infinite,  we  see  that  w(a:)  =  0;  thus  y(x)  =-  zix). 
It  is  interesting  to  note  that  if  we  replace  the  condition 

IffW-ffl^ro,  0,011  ^7 

on  the  arguments  of/i,/t,  by  the  condition 

\y{x)-g{x,0.0\\  ^y, 

we  may  broaden  the  results  of  the  theorem  in  two  ways: 
first,  in  that  we  impose  on  the  function  g\x,  ui,  uij  a  Lipschitz 
condition  involving  only  the  last  two  arguments,  instead  of 
all  three;  secondly,  in  that  we  give  the  solution  in  a  less 
restricted  interval.    The  facts  are  stated  as  follows: 

Theoreu  II.    Let  g{x,  U|,  U]|  be  eontinuoua,  and  satisfy 
a  Lipschiis  condilionfor  the  aTgumenis  Ut,  Ui 

\g{x,ui  +  fii,itt  +  tit\  -  g[x,uuth\\  ^  -^flftjH-  \m\i 

in  the  region  \x  —  xo\  S  «.  l"il  S  J3.  I"»l  S  (3.  Let  fi(x,  t,  y) 
and  ft{x,  t,  y)  he  wmiinumts,  and  eatiafy  a  Lipackiiz  condition 
for  the  argument  y  ■ 

!/.(*,  (,  y  +:v)  -  fi(x,  t,  y)\  £  B\v\       (i  -  1,  2) 

t'n  the  region  \x  —  xn\  £  a,  \t—  a-ol  £  a,  \y  —  g{x,  0,  0|1  gy; 
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fuTthermoTe  let 

l/,(i,  I,  j,)|  iU  (i  -  1,  2). 

Then  if  p  satisfies  the  coTiditums 


there  exists,  in  the  interval  \x  —  x<,\  S  P<  ^"'^  Q™^  ^1/  <"^  '^^^ 
iinuous  solutum  yix)  of  the  integral  eqiuUion  (1). 
The  proof  is  entirely  similar  to  that  of  Theorem  I. 


A  THEOREM  ON  ASYMPTOTIC  SERIES. 

Br  UH.  VINCENT  C.  FOOB. 

Theoreu:  ///(a)  is  not  holomorphic  at  z  =  0,  bxit  iaformoRy 
developaUe  into  a  Madaurin  aeries,  and  if  w  is  asymptotic  to 
ai/z  +  05/2*+  ■  ■  -  (written:  w  «>  ai/z  +  01/2*  +  -  ■  ■).  ihen 
f{w)  has  an  asymptotic  representation* 

To  prove  this  theorem  take/{2)  in  the  form 


(1) 


/W-/(0)+/'(0)z+'^»'+- 


Since 

y 

'        nl 

+ 

X'      ' 

w  may  be  written 

(2)                      »- 

z 

+ 

>■■■ 

+ 

where,  according  to  the  Poincar£  definitionf  for  an  asymptotic 

*  This  theorem  is  the  "  r^ultat  pr^alablemeDt  obt«Du  "  referred  to  in 
Professor  Ford's  paper  in  the  Bviielin  of  the  French  Society  for  1911. 
See  BuUelin  SociM  tnoiA.  de  France,  vol.  40  (1912),  fascicule  1  under 
"  Erratum  du  Tome  XXXIX." 

t  Poincarg,  Ada  MalhenuUiea,  vol.  8  (1886),  p.  296. 
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series. 


Replacing  z  by  w  in  (1)  and  collecting  coefficients  of  like  powers, 
tKe  following  equation  results: 


«=x> 


w<--^"* 


and  where  the  ^((t  =  1,  ■  •  -.n)  are  readily  determined  from  the 
substitution. 

f,  =  tin,  +  *in.  +    ■  ■  •  +  «i.nj 

and 

..™./z-  (1=1,  ■■■,n) 

are  the  remainders  after  n  terms  of  ir,  it^,  to*,  ■  -  ■,  mi",  respec- 
tively.   Since 

lim«,„,  =  0  (;=  1,  ■■•,  n), 

it  follows  that 

lim  t.  =  0. 

To  satisfy  the  PoincarS  definition  of  an  asymptotic  series, 
it  remains  to  show  that 

lim  a"R  =  0. 


For  z  real  this  last  condition  may  be  shown  to  hold  as 
follows:  (w  —  t)*  does  not  change  sign  in  the  interval 
0  £  f  ^  w,  therefore  the  first  law  of  the  mean  for  integrals 
may  be  applied.  Making  this  application,  it  thus  obtains 
that 

(4)  z'R  =  ^i/"/""^"  (0  ■  0"  -  tydi  =  ^^  J["{w  -  tT^. 

where  M  is  the  maximum  value  of  I/*"'*'"(OI  in  the  interval 
0  £  (  ^  If,  and  where  —  1  ^  fl,  £  1.    Evaluating  the  integral 
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in  (4)  and  taking  the  limit,  it  is  found  that 


(n+l)I 

Hence  by  definition 

(5)  f(w)  «/(0)  +  ^  +  ^+.... 

The  form  I  have  selected  for  the  remainder  in  (I)  readily 
applies  for  z  complex.  Taking  the  path  of  integration  as  a 
straight  line  from  z  =  0  to  a  =  ir  and  writing  ( =  re**,  ic  =  u'oe", 
then 

M  being  the  maximum  value  of  |/*"'''"{0|  in  the  interval  of 
integration.     But 


lim  Iz-I  .  |fl!  <  Um  ^^^i^  Cdr  -  lim?:^^^'  -  0. 

mi.»  M^a         nl         Jt  ,^„         nl 

Thus  (5)  holds  for  z  complex. 
That  the  divergent  series 

(6)  /(0)+f  (0)2  +  ^' !?+■■• 

is  asymptotic  at  u  =  0,  or  replacing  z  by  1/a  in  (6),  at  2  =  « , 
is  evident  since  w  may  be  chosen  as  1/z  in  (5).  (6)  is  there- 
fore an  asymptotic  representation  for  /(z)  in  the  vicinity  of 
2  =  0,  or  if  w  be  taken  as  1/z  in  (5), 


/(l)»/<o, 
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COBRECnON  ■«)   BBUNS    THEOREM. 


ON  POINCABE'S  CORRECTION  TO  BRUNS' 
THEOREM. 


(Read  before  the  American  Mathematical  Society,  January  2,  1913.) 

The  differential  equations  of  motion  for  the  problem  of 
three  bodies  were  first  set  up  by  Clairaut,  and  were  published 
by  him  with  the  remark,  "  Let  anyone  int^rate  them  who 
can."  Clairaut  himself  bad  found  ten  of  the  eighteen 
integrab  necessary  for  the  complete  solution  of  the  equations, 
but  in  despair  gave  up  the  hope  of  finding  any  more,  con- 
tenting himself  with  methods  of  approximation  for  those 
cases  which  were  presented  by  our  solar  system,  particularly, 
the  motion  of  the  moon.  The  solutions  of  these  equations 
have  engaged  the  attention  of  nearly  all  of  the  great  mathe- 
maticians from  Clairaut  down  to  the  present  time,  but  no 
mora  integrals  have  been  forthcoming.  This  universal  fail- 
ure has  given  rise,  naturally,  to  a  suspicion  that  there  are 
no  more  integrab  of  a  simple  type,  and  this  suspicion  has 
been  strengthened  by  the  researches  of  Bruns  and  of  Poin- 
carfe.  In  1887  Bruns  published  his  famous  theorem*  that  the 
equations  of  motion  of  the  problem  of  n  bodies  (n  >  2)  do 
not  admit  any  integral  which  is  algebraic  in  the  rectangular 
coordinates  and  in  the  time,  other  than  the  ten  classical  in- 
tegrals which  were  found  by  Clairaut.  Bruns'  theorem  was 
soon  followed  by  anotherf  due  to  Poincar^.  According  to 
Foincar^'s  theorem  the  equations  of  motion  of  the  problem  of 
n  bodies  (n  >  2)  do  not  admit  any  uniform  transcendental 
integral  for  values  of  the  masses  sufficiently  small,  other  than 
the  ten  classical  integrals.  Comparing  his  own  theorem  with 
that  of  Bruns,  Poincar^  has  saidi^  "  The  theorem  which  pre- 
cedes is  more  general,  in  a  sense,  than  that  of  M.  Bruns, 
»nce  I  have  shown  not  only  that  there  does  not  exist  any 
algebraic  integral  but  that  there  does  not  exist  even  a  uniform 
transcendental  integral,  and  not  only  that  an  integral  cannot 

•Acta  Malhrmaiiea,  vol.  11  (1887). 

t  Acta  Matkematiea,  vol.  13. 

t  Lea  M^thodes  nouvelles  de  la  M^canique  celeste,  vol.  1,  p.  253. 
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be  uniform  for  all  values  of  the  variables  but  that  it  cannot 
remain  uniform  in  a  domain  restricted  as  above.  But,  in 
another  sense,  the  theorem  of  M.  Bruns  is  more  general  than 
mine;  I  have  established  only,  in  effect,  that  there  cannot 
exist  algebraic  integrals  for  sufficiently  small  values  of  the 
masses;  and  M.  Bruns  has  shown  that  they  do  not  exist  for 
any  system  of  values  of  the  masses." 

The  demonstration  of  his  theorem  which  was  given  by 
Bruns  contained  an  error  which  was  pointed  out  by  PoincarS* 
in  1896,  and  the  proper  correction  indicated  by  him.  In 
order  to  see  the  nature  of  this  correction  it  will  be  necessary 
to  have  an  outline  of  the  method  hy  which  Bruns  achieved 
his  demonstration. 

Let  the  rectangular  coordinates  of  the  bodies  be  denoted 
by  Xi,  and  let  dxifdl  =  yt.  Bruns  first  observes  that  the 
differential  equations 

dx^ldt  =  J/.,     dyjdt  =  Mi,) 

are  algebraic  in  the  variables  Xi,  y,;  and  if  a  single  irrationality 
a  be  introduced,  the  differential  equations  will  be  not  only 
algebraic  but  also  rational  in  the  variables  Xi,  j,,  and  a.  The 
variable  s  is  defined  as  a  root  of  a  certain  algebraic  equation 

F(.a;  an,   -■■,  x„)  =  0. 

Considering  first  integrals  which  do  not  contain  the  time 
explicitly,  it  is  shown  that  every  integral  must  contain  some 
of  the  variables  y,-,  and  this  is  followed  by  the  proof  that  the 
assumed  algebraic  integral  can  be  built  up  of  integrals  which 
are  rational  functions  of  the  variables  ar,-,  y,-,  and  a,  and  con- 
sequently it  is  necessary  to  consider  only  integrals  which  are 
rational  in  these  variables,  e.  g., 

<hl^i^y^i\ _  „„„ 


0^{x,,  Vi.  a)  ' 


where  fii  and  (?j  are  polynomials  in  the  arguments  indicated 
and  have  certain  homogeneity  properties.  It  is  then  shown 
that  the  polynomials  Gi  and  Ci  satisfy  the  same  differential 
equation 

dGI-U  =  uiG. 


•  CompU*  Rendua,  vol.  123,  p.  1224. 
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a  =  aa/i  +  wiy»  +  ■  ■  ■  +  WbJ(«, 

and  the  Wi  are  rational  in  Xi  and  s,  homogeneous  of  degree 
—  1,  and  do  not  contain  the  variables  y,. 

The  polynomial  0  is  now  arranged  according  to  powers  of 
the  yi,  thus 

where  ^o  contains  the  terms  of  highest  degree  in  the  j/j,  ^i 
is  the  ensemble  of  the  terms  of  the  next  highest  degree,  etc. 
It  is  found  that  ^o.  which  is  a  homogeneous  polynomial  in  the 
yi,  and  also  a  homogeneous  polynomial  in  the  Xj  and  t,  must 
satisfy  the  partial  differential  equation 

(1)  "ZySioldXi  =  (wiffi  +  wiys  +  ■  ■  ■)^o- 

If  ^0  does  not  contain  the  irrationality  s,  there  exists  a  mul- 
tiplier m(fi)  which  is  a  rational  function  of  the  Xi  alone  such 
that 

(2)  m  •  G  =  ^0  +  <Ps  +  ■  ■  •  =  const. 

is  an  integral,  where  ^o  =  m^o,  etc.,  and  ipo  satisfies  the  partial 
differential  equation 

(3,  Z„|^«=0. 

If  ^0  contains  s,  Bnins  considered  the  product 


where  ^^  is  the  same  as  i^o  except  that  s  is  replaced  by  one 
of  the  other  roots  of  F{8,  Xi)  =  0.  Since  the  product  *  is 
symmetrical  in  all  the  roots  of  f  =  0,  it  is  a  rational  function 
of  the  Xi.  Consequently  there  exists  a  multiplier  H(Xi) 
such  that  $  =  II'9  satisfies  the  equation 

(4)  Zyid^ldXi  -  0. 

Prom  the  character  of  the  solutions  of  this  equation,  Bruos 
inferred  that  Zuidxi  of  (1)  was  an  exact  differential  even  when 
^Q  contuus  a.  It  is  necessary  therefore  only  to  consider 
integrals  of  the  form  (2). 
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Up  to  this  point  Bruns  has  used  only  the  most  general  pro- 
perties of  the  differential  equations,  viz.,  homogeneity  and 
rationality,  and  from  this  point  on  the  differential  equations 
play  a  more  important  rdle.  The  next  step  consists  in  showing 
that  if  <px  [(equation  (2)]  is  to  be  free  from  transcendental 
functions  of  the  x,-,  and  to  be  a  polynomial  in  the  yt,  <pt  must 
be  B  function  of  the  ten  classical  integrals  only.  The  assumed 
integral,  mG  =  constant,  is  therefore  compounded  of  the 
ten  classical  integrals  plus  another  integral  K  which  is  of 
degree  two  less  than  mG  in  the  tfi.  The  discussion  of  the 
integral  K  does  not  differ  from  that  of  mG.  Its  leading  term 
must  be  built  up  from  the  ten  classical  integrals  plus  another 
integral  Ki,  and  so  on  to  the  conclusion  that  mG  is  built  up 
entirely  of  the  ten  classical  integrals. 

The  case  in  which  the  assumed  integral  contains  the  time 
explicitly  can  be  reduced  to  that  in  which  the  time  does  not 
occur  explicitly. 

The  error  committed  by  Bruns  was  in  the  character  of  the 
solutions  of  (4).  The  function  •$  is  a  homogeneous  polynomial 
in  the  y,-,  and  homogeneous  in  the  xt.  Removing  all  factors 
from  4>  which  contain  only  the  yi  and  then  taking  j/*  =  y\ 
=  ■  •  ■  =0,  Bruns  arrived  at  a  function  *m  which  satisfies 
the  equation 

3*01  ,       3*(B       - 

The  function  *02  is  homogeneous  in  ^i  and  yt-  Bruns  sup- 
posed it  was  also  homogeneous  in  xi  and  xi,  while  as  a  matter 
of  fact  it  is  homogeneous  in  xi,  ■  -  ■ ,  x„.  The  conclusion  drawn 
by  Bruns  that  Xudxi  must  be  an  exact  differential  is  not  correct, 
and  Poincar£  gave  an  example  in  which  it  is  not  verified. 
But  Poincarfe  remedied  this  defect  by  showing  that  while 
in  general  there  exist  functions  0o  which  satisfy  the  conditions 
imposed  upon  it  and  which  satisfy  equation  (1),  without 
satisfying  the  condition  Xtindxi  =  an  exact  differential,  such 
functions  cannot  arise  from  the  astronomical  problem. 
Poincar€  did  not  give  the  details  of  bis  analysis  and  sketched 
bis  proof  only  in  its  broadest  outlines.  The  details  of  this 
proof  have  been  given  by  Forsyth,*  but  the  proof  given  by 
Forsyth  is  open  to  the  objection  that  while  the  yt  are  constants 
30  far  as  the  X(  are  concerned  in  the  partial  differential  equation 
*  Theory  of  DiSerential  Equations,  vol.  3,  p.  361  et  seq. 
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(1),  they  have  not  been  consistently  regarded  as  such  by  For- 
syth. An  excellent  exposition  of  this  proof  has  been  given 
by  Whittaker,*  but  while  Whittaker  has  avoided  the  errors 
of  Forsyth  he  has  committed  one  of  his  own. 

The  function  *  =  po(»i)  •  Vo(»i)  ■  Vo(*i)  ■  ■  ■  is  a  rational 
homogeneous  function  of  the  Xi  and  a  homogeneous  poly« 
nomial  in  the  yt.  The  factors  ^oC'y)  differ  from  one  another 
only  in  the  roots  «>;  consequently,  two  factors  become  equal 
when  two  of  the  «/  become  equal.  Suppose  voi'i)  =  ^oC'i); 
then  8i  =  Si  defines  a  relation  between  the  Xi,  say 

(5)  f{x„  •■.,  x»)=0. 

For  values  of  the  x,  lying  on  /  =  0,  the  factor  ^(ffi)  =  ^('0 
and  consequently  *  has  a  double  factor.  Let  us  think  of  jfi, 
•  ■  - ,  ^n  as  fixed,  or  given  arbitrarily;  then  yi  can  be  determined 
so  as  to  satisfy  the  two  equations 

(6)  *  =  0,    di/dyi  ~  0, 

and  consequently  alsof  dijdxi  =  0.  la  fact,  the  partial 
derivative  with  respect  to  any  of  the  variables  will  vanish  if 
equations  (6)  are  satisfied. 

Since  (5)  is  a  condition  of  equal  roots  of  *  ■"  0  it  follows  that 
f(.xi,  ■  ■  -,  z„)  =  0  is  the  eliminant  of  (6),  or  a  factor  of  the 
eliminant.  Consequently,  by  the  theory  of  elimination, 
there  exist  multipliers,  A  and  B,  such  that 

(7)  fmAi+B  d^/dyi. 

On  differentiating  (7)  with  respect  to  ar,-  it  is  found  that 

dxi  dxi  dyidxi         dxt      dyi    dXi 

Multiplying  through  by  y.-  and  adding  with  respect  to  t,  there 
results 

„    df       ^„    ^,   dv-      a»*     ,  .„    dA 

*^^  ,3*^     dB 
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Consider  now  the  various  terms  of  the  right  member  of  (8): 
From  (4)  it  is  seen  that  lyi9^/dxi  m  0;  and  from  (6),  4=0 
and  d^Jdyi-^0.  On  differentiating  the  identity  £j/id#/dfi  ^  0 
with  respect  to  yi  it  is  seen  that 

5*  ,  ^     a** 

dxi  dyidxi 

and  since  difdxi  =  0  it  follows  that  Xy^l^/dyidxi  ■"  0. 
Hence  the  right  member  of  (8)  vanishes  and  we  have  the  re- 
sult that  values  of  the  xi  and  yt  which  satisfy  (5)  and  (6)  also 
satisfy  the  equation 

(9)  2,.|_=0. 

Since  $  satisfies  the  equation  Sytd^/dx,  ^  0  it  involves  the 
Xi  only  through  the  expressions  Xiyi  —  Xiyt,  (t  =  2,  ■  ■  ■,  n). 
Let  us  define  new  variables  vt  by  the  relations 

(10)  e,  =  Xi+  SiT  (i  =  1,  •  •  •,  n). 

The  variables  Vi  can  be  regarded  as  the  coSrdinates  of  a  straight 
line  in  space  of  3n  dimensions,  the  line  pas^ng  through  the 
point  whose  codrdinates  are  the  x;,  the  slopes  of  the  line  being 
defined  by  the  yi.    One  sees  that 

Oiffi  —  vipi  =  Xjyi  —  x^i, 

and  hence  if  the  point  Xi  satisfies  4  =-  0,  so  also  do  all  the  points 
Vi  as  defined  by  (10) ;  and  this  is  the  justification  of  Foincar^'s 
remark  that  ^  =  0  represents  an  aggregate  of  straight  lines 
in  space  of  3n  dimensions. 

Ck>nsider  now  any  line  «,-  =  X(  +  y,T,  where  the  Xi  lie  on  the 
surface  /  =  0,  and  the  yi  are  sudi  as  to  satisfy  (6).  Its 
intersections  with  the  surface/  =  0  are  given  by  the  equations 

(11)  fiXi+ViT)  =  0=f(xd+f-T+  (.-OA 


but  since  f(Xi)  =  0  and  Zytidf/dxi)  =  0  it  is  seen  that  t  =■  0  i; 
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double  root  and  consequently  the  line  is  tangent  to  the  surface 
/  »  0.  Thus  all  the  Unes  which  belong  to  the  double  factor 
<A  #  are  tangent  to  the  surface  /  =  0. 

Now  let  the  Xi  and  yi  have  such  values  that  they  satisfy 
*  —  0  but  the  point  Xi  does  not  necessarily  lie  on  /  =  0,  and 
consider  the  totality  of  lines  Pi  =  Xi  +  y^r  which  are  tangent 
to  /  =  0.    They  are  given  by  the  equations 

(12)  /(ar,  +  j„t)  =  0,     §^fiXi+yiT)  =  0. 

The  T-eliminant  of  equations  (12)  represents  the  totality  of 
lines  tangent  to  /  =  0.  Hence  it  indudes  the  two  or  more 
factors  of  *  which  become  equal  when  the  Xi  satisfy  /  =  0. 
Since  the  eliminant  is  rational  and  ^  is  irreducible,  the  elimi- 
nant  must  be  $  itself  or  a  multiple  of  it. 

In  the  astronomical  problem  the  equation  F  =  0  which 
defines  the  roots  «>  is  known.  The  surfaces  /  =  0  are  there- 
fore readily  determined  and  all  possible  functions  $  can  be 
found.  To  satisfy  the  conditions  which  Brims  has  stated, 
$  must  be  factorable  into  real  factors  which  are  polynomials 
in  the  yt  and  rational  in  the  Xi  and  9.  It  is  found  upon  ex- 
amination that  there  does  not  exist  a  #  which  satisfies  all 
these  conditions  and  consequently  the  original  <pt,  with  which 
we  set  out  cannot  contain  a.  Therefore  Bruns'  conclusion 
that  we  need  consider  only  integrals  of  the  type  (2)  was 
correct,  even  though  his  argument  was  wrong.  The  integrity 
of  the  theorem  has  been  preserved  by  the  penetrating  insight 
of  Poincar^. 


NOTE    ON    THE    GROUPS    FOR    TRIPLE-SYSTEMS. 

BT  Misa  L.  D.  CDinnNoa. 

The  method  of  "  Triple-systemi  as  transformatioits  and 
their  paths  among  triads,"  given  by  Professor  White  in  the 
Traruactwns,  volume  14  (1913),  page  6,  has  been  applied  by 
me  to  the  two  following  triple-systems  on  fifteen  elements. 
The  results  obtained  agree  with  the  fact,  which  I  had  dis- 
covered previously  by  a  different  method  of  analysis,  that 
two  non-congruent  triple-systems  may  have  the  same  group. 
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123  189  28  12  38  15  47  IS  59  10  78  U 

1  4  M  1  10  IS  2    9  15  3    9  12  4    9  II  5  12  14  7    9  13 

1  S  13  2    4  13  2  II  14  3  10  14  4  10  12  6    9  14  8  10  13 

1  6  II  2    5    7  3    4  5  3  11  13  S    6  15  6  12  13  II  12  15 

1  7  12  2    6  10  3    6  7  4    6    8  5    8  11  7  10  II  13  14  15 


12  5  1    9  13  2    7  14  3    6  15  4    8  10  5  13  14  S    9  14 

13  8  1  U  12  2  8  13  3  II  13  4  II  14  6  7  9  9  10  II 
1  4  15  2  3  9  2  11  15  3  12  14  5  6  U  6  8  12  9  12  15 
16  14  24  12  347  459  5712  78  11  10  1213 
1  7  10  2    6  10  3    5  10  4    6  13  5    8  15  7  13  15  10  14  15 

The  group  for  each  c^  the  above  triple-systems  b  of  order  3 
and  is  geoeiated  by  the  substitutioD 

#=(17  14)  (2  6  10)  (3)  (4  12  S)  (5  9  15)  (11)  (13). 
Ftbnanf,  1913. 


DE  SEGUIER'S  THEORY  OF  SCBSnTUTION"  GROUPS. 

Thiorie  des  Groupet  finii.     Elements  de  la  Thiorie  Jet  Groupea  ds 

Subttituiioni.    Par  J.  A.  de  Segcieb.    Paris,  Ganthier- 

Viliars,  1912.     X+22S  pp.     10  Fr. 

The  eariiest  separate  book  on  the  theory'  of  groups  is 
Jordan's  Traits  des  Substitutions,  which  appeared  in  1S70 
and  is  still  one  of  the  most  valuable  treatbes  along  certain 
lines.  Twelve  years  later  there  appeared  Netto's  Substi- 
tutionentheorie,  which  was  translated  into  Itahan  by  G.  Bat- 
taglini,  in  1SS5,  and  into  English  by  F.  N".  Cole,  in  1S92. 
Five  years  after  this  English  translation,  W.  Buniside  pub- 
lished the  first  separate  treatise  on  groups  originally  written 
in  our  language,  under  the  title  Theor>-  of  Groups  of  Finite 
Order.  A  second  and  enJai^ed  edition  of  this  wark  appeared 
in  1911.  In  1900  the  first  printed  edition  of  a  book  on  this 
subject  originally  written  in  Italian  appeared  under  the  title 
I^oni  suila  Teoria  dei  Gruppi  di  Soslituziom,  by  L.  Bianclii. 

Since  the  beginning  of  the  present  centurj-  new  books  on 
the  theory'  of  groups  of  finite  order  have  appeared  more  rapidly, 
as  may  be  seen  from  the  following  list:  L.  E.  Dioks*in,  Linear 
Groups,  1901;  J.  A.  de  Seeuier.  Groupes  abstraits,  ll^H; 
H.  Hilton,  Introduction  to  the  Theonof  Groups  of  Finite  Order, 
190S;   E.  Netto,  Gruppen  und    Substitutioner.thrt>rie.  UyiS; 
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J.  A.  de  Siguier,  ElSments  de  la  Th£orie  des  Groupes  de  Sub- 
stitutions, I9I2.  Among  the  other  works  which  have  appeared 
during  the  same  period,  and  which  tend  to  make  tliis  theory 
more  easily  accessible,  we  may  mention  the  extensive  articles 
in  the  Encyclop&Jie  dea  Sciences  math^matiques  and  in 
Pascal's  Repertorium,  and  the  bibliographies  published  by 
B.  S.  Easton  in  1902  and  by  C.  Alasia  in  1908-1909. 

The  book  under  review  is  largely  based  on  the  Groupes 
abstraits  by  the  same  author,  which  was  reviewed  by  L.  E. 
Dickson  in  this  Bulletin,  volume  11  (1904-1905),  pages 
159-162.  The  closing  lines  of  this  review  are  as  foUowa: 
"  The  reader  of  the  present  volume  will  be  impressed  with  the 
author's  complete  mastery  of  his  subject  and  will  find  in  it  a 
useful  compa^rt  summary  of  the  results  to  date  in  the  purely 
abstract  part  of  finite  group  theory."  A  similar  general 
verdict  applies  to  the  volume  before  us.  Although  this  volume 
is  somewhat  larger  than  its  predecessor,  it  is  written  in  the 
same  compact  style  and  contains  a  very  large  amount  of  infor- 
mation. Many  readers  would  doubtless  prefer  a  less  compact 
form  and  a  less  extensive  use  of  special  symbols;  but  after 
these  symbols  have  been  mastered,  they  tend  towards  clear- 
ness as  well  as  towards  brevity- 
Just  as  in  the  Groupes  abstraits  the  number  of  minor  errors 
in  the  present  volume  is  large.  Lists  of  such  errors  together 
with  some  complements  relating  to  both  of  these  volumes 
appear  near  the  end  of  the  present  volume.  'These  lists 
under  the  heading  "  Additions  et  Corrections  "  cover  eleven 
closely  printed  pages.  It  is  evident  that  such  a  multitude 
of  minor  errors  must  be  a  source  of  much  confusion  to  those 
who  are  not  fully  familiar  with  the  subjects  treated.  In 
fact,  the  reviewer  feels  that  both  of  these  volumes  are  better 
suited  for  the  student  who  has  already  arrived  at  considerable 
maturity  in  the  theory  of  groups  than  for  the  beginner.  The 
tendencies  to  begin  with  the  general  instead  of  the  special 
cases  and  to  express  the  results  very  concisely  have  many 
advantages  but  they  present  too  many  difficulties  for  most 
beginners. 

As  a  work  of  reference  the  present  volume  offers  some  ad- 
vantages over  its  predecessor  since  it  contains  an  "  Index 
des  terms  "  and  an  "  Index  des  notations."  Together  these 
two  indices  cover  only  two  pages,  and  there  is  no  subject  index. 
In  view  of  the  fact  that  many  of  the  moat  modern  develop- 
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ments  are  considered,  an  author  index  would  also  have  ren- 
dered useful  service  in  several  ways,  There  are  no  lists  of 
exercises,  but  numerous  illustrative  examples  are  given,  and 
many  references,  especially  to  the  Groupes  abstraits,  are  found 
in  the  text. 

The  volume  consists  of  five  chapters  bearing  the  following 
headings  in  order:  Substitutions;  Groupes  de  substitutions, 
thlor^mes  g£n£raux;  Representation  des  groupes  par  des 
groupes  de  substitutions;  Groupes  de  degri  n  et  de  classe 
n  —  1,  groupes  Unfiaires;  and  Groupes  de  degrfi  kp,  p+a, 
2p  +  a.  These  five  chapters  are  followed  by  three  "  notes  " 
covering  45  pages,  and  bearing  the  following  headings:  Sur 
la  th^orie  des  matrices.  Equations  alg^briques,  and  Sur  les 
groupes  de  degrf  n  et  de  classe  n  —  1,  The  second  of  these 
"  notes  "  is  the  longest,  and  it  treats,  in  a  concise  form,  the 
general  Galois  theory  of  algebraic  equations. 

The  concept  of  substitution  is  based  upon  a  {1,  1)  corre- 
spondence between  the  elements  of  a  set  (ensemble),  and  a 
substitution  is  said  to  consist  of  the  operation  of  replacing  an 
element  by  the  corresponding  element  in  such  an  automor- 
phism. A  substitution  is  said  to  be  normal  if  the  cycles  are 
separated  by  periods.  For  instance,  the  substitution  {abcf) 
(dgh){ke)  may  be  represented  in  a  normal  form  as  follows: 
abcf  ■  dgk  ■  ke.  This  form  has  been  employed  by  several 
other  writers  and  it  appears  to  the  reviewer  as  the  most  con- 
venient notation  for  substitutions  in  the  restricted  sense. 

The  fact  that  the  technical  terms  are  not  always  defined 
before  they  are  employed  in  the  present  volume  may  be  due 
to  a  desire  to  avoid,  as  far  as  possible,  the  repetition  of  defi- 
nitions given  in  the  Groupes  abstraits.  As  instances  of 
this  fact,  we  may  state  that  the  technical  terms  normale  and 
isomorphes  are  used  on  page  4,  but  these  terms  have  not  been 
defined  on  the  preceding  pages.  The  latter  part  of  the  first 
chapter  is  devoted  to  a  consideration  of  polynomials  repre* 
senting  substitutions  in  a  Galois  field,  and  it  naturally  con- 
tains a  number  of  results  due  to  L.  E.  Dickson. 

The  second  chapter  begins  with  a  consideration  of  some  of 

the  fundamental  properties  of  imprimitive  and  of  intransitive 

groups.     It  is  observed  that  the  substitutions  of  each  transitive 

an  intransitive  group  must  constitute  a  group, 

itituents  are  then  combined  into  two  sets  denoted 

respectively.    It  is  asserted,  on  page  28,  that 
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each  of  the  factor  groups  of  the  entire  group  is  a  factor  group 
of  A  or  of  B.  This  statement  is  evidently  incorrect  since  the 
entire  group  may  have  factor  groups  whose  orders  exceed 
the  order  of  each  of  the  constituent  groups  A  and  B.  The 
chapter  closes  with  a  consideration  of  relations  between  the 
class,  degree,  and  order  of  a  group. 

The  proposition  that  every  abstract  group  can  be  repre* 
sented  in  an  infinite  number  of  different  ways  as  a  substi- 
tution group  constitutes  the  opening  sentence  of  Chapter  III. 
Instead  of  pursuing  the  usual  method  of  first  proving  that 
every  finite  group  can  be  represented  as  a  regular  substitution 
group,  our  author  starts  with  the  general  proposition  and 
establishes  it  directly.  An  abstract  group  is  said  to  be  repre- 
sented properly  by  a  given  substitution  group  if  there  is  a 
(1,  1)  correspondence  between  these  groups;  and  the  repre- 
sentation is  said  to  be  of  the  first,  second,  or  third  species  as 
the  augmented  co-sets  are  multiplied  on  the  right  or  left,  or  are 
transformed  by  all  the  operators  of  the  abstract  group,  to 
obtain  the  substitutions  of  the  representing  group.  Dif- 
ferent simple  isomorphisms  between  an  abstract  and  a  sub- 
stitution group  which  represents  it  properly  are  said  to  be 
different  representations  of  this  group. 

A  footnote  on  page  86  is  devoted  to  a  consideration  of  an 
erroneous  theorem  announced  by  A.  L.  Cauchy  as  regards 
simply  transitive  primitive  substitution  groups.  According 
to  this  theorem  a  primitive  group  of  degree  n  cannot  be  simply 
transitive  unless  n  —  1  is  divisible  by  the  degree  of  each 
transitive  constituent  of  the  subgroup  composed  of  all  the 
substitutions  which  omit  a  given  letter.  Hence  a  primitive 
group  of  degree  p  -}-  1,  p  being  an  odd  prime,  could  not  be 
simply  transitive.  The  author  of  the  present  work  calls 
attention  to  the  facts  that  the  first  part  of  this  theorem  is 
easily  seen  to  be  incorrect  and  that  the  latter  part  has  been 
verified  for  p  g  13  by  C.  Jordan  and  others,  but  he  does  not 
state  that  for  p  =  83  it  has  been  proved  that  this  part  is  also 
incorrect.  Cf.  G.  A.  Miller,  Bihliotheca  MaihemaUca,  series  3, 
volume  10,  1910,  page  321. 

Chapter  IV  begins  with  a  consideration  of  the  transitive 
substitution  groups  of'  degree  n  in  which  all  the  substitu- 
tions except  identity  involve  at  least  n  —  1  letters.  The 
greater  part  of  the  chapter  is,  however,  devoted  to  a  study  of 
linear  groups.    A  number  of  abstract  definitions  of  well- 
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known  groups  are  incidentally  developed,  and  simple  iso- 
morphisms between  various  groups  are  investigated.  The 
chapter  closes  with  a  determination  of  the  groups  which  can 
be  represented  on  a  prime  number  p  of  letters  and  which 
involve  exactly  p  +  1  subgroups  of  order  p. 

The  last  chapter  starts  with  a  proof  of  the  important 
theorem  due  to  Burnside,  which  states  that  a  transitive  group 
on  p  letters  must  be  multiply  transitive  whenever  it  involves 
more  than  one  subgroup  of  order  p.  The  proof  is  based  ujpon 
the  one  given  by  I.  Schur  in  the  Jakresberichi  der  Devtschen 
Mathematiker-Vereinigung,  volume  17  (1908),  page  171. 
This  is  followed  by  a  study  of  the  interesting  theorems  relating 
to  the  multiply  transitive  groups  of  degree  p  +  a  which  involve 
subgroups  of  order  p.  The  latter  part  of  the  chapter  is 
devoted  to  a  study  of  the  well  known  multiply  transitive 
groups  due  to  Mathieu. 

In  the  preface  we  are  told  that  the  present  volume  is  devoted 
to  the  substitutions  which  may  be  called  natural,  that  is, 
to  the  substitutions  on  a  finite  number  of  objects  whose  order 
is  simple.  The  author  enters  only  partly  into  the  field  of 
linear  modular  groups.  A  more  profound  study  of  these 
groups,  and  a  determination  of  systems  of  solvable  groups, 
constitute  the  subjects  of  a  proposed  later  volume  by  the 
same  author.  It  is  to  be  hoped  that  this  later  volume  will 
contain  at  least  a  subject  index,  including  the  material  of  the 
present  volume  and  of  the  earlier  volume  on  Groupes  abstraits. 
Such  an  index  would  make  these  volumes  much  more  valuable 
for  reference.  A  general  author  index  would  also  render 
useful  service. 

G.  A.  Miller, 


WILSON'S  ADVANCED  CALCULUS. 

Advanced  Calculus:  A  Text  upon  Select  Parts  of  DifferetUial 
us,  Differeniial  Equaluma,  Integral  Calcvlva,  Theory  of 
oris,  with  Numerous  Exercises.  By  Edwin  Bidwell 
IN.  Boston,  Ginn  and  Company,  1912.  ix+566  pp. 
years  ago  Professor  Asaph  Hall,  after  reading  carefully 
's  M^canique  Celeste,  which  had  just  been  published, 
its  distinguished  author  and  took  him  severely  to  task 
he  had  devoted  his  splendid  mathematical  knowledge 
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and  ability  not  to  the  advancement  of  astronomical  science 
or  to  the  invention  of  improved  methods  of  investigation,  but 
to  mere  criticism. 

One  of  my  friends,  a  brilliant  physicist  and  a  learned  and 
skilful  mathematician,  has  frequently  said  concerning  the 
"exact  mathematics"  of  our  day  that  what  we  call  "rigor" 
will  be  regarded  by  our  descendants  as  we  regard  the  rigor  of 
our  ancestors,  an  opinion  by  the  way  very  strongly  hinted  at 
by  Professor  Bflcher  in  his  St.  Louis  address. 

We  live  in  a  critical  age.  Our  present  mathematical  ideal 
is  to  draw  from  a  carefully  framed  set  of  definitions  and 
postulates  by  what  we  consider  rigorously  logical  reasoning 
conclusions  which  seem  to  us  necessary. 

In  addition  to  critical  mathematicians,  pure  logicians  to 
whom  intuitive  methods  are  like  a  red  rag  to  a  bull,  there  have 
always  been  creative  mathematicians,  often  careless  fellows 
who  had  a  surprising  knack  for  getting  correct  results  by 
methods  quite  open  to  criticism;  and  mathematical  artisans, — 
astronomers,  physicists,  engineers — to  whom  mathematics  is  a 
tool,  and  who  are  much  more  interested  in  results  than  in 
methods. 

Far  be  it  from  me  to  disparage  the  critic;  he  is  a  useful 
person  even  if  he  is  apt  to  be  a  little  intolerant;  but  let  us  not 
train  all  our  promising  young  men  as  if  criticism  were  the  only 
thing  or  even  the  main  thing  to  work  toward.  Perhaps  some 
of  them  may  develop  creative  power;  certainly  many  of  them 
will  become  mathematical  artisans;  and  life  is  short. 

In  our  teaching  let  us  by  no  means  disregard  the  modem 
methods  and  the  modem  spirit.  Let  us  familiarize  the 
student  with  the  present  notions  of  rigor  and  with  the  received 
critical  logical  methods,  but  let  us  not  stop  there.  Let  us 
train  him  to  use  intuitive  methods  freely  and  to  cultivate  his 
powers  of  invention,  and  in  case  of  need  to  work  rapidly  and 
even  recklessly.  If  properly  taught  he  will  be  in  position  to 
check  his  results  and  processes  if  they  are  challenged  or  if  he 
doubts  their  accuracy,  and  yet  he  will  have  gained  the  power 
and  confidence  that  will  carry  him  forward  swiftly  and  in  the 
main  safely.  Better  an  occasional  mistake  through  over- 
confidence  than  a  perfectly  safe  snail's  pace  over  ground  every 
foot  of  which  he  has  carefully  tested  before  he  has  dared  trust 
it  with  his  weight. 

That  this  is  the  ideal  toward  which  the  author  of  the  book 
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under  review  has  striven  is  dear  from  his  preface.  "It  has 
been  fully  recognized  that  for  the  student  of  mathematics  the 
work  on  advanced  calculus  falls  in  a  period  of  transition — of 
adolescence — in  which  he  must  grow  from  close  rehance  upon 
his  book  to  a  large  reliance  upon  himself.  Moreover,  as  a 
course  in  advanced  calculus  is  the  ultima  Tbule  of  the  mathe- 
matical voyages  of  most  students  of  physics  and  engineering, 
it  is  appropriate  that  the  text  placed  in  the  hands  of  those 
who  seek  that  goal  should  by  its  method  cultivate  in  them  the 
attitude  of  courageous  explorers,  and  in  its  extent  supply  not 
only  their  immediate  needs,  but  much  that  may  be  useful 
for  later  reference  and  independent  study. 

With  the  large  necessities  of  the  physicist  and  the  growing 
requirements  of  the  engineer,  it  is  inevitable  that  the  great 
majority  of  our  students  of  calculus  should  need  to  use  their 
mathematics  rapidly  and  vigorously  rather  than  with  hesi- 
tation and  rigor.  Hence,  although  due  attention  has  been 
paid  to  modern  questions  of  rigor,  the  chief  desire  has  been  to 
confirm  and  to  extend  the  student's  working  knowledge  of 
those  great  algorisms  of  mathematics  which  are  naturally 
associated  with  the  calculus."  In  my  opinion  the  ideal  is  an 
admirable  one;  it  seems  to  me  that  the  author's  approximation 
to  that  ideal  has  been  a  remarkably  close  one. 

The  first  chapter.  Review  of  fundamental  rules,  contains 
a  masterly  sketch  of  the  groundwork  of  the  calculus,  differ- 
ential and  integral,  with  which  the  student  is  supposed  to  be 
familiar  when  he  begins  the  study  of  the  book,  and  serves  as 
a  guide  and  as  an  aid  to  him  in  the  careful  review  of  his  ele- 
mentary course  which  perforce  he  must  make  before  going  on 
to  the  higher  parts  of  his  subject.  In  this  chapter  the  proofs 
are  often  merely  hinted  at,  or  if  given  are  put  in  the  briefest 
possible  form  without  any  attempt  to  avoid  the  use  of  intuition 
or  to  strive  at  modem  rigor. 

The  second  chapter,  Review  of  fundamental  theory,  is  a 
_i — *-_  :„  "„-™-,t  inathematics."  In  the  words  of  the  author 
chapter  is  to  set  forth  systematically,  with 
iion  of  statement  and  accuracy  of  proof, 
definitions  and  theorems  which  lie  at  the 
Lod  which  have  been  given  in  the  previous 
tuitive  rather  than  a  critical  point  of  view." 
say  that  for  most  students  beginning  ad- 
is  chapter  is  in  no  sense  a  review.    It  is  new 
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work  and  hard  work.  Such  matters  as  the  Concept  and 
.  theory  of  real  number  (very  briefly  set  forth);  Definition 
of  a  limit;  Theorems  on  limits  and  on  sets  of  points;  Real 
functions  of  a  real  variable;  Continuity;  Uniform  continuity; 
Differentiability;  RoUe's  theorem  and  the  theorem  of  the 
mean;  Summation  and  integration;  Integrability,  are  taken 
up  from  the  modern  point  of  view  and  the  modern  rigorous 
theories  and  proofs  are  carefully  and  well  given. 

During  the  rest  of  the  book  references  are  freely  made  to 
this  chapter,  and  occasionally  an  important  or  fundamental 
proof  is  put  into  modern  rigorous  form,  but  in  the  main  there 
is  a  refreshing  absence  of  epsilons  and  deltas  and  the  rest  of 
the  paraphernalia  of  the  critical  mathematician. 

As  an  avowed  treatise  on  advanced  calculus  the  book 
begins  with  Chapter  III,  and  is  almost  encyclopedic  in  its 
range.  Topics  treated  exhaustively,  topics  briefly  sketched, 
topics  merely  hinted  at  and  illustrated  or  suggested  by  prob- 
lems chosen  from  the  fields  of  pure  analysis,  of  mechanics,  of 
engineering,  and  of  physics  are  almost  without  number,  and 
are  by  no  means  fully  revealed  by  the  excellent  table  of 
contents,  or  even  by  the  uncommonly  detailed  index. 

To  the  teacher  or  to  the  working  mathematician  the  work 
is  invaluable.  It  probably  was  not  written  for  the  unaided 
student.  He  would  certainly  find  it  too  condensed  and  too- 
difficult.  In  the  hands  of  a  skilful  teacher  it  might  be  aa 
effective  text  book,  but  even  then  the  class  would  probably 
find  it  rather  hard  sledding. 

The  labor  of  preparing  the  book  must  have  been  enormous 
and  the  author  deserves  the  thanks  of  the  mathematical 
public  for  a  most  valuable  addition  to  the  literature  of  the 
calculus. 

W.  E.  Bterlt. 


THE  CALCULUS  IN  INDIA. 

A  Text-book  of  Differential  Calculus.    By  G.  Prasad.    Long- 
mans, Green  and  Co.,  1909.    xii+161  pp. 

A   Text-book  of  Integral  Calculiis.    By  G.  Prasad.    Long- 
mans, Green  and  Co.,  1910.    x+241  pp. 
Twin  texts  on  calculus  from  Benares,  Holy  City  of  the 

Hindus  I    If  introduced  in  this  country  they  would  be  pro- 
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ductive,  we  fear,  of  very  unholy  comments  by  the  students; 
for  they  are  hard  and  mathematical,  and  pay  but  small 
respects  to  the  feeble  intellect  that  longs  for  a  nurse  and  for 
practical  applications,  in  short  for  being  entertained,  from  the 
start.  Yet  these  texts  have  most  excellent  characteristics, 
chief  among  which  from  our  point  of  view  is  their  difference 
from  the  ordinary  run  of  texts.  The  volumes  are  "intended 
for  beginners  and  so  deslRned  as  to  meet  the  requirements  of 
Part  I  of  the  Cambridge  Mathematical  Tripos  Examinations, 
and  of  the  Examinations  for  the  B.A.  and  B.Sc.  degrees  of 
Indian  Universities." 

The  author  has  gone  to  the  limit  in  abolishing  the  infinites- 
imal and  differential  from  both  differential  and  integral 
calculus.  At  first  we  thought  that  there  was  no  mention  at 
all  of  infinitesimals,  bu^  finally  we  found,  the  last  thing  in  the 
Differential  Calculus,  in  fine  type,  as  a  footnote  to  the  chapter 
on  indeterminate  forms,  the  definitions  of  infinitesimal  and 
infinites,  with  a  statement  that  they  were  not  of  much  im- 
portance to  the  beginner.  So  far  the  definition  of  differential 
has  proved  elusive,  though  the  symbol  is  used  in  djdx  and  in 
fdx.  The  idea  of  a  limit  of  an  infinite  sum  of  infinitesimals 
is  relegated  to  a  short  chapter  by  itself,  starred  as  difficult, 
and  is  not  used  in  the  applications;  alas,  poor  Duhamel.  But 
why  not?  In  many  recent  texts  on  calculus  the  infinitesimal 
and  differential  are,  for  the  sake  of  precision,  bereft  of  all 
their  fecundity  and  of  all  their  effectiveness  and  naturalness 
as  a  method  of  thought  for  the  student.  When  thus  slighted  it 
is  as  well  to  discard  them  utterly. 

The  two  volumes  together,  apart  from  appendices  and 
answers,  total  345  pages.  The  pages  are  wide  open,  plenty 
of  unused  paper,  scarcely  a  useless  word.  The  text  is  there- 
fore really  short.  And  this  is  the  more  noteworthy  in  view 
of  the  amount  of  space  the  author  will  give  to  rubbing  in  some 
fundamental  process.  Thus  in  most  books  when  sin  x  has 
been  differentiated,  the  formulas  for  differentiating  other 
trigonometric  functions  and  the  inverse  functions  are  derived 
by  various  devices.  Not  so  with  Prasad;  he  takes  each  one 
and  determines  ab  initio  the  limit  of  [/(x  +  k)  —  f{x)\jh. 
He  then  gives  exercises  where  the  student  may  do  likewise, 
and  it  is  not  until  the  following  chapter  that  he  develops  the 
rules  for  sums,  products,  quotients,  functions  of  functions, 
and  the  like.  There  are  numerous  and  varied  exercises  upon 
which  the  student  may  practice  formal  differentiation. 
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Chapter  IV  deals  with  tangents  and  normals  in  rectangular 
and  polar  coordinates,  and  such  allied  questions  as  sub- 
normals. The  author  derives  the  equation  of  the  tangent 
and  appends  two  notes,  in  the  first  of  which  he  remarks  that 
the  derivative  is  the  slope  of  the  tangent,  and  in  the  second 
derives  the  expression  for  dsjdx.  The  method  is  solely  one  of 
limits;  personally  we  have  a  preference  for  infinitesimal 
figures  which  show  such  formulas  at  a  glance  and  afford  a 
visual  means  of  remembering  them.  A  chapter  on  asymptotes 
follows,  and  then  one  on  curvature.  The  center  of  curvature 
is  defined  as  the  limiting  position  of  the  intersection  of  a 
fixed  normal  and  a  variable  normal  approaching  the  fixed 
one  as  a  limit.  Thus  the  center  of  curvature  is  found  first, 
the  radius  subsequently.  The  treatment  extends  to  polar 
coordinates,  to  involutes  and  evolutes,  and  to  concavity, 
convexity,  and  points  of  inflection.  There  is  a  brief  chapter 
on  envelopes  and  a  long  one  on  curve  tracing  and  on  properties 
of  special  curves. 

Although  the  symbol  for  the  second  derivative  has  been 
defined  and  used  in  connection  with  curvature,  the  author 
comes  only  now  to  his  chapter  on  successive  differentiation, 
and  he  makes  it  a  real  chapter,  not  a  mere  note  with  silly 
exereises.  He  finds  the  nth  derivative  of  a:",  a',  sin  x,  cos  x, 
e"  sin  bx,  e"'  cos  6a;,  of  a  rational  fraction  (by  decomposition 
into  partial  fractions),  of  products  (Leibniz's  formula),  and 
of  various  functions  for  which  a  recurrence  formula  may  be 
established.  The  good  student  will  learn  a  lot  out  of  this 
chapter,  the  poor  student,  we  fear,  will  be  unable  to  do  any- 
thing— although  the  author  states  that  these  texts  are  based 
upon  his  experience  in  teaching  a  large  number  of  pupils. 
We  are  now  ready  for  Rolle's  theorem  and  the  finite  or 
infinite  developments  of  functions  by  Taylor's  or  Maclaurin's 
theorems;  and  the  careful  work  on  successive  differentiation 
enables  us  to  expand  a  great  many  functions — c"  *"''*,  for 
example — other  than  the  common  elementary  functions. 
The  volume  closes  with  a  brief  account  of  maxima  and  minima, 
and  indeterminate  forms.  There  are  short  notes  on  Weier- 
strass's  continuous  non-differentiable  function,  on  Rolle's 
and  Taylor's  theorems,  and  on  partial  differentiation. 

The  Integral  Calculus  begins  with  the  definition  of  the 
indefinite  integral,  and  of  the  definite  integral  as  the  difference 
of  the  indefinite  between  limits — a  dangerous  definition,  as  it 
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makes  the  integral  of  1/x*  from  —  1  to  +  1  equal  to  —  2. 
It  is  stated  that  the  definite  integral  is  a  limit  of  a  sum,  and 
the  reader  is  left  to  verify  the  fact  by  calculating  the  limit  for 
some  simple  functions  and  comparing  it  with  the  value 
obtained  by  integration.  Then  follows  a  long  chapter  on 
fundamental  methods  of  integration — integration  by  sub- 
stitution, by  parts,  and  by  reduction  formulas.  The  author 
does  not  use  the  differential  method  as 

but  the  method  of  substitution  as  ar  =  ^(/)  =  c",  ^'(0  =  e*, 

//(ar)dx  =  fm^dt  =  f\di  =  logt  =  \og log  x. 

Moreover,  he  uses  the  formula  for  integration  by  parts  as 
futdx  =  uV  —  Ju'Vdx, 

where  V  is  the  integral  of  v. 

For  those  who  are  never  to  separate  the  derivative  into  its 
differentials  and  those  who  make  the  separation  only  at  that 
late  stage  when  the  student  is  beginning  integration,  and  has 
enough  difficulties  with  integration  alone  without  having  a 
new  notation  for  differentiation,  this  method  is  to  be  recom- 
mended. Indeed  the  author  might  more  logically  have  used 
D  for  differentiation  (and  Di  when  the  differentiation  was 
performed  with  respect  to  some  variable  t  other  than  the 
apparent  one)  and  j"  without  the  dx  for  integration  {/t  when 
the  variable  is  t).  We  believe,  however,  that  the  differential 
method  is  better,  and  hope  it  has  suffered  only  a  temporary 
total  or  partial  eclipse.  We  believe  that  Huntington,  in  his 
syllabus  of  calculus  for  the  Society  for  the  Promotion  of 
Engineering  Education,  has  cast  a  line  to  the  process  of  differ- 
entiation, as  contrasted  with  derivation;  we  trust  he  may 
rescue  and  resuscitate  it. 

Prasad  next  gives  a  systematic  treatment  to  the  inte- 
gration of  algebraic  rational  and  irrational  fractions.  This 
is  starred  as  more  difficult  and  possible  of  omission  in  the 
first  reading.  Then  follows  a  chapter  on  integrating  tran- 
scendental functions.    In  the  next  chapter  we  come  to  definite 
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integrals,  their  definition  as  the  limit  of  a  sum,  their  general 
properties,  and  their  evaluation  in  a  few  simple  cases.  The 
work  thus  far  covers  a  little  more  than  half  the  volume;  the 
remaining  portion  is  given  to  various  applications. 

The  remarkable  thing  about  all  these  applications  is  the 
complete  omission  of  any  ideas  concerning  limits  of  sums. 
The  method  is  always  to  find  a  derivative,  and  then  integrate. 
For  example,  the  result  for  dsjdx  has  been  found;  hence  a  may 
be  obtained.  In  like  manner  dAjdx  =  y  may  be  estabhshed, 
and  hence  A  is  the  integral  of  y.  And  so  on,  to  arcs  and 
areas  in  polar  coordinates,  to  surfaces  and  volumes  of  revo- 
lution, to  centers  of  gravity,  centers  of  pressure,  moments  of 
inertia,  and  attractions.  All  are  treated  by  differentiation. 
Why  not?  Why  not  eliminate  the  troubles  connected  with 
limits  of  sums?  The  author  has  made  the  presentation  clear 
and  rigorous,  and  has  shown  conclusively  that  we  do  not  need 
to  bother  with  the  integral,  as  a  Umit  of  a  sum  in  elementary 
calculus.  His  method  is  worthy  of  our  most  serious  consider- 
ation— if  we  desire  to  be  rigorous  instead  of  suggestive,  and 
we  can  hardly  be  both  in  a  first  course  on  calculus. 

The  remaining  applications  are  to  the  dynamics  of  a  particle, 
prefaced  by  a  few  sections  on  the  integration  of  the  simpler 
differential  equations.  There  are  notes  on  the  integration  of 
infinite  series,  on  Riemann's  discontinuous  integrable  function, 
and  on  Fourier's  series. 

These  texts  merit  our  special  consideration  because  they 
are  different  from  those  we  are  used  to.  It  would  be  inter- 
esting to  see  them  tried  on  American  classes  both  for  the 
effect  on  the  students  and  for  the  effect  on  the  teachers. 

Edwin  Bidwell  WiiaoN. 


SHORTER  NOTICES. 

Mimmres  Seientifiqms.  By  Paul  Tannery.  Publife  par 
J.  L.  Heiberg  and  H.  G.  Zeuthen.  I.  Sciences  Exactea 
dava  I' Antiquity,  1876-1884.  Toulouse,  Edouard  Privat; 
Paris,  Gauthier-Villars,  1912.  xix+465  pp.  Price  15 
francs. 

In  our  time  there  have  been  three  men  whose  love  for  an- 
cient science  and  whose  perfect  command  of  the  Greek  language 
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fitted  them  above  all  their  contemporarie3  to  write  upon  the 
subject  of  the  mathematics  of  Greece.  These  men  are  Paul 
Tannery,  Sir  Thomas  Heath,  and  Professor  HeiberR.  If  to 
this  trio  another  should  be  added,  it  might  well  be  Professor 
Zeuthen.  It  is,  therefore,  very  proper  that  the  scientific 
memoirs  of  Paul  Tannery  should  be  edited  by  Professors 
Heiberg  and  Zeuthen,  for  no  others  are  better  fitted  to  under- 
take the  task  con  amore,  nor  could  any  scholars  be  found  more 
adequately  prepared  for  the  labor. 

Paul  Tannery  was  a  rare  genius,  one  to  whom  Greek  was  a 
second  language,  and  one  who  lived  his  intellectual  life  in 
the  contemplation  of  the  science  of  antiquity.  Ne\er  properly 
recognized  by  his  country,  employed  in  the  government 
manufacture  of  tobacco  instead  of  being  offered  a  chair  in 
the  university,  he  nevertheless  produced  a  series  of  memoirs 
that  would  have  brought  honor  to  any  higher  institution  of 
learning  and  that  will  give  him  an  enduring  place  among  the 
scholars  of  France,  He  was  a  prominent  member  of  the  third 
International  Congress  of  ^lathematicians  at  Heidelberg,  in 
1904,  and  seemed  at  that  time  to  be  in  his  prime;  but  it  was 
only  a  few  weeks  later  that  the  news  of  his  sudden  death 
appeared.  He  passed  away  too  soon  for  his  greatest  scientific 
success,  and  his  loss  was  a  sad  one  for  the  scientific  study  of  the 
history  of  mathematics  in  France. 

When  it  was  planned  to  bring  together  his  memoirs,  the 
talented  Madame  Tannery  secured  the  cooperation  of  Pro- 
fessors Heiberg  and  Zeuthen  in  editing  the  work,  and  the 
promise  of  his  brother  Jules  Tannery  to  write  an  introduction 
to  the  first  volume.  The  premature  death  of  the  latter,  in 
November,  1910,  deprived  the  Ecole  normale  supfrieure  of 
its  leader,  and  at  the  same  time  prevented  the  carrj'ing  out 
of  this  plan.  Thus  within  the  short  space  of  six  years  these 
two  brothers  passed  awa\',  each  in  the  prime  of  life,  and  each 
seeming  to  leave  a  great  work  unfinished. 

Paul  Tannery  began  his  contributions  in  1S76,  and  the 
present  volume  contains  such  memoirs  as  appeared  on  the 
exact  sciences  of  antiquity  from  that  date  until  1884,  The 
next  two  volumes  will  continue  this  topic,  bringing  the  memoirs 
down  to  the  time  of  his  death.  The  subsequent  volumes  will 
relate  to  the  exact  sciences  among  the  Byzantines  (volume  IV), 
the  exact  sciences  in  the  middle  ages  (volume  V),  pure  mathe- 
matics (volume VI),  philosophy  ( volume  VII),  classical  philology 
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(volume  VIII),  and  reviews  (volume  IX).  There  will  also  be  a 
volume  (volume  X  of  the  series)  containing  his  biography,  a 
bibliography,  and  selections  from  his  correspondence. 

In  editing  the  memoirs  advantage  has  been  taken  of  manu- 
script notes  on  the  margins  of  the  author's  copies,  and  these 
have  been  marked  in  such  a  way  as  to  show  that  they  did 
not  form  part  of  the  original  publications.  The  editors' 
notes  have  also  been  marked  in  a  special  manner  so  that  the 
responsibility  for  them  is  easily  placed.  In  genera!,  however, 
the  articles  and  footnotes  stand  as  they  were  written,  a  plan 
of  editing  which  every  student  of  the  history  of  mathematics 
will  commend. 

Tannery's  memoirs  form  a  basis  for  a  history  of  Greek 
mathematics,  although  in  themselves  they  do  not  form  a 
connected  narrative.  The  mind  of  the  author  did  not  work 
along  the  lines  of  continued  narration;  he  preferred  to  attack 
isolated  problems  and  solve  them.  His  is  the  material  out 
of  which  lesser  writers  make  their  histories,  and  no  one  has 
done  more  than  he  to  furnish  material  on  Greek  mathematics 
for  the  use  of  some  future  Montucla. 

The  memoirs  in  the  first  volume  are  twentj'-nine  in  number. 
They  include  a  wide  range  of  subjects,  beginning  with  the 
astronomical  system  of  Eudoxus  and  ending  with  the  "  modius 
castrensis," — the  Italicus  modius  or  Italicus  sextarius  men- 
tioned in  Diocletian's  edict  De  pretiis  rerum  venalium.  Some 
of  the  more  interesting  and  important  topics  considered  are 
the  nuptial  number  of  Plato,  which  Tannery  takes  to  be  2,700; 
the  lunes  of  Hippocrates;  the  solution  of  the  Delian  problem 
by  Archytas  and  Eudoxus;  the  question  of  the  date  of  Dio- 
phantus,  based  in  part  upon  a  study  of  the  varying  cost  of 
the  wine  mentioned  in  the  problems  of  the  Arithmetica; 
the  Greek  arithmetic  as  set  forth  by  Pappus  and  Heron;  the 
Eudemian  fragments;  the  origin  of  the  proof  of  nines,  which 
he  assigns  to  the  Greeks  instead  of  the  Orientals;  the  method 
of  Archimedes  in  measuring  the  circle;  the  solution  of  the 
quadratic  before  Euclid;  and  the  stereometry  of  Heron. 

It  is  unnecessary  to  speak  further  of  the  contents  of  these 
memoirs,  since  the  latest  of  them  was  published  thirty  years 
ago  and  all  are  therefore  known  to  historians  of  mathematics. 
It  may  suffice  to  say  that  the  volume  is  a  credit  to  the  editors 
and  publbbers  as  well  as  to  the  distinguished  scholar  whose 
articles  it  contains. 

David  Euqene  Smith. 
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Du  logiMhen  GruntUagen  der  exakten  Wttsenachaften.  By 
Paul  Xatorp.  (Wissenschaft  und  Hypothese,  XII.)  Leip- 
zig and  Berlin,  B.  G.  Teubner,  1910.  xx+416  pp. 
Probleme  der  Wiateriachajt.  Part  I:  Wirklukkeit  und  Logik. 
Part  II:  Die  Grundbegriffe  der  Wiaaengchajt.  By  Federigo 
Enhiques.  Translation  by  Kurt  Grelung.  (Wissen- 
schaft und  Hvpothese,  XI,)  Leipzig  and  Berlin,  B,  G. 
Teubner,  1910.  x+vi+599  pp. 
ErkennlnisthearetUcke  Grundzuge  der  XalurwUsenschaften.  By 
Paul  Volkmann.  (Wissenschaft  und  Hypothese,  IX.) 
Second  Edition.  Leipzig  and  Berlin,  B.  G.  Teubner,  1910, 
xxiii+454  pp. 

A  philosopuer  devotes  the  greater  part  of  his  book  to  the 
foundations  of  mathematics;  a  mathematician  boldly  attacks 
the  problems  of  philosophy;  a  physicist  lectures  on  the  theory 
of  knowledge.  These  phenomena,  as  well  as  the  fact  that  the 
books  in  question  are  sent  to  a  mathematical  journal  for 
review,  may  well  be  regarded  as  significant  of  our  times. 
Recent  progress  in  the  foundations  of  mathematics  and  the 
revolutionary  conceptions  and  theories  of  present-day  physics 
have  necessarily  struck  deep  into  the  current  of  philosophical 
thought.  The  authorship  of  these  books  need  then  occasion 
no  surprise. 

An  extended  notice  of  books  of  this  character  in  a  mathe- 
matical journal  seems  hardly  called  for  as  yet,  however,  as 
they  will  probably  be  of  interest  only  to  a  limited  number  of 
mathematicians.  A  brief  indication  of  the  nature  of  their 
contents,  however,  may  be  given. 

Professor  Natorp  devotes  the  first  97  pages  of  his  book  to 
an  exposition  of  what  he  regards  as  the  fundamental  problems 
of  logic.  He  follows  Kant  in  insisting  that  the  primitive  act 
of  thought  is  synthetic  and  repudiates  vigorously  the  attempt 
of  some  logicians  to  base  logic  on  a  meaningless  symbolism. 
In  fact,  logic  as  such  is  not  and  can  not  be  a  deductive  science 
at  all.  This  point  of  view  leads  necessarily  to  a  genetic 
theory  of  knowledge  in  which  the  process  or  method  of  thought 
is  the  determining  factor  of  knowledge. 

r  regards  as  a  primitive  faculty  of  the  mind  the 
reiving  any  mental  act  to  be  repeated  indefinitely, 
tins  essentially  what  mathematicians  would  call 
form  of  an   unlimited  sequence.     On  this  he 
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bases  his  development  of  the  notion  of  integral  numbers,  and 
thence  by  changing  his  "  unit  "  the  notion  of  rational  numbers, 
together  with  that  of  the  fundamental  operations  on  numbers 
(pages  98-159).  Then  follows  (pages  160-224}  a  very  careful 
and  illuminating  discussion  of  the  problems  involved  in  the 
notions  of  irrational  numbers  and  continuity.  The  ideas  of 
Dedekind,  Weierstrass,  Cantor,  Pasch,  and  Veronese  are  con- 
sidered in  much  det^l.  In  the  next  chapter  (pages  225-265) 
the  concepts  of  direction  and  dimensionality  are  developed  as 
attributes  of  the  notion  of  number,  which  is  followed  (pages 
266-325)  by  a  discussion  of  time  and  space  as  mathematical 
concepts.  The  foundations  of  geometry  receive  attention  here- 
In  the  last  chapter  (pages  326-404)  the  author  deals  with 
the  time-space  order  of  natural  phenomena  and  the  mathe- 
matical foundations  of  science.  Here  we  find  a  discussion 
of  the  fundamental  concepts  and  laws  of  mechanics,  the  prin- 
ciple of  the  conservation  of  energy,  etc.  The  book  closes  with 
a  discussion  of  the  principle  of  relativity',  in  which  the  author 
finds  a  final  justification  of  an  idealistic  philosophy. 

Professor  Enriques'  two  volumes  will  be  examined  with 
much  pleasurable  anticipation  by  any  mathematician  interested 
in  philosophical  questions.  One  of  the  most  interesting 
features  of  the  books  is  the  fact  that  the  author  applies  mathe- 
matical terminology  to  the  formulation  and  discussion  of  his 
problems — he  speaks  a  language,  therefore,  which  is  intelligible 
to  a  mathematician.  His  program  is  an  ambitious  one, 
nothing  less  in  fact  than  to  seek  the  common  elements  in  the 
various  branches  of  scientific  activity,  to  seek  a  general  point 
of  view  from  which  all  science,  in  its  broadest  sense,  may  be 
unified  with  reference  both  to  the  formulation  of  its  problems 
and  the  development  of  its  methods.  The  reader  cannot 
fail  to  be  struck  with  the  wide  range  from  which  the  author 
has  drawn  hb  illustrations.  The  chapter  headings  will 
perhaps  serve  to  give  an  idea  of  the  general  plan  of  the  work: 
I.  Introduction;  II.  Facts  and  theories;  III.  The  problems  of 
logic  (pure  logic,  the  applications  of  logic,  the  physiological 
aspects  of  logic);  IV.  Geometry  (significance  of  geometry, 
psychological  genesis  of  geometrical  concepts);  V.  Mechanics; 
VI.  Extension  of  mechanics  (physics  as  an  extension  of 
mechanics,  the  mechanistic  hypothesis  and  the  phenomena 
of  life).  The  first  volume  contains  the  first  three  chapters; 
the  second,  the  last  three.  We  may  add  that  the  trans- 
lation from  the  Italian  original  seems  exceptionally  well  done. 
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The  first  edition  of  Professor  Volkmann's  book  was  reviewed 
in  this  Bulletin,  volume  4  (1898),  page  355.  What  was  said 
there  will  apply  very  well  to  the  new  edition.  It  seems  super- 
fluous, then,  to  do  more  than  indicate  very  briefly  the  changes 
that  have  been  made  in  the  new  edition.  What  in  the  first  edi- 
tion was  the  first  lecture  has  in  the  second  been  incorporated  in 
the  closing  lectures.  The  new  edition  begins  with  a  historical 
retrospect  on  the  development  of  science  and  its  conceptions. 
A  section  on  the  subjective  and  objective  elements  in  knowledge 
has  been  added,  as  well  as  an  appendix  containing  two  earlier 
papers  of  the  author  giving  an  appreciation,  from  the  philo- 
sophical point  of  \'iew,  of  the  Newtonian  system  of  mechanics. 
The  book  closes  with  a  complete  bibliography  of  the  author's 
philosophical  writings  and  very  complete  author  and  subject 
indexes. 

J.  W.  Young. 

RepertoTium  der  hoheren  Maihemaiik.  Zweite  Auflage,  erster 
Band,  erste  Halfte,  herausgegeben  von  P.  Epstein. 
xv+527  pp.  M,  10.  Zweiter  Band,  erste  Halfte,  heraus- 
gegeben von  H.  E.  TiMERDiNG.  xvi+534  pp.  M.  10. 
Leipzig,  B.  G.  Teubner,  1910. 

This  work  is  called  a  second  edition  of  Pascal's  Repertorium 
of  Higher  Mathematics.*  It  is,  however,  in  many  respects, 
a  new  work.  The  text  has  been  thoroughly  revised  and 
greatly  augmented.  The  half  which  has  already  appeared 
is  nearly  equal  in  size  to  the  whole  of  the  first  edition.  We 
are  also  informed  (volume  I,  page  viii)  of  a  change  in  the 
purpose  of  the  work.  The  aim  of  this  edition  is  to  give  the 
reader,  "a  systematic  survey  of  the  total  field  of  mathematics, 
based  on  genuine  understanding." 

As  a  further  conspicuous  departure  from  the  original  edition, 
which  was  the  work  of  a  single  author,  the  editors  have 
secured,  as  authors  of  the  individual  chapters,  men  particularly 
interested  in  the  subjects  covered  by  them.  In  the  part  of 
the  work  that  has  appeared,  the  authors  are:  in  analysis, 
Hans  Hahn,  Alfred  Loewy,  H.  E.  Timerding,  Paul  Epstein; 
in  geometry,  J.  MoUerup,  H.  Liebmann,  H.  Timerding, 
L.  Heffter,  G.  Guareschi,  M.  Dehn,  F.  Dingeldey,  L.  Ber- 
zolari,  G.  Giraud,  E.  Ciani,  H.  Wieleitner.     It  is  interesting 

•  A  review  of  the  first  volume  of  the  oriRinal  Italku  edition  will  be  found 
iu  this  Bulletin,  vol.  5  (1899),  pp.  357-362. 
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to  notice  that,  for  the  volume  on  geometry,  the  editors  have 
secured  several  Danbh  and  Italian  authors.  "The  decrease 
of  interest  in  geometry  in  Germany,"  we  are  told  (volume  II, 
P*ge  vi),  "made  it  seem  impossible  to  do  otherwise." 

In  method  of  presentation,  the  authors  have  followed  the 
first  edition  quite  closely.  They  have  endeavored  to  present 
in  the  clearest  and  concisest  manner  possible  the  principal 
theorems,  formulas,  definitions,  and  concepts  of  each  of  the 
subjects  treated.  Proofs  are  usually  suppressed,  but  are 
sometimes  indicated  briefly.  In  references  to  the  literature 
this  work  is  a  great  improvement  on  its  predecessor.  The 
references  are  now  always  ample  for  furtiier  study  of  the 
main  topic  under  discussion,  but  they  will  even  yet,  in  some 
cases,  be  found  inadequate  by  the  reader  whose  interest  is 
temporarily  centered  on  an  individual  theorem. 

The  choice  of  subject  matter  is  usually  to  be  commended. 
Increased  emphasis  is  laid,  in  the  first  volume,  on  the  algebraic- 
group-theoretic  chapters,  and,  in  the  second,  on  the  chapters  on 
the  foundations  of  geometry.  Other  chapters,  as,  for  example, 
those  on  differential  and  integral  calculus  and  the  calculus 
of  finite  differences,  are  given  about  the  same  space  as  in  the 
first  edition.  The  chapters  on  the  calculus  of  probabilities 
and  mathematical  instruments  have  been  omitted. 

Related  topics  are  in  some  cases  insufficiently  correlated. 
As  an  instance,  we  may  cite  the  discussion  of  invariants  of 
ternary  cubics  and  quartics,  in  volume  I,  with  the  dis- 
cussion of  cubic  and  quartic  curves  in  volume  II.  This 
inadequate  correlation  leads,  at  times,  to  unnecessary  repe- 
titions. A  wider  use  of  cross  references  would  have  been 
helpful. 

The  statements  made  are  usually  clear,  concise,  and  accurate. 
There  are  occasional  ambiguities,  such  as  the  failure  to  indi- 
cate clearly,  in  volume  II,  page  398,  lines  15-27,  whether 
the  statements  made  are  true  for  all  quartics,  or  only  for 
non-singular  ones.  There  are  also  some  errors.  In  the  last 
theorem  on  page  158  of  volume  I,  the  n-{-  1  given  functions 
should  be  of  the  same  degree.  The  theorems  in  volume  II, 
page  381,  lines  11-14,  and  page  385,  lines  27-30,  are  false. 
The  theorem  stated  in  volume  II,  page  406,  lines  25-27, 
fails  if  the  net  contains  precisely  one  or  two  double  lines. 
The  correct  statement  of  this  theorem  should  not  have  been 
omitted  from  Chapter  XVII. 
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The  publication  of  the  rest  of  this  Repertorium  has  been 
delayed  far  beyond  the  time  originally  set.  Its  appearance 
will  be  awaited  with  interest  by  mathematicians  who  have 
learned  the  usefulness  of  the  part  already  published. 

C.   H.   SiSAM. 

Elements  of  the  Differential  and  Integral  C(UciUtu.  By  Pro- 
fessor A.  E.  H.  Love.  Cambridge  University  Press,  1909. 
207  pp. 

STARTiifa  with  the  thesis  that  "  the  principles  of  the  differen- 
tial and  integral  calculus  ought  to  be  counted  as  a  part  of 
the  intellectual  heritage  of  every  educated  man  or  woman  in 
the  twentieth  century,  no  less  than  the  Copemican  system 
or  the  Darwinian  theory,"  Professor  Love  has  put  together 
in  the  eleven  chapters  of  this  small  volume,  the  fundamental 
notions  of  analytic  geometry  and  of  the  calculus,  as  well  as 
some  of  their  applications.  The  whole  has  been  presented 
in  such  a  way  as  not  to  require  even- as  much  knowledge  of 
algebra  and  trigonometry  as  might  reasonably  be  expected  of 
a  sophomore  in  an  American  college.  In  fact.  Chapter  VII, 
on  Trigonometric  functions,  begins  with  an  exposition  of 
radian  measurement,  followed  by  a  definition  of  sine  and 
cosine.  A  review  of  the  laws  of  indices  and  the  interpretation 
of  negative  and  fractional  exponents  precedes  the  discussion 
of  the  derivatives  of  general  powers.  Needless  to  say  that  no 
attempt  is  made  to  give  a  proof  of  the  existence  of  a  limit  of 
(1  -|-  I/ti)"  as  n  increases  indefinitely.  By  computing  the 
function  for  a  series  of  rapidly  increasing  values  of  n,  the 
existence  of  the  limit  is  made  plausible. 

An  appendix  of  25  pages  is  devoted  to  the  discussion  of  the 
graph  of  the  linear  function,  limits,  indices  and  logarithms,  - 
the  exponential  limit,  the  mensuration  of  the  circle  and  radian 
measure,  trigonometric  limits,  and  mechanical  units.  In  this 
way  the  more  ambitious  reader  of  the  book  is  given  an  op- 
portunity to  get  a  more  rigorous  treatment  of  some  of  the 
subjects  treated  more  superficially  in  the  text.  The  method 
for  the  calculation  of  e  given  in  the  appendix  seems  unneces- 
sarily long  to  the  reviewer. 

The  style  of  the  book  b  very  clear  and  it  would  seem  that 
anybody  of  medium  intelligence  ought  to  be  able  to  under- 
stand the  leading  principles  of  the  calculus  by  a  perusal  of 
this    text.    The    illustrations    and    applications    are    rather 
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monotonous  and  of  the  stereotyped  character,  such  as  the 
falling  body,  oscillation  in  a  resisting  medium;  a  greater 
variety  of  illustrations  would  doubtless  make  the  book  more 
attractive  to  the  non-mathematical  reader  for  whom  it  is 
chiefly  intended. 

It  is  an  interesting  fact  that  the  need  for  books  of  this  type 
is  becoming  more  and  more  clearly  recognized;  it  seems  to  be 
a  part  of  the  movement  for  the  popularization  of  the  principal 
results  of  the  sciences;  how  far  this  can  be  carried  in  the  case 
of  mathematics  seems  doubtful,  because  mathematics  is  and 
must  remain,  as  soon  as  we  pass  beyond  the  elementary  stages, 
a  highly  theoretical  subject,  which  does  not  lend  itself  to 
popularization.  Quite  s  different  thing  it  is  of  course  to 
present  some  topic  in  mathematics  in  such  s  way  as  to  make 
it  available  to  those  who  have  had  at  least  some  preparation; 
such  as  for  instance  giving  undergraduate  students  an  idea 
of  what  lies  heyond  or  below,  as  has  been  done  in  J.  W.  A. 
Young's  Monographs  on  Modern  Mathematics  and  in  J.  W. 
Young's  Fundamental  Concepts  of  Algebra  and  Geometry; 
or  again,  to  give  to  students  of  physics  and  chemistry  a  knowt- 
ledge  of  those  parts  of  mathematics  that  are  essential  to  a 
fuU  understanding  of  their  own  subjects.  It  is  as  a  contribution 
to  those  fields  that  Professor  Love's  book  is  perhaps  most 
valuable,  taking  its  place  by  the  side  of  such  books  as  Nemst 
und  Schoenfiies's  Mathematische  Behandlung  der  Natu> 
wissenschaften. 

Arnold  Dbesuen. 


NOTES. 


The  March  number  (volume  14,  number  3)  of  the  Annalt 
of  Maihejnatica  contains  the  following  papers:  "  Groups  which 
contain  an  abelian  subgroup  of  prime  index,"  by  G.  A.  Milleb; 
"On  infinite  systems  of  linear  integral  equations,"  by  L. 
Bband;  "The  method  of  monodromie  with  applications  to 
three-parameter  quartic  equations,"  by  R.  P.  Baker;  "Note 

OD  the  existence  theorem  of  a  minimum  of  I       Pdx  +  Qdy," 

by  E.  Swift;    "Continuant  expressions  for  Vo*+  t*  and 
( -fa'  +  lf  +  o)-,"  by  L.  H.  Rice. 
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At  the  meeting  of  the  London  mathematical  society  held 
on  February  13  the  following  papers  were  read:  By  T.  C. 
Lewis,  "Figures  in  n-dimensional  space  analogous  to  ortho- 
centric  tetrahedra";  by  J.  E.  Littlewood,  "A  property  of 
the  zeta  function";  by  G.  H.  Hahdt,  "The  summability  of 
Fourier's  series";  by  G.  H.  Hahdt  and  J.  E.  LrrrLBWoOD, 
"Trigonometric  series  which  converge  nowhere  or  almost 
nowhere";  by  H.  Bohr,  "A  theorem  concerning  power  series"; 
by  P.  J.  Heawood,  "The  theorem  of  quadratic  reciprocity"; 
by  J.  B.  Holt,  " The  irreducibility  of  Legendre's  polynomials  "; 
by  W,  H.  YoDNG,  "  The  mode  of  osdllation  of  a  Fourier  series 
and  its  allied  series";  by  H.  T.  H.  Piaggio,  "Some  non- 
primary  perpetuant  syzygies  of  the  second  kind." 

The  opening  number  of  Die  NaiuTtmsaenschaflen,  a  weekly 
adentific  journal  edited  by  Dr.  A.  Behuneh  and  Dr.  C. 
Thesing  in  Berlin,  appeared  January  3,  1913.  It  proposes 
to  furnish  a  general  report  of  progress  in  pure  and  applied 
science,  including  mathematics  and  technical  sciences.  The 
present  number  contains  an  outline  of  the  German  report  to 
the  International  commission  on  the  teaching  of  mathe- 
matics by  Professor  A.  Gutzmer,  and  a  number  of  other 
papers  on  mathematical  subjects  are  to  follow.  The  subscrip- 
tion price  is  24  marks  per  year. 

University  op  Chicago.  The  following  advanced  courses 
in  mathematics  are  announced  for  the  summer  quaiter.  All 
courses  are  four  hours  a  week.  By  Professor  E.  H,  Moore: 
Fourier  series,  first  term;  Lemmas  on  the  theory  of  point  sets, 
first  term, — By  Professor  O.  Bolza:  Linear  integral  equations; 
Theory  of  functions. — By  Professor  F,  R.  Moulton:  Modem 
theories  of  analytic  differential  equations. — By  Professor 
J.  W.  A.  Young:  Critical  review  of  secondary  mathematics 
for  teachers. — By  Professor  E.  J.  Wilczynski:  Theory  of 
equations. — By  Professor  W.  D.  MacMillan:  Observational 
astronomy;  Celestial  mechanics. — By  Professor  H.  E. 
Slaught;  Differential  equations. — By  Professor  A.  C.  Lunn: 
Graphical  analysis;  statistical  mechanics. — By  Professor  G.  A. 
Bliss:  Projective  geometry. 

University  of  Pennsylvania.  The  following  courses 
are  announced  for  the  academic  year  1913-1914:    By  Pro- 
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fessor  E.  S.  Ckawlet;  Higher  plane  curves,  three  hours. — 
By  Professor  G.  E.  Fisher:  Differential  equations,  three 
hours;  Theory  of  functions  of  a  complex  variable,  three 
hours. — By  Professor  I.  J,  Schwatt:  Definite  integrals, 
three  hours. — By  Professor  G.  H.  Hallett:  Theory  of 
abstract  groups,  three  hours;  Introduction  to  higher  algebra, 
three  hours. — By  Professor  F.  H.  Safford:  Mathematical 
theory  of  elasticity,  three  hours;  Partial  differential  equations, 
three  hours. — By  Professor  M.  J.  Babb:  History  of  mathe- 
matics, two  hours;  Theory  of  statistics,  two  hours. — By 
Professor  G.  G.  Chambers:  Synthetic  projective  geometry 
(second  course),  three  hours. — By  Professor  O,  E.  Glenn 
Theory  of  invariants,  three  hours. — By  Dr.  H.  H,  Mitchell: 
Theory  of  numbers,  three  hours. — By  Dr.  R.  L.  Moore: 
Theory  of  point  sets,  with  applications,  three  hours. — By 
Dr.  F.  W,  Beal:  Differential  geometry,  three  hours. 

The  following  courses  In  mathematics  are  announced  for 
the  summer  semester,  1913. 

UNrvERsrrr  op  Bonn. — By  Professor  E.  Stody:  Differential 
geometry,  I,  two  hours;  Higher  geometry,  I,  two  hours; 
Seminar,  two  hours. — By  Professor  F.  London:  Introduction 
to  the  theory  of  differential  equations,  three  hours;  Axono- 
nometry  and  perspective,  three  hours. — By  Professor  P. 
Hausdohff:  Elements  of  differential  and  integral  calculus, 
with  exercise,  five  hours. — By  Dr.  J.  O.  Mullee:  Algebraic 
equations,  three  hours;  Introduction  to  geodesy,  two  hours; 
Proseminar,  two  hours. 

University  of  Gottingen. — By  Professor  H.  Hilbert: 
Elements  and  principles  of  mathematics,  four  hours;  Theory 
of  motion  of  electrons,  two  hours;  Seminar,  two  hours. — By 
Professor  C.  Runge:  Differential  and  integral  calculus,  I,  six 
hours;  Seminar,  two  hours. — By  Professor  F.  Bernstein: 
Theory  of  probabilities  and  applications,  four  hours;  Mathe- 
matics of  insurance,  two  hours;  Seminar,  two  hours.— By  Pro- 
fessor 0.  Toeplitz:  Differential  equations,  four  hours. — By 
Dr.  H.  Weyl:  Algebra,  four  hours;  Survey  of  the  theory  of 
elliptic,  abelian,  and  automorphic  functions,  two  hours,— 
By  Dr.  L.  v.  Senden:  Descriptive  geometry,  four  hours; 
Graphical  methods  of  applied  mathematics,  six  hours. — By 
Dr.  Hecke:  Definite  integrals,  with  applications,  three  hours; 
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Theory  of  algebraic  fields,  four  hours. — By  Dr.  R.  Couraht: 
Calculus  of  variations,  three  hours;  Exercises  in  analj'tic 
geometry  of  space,  two  hours. — By  Professor  L.  Prandtl: 
Mechanics  of  continua,  three  hours;  Seminar  in  aeronautics, 
two  hours. 

UNiVERsrry  of  Munich. — By  Professor  F.  Lindemann: 
Analytic  geometry  of  space,  five  hours;  Theory  of  definite 
integrals  and  of  Fourier  series,  four  hours;  Mechanics  of  de- 
formable  bodies,  two  hours;  Seminar,  two  hours. — By  Pro- 
fessor A.  Voss:  Integral  calculus,  four  hours;  Introduction  to 
the  theory  of  algebraic  curves  and  surfaces,  three  hours. — By 
Professor  A.  Pringsheim:  Algebra,  II,  four  hours;  Selected 
chapters  in  the  theory  of  functions,  four  hours. — By  Professor 
G.  Habtoos:  Descriptive  geometry,  with  exercises,  seven 
hours. — By  Professor  Bhunn:  Analysis  situs,  three  hours. — 
By  Dr.  Rosenthal:  Algebraic  analysis,  four  hours;  Theory  of 
sets  of  points,  three  hours. — By  Dr.  Dingler:  Elements  of 
differential  geometry  of  plane  curves,  three  hours. — By  Dr. 
Boehm:  Advanced  integral  calculus,  and  boundary  problems, 
three  hours ;  Exercises  in  mathematics  of  insurance,  two  hours; 
Mathematical  statistics,  two  hours. 

During  the  last  thirty-six  years  Harvard  University  has 
sent  students  of  mathematics  to  Europe  on  travelling  fellow- 
ships in  almost  unbroken  succession.  In  only  two  of  these 
years  has  there  been  no  student  of  mathematics  or  mathe- 
matical physics  studying  abroad  on  such  a  fellowship,  while 
several  times  there  have  been  two  or  three  such  appointments 
simultaneously.  These  opportunities  for  foreign  study  were 
about  doubled  three  years  ago  by  the  Sheldon  bequest  of 
$350,000,  the  income  of  which  is  used  in  grants  for  this  purfMse 
(not  necessarily  in  mathematics),  so  that  it  may  be  expected 
that  in  future,  as  during  the  past  four  years,  there  will  ordi- 
narily be  at  least  two  travelling  fellows  from  Harvard  in 
mathematics  each  year  with  stipends  varying  from  S500  to 
S1150.  The  first  Sheldon  Fellow  in  madiematics  was  Dr. 
G.  C.  Evans  who  held  the  appointment  for  two  years  while 
studying  in  Rome.  This  year  Mr.  W.  C.  Gbaustein  is 
Sheldon  Fellow  at  Bonn,  while  Mr.  E.  S.  Allen  in  Rome  and 
Dr.  ToMLiNSON  Fort  in  Gottingen  also  hold  travelling  fellow- 
ships from  Harvard  for  the  study  of  mathematics.    The  ap- 
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pointments  are  invariably  given  to  men  who  have  distinguished 
themselves  by  their  work  as  resident  students  at  Harvard, 
though  frequently  to  students  whose  bachelor's  degree  was 
taken  elsewhere. 

The  Lobachevsky  prize  of  the  academy  of  sciences  of 
Kasan  has  been  awarded  to  Professor  F.  Schuh,  of  the  Uni- 
versity of  Strassburg,  for  his  researches  in  the  foundations  of 
geometry. 

As  a  memorial  to  Professor  P.  G,  Tait,  it  is  proposed  to 
establish  a  second  chair  of  natural  philosophy  in  the  University 
of  Edinburgh.  A  committee  has  been  organized  to  raise  a 
fund  of  £20,000  to  £25,000  for  this  purpose.  Subscriptions 
should  be  sent  to  the  honorary  treasurer,  Sir  G.  M.  Paul,  16 
St.  Andrew  Square,  Edinburgh. 

Mr.  R.  H.  Moodt  has  been  appointed  professor  of  mathe- 
matics at  Muir's  Central  College,  Allahabad. 

Professor  Feux  Klein,  of  the  University  of  Gottingen, 
has  been  relieved  permanently  of  his  university  duties,  on 
account  of  ill  health. 

Dr.  p.  Bernayb  has  been  appointed  docent  in  mathematics 
at  the  University  of  Zbrich. 

Dr.  a.  Hoborski  has  been  appointed  decent  in  mathe- 
matics at  the  University  of  Cracow. 

Professor  H.  Andoyer  has  been  appointed  professor  of 
mathematical  astronomy  at  the  University  of  Paris. 

Professor  C.  CARATBioDOHT,  of  the  technical  school  at 
Breslau,  has  accepted  a  professorship  of  mathematics  at  the 
University  of  Gottingen. 

Professors  M.  Disteli  and  K.  Heun,  of  the  technical 
school  at  Carlsruhe,  have  received  the  title  of  Hofrat. 

Professor  E.  Study,  of  the  University  of  Bonn,  has  re- 
ceived the  title  of  privy  councillor. 

Dr.  M.  Stuyvaert  has  been  appointed  docent  in  algebraic 
analysis  at  the  University  of  Ghent. 
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Dr.  H.  Mohrmann,  of  the  technical  school  at  Carlsruhe, 
has  accepted  the  professorship  of  mathematics  at  the  mining 
academy  of  Clausthal. 

^  Dr.   N.    E.  Norlund  has  been   appointed    professor  of 
mathematics  at  the  University  of  Lund. 

Dk.  L.  a.  H.  Warren  has  been  appointed  professor  of  mathe- 
matics at  the  University  of  Manitoba. 

Professor  Maxime  Bocuer,  of  Harvard  University,  has 
been  appointed  exchange  professor  to  lecture  at  the  Sorbonne 
during  the  first  half  of  the  academic  year  1913-1914. 

Professor  O.  P.  Akers,  of  Allegheny  College,  has  been 
granted  leave  of  absence  for  the  academic  year  1913-1914, 
to  travel  and  study  in  Europe. 

Dr.  J.  E.  Manchester,  of  the  University  of  Minnesota,  died 
January  24,  at  the  age  of  57  years. 

Book  catalogues:  R.  Friedlander,  Karlstrasse  11,  Berlin, 
catalogue  481-482,  94  and  14  pages. — A.  Hermann,  6  Rue  de 
la  Sorbonne,  Paris,  mathematics,  physics,  and  natural  science, 
98  pages. — A.  Relchmann,  Hauptstrasse  18,  Vienna,  catalogue 
79,  1653  titles. 
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Baire  (R.).  Thferie  dea  nombres  irratioimeb,  dea  limitea  et  de  1&  con- 
Unuit^.    2e  Mition,     Paiia,  Vuibert,  1912.    8vo.    64  pp. 

Bbbnbtein  (S.).  On  the  beat  approximation  to  continuoua  fimctiont  hj 
meana  of  polynomials  of  ^ven  degree.  (Russian.)  Charkow,  1912. 
8vo.     153  pp.  $0.75 

Bbst  (L.).  Elementarer  Beweia  dee  Fermatschen  Satiea.  Darmstadt, 
Schlapp,  1912.    8vo.    4  pp.  M.  O.fiO 

BiDDLB  (A.  D.).  Constructive  theory  of  the  unicuraal  plane  quartic  by 
synthetic  methoda.  (Publications  of  the  University  of  California.) 
Berkeley,  1912.    8vo.    28  pp.  $0.60 
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Bbuits  (H.).  Von  Ptolemiiu  bis  Newton.  (Rektoratsrede.)  Leip^, 
Edelmann,  1912.    8vo.    25  pp.  M.  0.76 

B0CHBR,  Neue,  Qber  Naturwissenscbaften  imd  MathemaUk.  Mitget^t 
Herbst,  1912.    Ldpiig,  Hinricha.    8vo.    Pp.  47-70.  M.  0.30 


Ldpiig,  Hinricha.    8vo.    Pp.  47-70. 

,_,)  e  Makcolongo  (R.).    Analyse  vectt 

(  Volume  1:  Transfonnations  lindturee.    Traduit  de  I'italien  i 


Bdkau-Fobti  (C.)  e  Makcolongo  (R.).    Analyse  veclorielle  g^ngrale. 

«  Volume  1:  Transfonnations  lindturee.    Traduit  de  I'italien  par  P. 

Baridon.    Pavia,  Mattel,  1912.    8vo.     19  +  179  pp.  L.  6.00 


Fiedler  (R.).    See  Jordan  (C). 

Fbizell  (A.  B.).  Foundations  of  arithmetic.  (Scientific  Bulletin  of  the 
TJnivemty  of  Kansas.)     Lawrence,  1911.    8vo.    31pp.  $0.50 

GalXn  (G.).    See  Pbbci  (G.). 

Gauss  (C.  F.).  Fragmente  xur  Theorie  dea  arithmetisch-geometrischen 
Mittels  aus  den  Jahren  1797-1799.  (M&terialien  fUr  dne  wiaaen- 
echaftllche  Biograpbie  von  Gauss.  2tes  Heft.)  Ldprig,  Teubner, 
1912.    8vo. 

Ghkrsi  (I.).  Matematicadilettevoleecuriosa:  problemi  bizarri,  paradosd 
a^brici,  geometrici  e  mecc&nici,  moto  perpetuo,  grandi  nuineri, 
curve  e  loro  tracclamento  meccanico,  ecc.  Milano,  Hoepli,  1913. 
24mo.    8+730  pp.  L.  9.50 

Gbassmamn  (H.).  Projektive  Geometric  der  Ebene,  unter  Benutiung  der 
Punktrechoungdaigestellt.  2teTBand:  Temiires.  Leipzig,  Teubner, 
1912.    8vo.     12  +  410  pp.    Cloth.  M.  19.00 

GrIIbel  (A.).  Ueber  Uneare  Differentialgldchui^ea  nut  bekanntem 
linearen  Multiplikator.     (Diss.)    Basel,  1912.    8vo.    57  pp. 

HEiBERa  (G.  H.).    See  Hero  Alexandrinub. 

Hebo  ALEXAimBiHue.  Opera  quae  supersunt  omnia.  Volumen  IV: 
Definitiones  cum  vania  collectionibus  quae  feruntur  Geometrica. 
Ccpiis  G.  Sclunidt  usua  edidit  G.  L.  Heibe^.  (Graece  et  Genuanice,) 
Leipzig,  1912.    8vo.    29  +  443  pp.  M.  9.00 

HoFSTKTTER  (P.).  Die  BeiTioulliscbe  Funktion  und  die  Gammafunktion. 
(Diss.)    Bern,  1911.    8vo.     109  pp.  M.  3.00 

Jordan  (C.)  et  Fiedler  (R.).  Contribution  ft  I'Stude  des  courbes  convexes 
ferm^es  et  de  ceri;aines  courbes  qui  s'y  rattachent.  Paris,  Bcrmann, 
1912.    8vo.    81  pp. 

Keiii>ner  CA.  J.).  Ueber  daa  Waringache  Problem  und  einige  Verall- 
gemeinemngen.     (Diss.)    Gfittingen,  1912.    8vo.    66  pp. 

KoWALBWBKi  (G.).  EinfQhnmg  in  die  InfiniteumalrechuunK  mit  einer 
hlstorischen  tJebersicbt.  2te,  vCllie  umgearbeitete  Auna^.  (Aus 
Natur  und  Geisteawelt.  Neue  Auflage.  Nr.  197.)  Leipsig,  Teub- 
ner, 1913.    8vo.    6 +  106  pp.    Ooth.  M.  1.25 

LiNDEUANN  (F.  und  L.).    See  Picard  (E.). 

LiNDOW  (M.).  DiSerential-  und  Integralrechnung  mit  BerUckncbtigung 
der  prajttischen  Anwendung  in  der  Technik.  (Aus  Natur  una 
Geisteswelt.  Nr.  387.)  Leipzig,  Teubner,  1913.  8vo.  7  +  HI  pp. 
Cloth.  M.  1.26 
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Mabcoi^noo  (B).    See  BuoAU-Foan  (C.)- 

Nbwbon  (H.  B.).    Theory  of  collineattong.     (Scieatific  Bulletin  of  the 

Univereity  of  Kansas.)     Lawrence,  1911.    8vo.     10  +  319  pp.    $2.50 
Osgood   (W.  F.).    Lehrbucb  der  Funktionentheorie.    Iter  Baud,  ^te 

Auflaae.     (Teubner'a  Sammlung.    NeueAuflage.    Band  XX.}    Leip- 

«ig,  Teubner,  1912.    8vo.     12  +  766  pp.    Qoth.  M.  18.00 

Peeron  (O.).    Die  Lehre  von  den  KettenbrOcben.     (Teubner'a  Sammlune. 

Band  36.)    Uipzig,  Teubner,  1913.    8vo.     12  +  520  pp.    Cloth. 

M.  22.00 
Fnsci  (G.),    Las  tablas  griScaH  de  Luyando.    Contribucion  &  la  historia 

de  la  nomografia.    Traduccion  de  G.  GaUn.    Zaragosa,  1909.    8vo. 

15  pp. 
FiCABD  <E.).    Das  WLasen  der  Gegenwart  in  Mathematik  und  Natur- 

wiasenschaft.     Deutach  mit  erla(lt«mden  Anmerkunsen  von  F.  und 

L.    Undemann.     (Wissenschart    und    Hypotheae,    XVL)     Leipzig, 

Teubner,  1913.    8vo.    4  +  292  pp.    Cloth.  M.  6.00 

ScHLBsiNGER    (L.).    Ueber    Gauss'    Aibeiten    lur    Funktionentheorie. 

(Materialien  fUr  eine  wissenachaftliche  Biographie  von  Gauss.    Stes 

Heft.)  Leipdg,  Teubner,  1912.  8vo. 
ScauiDT  (G.).  See  Hbro  Alexandrinus. 
Shttb  (E.  B).    Zur  Tbeorie  der  Heineschen  Reihe  und  itirer  Verall- 

gem^erung.     (Diss.)     Milnchen,  1911.    8vo.    63  pp. 
Stohler  (A.).     Multiptikation  und  Teilung  von  Sigmaquotienten.     (Diss.) 

Basel,  1911.    8vo.    87  pp. 
Thijwissem  (A.  J.  U.).    Het  vraagstuk  van  Dirichlet.    Leiden,  1911. 

8vo.     11  +  191  pp. 
'VAI.ENTINER  (S.).    Vektoranalyus.    2te,  umgeorbeitete  Au£age.     (Sainin> 

lung  Gdscheu.     Neue  Auflage.    Nr.  354.)     Berlin,  GOachen,  1912. 

Svo.     156  pp.    Ooth.  M.  0.80 

Weber   (H.).     Lelirbuch  der  Algebra.    KIdne  Au^abe  in    1    Bande. 

Braunschwdg,  Vieweg,  1D12.    8vo.    10  +  528  pp.  M.  15.00 

Wbickmann  (L.).    Beitrftge  cur  Theorie  der  Fl&chen  mit  einer  Schar  von 

Minimalgeraden.     (IMss.)     MUnchen,  1912.    8vo.    51  pp. 
Zbuthen  (G.  H.).    Die  Mathematik  im  Altertum  und  im  Mittelalter. 

(Die  Kultur  der  Gegenwart.    3ter  Teil,  lU  " '  ''         -  ■    ■  ■  ' 

Leipiig,  Teubner,  1912.    8vo.    5+95  pp. 

II.    ELEMENTARY  MATHEMATICS. 
AuALDi  (U.).    See  Ekbiques  (F.). 


(Die  Kultur  der  Gegenwart.    3ter  Teil,  Ite  Abtdlung,  Ite  LieferuugO 


Babnard  (S.)  and  Child  <J.  M.).     A  new  geometry.    Parts  1  and  2. 

London,  Macmillan,  1912.    Svo.    334  pp. 
Bauer  (W.)  und  Hanxlbden  (E.).     Lehrbucb  der  Mathematik.    2t«r 

Band:  Planimetrie,  Stereoroetrie  und  Trigonometrie.    Braunschweig, 

Vieweg,  1912.    8vo.    8  +  179  pp.    Cloth.  M.2.40 

BoDABSE  (H.)  et  TuRRifcBE  (E.).    Exercicee  et  complements  de  matli6- 

matiques   g^neraJes.     Paris,    Delagrave,    1912.    Svo.     15  +  604  pp. 
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BoucHBNT  (G.)  et  GufiRiNET  (A.)-    L'alg^bre  &u  cours  compMmentaiie. 

2e  ^ition.    Paris,  Lorousse,  1912.    Svo.     132  pp.  Fr.  1.40 
.    La    gtomitrie    au    cours    compMmentaire.    2e    ^ition.    PariB, 

Larousse,  1912.    Svo.    336  pp.  Fr.  2.80 

BouRLET  (C).    Elements  d'alg^bre.    Classes  de  3e  A,  2e  et  Ire  A  et  B. 

4e  MitioD,  revis£e.    Paris,  Hachette,  1612.     l6mo.    363  pp.    Fr.  3.00 
Chambr£  (A.).    See  EocB  (W.). 
Child  (J.  M.).    See  Basnard  (S.). 


pp.  M.  1.40 

EiBE  (T.).    See  Eukud. 

El^wbnts  de  trigonom^trie  rectiligne.  Par  F.  J.  Paris,  Gigord,  1912. 
IQmo.    7  +  266  pp. 

Enbiqueb  (F.)  e  Amaldi  (U-).  Elementi  di  geometiia.  3a  edizione. 
Bologna,  Zanicbelli,  1912.     16ino.    8+272  pp.  L.  2.00 

.    Nozioni  di  geometria.    2a  edizione.     Bologna,  Zanicbelli,  1912, 

16mo.     7  +  195  pp.  L.  1.80 

Eukud.  Element«r,  VII-XllI.  Overaat  af  T.  Eibe.  Kjdbenbavn,  1912. 
8ro.    486  pp.  Kr.  9.00 

Fbonteba  (D.  J.).    See  Sonnet  (H.). 

Fvea  (K.).  Die  wicbtigsten  Satze  its  Ptanimetrie,  Stereometrie  imd 
Tngonometrie,  4te,  vermehrte  Auflage.  NUniberg,  Kom,  1912. 
Svo.    S+249pp.    Cloth.  M.  3.00 

Gu£binet  (A.).    See  Bodchbnt  (G.). 

H&DicKE  (G.).  EinfUhrung  in  die  neuere  Geometrie.  Ein  Vorschlas  zur 
Reform  dee  elementar-geometriscben  Unterrichts.  Iter  Teil:  Sym- 
metric und  Kongruenz.  Berlin,  Oehmigke,  1912.  Svo.  26  +  241 
pp.    Cloth.  M.  3.60 

Hanxleden  (E.).    See  Baubr  (W.). 

Heeoaard  (P.).  Der  Matbematikunterricht  in  D&nemark.  (Inter- 
nationale matbematiache  UnterrichtskomniissioD.)  KjSbe^iBvn, 
Gyldendalske  Boghandel,  1012. 
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Laaobr  (F.).  Planimetrische  Konstniktionsaufgaben.  2te  Auflage. 
ZOrich,  Speidel,  1912.     8vo.     47  pp.  M.  1.20 

Lackbmann.  Elemente  der  Geometrie.  Bearbeitet  von  H,  Kreuachmer, 
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mathematjschen  Unterricht  un  KAnig  Georg-GyDinaaum  zu  Dresden. 
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III.    APPLIED  MATHEMATICS. 
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Leipsig,  Teubner,  1912.    8vo.    3+28  pp.  M.  1.20 

BuscH  (H.).    Stabilitat,  LabiKtit  und  Pendelungen  in  der  ElektTOt«cbnik. 

Iter  Teil.     (Diss.)     CKittingen,  1911.    8vo.     144  pp. 
Chappuis  <J.).    See  Appell  (P.). 


CoaaEHAT  (E.  et  F.).    See  Pebbt  (J.). 
Daruko  (L.  a.).    See  BLsaaiNO  (G.  F.)- 
Davaox  (E.).    See  Perbt  (J.). 

DOROUEIL    (S.)-    Tables  a^ronautiquea.    Paris,   IJbraire  a£ronautique, 
1912.    8vo.    32  pp.  Ft.  3.00 


Enderle  (A.).  Zur  Theorie  der  elektrischen  und  magnetjschen  Doppel- 
brechung  von  FKlBsigkeiten.     (Diss.)    Freiburg,  1912.    8vo.    S5  pp. 

Ehztklopasie  der  matbematiscben  Wiseenschaften.  Band  VI  1  B: 
Geodasie  und  Geophyeik.  Stes  Heft:  Dynamische  Meteorologie, 
von  Exner  und  TraWt.  Leiprig,  Teubner,  1912.  Svo.  Pp.  179- 
234.  M.  1.80 

FtiRSTEB  (0.).    See  Reihhebtz  <C.}. 


;b[(F.).    ISeelBjERKNBaKV.). 

Larmikat  <E.  de).  (Topographie  pratique  de  reconnaissance  et  d'exploia- 
tion  auivie  de  notions  <!l£mentBirea  pratiques  de  g^od^e  et  d'aatrouo- 
mie  de  campagne.  3e  &Jition.  Paris,  Gharres-LavBuzelle,  1912. 
Svo.    404  pp]  Fr.  10.00 

Leick  (W.).  Astronomische  Ortsbestinunungen  mit  besonderer  Berilck- 
sichtigung  der  LuftBchifiahrt.    Leipzig,  1912.    Svo.    8+130  pp. 

M.  2.80 

Marchano  Bet  (E.  E.).  RMezions  de  m^canique  p^^rale  sur  Vunivers 
et  la  mati^re.  Refutation  math^matique  des  lots  de  Newton.  Nou- 
veaut^  scientifiques.    Cliatou,  1912.    Svo.    78  pp. 


Mather  (W.).  Die  astronomische  Zeitrechnung  der  V.dlker  von  ihrem 
Ursprung  bis  zur  Gegenwart  und  die  Einheitszeit.  Mannhnm,  Haas, 
1912.    Svo.    116  pp.    Cloth.  M.  4.00 

Merriman  (M.)  and  others.  American  civil  en^eer'e  pocketbook.  2d 
edition,  enlarged.    New  York,  Wiley,  1912.     12mo.    8+1473  pp. 

»S.00 


-obvGoo»^lc 


l.  T-.u/^fM'..       ly^U^M-    ,1.^ 


ii'pc.  ''  ^■''  *""*  "■^'  '*''*'-^'7        r.  .»s.i=-       ij^  :  >U.     •■:-^ 

1,.U-      ■»■/-,       iv-p^  ._^^ 

HiU.  1^12,     24*»  pp.  ^  y 

PmK,  fMrs-ji.      Av-^-i«*l'J,-i'*««  III,  »i,[«T^i-»  -air  b  nJ^^>^ 
tt^M.,U-ur.     faia,  Hpm^.,n,  J'jKi.     s.o.     S*Wi  pp. 

.>._hnft  ,    3-«  Aufl--.«.-.    'M  ,.-,^  f,.-.fi  ,.„.i  Hv[^,-h<^.    Neu*  Aua*«. 

M.,  LMfrtiR.  T-ijl-rifi^,  l!ti;{.  Sv...  I«-If7^pp.  Cloth,  M.  6.00 
.     Vririf-iinem  Ul^.jie'n.i-f.rif -IfT  »inn.-irahl.in(E      2t*   leil»«se 

umiparf«il.^le   A.iHaR«-     I>-ipiUf,   Barth.    iai3.     8vo.     12-21*   pp 

M.  7.sd 
Reishbrti  fC).     f;««i.-«ic.     2IP  .\.ifl.-w.-.  nrubonrhpitet  von  C    F6r-(« 

'rtflmml.ifiK  Gi«^Ji<n.     N'cj-:  Aulhne.r.     .\r.   I02.j     BcrliD    'c;o*-h™' 


1&J2. 


M.  0  SI 


RmrLKB  rS.,.  TaMlf-n  d.-r  I.ijftB™i.[,.,.  J*,  .W  Druokaquivalente  A 
und  der  Graviuiion  p.  Itirrlin,  .-iprinKir,  1912  Bvo  4+93  mi 
*-''«^'>-  M.  6  00 

RtNCKLAKE  (A.).     Antrochpmic  und  -mchiinik,     Berlin,  1912.     Svo. 

Sasdbtr<>m  iJ.  W.),    Hw  Bjkkknkh  (V.j.  *'■  ^■** 

(Nammliiim   (-.when.     ^^•lI<^   Auflw(P.     .Nr.    21.)     Berlin,   Goerh^ 

1912.     «v».     144  pp.     ClolJi.  ""'   ^iTo^ 

Veithkv    (C).     IJi'brr   din    Vcrwi'ndunjt   (W   Rerhrnmam-hine   bei    rfw 

BahnU'HtimmunK   von   I'lanclirn,     (Vwn.)     Leipzig,    1912.     4(0.     40 

VodLBB  (C.  A.).  Ccixialiiu-hp  [.VbiinRcn  fflr  LandmoMpr  und  IniFpnSmin. 
SteAuflaw.  Tcil  II;  Wlnl.Tab.mK-n.  Berlin,  1913.  Svo  8+^ 
pp.     Cloth.  jy.  7.00 

VciBBHT  (H.),  L<w  anaRlyphcH  K^mdlriqueK.  G<^in|tlrie  stdrfosconifi.i* 
Paris,  1912.     Svo.  Fr  2  W 


-obvGoo»^lc 


-awGoOi^lc 


386  NEW  PUBLICATIONS.  [April,    1913.] 

Mew£B(L.)-    Definitive  BahsbeetimmimgdesKometeD  1846  VII.     (Km.) 

Br€«lau,  1912.    8vo.    57  pp. 
MiDVLBTON    (G.   A.   T.).    Surveying   and   surveying   iiiBtruments.    3d 

edition,  enlarged.    London,  1912.    Svo.     184  pp.    Cloth.         fis.  6d. 

MoNTANARi  (C.).  Elementi  di  jgeometria  descrittiva.  3a  editione, 
riveduta  e  corretta.    Livomo,  Giusti,  1913.     16mo.    40  pp.     L.  O.SO 

MoROBOv  (N.).  Functions.  A  concrete  preeeDtation  of  the  calculus. 
ApplicatiODS  to  physics  and  geometry.  (Russian.)  Kieff,  1912.  Svo. 
464  pp.  S2.00 

MuRRAT  (J.  £.).  A  handbook  of  wireless  telE^rapby.  Its  theory  and 
practice.  4th  edition,  revised  and  enlarged.  London,  Lockwood, 
1912.    Svo.    458  pp.  10s.  6d. 


Nbrnst  (W.).  TheoretiBche  Chemie  vom  Standpunkte  der  Avogadroechen 
Kegel  und  der  Thermodynamik.  7te  Auflage.  Stuttgart,  Enke, 
1913.    Svo.     16+838  pp.    Halfleather.  M.  24.80 


Perht  (J.).  Mdcanique  appliqu^e.  Traduit  sur  la  9e  Edition  angtaise, 
par  E,  Davaux.  Avec  des  additions  et  un  appendice  sur  la  m^canique 
des  corps  d^formablea,  par  £.  et  F.  Coaserat.  Tome  1:  L'^nergie 
m^anique.     Paris,  Hennann,  1913.    Svo.    5+405  pp. 

Planck  (M.).  Das  Priniip  der  Erhaltung  der  Energie.  (PreisgekrOnt«fl 
Schrift.)  3te  Auflage.  (Wissenachaft  und  Uypotnese.  Neue  Auflage. 
VI.)     Leipzig,  Teubner,  1913.     Svo.     16+27S  pp.    Cloth.     M.  6.00 

.     Vorlesungen  Ober  die  Theorie  der  Wftnneatrahlung.     2te,  teilwdse 

umgearbeitete  Auflage.    Leipzig,  Barth,  1913.    8vd.     12+200  pp. 

M.  7.80 

Reinbbrtz  (C).  Geodasie.  2te  Auflage,  neubearbeitet  von  G.  Fdretcr. 
(Sammlung  Gdschen.  Neue  Auflage.  Nr.  102.)  Berlin,  GOschen, 
1912.    Svo.     169  pp.    Cloth.  M.  O.SO 

RiSFX£R  (S.).  T^>ellen  der  Luftgenichte  Jt,  der  Druck&quivalente  (fi, 
und  der  Gravitation  g.  Berlm,  Springer,  1912.  Svo.  4+93  pp- 
Clotb.  M.  6.00 

RiNCKi,AKE  (A.).    Astrochemie  und  -mechanik.    Berlin,  1912.    Svo. 

M.  1.00 

SANt>BTRdu  (J.  W.).    See  Bjerknes  (V.). 

ScHAErEB  (K.  L.).  Muukalische  Akustik.  2t«,  neubearbeitete  Auflage. 
(Sammlung  Goschen,  Neue  Auflage.  Nr.  21.)  Berlin,  Gdschen, 
1012.    Svo.     144  pp.    Cloth.  M.  0.80 

Veitben  (C.).  Ueber  die  Verwendung  der  Rechenmascbine  bd  der 
Bahnbestimmung  von  Planeten.  (Diss.)  Leipzig,  1912.  4to.  40 
pp. 

VooLEB  (C.  A.),  Geod&tische  Uebungen  fiir  Landmesser  und  Ingenieure. 
3te  Auflage.  Teil  II:  WinterUbungen.  BerUn,  1913.  Svo.  8+204 
pp.    Cloth.  M.  7.00 


-obvGoo»^lc 


THE  FEBHUART  MEETING  OF  THE  SOCIETY. 


THE   FEBRUARY   MEETING    OF  THE   AMERICAN 
MATHEMATICAL  SOCIETY. 

The  ODe  hundred  and  sixty-second  regular  meeting  of  the 
Society  was  held  in  New  York  City  on  Saturday,  February  22, 
1913.  The  attendance  at  the  two  sessions  included  the  follow- 
ing thirty-eight  members : 

Professor  R.  C.  Archibald,  Mr.  H.  Bateman,  Mr.  R.  D. 
Beetle,  Mr.  A.  A.  Bennett,  Dr.  Henry  Blumberg,  Professor 
Joseph  Bowden,  Professor  E,  W.  Brown,  Professor  B.  H.  Camp, 
Professor  A.  B.  Coble,  Dr.  Emily  Coddington,  Professor  F.  N. 
Cole,  Dr.  Elizabeth  B.  Cowley,  Miss  L.  D.  Cummtngs,  Mr. 
C.  H.  Currier,  Dr.  L.  L.  Dines,  Professor  W.  B.  Fite,  Mr.  G.  M. 
Green,  Professor  C.  C.  Grove,  Professor  C.  N.  Haskins,  Mr. 
S.  A.  Joffe,  Professor  Edward  Kasner,  Dr.  N.  J.  Lennes, 
Mr.  P.  H.  Linehan,  Professor  James  Maclay,  Dr.  R.  L. 
Moore,  Professor  Frank  Morley,  Mr.  F.  S.  Nowlan,  Professor 
W.  P.  Osgood,  Mrs.  Anna  J.  PeU,  Professor  R.  G.  D.  Richard- 
son, Professor  L,  P.  Siceloff,  Mr.  L.  L.  Smail,  Professor  D.  E. 
Smith,  Dr.  M.  O.  Tripp,  Professor  Oswald  Veblen,  Mr.  H.  E. 
Webb,  Professor  H.  S.  White,  Prof essor  W.  A.  Wilson. 

Ex-President  H.  S.  White  occupied  the  chair,  being  relieved 
by  Professors  E.  W.  Brown  and  F.  Morley,  The  Council 
announced  the  election  of  the  following  persons  to  membership 
in  the  Society:  Professor  E.  P.  Adams,  Princeton  University; 
Dr.  H.  L.  Agard,  Williams  College;  Professor  Fiske  Allen, 
Kansas  State  Normal  School;  M.  Farid  Boulad,  Egyptian 
State  Railways;  Professor  J.  A.  Caparo,  Notre  Dame  Univer- 
sity; Mr.  C.  H,  Clevenger,  Kansas  State  Agricultural  College; 
Dr.  A.  L.  Daniels,  Jr.,  Yale  University;  Mr.  W.  Van  N. 
Gairetson,  University  of  Michigan;  Mr.  G.  M.  Green,  Colum- 
bia University;  Mr.  C.  E.  Love,  University  of  Michigan;  Dr. 
Thomas  Muir,  Education  Office,  Capetown,  S.  A.;  Mr.  J.  A. 
Nyherg,  University  of  Wisconsin;  Dean  Marion  Reilly,  Bryn 
Mawr  College;  Professor  B,  L,  Remick,  Kansas  State  Agri- 
cultural College;  Professor  W.  V.  Skiles,  Georgia  School  of 
Technology;  Mr.  J.  N.  Vedder,  University  of  Rlinois.  Five 
applications  for  membership  in  the  Society  were  received. 

The  early  publication  was  announced  of  the  Princeton 
Colloquium  Lectures,  delivered  at  Princeton  in  1909  by  Pro- 
fessors G.  A.  BUss  and  Edward  Kasner. 
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The  following  papers  were  read  at  this  meeting: 

(1)  Professor  Harris  Hancock:  "  A  theorem  in  the  analj-tic 
geometry  of  numbers." 

(2)  Professor  B.  H.  Camp:  "  The  expression  of  a  multiple 
integral  as  a  simple  integral." 

(3)  Mr.  G.  M.  Green:  "  Projective  differential  geometry  of 
triple  systems  of  surfaces." 

(4)  Dr.  C.  A.  Fischer:  "A  generalization  of  Volterra's 
derivative  of  a.  function  of  a  curve." 

(5)  Mr.  L.  B.  Robinson:  "  Notes  on  the  theory  of  systems 
of  partial  differential  equations." 

(6)  Professor  Oswald  Veblen  and  Mr.  J.  W.  Alexander, 
11:  "Manifolds  of  n  dimensions." 

(7)  Professor  R.  G.  D.  Richardson:  "Oscillation  theorems 
for  linear  homogeneous  self-adjoint  partial  differential  equa- 
tions with  one  parameter." 

(8)  Miss  L.  P,  Copeland:  "Concerning  the  theory  of  in- 
variants of  plane  n-lines." 

(9)  Dr.  T.  H.  Gronwall:  "  On  the  summability  of  Fourier's 
series." 

(10)  Dr.  T.  H.  Gronwall:  "On  Lebesgue's  constahts  in 
the  theory  of  Fourier's  series." 

(11)  Dr.  T.  H.  Gronwall:  "  On  the  degree  of  convergence 
of  Laplace's  series." 

(12)  Dr.  N.  J.  Lennes;  "  Note  on  Lebesgue  and  Pierpont 
integrals." 

(13)  Dr.  N.  J.  Lennes:  "Finite  sets  and  the  foundations  of 
arithmetic," 

(14)  Mr.  H.  Bateman:  "The  expression  of  the  equation  of 
the  general  quartic  cur\'e  in  the  form  A/xx'  +  B/yy'  +  Cjzz' 
=  0." 

(15)  Mr.  H.  Bateman:  "Sonin's  polynomials  and  their 
relation  to  other  functions." 

(16)  Dr.  Dl'NHam  Jackson:  "On  the  accuracy  of  trigono- 
metric interpolation." 

(17)  Mr.  C.  E.  Wilder:  "On  the  degree  of  approximation 
to  discontinuous  functions  by  trigonometric  sums." 

(18)  Professor  Edward  Kasner:  "Systems  of  curves  con- 
nected with  equilong  transformations." 

Dr.  Fischer  was  introduced  by  Professor  Cole,  Mr.  Robinson 
by  Dr.  Cohen.  Miss  Copeiand's  paper  was  communicated 
to  the  Society  through  Professor  Glenn,  Mr.  Wilder's  through 
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Dr.  Jackson.  In  the  absence  of  the  authors  the  papers  of 
Professor  Hancock,  Miss  Copeland,  Dr.  Gronwall,  Dr.  Jackson, 
and  Mr.  Wilder  were  read  by  title.  Abstracts  of  the  papers 
follow  below.  The  abstracts  are  numbered  to  correspond  to 
the  titles  in  the  list  above, 

1.  Professor  Hancock's  paper  is  in  abstract  as  follows: 
Let  the  coordinates  of  a  point  in  three-dimensional  space 
be  denoted  by  (x,  y,  z),  and  further  assume  that  these  quan- 
tities take  only  positive  integral  values.  A  point  is  catted  a 
unit  point  if  the  greatest  common  divisor  of  its  coordinates  is 
unity.  An  asymptotic  value  is  found  for  N,  the  number  of 
unit  points  of  a  fixed  rectangular  parallelopipedon.  It  is 
then  evident  that  the  probability  that  a  point  is  a  unit  point, 
when  chosen  at  random  among  the  points  {x,  y,  z),  where  x 
varies  from  k  to  ki,  y  varies  from  m  to  mi  and  z  varies  from 
«  to  ni,  is  iV/(fei  —  k){m-i  —  m)(ni  —  w).  In  particular,  if 
k,  m,  n  remain  fixed,  while  at  least  two  of  the  numbers 
ki,  mi,  Wi  become  very  large,  this  probability  is  |  nearly, 

2.  Professor  Camp's  paper  presents  some  general  theorems, 
of  which  the  following  are  corollaries: 

1.  If  the  function  u  is  defined,  limited,  and  Lebesgue  inte- 
grable  in  the  multiple,  limited  field  A,  and  possesses  the  prop- 
erty that  the  set  of  points  in  A  where  u  remains  constant  has 
measure  zero,  and  if  v  is  any  other  absolutely  Lebesgue  inte- 
grable  function  defined  in  A,  then  the  following  results  hold: 
U(x)  and  V(x)  exist  in  the  interval  (0,  a=meas  A)  so  that,  if 
Bpii)  is  the  set  in  ,i4  where  u  <  U{x),  x=  meas  Btnz),  U  is 
monotone  increasing,  and 

rUdx=  CvdA,      rVdx=  fvdA,      fuYdx^  CuvdA. 

2.  If  also  U(x)  is  en  integra , 

JuvdA  =  U{a)  fzdA  -   f'(  U'{x)  f  tdA  \dx. 

The  theorems  are  useful  in  extending  to  multiple  integrals 
theorems  that  have  been  established  for  simple  integrals 
only.  In  particular  this  is  true  in  the  case  of  a  certain  theorem 
of  Lebesgue  {Annales  de  la  Faculti  de  Toulouse,  series  3,  volume 
1  (1909),  page  65,  v). 
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3.  Mr,  Green  bases  a  projective  theory  of  triple  families 
of  surfaces  on  the  consideration  of  a  certain  completely  in- 
tegrable  system  of  six  partial  differential  equations  of  the 
second  order,  of  which 

(1)  y'«  =/«'(u, «,  w)  (it=l,  2, 3,4) 

are  a  fundamental  system  of  solutions.  Any  fundamental 
system  of  solutions  will  then  give  a  projective  transformation 
of  the  system  (1).  The  equations  (1)  give,  for  u  =  const., 
t  =  const.,  w  =  const.,  the  three  families  of  surfaces,  if  the' 
y's  be  interpreted  as  homogeneous  coordinates  of  a  point  in 
space.    The  transformations 

are  the  most  general  transformations  which  leave  unchanged 
the  triple  family  of  surfaces,  without  interchanging  the  families. 
According  to  the  general  method  of  Professor  Wilczynski,  the 
invariants  and  covenants  of  the  system  of  differential  equa- 
tions under  the  transformations  (2)  are  calculated;  the  geo- 
metric interpretation  of  these  invariants  and  covariants  con- 
stitutes a  projective  theory  of  the  triple  system. 

4.  Volterra  has  defined  the  derivative  of  a  function  of  a 
curve  at  a  point,  and  has  proved  that,  if  it  satisfies  certain 
conditions,  the  first  variation  of  the  function  X(C)  can  be 
expressed  by  the  equation 


p  L'iC,t)6-. 


iUC)  =  I     L'iC,t)iyit)di, 


where  L'{C,  t)  is  the  derivative  of  L(C)  at  the  point  i  ™  (, 
and  where  xi  and  xt  are  the  end  points  of  the  curve  C  whose 
equation  is  y  ™  y(x).  In  the  present  paper  Dr.  Fischer  has 
considered  only  die  class  of  curves  whidi  give  fixed  end  values 
to  a  set  of  m  functions  determined  by  m  ordinary  differential 
equations  of  the  first  order.  The  definition  of  the  derivative 
is  modified  so  as  to  apply  to  functions  defined  for  this  class  of 
curves;  the  theorem  mentioned  above  is  proved  in  a  slightly 
different  form,  and  its  application  to  the  Lagrange  problem 
of  the  calculus  of  variations  is  discussed. 
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5.  Mr.  Robinson  discusses  the  systems  of  partial  differential 
equations  named  by  Riquier  regular.  An  error  made  by 
Delassus  in  his  extension  of  the  theorem  of  Caucfay  is  corrected. 
Likewise  the  author  considers  the  passivity  conditions  of 
systems  of  partial  differential  equations  and  shows  how  some 
of  Riquier's  rules  can  be  extended  and  simplified. 

6.  The  paper  of  Professor  Veblen  and  Mr.  Alexander  con- 
tains a  discussion  of  n-dimensional  manifolds  by  means  of 
matrices  reduced  modulo  two.  Certain  theorems  are  proved 
which  reduce  to  known  results  for  two-sided  manifolds,  but 
which  are  new  for  one-sided  manifolds.  The  paper  will  appear 
in  the  June  number  of  the  Annals  of  Mathemaiica. 

7.  By  means  of  Ids  theory  of  integral  equations  Hilbert  has 
proved  the  existence  of  functions  u{x,  y)  vanishing  on  the 
boundary  of  a  region  R  and  satisfying  within  that  region  the 
most  general  linear  self-adjoint  partial  differential  equation 
of  the  second  order  in  two  variables  and  containing  one 
parameter 

0^).  +  {?«,),+  ?Cx,  y)u  +  \h{x,  y)u  =  0,      {p{x,  y)  >  0). 

In  the  orthogonal  case  {k  ^  0)  there  are  an  infinite  number  of 
parameter  values  Xi  ^  Xi  ^  Xt  ^  ■  ■  -  for  which  such  solu- 
tions exist;  in  the  polar  case  (k  both  signs,  9^0)  there  are 
two  infinite  sets  0<XigXi^Xj^- •  ■ ;  0>X_iSX_2^>_j£  ■  ■ -. 
Professor  Richardson  has  undertaken  the  investigation  of  the 
nature  of  the  various  solutions  and  shows  that  to  a  given 
integer  n  there  correspond  in  the  orthogonal  case  at  least 
one,  in  the  polar  case  at  least  two  solutions  u(x,  y)  of  the  type 
sought  and  such  that  there  are  n  sub-regions  of  R  on  the 
boundary  of  which  each  solution  also  vanishes.  After  deriv- 
ing an  existence  theorem  for  the  non-orthogonal  non-polar 
equation  (k  both  signs,  q  positive  in  at  least  a  portion  of  R), 
he  shows  that  in  thia  case  there  is  an  integer  ni  ^  0  such 
that  for  n  <  ni  there  is  no  solution  of  the  type  sought,  while 
for  n  ^  ni  there  are  at  least  two. 

This  discussion,  which  holds  also  for  equations  in  three  or 
more  independent  variables,  will  appear  in  the  MathsmaHsehe 
Anruden. 

8.  In  the  first  section  of  Miss  Copeland's  paper  she  estab- 
lishes necessary  and  sufficient  conditions  in  order  that  two 
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factorable  ternary  forms  ftm,  gtm,  representing  iM-Unes,  may 
have  the  property  that  each  form  is  the  sum  of  constants 
times  the  m  mth  powers  of  the  linear  factors  of  the  other.  In 
the  case  where  the  simplest  full  invariant  of  each  m-line  van- 
ishes it  is  shown  that  the  plane  pencils  have  a  common  vertex 
and  are  apolar  if  they  have  the  above  property. 

In  the  second  part  of  the  paper  the  general  theory  of  full 
invariants  is  studied.  TTie  necessity  and  sufficiency  of  the 
ternary  annihilators  is  established  by  means  of  symmetric 
functions  and  the  solution  of  linear  partial  differential  equa- 
tions. This  is  generalized  for  n  variables.  The  subject  of 
complete  systems  is  treated  by  the  direct  extension  of  the 
process  for  binary  forms  due  to  Hilbert.*  Complete  systems 
of  invariants  for  a  triangle,  quadrilateral,  and  pentagon  are 
obt^ned,  and  of  covariants  for  a  triangle  and  quadrilateral. 
It  is  shown  how  the  invariants  may  be  expressed  rationally 
in  terms  of  the  2m'  independent  coefficients  of  the  m-line's 
form. 

9.  Dr.  Gronwall  gives  a  simplified  proof  of  the  theorem  due 
to  Riesz  and  Chapman,  that  the  Fourier  series  of  an  absolutely 
integrable  function  /(x)  is  summable  by  Cesilro's  means  of 
order  t>  0  with  the  sum  \  lim.^  {f{x-\-t)-\-f{x — e))  at  *iiy 
point  where  this  limit  exists,  and  shows  by  an  example  that 
the  theorem  is  not  generally  true  for  a  function  which  is 
integrable  without  being  absolutely  integrable. 

10.  Dr.  Gronwall  has  shown  {Mathematiache  Annalen, 
volume  72, 1912)  that  the  Lebesgue  constants  p„  increase  with 
n,  beginning  with  n  =  \;  and  an  independent  proof  was  given 
by  Jackson  {Transactions,  1912);  both  proofs  depend  upon 
the  representation  of  p„  by  a  definite  integral.  The  present 
paper  gives  a  proof  based  directly  on  Fej^r's  explicit  trigono- 
metrical formula  for  p„,  which  is  preferable  from  a  systematic 
point  of  view. 

1 1.  In  the  present  paper.  Dr.  Gronwall  considers  the  Laplace 
development  in  a  series  of  spherical  harmonics  of  a  function 
/(fl,  ip)  of  the  geographical  coordinates  on  the  unit  sphere 
under  the  assumption  that  for  any  two  points  6,  ip  and  6',  ip' 

l/(g.  v)  -  ne',  <p')\  <  w(fi), 

*  MaUt.  AnnaUn,  vol.  33. 
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where  w  is  a  given  function  and  8  the  distance  between  the 
two  points.  It  is  shown  that  the  remainder  after  n  terms 
in  Laplace's  series  for  fid,  ip)  is  numerically  less  than  a  con- 
stant multiple  of  w(l/n)Vn,  and  that  there  exist  functions 
f{B,  ip)  such  that  at  a  given  point  the  remainder,  for  an  infinite 
number  of  values  of  n,  is  numerically  greater  than  Q(l/n)Vn, 
where  it  is  any  function  such  that  limj_c  Q(^/(d(5)  =  0- 

In  the  particular  case  of  the  Legendre  series  for  a  function 
f(x),  —  1  ^x  =  cos 6  ^  1,  these  results  apply  to  the  end 
points  X  —  ±  1  and  thus  complete  the  investigations  of 
Dr.  Jackson  (Traruactiotu,  1912)  which  apply  to  any  inter- 
val —  1  +  t  ^  ar  ^  1  —«,{<>  0).  As  in  his  theorem  ■<in  is 
replaced  by  log  n,  it  is  seen  that  there  is  an  essential  difference 
between  end  points  and  interior  points  in  Legendre's  series 
(which  does  not  exist,  for  instance,  in  the  Fourier  series). 

12.  In  this  paper  Dr.  Lennes  compares  the  definitions  of 
definite  integrals  given  by  Lebesgue  and  Fierpont.  Let  e 
denote  the  continuum  on  a  certain  interval  ab,  and  d  any 
subset  of  c  on  this  interval.  Let  c  —  d  =  e.  It  is  shown 
that  if  the  function  is  defined  on  a  measurable  set  d  (in  the 
Lebesgue  sense)  the  two  definitions  are  equivalent.  If  the 
set  d  is  not  measurable  the  Lebesgue  definition  does  not  apply 
while  that  of  Fierpont  does.  However  in  this  case  the 
Fierpont  integral  does  not  satisfy  one  of  the  fundamental 
requirements,  viz., 

fj+f.f-fj- 

By  adopting  a  modification  of  Pierpont's  definition  which 
limits  its  applicability  to  the  field  covered  by  Lebesgue's,  it 
is  possible  to  make  the  treatment  simpler  than  Lebesgue's. 

13.  Dr.  Lennes'  second  paper  gives  a  set  of  assumptions  for 
point  sets  and  from  them  derives  the  usual  assumptions  for 
arithmetic. 

14.  In  Mr.  Bateman's  first  paper  it  is  shown  that  the 
equation  of  a  general  quartic  curve  can  be  expressed  in  the 
form 

Ayy'zz'  +  Bzz'xx'  -|-  Cxx'yy'  =  0, 

where  xx'yy'zz',^  0  is  the  equation  of  six  straight  lines.    For 
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a  certain  type  of  quartic  curve  this  reduction  can  be  effected 
in  an  infinite  number  of  ways. 

15.  The  polynomials  introduced  by  Sonin  are  discussed  in 
Mr.  Bateman's  second  paper.  Various  definite  integrals  and 
expansions  are  obtained  and  the  polynomials  are  used  to 
obtain  some  elementary  solutions  of  the  equation  of  wave 
motion. 

16.  If  the  values  of  the  function/(x),  of  period  2t,  are  known 
at  2n  +  1  points  equally  spaced  throughout  a  period,  a  trigo- 
nometric sum  of  order  n  at  most  which  takes  the  same 
values  as  f{x)  at  these  points  can  be  constructed  by  means 
of  formulas  analogous  to  those  which  define  the  Fourier 
series  of  f{x).  The  question  of  the  convergence  of  this  trigo- 
nometric sum  to  the  value  fix),  when  the  number  n  is 
indefinitely  increased,  has  been  investigated  by  Faber  (Mathe- 
moHache  Aniuden,  volume  69).  Dr.  Jackson  points  out  that 
his  theorems,  recently  communicated  to  the  Society,  on  the 
accuracy  of  trigonometric  approximation,  in  conjunction 
with  a  lemma  proved  by  Faber,  immediately  furnish  infor- 
mation as  to  the  rapidity  of  the  convei^ence  of  the  interpola- 
tion formula,  the  results  being  similar  to  those  obtained  in  the 
case  of  Fourier's  series.  For  example,  if  /(ar)  satisfies  a 
Lipschitz  condition,  the  error  does  not  exceed  a  constant 
multiple  of  (log  n)/n.  -A  somewhat  less  simple  formula, 
still  determined  by  a  finite  number  of  values  of /(x),  is  found 
to  give  an  error  not  exceeding  a  quantity  of  the  order  of  l/n, 
when  /(x)  satisfies  a  Lipschitz  condition.  This  formula  has 
a  further  advantage  with  reference  to  the  possible  effect  of 
errors  of  observation,  if  the  values  of  f{z)  used  are  subject 
to  such  errors. 

17.  In  this  paper  Mr.  Wilder  shows  that  any  function  /(x), 
of  period  2t,  which  has  in  any  finite  interval  no  other  dis- 
continuities than  a  finite  number  of  finite  jumps,  and  in  any 
interval  not  including  one  of  these  points  of  discontinuity 
satisfies  a  Lipschitz  condition 

!/(»») -/(*i)|^X|x,- X.I, 

is  approximately  represented,  at  any  point  x  whose  distance 
from  the  nearest  point  of  discontinuity  is  at  l^st  as  great  as  h: 
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1.  By  means  of  a  certain  trigonometric  anm  of  order  n  at 
most,  with  an  error  not  exceeding 


ii'^+^l)' 


where  Ci  and  Cj  (like  Ci,  •  ■  • ,  cg  below)  are  absolute  constants, 
and  V  is  the  difference  between  the  upper  and  lower  limits  of 

2.  By  means  of  Fej^r's  arithmetic  mean  of  the  first  n  +  1 
terms  («  >  1)  of  the  Fourier  series  of  f{x),  with  an  error 
not  exceeding 


!^(.^+o.-;). 


3.  By  means  of  the  first  n  +  1  terms  (n  >  1)  of  the  Fourier 
series  itself,  with  an  error  not  exceeding 
logn/    .    ,         v\ 

where  /i  is  the  number  of  discontinuities  in  any  interval  of 
length  2w. 

18.  The  systems  of  curves  studied  by  Professor  Kasner 
play  (roughly)  the  same  role  in  the  geometry  of  the  dual 
variable  «  +  jp  (f  =  0)  as  the  isothermal  systems  in  the 
geometry  of  the  ordinary  complex  variable  x  +  iy  {■?=  —  I). 
The  analogy  is  not  complete,  since  the  Laplace  equation 
ipix  +  if/^f  =  0  is  replaced  by  the  simpler  equation  ^„  =  0, 
but  a  list  of  analogous  properties  (including  new  results  for 
the  isothermal  type)  is  obtained.  F.  N.  Cole, 

Secretary. 

THREE  OR  MORE  RATIONAL  CURVES  COLLINEARLY 
RELATED. 

BT  DR.  JOSEPH  E.  BOWE. 

(Bead  before  the  American  Mathematical  Society,  December  31,  1912.) 
Introduction. 
The  A",  or  rational  plane  curve  of  order  n,  possesses  cer- 
tain sets*  of  covariaot  rational  point  and  line  curves  which 


1912),  pp.  388-389. 
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are  related  in  the  following  manner:  tl  A,  B,  and  C  are  three 
rational  point  loci  of  such  a  set,  any  parameter  value  substi- 
tuted in  the  parametric  equations  of  these  curves  fields  the 
coordinates  of  three  collinear  points;  similarly,  if  A',  B',  and 
C  are  three  line  loci  of  such  a  set,  any  parameter  value  sub- 
stituted in  their  parametric  equations  yields  the  coordinates 
of  three  concurrent  lines.  Cur\'es  related  in  either  of  the 
above  ways  may  be  called  coUinearly  relaled,  or  curves  m 
collinear  relation.  It  is  not  remarkable  that  curves  so  related 
could  be  found  by  constructing  their  equations  algebraically, 
but  it  is  worthy  of  notice  that  such  sets  of  curves  naturally 
arise  as  covariants  of  rational  plane  curves.  This  fact  has 
received  no  attention  in  mathematical  literature,  and  it  is 
desirable,  therefore,  to  give  several  examples  of  such  sets  of 
curves,  to  outline  the  conditions  which  give  rise  to  them,  and 
to  indicate  some  analogous  facts  for  cur\'es  of  hyperspace. 

§  I  a.     Genesis  of  Cotariant  it*  of  ft". 
Let  the  it"  be  written  parametrically 

(1)  a-o  =  (at)",        xi  =  03f)-,        xt  =  (yt)'. 

The  rth  osculant  of  the  if"  at  a  point  whose  parameter  is  (' 
is  an  it""*  whose  parametric  equations  are 

xo  =  (at)'^(at'y,        xi  =  m'^ifity, 

x,=  iyt)"(ytr. 

Suppose  the  it""'  has  a  covariant  line  whose  equation  is 

(3)  itoJo+iiX.  +  ijX,=  0, 

in  which  the  k's  are  functions  of  degree  p'  in  the  coefficients 
of  (  which  occur  in  the  parametric  equations  of  the  it""'. 
If  (3)  is  actually  calculated  for  (2)  and  t'  made  equal  to  t 
(to  signify  that  it  has  become  variable)  the  result  Vill  be  a 
binary  p-ic  in  t(p  =  rp')  which  may  be  written 

(4)  (a'tyxo  +  mr^i  +  {y'tyxi  =  o. 

The  envelope  of  the  line  (4)  is  a  rational  curve  of  class  p 
whose  parametric  equations  are 

(5)  u  =  ("'0',     u  =  (3'0^     r^  =  (t'O*-- 
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This  curve  is  a  eovariant  rational  curve  of  the  ii"  and  its 
point  equations  may  be  found  from  (5). 

§  I  fc.     The  RSle  of  Polars. 
The  line  section  of  (1)  by  a  line 

(6)  ro^o+fiXi+ri*«  =  0 
may  be  written  symbolically 

(7)  (anM)"  =  0, 

and  the  binary  (2n  —  2)-ic  whose  roots  are  the  parameters  of 
the  2n— 2  tangents  from  a  point  (6)  may  be  similarly  written 

(8)  (AxHSt)^-^  =  0. 

There  are  sets  of  parameters  on  the  if  which  are  eovariant; 
i,  e.,  the  binary  form  of  which  they  are  roots  is  unaltered  by  a 
linear  transformation  of  the  x's  or  t's.  For  instance,  the 
parameters  of  the  3n  ~  Q  flexes,  or  the  (n  —  l)(n  —  2)  nodal 
parameters,  as  well  as  the  set  of  parameters  cut  out  of  A"  by 
any  eovariant  locus  constitute  such  a  set.  Suppose  such  a 
set  is  given  by 

(9)  {ctr  =  0. 

The  polar  of  (9)  with  respect  to  (7)  or  of  (7)  with  respect  to 
(9)  according  as  9  >  n  or  <  n  yields  a  eovariant  rational  point 
curve  of  if"  of  degree  q  —  n  orn  —  q.  It  n  =  q,  the  apolarity 
condition  of  (7)  and  (9)  is  the  equation  of  a  eovariant  point 
of  the  if.     Similarly  the  polar  of  (8)  with  respect  to  (9)  or  of 

(9)  with  respect  to  (8)  is  the  equation  of  a  eovariant  rational 
line  curve  of  degree  2n  —  2  —  5  or  5  —  2n  -+■  2,  according  as 
2n—2>qot<q.  It  2n  —  2  =  q,  the  apolarity  condition  is 
the  equation  of  a  eovariant  line  of  the  ^.  Several  illustra- 
tions will  bring  out  these  facts  more  clearly. 

§  II  a.    A  Set  of  CoUinear  Conica. 
Let  the  fl*  be  written 

(10)  Xi  =  aii*-\-hi&-\-Cii*  +  dit+ei    (i  =  0,  1,  2). 

The  parameters  of  its  six  flexes*  are  the  roots  of 

*  J.  E.  Rowe,  "Important  covariBDt  curves  and  a  complete  system  of 
invaii&nta  of  the  rational  quattic  curve,"  TranaiKtwna,  vol.  12  (July, 
1911),  p.  299. 
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a'e+3\V+  (3f+6n')f+  (T+8!)f+  (3/S+6>i)C 

+3X(+a-0. 
The  line  section  of  H)  by  the  line  (6)  is 
(12)         (o!-)C  +  (H)f  +  (cOC  +  W)(  +  W)  =  0; 

the  polar  quadratic  of  (12)  with  respect  to  (11)  multipUed  by 
20  is 

i,  =  [4(«f)(^+2n)-(if)(T+8J)+4(cr)(S'+2n') 
-10((fnX'+20(er)o'lC 
+  [20(or)X-8(lr)(^+2«)+2(cn(T+8S) 
-8(.if)(^'+2»')+20(er)X'l! 
+  |20(<if)<.-10(6r)X+4(ef)05+2n) 

-(*)(T+8J)+4(«r)(?'+2n')l-0. 

This  is  a  line  section  of  the  conic*  whose  parametric  equations 
are 

I,  -  [4o.(^+2»)-i.(-l'+8!)+4Ci(^'+2n')-lQJ,X' 

+  20e,<i1f 

(14)  , 

+  [20aA-8i>,(|S+2n)+  .    .    .  ]( 

+  [20o,o-106iX+  .     .     .]  (t  =  0,  1, 2). 

A  line  cuts  the  A*  and  (14)  in  six  points  whose  parameters 
are  apolar  to  (11). 

The  parameters  of  a  covariant  pair  of  points  on  the  ii* 
are  given  by  the  quadratic 

(15)  03'  -  3n')f  +  (T  -  2J)1  +  (^  -  3»)  =  0. 

The  polar  quadratic  of  (15)  with  respect  to  (12),  multiplied 
by  12,  may  be  written  in  the  form 

i.  -  [2(cr)(|S'-3i.')+3(ir)(2«— y)+12(a!-)03-3n)lP 

(16)  +  [6(<ir)(/3'-3n0+4(c!-)(2J-7)+6(i.f)(|3-3)i)ll 

+  12(«f)0S'-3ii')+3(iif)(2!-T)+2(cr)(S-3n)l-O. 
A  line  section  of  (16)  together  with  (15)  form  a  binary  quartic 
*  We  call  the  dHcriaunant  of  (13)  P;  the  same  function  of  (16)  S. 
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which  is  apolar  to  the  binary  quartic  defining  coUinear  points 
of  it*. 

The  flex  lines  of  all  first  osculants  of  the  A*  envelope  a 
conic*  JV;  if  X^  is  a  line  section  of  this  conic  we  find  that 

(17)  2iL,-2L.)  =  5Ly. 

Also,  the  flex  tangents  of  all  first  osculants  form  triangles 
whose  vertices  are  on  a  conicf  B;  if  £j  is  a  line  section  of  this 
conic, 

(18)  9Zp  +  2i,  =  2Lb. 

Of  these  four  conies  (14),  (16),  and  B  may  be  found  by 
the  method  described  in  §  I  i>;  the  conic  N  may  be  derived 
as  the  curves  in  §  I  a. 

For  convenience  in  writing  let  the  equations  of  P  in  (14) 
be  written 

(19)  Xi  "  Pti^  +  Put  +  Pa, 

and  those  of  S,  which  may  be  read  off  from  (16),  be  put  in 
the  form 

(20)  Xi  "  #o.f*  +  8ut  +  »ii. 

By  reason  of  (17),  (18),  (19)  and  (20)  the  parametric  equations 
of  N  and  B  are 

(21)  Xi=  iPoi-2aoi)fi+{Pu-2su)t+(Pti-28u), 
and 

Xi  =  (.9P,i+2soi)f+(.9Pu+2su)t+{9Pti+2s2i) 

^''^  (i=0,1.2.) 

Suppose  the  coordinates  of  the  points  whose  parameter 
on  each  of  these  is  ^i  are  found  by  substituting  ti  =  t  in 
equations  (19)-(22).  If  the  coordinates  of  this  point  h  on 
(19)  are  Vi,  and  those  of  the  point  U  on  (20)  are  Si,  the  cooi^ 
dinates  of  the  points  on  N  and  B  with  this  same  parameter 
value  are  n  —  2S,-  and  9Tri  +  22;,-.  Hence,  the  poiiUs  which 
have  the  tame  paravieter  value  on  the  four  conict  P,  S,  N  and  B 
are  coUinear.  Evidently  this  relation  is  true  for  all  conies 
whose  line  sections  are  of  the  form 

(23)  aL,  +  bL.  +  cLy  -  0. 

*  W.  Stabl,   "Ueber  die  rationale  ebeDe  Curve -vierter  Ordming," 
CrOit,  vol.  101  <1&S7),  p.  314. 
t  Loc.  cit.,  p.  306. 
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§  II  b.    A  Set  (^  CoUinear  lAne  Curvet. 

As  a  secoud  illustration  we  may  take  a  set  of  covariant 
rational  line  curves  of  the  it*  which  iotroduce  an  interesting 
new  feature. 

In  (1),  let  n  =.  5.     The  first  osculant  of  iP  at  ('  is 

(24)  Xo=(.atncd-),    x^^m'iAf).     a^*=(7*)*(T*'). 

The  A*  possesses  a  pencil  of  covariant  lines  whose  properties 
have  been  discussed  in  a  previous  paper.*  These  lines  are  of 
degree  eleven  in  the  coefficients  of  the  equations  of  the  B*. 
If  this  pencil  of  lines  is 

(25)  ■\iLt  +  fiiU  =  0 

and  these  are  actually  calculated  for  (24),  the  result  is  a  system 
of  rational  curves  of  class  eleven  such  that  the  tangents  to 
any  three  at  a  point  whose  parameter  is  given  are  concurrent 
lines.  The  proof  of  this  fact  is  exactly  similar  to  the  proof 
of  the  theorem  in  the  last  section,  both  being  a  matter  of 
linear  dependence.  In  fact,  all  rational  curves  of  class  eleven 
formed  in  this  way  by  assigning  particular  values  to  miAi 
are  related  in  the  same  manner. 

In  particular  if  Xi  =  —  1  and  fii  =  5  m  (25),  the  result  is 
not  another  line  whose  coefficients  are  of  degree  eleven  in  the 
coefficients  of  the  parametric  equations  of  the  R^,  but  the 
product  of  an  invariant  of  the  ft*  of  order  six  in  these  coef- 
ficients and  a  line  Li  whose  coefficients  are  of  degree  five  in 
the  coefficients  of  the  R*.  The  invariant  just  mentioned  cal- 
culated for  (24)  yields  a  binary  sextic  which  equated  to  zero 
has  roots  which  are  a  set  of  covariant  parameters  on  the  ft*. 
The  line  Li  for  (24)  envelopes  a  rational  curve  of  class  5. 
Hence,  if  a  particular  valve  of  t  w  substituted  in  the  equatiom  of 
any  two  eleventkics  derived  from  (25)  and  in  the  equations  of 
the  rational  quinticjuat  mentioned,  the  results  are  the  coordinates 
of  three  concurrent  lines. 

Similarly,  the  ft"  could  have  three  covariant  rational  line 
or  point  curves,  all  of  different  degrees,  collinearly  related. 
If  C.,  Cg,  Cy  are  three  line  sections  or  point  projections  of 
three  covariant  rational  point  or  line  curves  of  ft",  then  this 
set  of  covariant  curves  of  ft"  is  in  coUinear  relation  if  only  a 
relation  of  the  form 

X/.C,  +  aUCa  +  vhCy  =  0 
■  TranMditms,  vol.  13  (1912),  pp.  3S8-389. 
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exists,  where  X,  ft,  and  v  are  constants  and  7i,  It,  and  It  are 
invariants  of  the  iJ". 

§  III.  Extension  to  Space. 
The  processes  which  have  been  outlined  and  illustrated 
for  rational  plane  curves  can  be  extended  directly  to  space  of 
higher  dimensions.  Let  the  R^  denote  a  rational  curve  of 
order  n  in  space  of  m  dimensions.  ^  covariant  linear  form 
of  an  R^"^  in  x  or  f,  by  the  use  of  osculants,  gives  rise  to  a 
covariant  rational  class  or  order  curve  of  the  iC".  The 
existence  of  covariant  sets  of  parameters  on  ^''  and  the  use 
of  polars  makes  possible  the  derivation  of  other  covariant 
rational  curves  of  the  Rm".  The  criterion  for  the  existence 
of  coUinear  curves,  as  in  the  case  of  plane  curves,  is  merely  a 
matter  of  linear  dependence  but  the  number  of  varieties  of 
collinearity  will  increase  with  m.  For  instance,  two  varieties 
of  collinearity  are  possible  when  m  =  Z  and  these  may  be 
illustrated  as  follows:  I^^t,  let  the  Rt"  have  a  set  of  covariant 
rational  curves  whose  parametric  point*  equations  are  given, 
and  let  A,  B,  C,  and  D  be  the  sections  of  four  curves  of  the 
set  by  a  plane;  if  a  relation  of  the  form 

^A  +  iiB+  vC  =  D  _ 

exist,  in  which  X,  ix,  and  v  are  constants,  a  parameter  substi- 
tuted in  the  parametric  point  equations  of  these  four  curves 
yields  the  coordinates  of  four  coplanar  points.  Second,  let 
the  Rt"  have  a  set  of  covariant  rational  curves  whose  para- 
metric point  equations  are  known,  and  let  A',  B',  and  C 
be  the  sections  of  three  of  these  curves  by  a  plane;  if  a  relation 
of  the  form 

\'A'  +  ft'S'  -  C 

exist,  in  which  X'  and  ft'  are  constants,  any  parameter  sub- 
stituted in  the  parametric  point  equations  of  these  curves 
yields  the  coordinates  of  three  points  on  a  line. 
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SECOND    NOTE    ON    FERMAT'S    LAST    THEOREM. 

BT  PROmSOB  B.  P.  CABiaCBABI~ 

In  a  note  printed  on  pages  233-236  of  the  present  volume 
of  the  Bulletin  I  have  proved  the  following  theorem: 
If  p  it  an  odd  "prime  and  the  equation 
a;"  +  y  +  2"  =  0 

has  a  toliition  in  integers  x,  y,  z  each  of  which  i»  prime  to  p, 
then  there  exiata  a  positive  integer  s,  leas  than  j(p  —  1),  auch  (fttrf 

(1)  (a+  iy  =  a'^+  1  modp*. 

Professor  Birkhoff  has  called  my  attention  to  the  fact  that 
condition  (1)  may  be  replaced  by  the  simpler  condition 

(1')  (»+  1)"  =  *"+  1  modp», 

these  two  conditions  being  equivalent.  Let  us  define  the 
integers  X  and  fi  by  the  relations 

(,+ I)p  =  «+ 1+Xp,     8''=S  +  fip. 
Then 

(2)  (,  +  i)P  =  ,,.  +  1  +  (X  -  ^)p. 
We  have  also 

(a  +  1)"'  =  (a+  D"  +  Xp*{«  +  1)"^'  mod  p» 

■  «  +  1  +  Xp  +  Xp*  mod  p" 

ma+l  +  \(p+p')  mod  p». 
Likewise 

aP*  ■  jj  +  n(p  -)-  p*)  mod  y^. 

From  the  last  two  congruences  we  have 

(3)  («  +  l)*^  B  *>^  +  1+  (X  -  ^)(p  +  p^  mod  p». 

From  (2)  and  (3)  we  see  that  a  necessary  and  sufficient  con- 
dition for  either  (1)  or  (1')  is  that  X  —  ai  ■  0  mod  p*.  There- 
fore (1)  and  (1')  are  equivalent. 

The  simpler  relation  (!')  can  be  derived  more  readily  than 
the  relation  (1).  For  from  the  congruence  a:  +  y  +  2  ■  0 
mod  p",  obtained  in  my  previous  paper,  we  have  immediately 
(x  +  y)"  ^  —  z"  mod  p*.     Hence 
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(x  +  y)"  rnx'  +  y'  mod  p*, 

from  which  (1')  is  readily  deduced, 

Professor  Birkhoff  points  out  further  that  the  test  fails  to 
be  effective  for  all  primes  p  of  the  form  6n  +  1.  For  if 
p  =  6n  +  1  it  follows  from  the  theory  of  primitive  roots 
modulo  p*  that  the  congruence 

e  ^1  mod  p* 

has  a  solution  t  for  which  f  —  1  is  prime  to  p.    Hence  also 

fi+t+  1  =0  mod  p". 
Then  we  hftve 

it  +  D"  =  (f  +  m  +  !)•-  ^{i+  l)(-  C)««  =  i  +  1  mod  p», 
(^+1)^"  =  (t+iymt+l  modp', 

and 

(p  =  (.(«»  =  (  mod  p*,         '■'  =  ('•  =  (  mod  p». 

Therefore 

{/  +  i)»^  =  (p*  +  1  mod  p'. 
Now  put 

t  =  <T  +  Tp,  (0  <  ff  <  p  -  1). 

Then 

fp'  =  trp",     ((  +  Ijp"  =  (<r  +  1)^"  mod  p». 
Therefore 

iff  +  l)p'  ■  ffP"  +  1  mod  p»,    (0  <  (T  <  p  -  1). 

This  is  relation  (7)  of  my  previous  note;  from  this  follows  (1) 
as  in  the  earlier  treatment.  Hence  (1)  is  satisfied  by  all 
primes  of  the  form  6n  +  1.  Therefore  the  test  can  be  useful 
only  when  the  exponent  p  is  3  or  is  of  the  form  6n  —  1. 


AN  EXTENSION  OF  A  THEOREM  OF  PAINLEVE. 

BT  DR.  E.  H.  TAILOR. 

(Read  before  the  American  Mathematical  Sodety,  October  26,  1912.) 

Theorem:  Let  f(z)  be  a  function  which  is  single-valued 
and  analytic  throughout  the  interior  of  a  region  S  of  the 
z-plane,  z  =  x  +  yt.    If  /(z)  vanishes  at  every  point  of  a 
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connected  portion  of  the  boundary  of  S,  two  points  of  which, 
A  and  B,  can  be  joined  by  a  curve  C  lying  wholly  within  S, 
then  /(z)  =  0. 

Painlevfe*  has  proved  this  theorem  for  the  case  where  the 
portion  of  the  boundary  in  question  is  an  arc  of  a  regular 
curve.  The  object  of  the  present  paper  is  to  show  that  the 
theorem  is  true  in  the  general  case  for  which  the  theorem  ia 
above  stated;  for  example,  when  in  every  neighborhood  of 
any  point  of  the  boundary  there  are  points  that  cannot  be 
approached  along  a  continuous  curve  lying  in  the  region. 

Denote  by  £  the  region  bounded  completely  by  C  and  the 
portion  AB  of  the  boundary  along  which  f{z)  vanishes.  We 
will  assume  that  S  lies  within  a  circle  of  radius  unity  with 
center  at  0:  (z  =  0),  a  point  of  AB,  but  which  is  distinct 
from  both  A  and  B. 

Let  the  z-plane  be  transformed  by 

(1)  Zi  =  log  z. 

The  interior  of  the  unit  circle  is  thus  mapped  on  the  half-plane 
xi  <  0,  S  going  over  into  a  region  £i  of  that  half-plane  which 
extends  to  infinity  and  has  the  point  Zi  =  0  as  an  exterior 
point. 
We  will  next  apply  the  transformation 

(2)  z,  =  -  ilzi. 

The  interior  of  Si  is  thereby  carried  over  into  the  interior  of 
a  region  Sj  which  lies  in  the  upper  half  of  the  zi-plane.    Thus 
X  has  been  mapped  on  Zj,  the  boundary  point  0:  (z  =  0}  of 
S  going  over  into  the  boundary  point  zj  =  0  of  £i. 
As  a  third  transformation  we  will  use 

(3)  zt  =  /zj,    2i  =  rjc***, 

which  makes  the  image  Sj  of  S  lie  within  the  region 
0  <  ipi  <  t/2,  as  indicated  in  the  figure.  We  will  denote 
the  images  in  the  Zs-plane  of  0,  A,  B,  and  C  by  Oi,  At,  B%, 
and  C»,  respectively. 

There  is  a  neighborhood  of  0  in  the  original  region  Z  that 
contains  no  boundary  point  of  S  in  which /(s)  does  not  vanish; 
in  particular,  this  neighborhood  contains  no  point  of  C. 

•  rouiouje  Atmaisi,  vol.  2  (1888),  p.  B  29. 
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Therefore,  with  Oj  .as  center,  it  is  possible  to  construct  a  cip- 
cumference  K  outside  of  which  Ci  will  He,  and  which  will  cut 
off  from  Zt  one  or  more  regions.    One  of  these  regions  Si'  will 


^ 

^ 

r  y 

Xl-s-^^—l 

^ 

^ 

o,             j 

contain  a  point  a  in  its  interior  whose  distance  from  0%  is  less 
than  half  the  radius  of  K. 

Next,  rotate  the  plane  about  the  point  a  as  a  center  by  the 
transformation 
(4)  z^  =  -  z,  +  2fl. 

This  transforms  the  axes  of  reals  and  pure  imaginaries  into 
lines  parallel  to  them,  and  bounding  with  them  a  rectangle  it. 

Let  the  images  in  the  Zt-plane  of  Sj'  and  K  be  called  S4' 
and  K'.  The  regions  Sj'  and  S<'  have  one  or  more  regions  in 
common,  all  of  which  lie  in  A,  and  hence  in  the  region  common 
to  K  and  K'.  Let  a  denote  one  of  these  regions.  From  the 
method  of  constructing  K  it  follows  that  K,  and  hence  K', 
contain  the  images  of  no  boundary  points  of  S  except  those  in 
which /(z)  vanishes.  Consequently  every  boundary  point  of  a 
is  the  image  of  a  boundary  point  of  2  in  which  /(a)  vanishes. 

Let  the  function  into  which  /(a)  is  carried  by  the  transfor- 
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inations  (1),  (2),  and  (3)  be  dcDoted  by.  ipizt).  The  latter 
function  is  transformed  by  (4)  into  <(>{—  z»  +  2a).  From  the 
hypotheses  of  the  theorem  and  the  properties  of  the  transfor- 
mations employed,  it  follows  that  the  function 

V>(2|)- v(-!i  +  2a) 

is  analj'tic  throughout  the  interior  of  tr  and  vanishes  at  e%-ei^- 
point  of  the  boundarj'.  Hence  both  the  real  and  the  pure 
imaginary'  parts  of  this  function  vanish  at  everj-  point  of  the 
boundaiy  of  a  and  are,  therefore,  both  identically  zero,  since 
a  function  that  is  single-valued  and  harmonic  throughout  the 
interior  of  a  region  and  vanishes  at  ever}'  point  of  the  boundar>- 
is  identically  zero.*    Since 

<f>{z»)  ■  ¥-(-  8.  +  2a)  a  0, 

one  of  the  factors  vanishes  identically,  and  therefore 

f(z)  «  0. 


MATHEMATICAL  PHYSICS  AXD  IXTEGRAL 
EQUATIONS. 

Die  Integralgleichungen  und  ihre  Anicendungen  in  der  mathe- 
matiachen  Physil:.  Vorlesungen  an  der  Univer^tat  zu 
Breslau,  gehalten  von  Adolf  Kxeser.  Braunschweig, 
Vieweg,  1911.     8vo.     viii+243  pp. 

The  solution  of  various  boundar>~  value  problems  for  a 
partial  differential  equation  by  means  of  the  expansion  of  an 
arbitrary'  function  in  series  of  solutions  of  ordinary'  differential 
equations  invohing  a  parameter  constitutes  one  of  the  most 
important  applications  of  the  tbeorj'  of  integral  equations. 
Here,  as  so  often  elsewhere,  mathematical  ph>-sics  has  first 
propounded  the  question,  and  it  has  been  the  task  of  analj-^ 
to  furnish  the  answer.  Especially  close,  therefore,  has  been 
the  connection  between  mathematical  ph>'sics  and  integral 
equations;  especially  interesting  must  be  likewise  a  method 
of  treatment  which  aims  to  exhibit  this  connection  as  \i\idly 
as  possible.    Such  is  the  method  of  Kneser's  book;  we  learn 

*  Osgood,  Lehibuch  <]«t  Funktiooeoibmhe.  vol.  1,  2d  k1.,  1912,  p.  623. 
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from  tlie  preface  that  the  author  deals  particularly  with  the 
applications,  and  makes  the  least  possible  appeal  to  the  general 
theory.  An  idea  of  the  fidelity  of  adherence  to  this  plan  may 
be  obtained  from  the  titles  of  the  chapters:  integral  equations 
and  the  linear  flow  of  heat;  integral  equations  and  oscillations 
of  linear  systems  of  masses;  integral  equations  and  the  Stucm- 
Liouville  theory;  flow  of  heat  and  oscillations  in  regions  of 
two  or  three  dimensions;  existence  theorems  and  the  Dirichlet 
problem;  the  Fredholm  series. 

Chapter  I  studies  the  temperature  state  in  a  straight  rod 
or  a  ring  immersed  in  a  medium  of  constant  temperature. 
The  Green  function  is  not  dragged  in  by  the  heels  for  the 
sake  of  a  possible  ultimate  utility,  but  appears  naturally  as 
an  expression  for  the  temperature  state  independent  of  the 
time  (steady  flow),  produced  by  the  imposition  of  a  beat 
source  of  unit  strength  at  a  point  of  the  bar  or  ring.  That  a 
source  cannot  produce  steady  flow  in  a  rod  when  the  escape 
of  heat  from  side  and  ends  is  prevented,  appears  physically 
evident,  so  that  in  this  case  a  Green  function  is  impossible; 
considerations  again  of  purely  physical  character  lead  to  the 
usual  generalized  Green  function.  Various  specializations 
yield,  for  the  straight  rod,  the  Fourier  sine  series,  the  Fourier 
cosine  series,  and  other  trigonometric  expansions;  for  the 
ring,  the  complete  Fourier  series.  "As  regards  the  general 
theory,  this  first  chapter  already  contains  the  theorem  on  the 
expansion  of  an  arbitrary  function  in  terms  of  the  principal 
solutions  for  a  real  symmetric  kernel— much  of  the  work, 
however,  being  based  on  the  as  yet  unproved  assumption 
that  for  such  a  kernel  there  is  at  least  one  principal  parameter 
value. 

In  Chapter  II  we  re-discover  several  formulas  of  the  previous 
chapter,  now  clothed  with  a  mechanical  instead  of  a  thermo- 
dynamic interpretation.  The  Green  function  is  the  dis- 
placement produced  by  a  force  function  which  is  zero  except 
at  a  single  point.  For  this  concept  the  author  claims  neither 
physical  accuracy  nor  mathematical  meaning  a  limit  process 
may  be  used  to  clarify  matters.  The  vibrating  string  leads 
us  anew  to  the  Fourier  sine  series.  The  transverse  oscillations 
of  a  freely  suspended  heavy  cord  bring  a  result  not  previously 
obtained — the  expansion  in  Bessel's  functions  of  order  zero; 
the  work  is  momentarily  only  formal,  as  the  necessary  con- 
vergence theorems  are  postponed  to  the  following  chapter. 
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IndicatioDS  are  given  for  the  similar  treatment  of  a  weightless 
cord  rotating  about  an  axis  perpendicular  to  itself,  leading 
to  expansions  in  zonal  harmonics  (Legendre  polynmnials). 
The  general  theory  is  enriched  by  the  first  appearance  of  the 
resolvent  function  to  the  kernel  of  an  integral  equation. 

The  general  Sturm-Liouville  equation  arrives  in  the  next 
chapter,  by  way  of  the  flow  of  heat  in  a  non-homogeneous  rod; 
the  results  of  Chapter  I  are  verified  and  extended.  A  lacuna 
is  filled,  for  the  cases  in  hand,  by  a  proof  that  the  kernel  cor- 
responding to  a  Sturm-Liouville  equation  gives  an  infinite 
number  of  real  principal  values  for  the  parameter.  Bessel's 
functions  and  zonal  harmonics,  which  satisfy  differential 
equations  whose  coefficients  are  not  bounded,  and  which 
therefore  escape  the  Sturm-Liouville  theory,  receive  inde- 
pendent treatment.  The  existence  of  a  unique  solution  of  a 
linear  differential  equation  of  the  second  order  for  given 
values  of  function  and  first  derivative  is  proved  by  the  familiar 
machinery  of  successive  approximations;  the  real  gist  of 
this  work  is  an  existence  theorem,  not  (except  indirectly) 
for  a  differentia]  equation,  but  for  an  integral  equation  of  the 
Voiterra  type, — the  very  form  of  the  approximations  em- 
phasizes this.*  The  proof  thrown  into  this  form  would  have 
been  more  in  keeping  with  the  subject  matter  of  the  book, 
and  would  have  been  especially  welcome  in  view  of  the  fact 
that  no  other  problem  discussed  by  the  author  leads  to  a 
Voiterra  equation. 

A  new  chapter  extends  the  previous  results  to  the  plane 
and  to  space.  Many  interesting  problems  are  solved;  the 
only  new  point  for  the  theory  is  the  solution  of  an  integral 
equation  with  discontinuous  kernel  by  considering  instead  an 
equation  with  properly  chosen  iterated  kernel.  The  author 
asserts  (in  other  notation)  of  the  Green  function  K{^,  T};x,y) 
for  Laplace's  equation  that 


m.  r,^,  y)  =  -  §;log  V'(.r  -  {)»+  (y-  ,)=+  3/(£,  r,;x,y), 

where  Jlf  is  a  function  of  f ,  ij,  x,  y  continuous  throughout  the 
region.  If  this  is  understood  to  imply  that  f,  ij,  x,  y  range 
independently  over  the  region,  the  statement  is  not  quite 

*  Cf.  Maflon,  New  Haven  Mathemattcal  Colloquium,  p.  176. 
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accurate;  £.  E.  Levi  has  shown*  that  although  for  common 
approach  of  (£>  i})  and  (x,  y)  to  the  same  irUerior  point  the 
discontinuity  of  K  is  completely  characterized  by  the  loga- 
rithmic term  of  the  preceding  formula,  for  common  approach 
to  a  boundary  point  the  discontinuity  is  of  the  nature  of  twice 
this  logarithmic  term. 

In  the  next  chapter  we  find  a  general  proof  for  the  existence 
of  principal  solutions  for  any  continuous  real  symmetric 
kernel.  Explicit  formulas  are  given  for  the  successive  principal 
values;  it  is  interesting  to  compare  here  the  entirely  different 
expressions  obtained  for  the  same  purpose  by  I.  Schur.f 
The  author  discusses,  by  a  method  due  to  Schmidt,  the  theorem 
that  solutions  of  the  homogeneous  equation  with  unsymmetric 
kernel  and  solutions  of  the  "transposed"  equation  occur 
simultaneously;  but  Kneser's  presentation  is  incomplete.  It 
is  shown  that  solutions  for  K{x,  y)  and  for  another  kernel, 
which  we  shall  call  K\{x,  y),  do  occur  simultaneously;  as 
Ki{x,  y)  is  of  such  form  as  to  render  it  evident  that  K\{x,  y) 
and  K\{y,  x)  possess  or  fail  to  possess  solutions  simultaneously, 
the  author  regards  the  theorem  as  proved.  The  fallacy  lies  in 
the  fact  that  K\{y,  x)  is  not  the  same  as  the  kernel  Kt{y,  x) 
derived  from  K{y,  x)  by  the  corresponding  steps  to  those  which 
evolved  K\{x,  y)  from  K{x,  y) ;  Schmidt's  own  treatment  com- 
pleted the  proof  by  showing  that  solutions  of  Ki{y,  x)  and 
Kt(y,  x)  occur  simultaneously. 

Several  further  applications  to  physical  problems  close  this 
chapter. 

At  last,  in  Chapter  VI,  we  come  to  the  direct  mathematical 
treatment  of  the  integral  equation.  The  case  in  which  the 
parameter  does  not  take  a  principal  value  is  studied  by  use 
of  the  Fredholm  functions  i)(X),  D{x,  y;  X);  the  proof  given 
for  the  Hadamard  determinant  theorem  is  elegant  id  its 
closeness  to  the  geometric  meaning  of  the  theorem.  The 
existence  of  at  least  one  principal  value  for  a  real  symmetric 
kernel  is  proved  again,  by  a  method  due  to  Kneser  himself; 
it  is  also  shown  that  all  poles  of  the  resolvent  function  are 
simple.  The  book  closes  with  a  proof  that  the  order  of  a  root 
of  the  determinant  for  any  real  symmetric  kernel  having  only 

*  For  Green's  functiona  of  the  second  kind;  QdUinger  NadincliUn 
(190S),  p.  248.  The  fact  h&d  been  noted,  at  least  for  speoal  forma  of 
r^ioDs,  by  earlier  writers. 

t  Math.  AnTtalm,  vol.  67  (1909),  p.  306. 
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positive  principal  values  (the  latter  restriction,  however,  is 
not  essential  for  the  truth  of  the  theorem)  is  equal  tO'  the 
Dumber  of  principal  solutions  corresponding  to  that  root. 
It  is  to  be  regretted  that  no  treatment  is  given  for  the  case 
that  the  parameter  takes  a  principal  value. 

The  contents  of  the  book  before  us  have  been  described  in 
some  detail;  what  is  to  be  said  of  it  as  a  whole?  That  a 
physicist  previously  unacquainted  with  the  properties  of 
integral  equations  will  succeed  in  obtaining  any  thorough 
familiarity  with  them  from  Kneser's  presentation  appears 
very  doubtful.  First  a  special  problem,  then  a  bit  of  theory, 
then  more  problems,  and  so  on — theoretically  this  is  an  ad- 
mirable plan  for  teaching  or  learning  a  subject;  but  in  the 
present  instance  there  is  seldom  a  clear  line  of  demarcation 
between  what  is  always  true,  what  is  usually  true,  and  what 
is  true  in  some  special  case  before  us.  To  the  novice  the  effect 
would  probably  be  confusing  in  a  high  degree.  Clearness  is 
also  not  furthered  by  the  author's  building  half  the  theory 
on  the  assumption  that  a  symmetric  kernel  has  at  least  one 
principal  value,  and  then  giving  one  special  and  two  general 
proofs  of  this  theorem  at  so  late  a  stage  that  careful  observa- 
tion b  needed  to  assure  oneself  that  the  vicious  circle  is  avoided. 
It  is  the  reviewer^s  belief  that  a  more  satisfactorj'  order  of 
presentation  would  have  been  obtained  by  considering  first 
some  one  simple  problem — for  instance,  one  leading  to  the 
Fourier  sine  series;  neirt  proceeding  to  the  general  Fredholm 
theory,  with  the  results  of  Schmidt  and  of  Kneser  himself  for 
the  symmetric  kernel;  and  then  taking  up  the  many  other 
special  cases  which  are  discussed. 

But  to  one  already  familiar  with  the  general  theory  of 
integral  equations  the  book  is  of  the  highest  value.  Nowhere 
else  are  the  details  of  the  application  to  various  physical 
problems  so  exhaustively  discussed;  nowhere  else  is  seen  so 
clearly  the  physical  meaning,  not  merely  of  the  broad  outlines, 
but  of  the  important  separate  notions  in  the  theory.  Kneser's 
work  furnishes  a  mine  of  valuable  material  for  illustrations 
which  illuminate  the  true  import  of  an  integral  equation. 

That  a  text  containing  so  many  caleuiative  manipulations  as 
this  does  should  have  many  misprints  is  to  be  expected.  Some 
twenty-five  have  come  to  the  reviewer's  notice  during  a  reading 
none  too  careful  in  examination  of  typographical  details.  Few 
i;  some  which  might  cause  difiBculty  will  be  noted.    On 
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page  78,  line  20,  for  -  H  read  -  H/Jt(l).  On  page  87,  line  12, 
each  denominator  A  should  be  replaced  by  kL.  On  page  97, 
line  8,  for  1  +  |A7p|  read  2  +  |A'/p|,  and  make  corresponding 
changes  in  the  succeeding  lines.  On  page  98,  line  2,  for 
-  (i"  +  e»)  read  +  (P'  -  t^).  On  pages  190-197  there  is 
continual  confusion  of  the  principal  values  and  their  recip* 
rocals. 

The  general  appearance  of  the  page  is  clear  and  neat.  The 
functional  notition  fx  instead  of  /(a;)  is  not  at  present  very 
widely  used,  but  leads  to  no  confusion  here. 

Wallie  Abraham  Hubwitz. 

COBMXLL  Univkrbitt, 
January  14,  1913. 


SHORTER  NOTICES. 

The  Teaching  of  Maihematica  in  Secondary  Schools.  By 
Arthur  Schulze.  New  York,  The  Macmillan  Company, 
1912.     16  mo.    ix+367pp. 

In  these  piping  times  when  all  readers  of  fifteen-cent  maga- 
zines, and  other  patriots,  are  hastening  to  climb  on  the  Pro- 
gressive band  wagon,  there  is  grave  offense  in  describing  any 
person  or  thing  as  "conser\'ative  ";  even  the  ansemic  word 
"  moderate  "  is  eyed  askance.  We  do  not  wish  to  create 
an  unfavorable  opinion  of  the  book  before  us  by  attaching 
to  it  any  of  these  unpopular  predicates;  we  prefer  to  call  it 
"eminently  sane."  The  author  is  an  experienced  teacher, 
the  difficulties  that  be  faces  are  those  that  actually  occur  in 
practice,  and  the  ways  that  he  suggests  to  meet  them  are 
sensible  and  practical.  Perhaps  the  book  may  be  criticized 
for  being  a  tnfle  too  practical;  a  little  more  might  be  left  to 
the  imagination,  there  is  a  superabundance  in  the  wealth 
of  detailed  illustration  which  becomes  wearisome  to  the 
general  reader.  Tills  is  by  design,  not  inadvertence,  as 
the  author  shows  in  the  preface  (page  vi)  where,  in  referring  to 
the  books  of  Smith  and  Youag  he  says:  "  This  book  covers  a 
much  more  restricted  field,  but  does  it  in  greater  detail." 
Perchance  he  is  right.  Surely  there  are  a  number  of  teachers 
who  can  obtain  a  good  deal  more  benefit  from  a  chapter  on 
"  The  equality  of  triangles  "  with  one  hundred  twenty-two 
illustrative  examples,  than  from  a  comparison  of  the  heuristic 
method  with  the  individual  mode. 
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The  author  opens  by  commenting  with  pleasing  frankness 
on  some  of  the  present  shortcomings  of  our  schools;  for  instance 
(page  8): 

"  One  would  expect  the  schools  to  exert  a  wholesome  influ- 
ence in  opposition  to  this  ever  growing  shallowness.  But 
far  from  it,  they  are  the  worst  offenders.  .  .  .  There  is  more 
taught  in  many  high  schools  during  four  years  than  the  average 
human  mind  can  assimilate  in  eight."    Again  (page  13) : 

"  No  other  subject  suffers  so  much  and  becomes  so  valueless 
as  mathematics  when  treated  by  mechanical  modes  of  study, 
and,  on  the  other  hand,  no  other  secondary  school  subject 
is  so  admirably  adapted  to  a  judicious  mode  of  study  as  mathe- 
matics." 

These  general  conliderations  lead  to  the  question  of  why 
mathematics  should  claim  a  place  iv  the  crowded  secondary 
school  curriculum.  This  is  certiunly  a  live  question  at  present, 
and  the  author  handles  it  in  admirable  fashion.  He  devotes 
both  Chapters  II  and  XVIII  to  a  judicial  balancing  of  the 
practical  and  the  disciplinary  in  mathematical  study.  He 
thus  replies  to  those  objectors  who,  clothing  themselves  in  a 
cloak  of  mystery  called  psychology  (leamt  in  one  course  at 
summer  school),  maintain  that  there  is  no  such  thing  as  dis- 
ciplining the  human  mind  (page  26) ; 

"  If  we  should  accept  the  theory  that  the  general  mental 
caliber  of  the  student  is  not  improved  by  study,  it  would 
undoubtedly  be  best  to  close  all  the  schools  after  the  fourth 
or  fifth  year  of  the  grammar  school,  since  the  knowledge 
gained  afterwards  is  not  worth  the  trouble." 

These  considerations  lead  up  to  a  discussion  of  the  founda- 
tions of  mathematics.  The  author  takes  the  generally  ac- 
cepted view  that  modem  researches  into  foundations  have 
shown  the  utter  futility  of  attempting  to  base  school  geometry 
upon  a  set  of  sufficient,  categorical,  and  independent  axioms. 
In  like  manner  he  is  sceptical  about  spending  much  effort 
over  the  fundamental  definitions  (page  70): 

"  There  exists  no  flawless  definition  of  a  straight  line  that 
is  fit  for  school  use,  and  undoubtedly  the  best  policy  would 
be  to  accept  the  term  without  definition." 

"  Explain  an  angle  as  a  rotation  by  using  a  material  con- 
trivance that  shows  a  rotation  of  a  line  .  .  .  such  illustration 
will  show  what  an  angle  really  is." 

The  preliminary  chapters  close  with  page  87  and  the  author 
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enters  into  a  detailed  study  of  the  ever  debatable  subject  of 
plane  geometry.  An  idea  of  the  topics  discussed  may  be 
obtained  from  some  of  the  chapter  headings:  The  first  pro- 
positions in  geometry,  Original  exerrises,  Equality  of  triangles, 
Parallel  lines,  limits,  Regular  polygons. 

There  is  one  merit  of  the  author's  treatment  to  which  we 
must  call  particular  attention,  his  insistence  on  the  importance 
of  a  careful  analysis  of  a  geometrical  problem  before  under- 
taking the  constructive  part  of  the  proof.  Here  is  an  example 
(page  182). 

"  In  equal  circles  the  greater  chords  suBtend  the  greater 
(minor)  arc. 

"  Query :  What  is  tbe  only  means  we  know  to  prove  the 
inequality  of  arcs? 

"  Answer:  Unequal  central  angles. 

"  Q.  What  therefore  must  we  prove? 

"A.   L0<  L  0'. 

"  Q.  What  methods  do  we  know  for  demonstrating  the 
inequality  of  angles?"  etc. 

lliis  scheme  of  question  and  answer,  when  printed  at  length, 
bears  an  unpleasant  likeness  to  the  catechism;  it  is,  however, 
a  vital  part  of  geometrical  teaching,  and  has  received  far  too 
little  attention  in  text-books  great  and  small. 

We  have  so  far  given  the  book  much  praise  on  didactic 
grounds;  the  same  might  well  be  continued  to  tbe  end.  Most 
unfortunately  towards  the  middle  the  author  begins  to  wabble 
in  his  mathematics,  and  since  his  work  is  written  for  teachers 
who  have  a  right,  if  not  to  the  whole  truth,  at  least  to  nothing 
but  the  truth,  we  must  pay  some  attention  to  this  less  at- 
tractive aspect  of  the  work.  The  first  difficulty  arises  in  con- 
nection with  the  measurement  of  the  angle  between  two  lines 
which  intersect  within  or  without  a  circle.  The  author  shows 
how,  if  we  introduce  the  idea  of  positive  and  negative  senses 
on  the  circumference,  the  two  usual  formulas  may  be  reduced 
to  one;  he  then  continues  (page  1S5): 

"  If  we  widen  our  definition  by  admitting  imaginary  arcs, 
the  proposition  is  true  even  if  one  or  both  sides  of  the  angle 
do  not  meet  the  circumference  at  all.  Thus,  if  the  vertex 
of  the  angle  moves  over  the  entire  plane  and  its  sides  rotate 
in  any  manner,  the  proposition  always  remains  true.  It  does 
not  change  abruptly  at  any  point,  but  is  continuous  all  over 
the  plane.  The  principle  applied  here  is  often  referred  to  as 
the  principle  of  continuity." 


-obvGoo»^lc 


414  8H0BTEB  NOTICES.  [May, 

It  almost  seems  as  if  our  author  were  consciously  sinning 
against  the  light  in  writing  this.  What  possible  significance 
can  a  secondary  school  pupil  attach  to  the  words  "  imaginary 
arcs  "?  Can  a  teacher  who  refuses  to  define  a  strugfat  line 
give  his  class  any  satisfactory  notion  of  such  things?  What 
result  can  arise  from  such  a  process  except  to  teach  the  pupil 
to  pay  himself  with  empty  words?  As  for  the  principle  of  con- 
tinuity, that  has  'aot  even  the  primary  merit  of  being  always 
true.  Take  the  theorem  which  scandalized  the  sophists  of 
old :  "  The  sum  of  two  sides  of  a  triangle  is  greater  than  the 
third  side."  We  take  an  isosceles  triangle  ABC,  where 
AB  =  AC;  A,  remaning  always  on  the  perpendicular  bisector 
of  BC,  passes  continuously  into  the  imaginary  domain  and 
reaches  such  a  position  that  the  altitude  AH  =  i[(BC)i.  Now 
the  two  equal  sides  have  a  length  zero,  the  base  is  as  before. 

The  author's  next  lapse  occm^  a  few  pages  later.  We  are 
involved  in  a  discussion  of  limits  and  the  incommensurable 
case  (page  191). 

"  We  may  either  tell  the  student  that  the  theorem  can  be 
proved  for  incommensurable  numbers  also,  but  that  the  proof 
is  too  difficult  for  school  work,  or  we  may  attempt  to  make  the 
incommensurable  case  more  plausible  by  considering  ap- 
proximations of  one  of  these  numbers,  for  instance,  the  fol- 
lowing approximation  of  V2  =  1,4,  1.41,  1.414,  1.4142. 
Obviously  the  theorem  is  true  for  all  approximations,  hence 
the  two  numbers — the  numerical  measure  of  the  angle  and  the 
numerical  measure  of  the  arc — can  not  differ  by  .1,  .01,  .001, 
.0001,  etc.  Or  the  error  can  not  be  as  large  as  any  number, 
however  small,  we  may  assign. 

"  We  have  thus  proved  there  can  be  no  finite  difference 
between  the  numerical  measure  of  angle  and  arc,  and  this  is  alt 
the  so  called  rigorous  proofs  with  all  their  machinery  accom- 
plish." 

It  seems  clear  from  this  that  the  author  has  an  uneasy 
notion  that  two  constants  which  do  not  differ  by  any  "  finite  " 
quantity  may  somehow  differ  by  something  else.  Has  he 
misunderstood  the  whole  subject  of  infinitesimals  in  the  calculus 
and  carried  away  the  idea  that  there  are  quantities  which  are 
less  than  any  assignable  quantity,  but  still  not  zero? 

The  discussion  of  plane  geometry  is  so  detailed  that  we 
are  surprised  to  find  solid  geometry  polished  off  in  two  short 
chapters.    They  are  well  written,  espedally  the  discussion  of 


-obvGoo»^lc 


1913.]  SHORTER  NOTICES.  41S 

the  use  of  models  and  the  principles  for  drawing  geometrical 
solids,  but  many  topics  of  first  importance,  as  the  measurement 
of  curved  surfaces,  the  treatment  of  triedral  angles,  etc.,  are 
omitted.  It  seems  likely  that,  from  this  point  on,  the  author 
felt  himself  cramped  for  room,  thanks  to  his  early  prodigality; 
for  whereas  the  introductory  chapters  and  the  plane  geometry 
cover  two  hundred  sixty-five  pages,  there  are  but  one  hundred 
pages  left  for  all  the  rest  of  the  mathematical  curriculum. 
The  introductory  chapters  in  algebra  are  particularly  good. 
The  remarks  on  the  choice  of  material,  the  placing  of  emphasis, 
and  the  teaching  of  factoring  are  excellent.  We  are  less 
certain  as  to  the  didactic  wisdom  of  his  advice  (page  329)  to 
memorize  the  formula  for  solving  a  quadratic  equation.  It  ia 
far  easier  to  memorize  the  formula  than  to  understand  what 
is  really  going  on  in  the  solution  of  a  quadratic  equation. 
Let  the  pupil  do  each  equation  at  length  until  he  has  thoroughly 
mastered  ibe  what  and  the  why,  then,  perhaps,  let  him  memor* 
ize  his  formula  to  save  time.  It  is  possible  also  that  the  author 
is  somewhat  over  enthusiastic  in  his  praise  of  graphs;  on  page 
333  we  have  seven  separate  reasons  for  their  study,  including 
"  The  study  of  graphs  enables  the  student  to  solve  many 
examples  which  otherwise  he  could  not  solve  at  all."  Doth 
not  the  lady  protest  a  little  too  much? 

Unfortunately  the  algebraic  part  of  the  book  is  marred  by 
mistakes  related  to  those  which  occur  in  the  geometry.  On 
page  312  is  a  paragraph  headed  "  The  law  of  no  exception." 
The  suggestion  of  such  a  precious  law  at  once  challenges  our 
interest:  we  read:  "The  scientific  principle  that  guides  us  in 
such  generalizations  and  that  has  been  called  the  Law  of  No 
Exception  or  the  Principle  of  Permanence  of  f^uivalent  Forms 
may  be  stated  as  follows.  In  the  construction  of  arithmetic 
every  combination  of  the  previously  defined  operations  {-|-, 
— ,  X,  etc.)  shall  be  invested  with  a  meaning,  even  when  the 
original  definition  of  the  operation  excludes  such  a  combination; 
and  the  meaning  imputed  is  to  be  such  that  the  old  laws  of 
reckoning  still  hold  good.'  " 

The  credit  for  this  profound  statement  is  attributed  to 
Schubert,  and,  in  fact,  we  find  it  on  page  14  of  his  Mathematical 
Essays  and  Recreations  (Chicago,  1898).  There  is  some  ob- 
scurity clinging  to  the  letters  "etc.,"  but  it  seems  fair  to 
assume  that  they  include  the  operation  of  division,  in  which 
case  the  principle  reads:  "  Good  news,  we  may  divide  by  zero 
after  all." 
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It  is  fair  to  say,  that  Schubert  is  entirely  willing  to  take  the 
responsibility  for  this  interpretation,  for  we  read  four  pages 
later  in  his  work: 

"  We  discover  that,  if  we  apply  the  ordinary  rules  of  arith- 
metic to  a  T-  0,  all  such  forms  may  be  equated  to  one  another, 
both  when  a  is  positive  and  when  a  is  n^ative.  We  may, 
then,  invent  two  new  signs  for  such  quotients  +  oo  and  —  »." 

We  are  not  sure  whether  Schubert  looks  upon  the  use  of  this 
recumbent  figure  eight  as  a  mathematical  recreation.  It 
certainly  has  no  practical  utility,  it  has  no  connection  with 
the  conception  of  a  variable  becoming  infinite  which  is  so 
fundamental  in  the  calculus,  and  it  does  not  come  under  any 
law  of  no  exception  since  the  old  laws  of  reckoning  do  not  all 
apply  to  it.  But  Schubert's  book  is  not  before  us  for  review, 
and  we  prefer  to  assume  that  our  present  author  copied  this 
phrase  inadvertently.  Another  inadvertence  occurs  on  page 
347: 

"  To  invest  v'  —  1  and  V"  —  i  with  a  meaning,  imaginary 
numbers  must  be  introduced.  .  .  .  Imaginary  numbers  are 
just  as  real  as  other  numbers."  We  do  not  wish  to  dispute 
this  if  the  author  will  tell  us  what  he  means  by  an  imaginary 
number;  is  it  a  real  number-pair,  a  point  in  the  Gauss  plane, 
or  merely  a  graphical  symbol?  There  is  no  answer  given 
to  these  questions;  the  most  certain  thing  which  we  leam 
about  an  imaginary  number  is  that  it  is  real. 

We  seem  to  be  closing  this  review  with  unfriendly  comment; 
that  is  not  the  final  impression  which  we  wish  to  give.  The 
faults  of  the  book  appear  to  us  in  the  nature  of  "  removable 
singularities,"  its  merits  are  lasting. 

J.   L.   CoOLtDOE. 

AnhaTvwnic  CoHrdinatea.     By  Lieut.-Colonel   Henrt   W.  L. 

HiME.    Longmans,  Green  and  Company,    xiii+127  pp. 

The  author's  purpose  in  writing  this  book  was  to  give 
a  more  detailed  explanation  of  anharmonic  coordinates  than 
was  given  by  their  inventor,  Sir  W.  R.  Hamilton.  With- 
out laying  any  claim  to  originality,  he  has  amplified  Hamil- 
ton's outline  to  a  degree  that  makes  it  quite  refidy  reading  as 
far  as  method  is  concerned,  though  there  is  a  very  noticeable 
amount  of  algebraic  detail  that  is  necessarily  abbreviated. 
The  first  chapter  is  devoted  to  showing  how  a  definite  vector 
may  be  associated  with  any  given  point  in  the  plane  by  means 
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of  the  Mobius  net.  The  three  numbers  appearing  in  the 
expression  for  this  vector  and  by  which  the  point  is  fixed  are 
cdled  the  anharmooic  coordinates  of  the  point.  In  chapter 
III,  the  equation  of  the  straight  line  is  developed  from  a 
condition  on  the  coeffidents  of  three  coinitial  vectors.  Among 
the  subjects  treated  in  the  other  chapters  are  the  general 
equation  of  the  second  degree,  special  conies,  tangential 
equations,  the  anharmonic  ratio,  the  involution,  circles,  and 
foci. 

In  regard  to  some  details  in  the  book,  the  reviewer  would 
suggest  omitting  the  words  "  of  intersection  "  from  line  7, 
section  S",  on  page  14.  Also  it  would  seem  better  to  use  the 
parameters  t  and  v  homogeneously  throughout  section  9°, 
pages  14  and  15.  In  equation  (16),  page  17,  read  cos  C(piqt 
+  pxqi)  instead  of  cos  Cipiqi  +  pi^i).  The  next  form  of  this 
same  equation  displays  without  warning  a  change  of  notation 
that  at  first  glance  is  rather  puzzling.  Half  a  line  would 
state  the  change  clearly.  In  line  5,  page  20,  read  Pi'  and  Pi 
for  Pi  and  Pi.  In  the  line  following  equation  (1),  page  21, 
read  S^^j  for  Z/xj.  In  the  equation  near  the  bottom  of 
page  27,  read  2{/pi-  +  gtp^  +  k<Pf)t  for  2(/pi-  +  g<p^  +  hpf). 
In  line  9,  page  51,  read  X  for  IX.  In  line  10,  page  54,  read 
"  the  "  for  "  some."  At  the  bottom  of  page  63,  read  plp^afjl 
and  plpgiU]  for  rlp^jril  and  r\pqsri\,  the  values  of  t  and  (' 
respectively.  In  line  2,  section  5°,  page  65,  read  D'  for  D. 
The  value  given  for  CD',  page  67,  is  the  reciprocal  of  the  correct 
value.  Likewise  for  the  value  of  B'C,  and  in  addition  read 
\xiyt\  for  l^i^tl.  The  ditto  marks  on  page  87  neglect  the  factor 
a*l?(^.  In  the  value  for  y' /z',  page  88,  read  \xyiZi\  for  [ijaZil. 
In  line  3  from  the  bottom  of  page  93,  read  c*  for  c*. 

These  items  suggest  that  the  book  is  a  little  loosely  put  to- 
gether in  some  respects;  but  it  contains  nevertheless  much 
valuable  material. 

J.  V,  McKelvet. 

Algebraiiche  Kurven.  Zweiter  Teil:  Theorie  vnd  Kvrven 
dritier  und  merier  Ordnung.  By  Eugen  Bectel.  Samm- 
lung  Goschen  No.  436.  Leipzig,  1911.  16mo.  135  pp. 
Price,  80  Pf . 

In  a  thin  book  of  pocket  size  this  treatise  gives  a  lai^  number 
of  most  precise  definitions  and  theorems,  fifty-seven  well- 
executed  cuts,  and  a  variety  of  carefully  worked  out  nu- 
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merical  examples  for  illustration.  Fifty  pages  are  given  to 
polars,  the  Hessian,  duality,  Pliicker's  formulas,  and  higher 
singularities.  Curves  of  the  third  order  fill  thirty  pages; 
curves  of  the  fourth  order,  fifty;  and  there  is  an  excellent  index 
with  nearly  150  references.  Of  course  much  is  statement 
without  proof,  as  in  Pascal's  Repertorium  and  the  Ency- 
klopadie;  but  a  very  considerable  body  of  concise  proof  is 
included.  The  cuts  are  a  specially  admirable  feature;  many 
teachers  who  use  lanterns  in  lectures  will  find  them  more 
available  than  those  in  Loria's  collection. 

Of  the  great  mass  of  known  theorems,  for  the  most  part 
only  those  are  chosen  which  have  direct  bearing  on  the  visible 
representation  and  the  classification  of  curves;  but  this  re- 
striction permits  relative  fulness  within  limits.  Concerning 
the  related  theory  of  invariants,  elliptic  and  abelian  functions, 
and  covariant  systems  of  curves,  there  is  almost  nothing  here. 
But  what  is  given  is  just  what  the  beginner  requires. 

Extracts  may  be  given  to  show  that  the  author  has  his  own 
point  of  view.  "  Zugleich  ist  ersichtlich,  dass  be!  Anwendung 
von  Linienkoordinaten  die  Aufgabe:  die  Umbullungskurve 
einer  nach  einem  bestimmten  Gesetz  sich  bewegenden  Geraden 
zu  finden,  rein  algebrabcher  Natur  ist;  fur  Funktkoordinaten 
ist  dies  eine  Aufgabe  der  Differentialrecbnung  "  (page  31,  §  3). 
Unless  something  is  premised  concerning  the  nature  of  the 
Gesetz  and  the  terms  in  which  it  is  expressed,  this  is  a  rash 
assertion.  The  statement  intended  was  perhaps  that  a  limit 
process  is  required  in  deducing  the  line  equation  of  a  curve 
from  its  point  equation,  or  vice  versa.  On  this  problem  the 
author  gives  a  lucid  discussion  and  (pages  38-41)  very  useful 
hints  and  examples. 

As  to  ordinary  and  singular  points  and  tangents  (page  44) 
we  find  it  stated  that  on  point  loci  inflexional  points  and  double 
tangents  are  ordinary  features,  while  they  are  singularities 
on  line  loci;  and  dually  for  cusp  tangent  and  double  point. 
In  spite  of  a  plausible  reason  for  this  choice  of  words,  it  seems 
to  the  reviewer  that  the  usual  mode  is  better,  namely  to 
speak  of  inflexional  tangents,  with  double  tangents,  as  singu- 
larities on  line  loci,  etc.  For  the  one  kind  of  tangerd  is,  no 
less  than  the  other,  a  part  of  the  ■projective  entity  that  we  mean 
by  point  curve,  and  both  alike  are  explicitly  referred  to  in  the 
line  equation;  we  do  not  see  how  the  substitution  of  the  point 
of  contact  in  place  of  its  tangent  can  fail  to  confuse  the  student. 
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With  these  meticulous  criticisms  we  may  join  a  third. 
On  page  67  we  reed:  "Zwei  Kurven  derselben  Klasse  sind 
aber  nicht  immer  ineinander  projizierbar  (vgl.  z.  B.  die 
Dreiecks-  und  Viereckskurve  dritter  Ordnung  S.  70).  Die 
Einteilung  nach  der  Klasse  ist  also  keine  projektive."  A 
non  sequitur  is  an  agreeable  rarity,  and  this  has  evidently, 
from  the  context,  slipped  in  through  some  oversight. 

In  laying  down  this  multum  in  parvo,  we  must  commend  the 
sections  on  quadratic  transformation  and  the  cuts  exhibiting 
conies  and  their  various  related  rational  quartics. 

H.  S.  White. 

Lekrinick  der   Matkematik  jut   Studierende  der  NaturwiaBerv- 
schaften  uiid  der  Tecknik.     Einfiikruvg  in  die  DiffererUial- 
und  Integralrechnung   und   in   die   analyiische   Geometrie. 
Von  Dr.  Georo  Scheffers.     Zweite  verbesserte  Auilage. 
Leipzig,  Veit,  19U.    8vo.    vi+732  pp. 
Imagine  a  course  of  some  150  lectures  on  algebra,  trigo- 
nometry, analytic  geometry,  and  calculus  pven  by  a  sound 
mathematician  and  an  excellent  teacher,  not  lacking  in  the 
sense  of  humor.    Imagine  the  audience  to  be  students  of 
general  science  or  engineering  who  have  taken  the  usual 
secondary  school  courses  in  mathematics,  "  jedoch  manches 
davon  wieder  vergessen,  vielleicht  auch  manches  davon  nicht 
ganz  verstanden  haben."     (From  the  preface.)    Imagine  these 
lectures  together  with  all  side  remarks,  illustrations  and  black- 
board drawings  and  sketches  taken  down  word  for  word  by  a 
good  stenographer,  whose  notes  are  transcribed  and  published 
in  a  lai^  octavo  volume  by  a  first  rank  Leipzig  firm.    Imagine 
all  this  and  from  one  point  of  view  the  reader  will  have  a 
good  idea  of  the  book  under  review. 

The  word  "  function  "  dominates  the  plan  of  the  work. 
If  we  call  our  usual  division  of  college  mathematics  into  al- 
gebra, trigonometry,  analytic  geometry,  and  calculus  a  hori- 
zontal dividon,  we  might  call  SchelTers'  division  a  vertical 
one.  Beginning  with  the  notion  of  a  function,  he  takes  up 
one  after  the  other,  linear,  quadratic,  rational  integral,  ra- 
tional, logarithmic,  exponential,  and  trigonometric  functions. 
An  outline  of  his  chapter  on  the  quadratic  function  will  give 
an  idea  of  his  method  of  treatment.  The  graph  of  the  function 
is  discussed  in  great  detail,  beginning  with  the  simple  case 
3?  and  then  taking  up  more  complicated  cases  with  numerical 
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coefBcieotR,  gradually  leading  up  to  a  discussioa  of  the  grapb 
of  (w*  +  6a;  +  c  and  the  changes  due  to  letting  one  or  more  of 
the  coefficients  vary.  Then  the  idea  of  "slope"  at  a  point, 
which  had  been  previously  discussed  in  connection  with  the 
linear  function,  is  taken  up  and  leads  to  a  general  discussion 
of  limits,  and  in  particular  to  the  derivative  of  the  quadratic 
function. 

In  a  general  way  the  chapters  on  the  other  functions  follow 
a  similar  plan  and  integration  is  gradually  introduced.  At 
the  end  of  the  chapter  on  the  rational  function  a  chapter, 
"  Einiges  aus  der  analytischen  Geometrie,"  rounds  out  the 
course  in  analj'tic  geometry  which  has  been  running  through 
the  previous  chapters,  though  polar  coordinates  are  not  dis- 
cussed until  the  graph  of  the  logarithmic  spiral  is  taken  up. 
The  chapter  on  trigonometric  functions,  while  lacking  the 
solution  of  triangles,  is  more  complete  than  our  usual  freshman 
course. 

After  the  chapter  on  trigonometry,  which  finishes  the  first 
half  of  the  volume,  the  author  swings  into  a  regulation  course 
in  calculus,  and  from  this  point  on  the  matter  is  given  more  in 
the  usual  text-book  manner,  including  the  topics  generally 
given  in  connection  with  functions  of  one  and  of  more  than 
one  variable.  However  the  genial  conversational  style  is 
used  to  the  end  of  the  last  chapter. 

This  book  is  one  of  the  best  examples  of  a  class  of  books 
common  in  Germany  but  rare  in  this  country,  i.  e.,  a  book 
written  especially  to  be  used  without  a  teacher.  The  author 
in  his  preface  refers  to  it  as,  "  Lehrbuch  fur  Anfanger  und 
solche,  die  es  bleiben  wollen."  It  is  a  mine  of  interesting 
problems,  which  if  not  all  applied  problems  are  at  least 
clothed  in  the  language  of  applications.  At  some  points  in 
the  early  chapters  the  weight  of  detail  is  so  marked  that  the 
author  takes  it  upon  himself  to  advise  the  better  class  of 
students  to  skip  a  few  pages  and  provides  rather  complete 
summaries  and  "  Ruckblicke  "  for  their  use.  At  the  end  of 
the  book  a  few  tables  are  given,  among  them  a  table  of  in- 
tegrals, and  one  of  hyperbolic  functions.  The  work  will  be 
verj'  interesting  to  those  teachers  who  are  interested  in  the 
problem  of  combining  our  freshman  and  sophomore  courses 
into  one  harmonious  "  course  in  mathematics." 

A.  R.  Crathohne. 
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Notions  de  Maihimatiqueg.    Par  A.  Sainte-Laooe.     Avec 

Preface  de  G.  Koenios.    Paris,  A.  Hermann  et  Fils,  1913. 

vii  +  512  pp.    Price  7  francs. 

In  France,  during  the  past  decade,  the  baccalaur^at  de 
I'enseignement  secoodaire  has  been  granted  to  students  wbo 
have  successfully  completed  the  seven  year  course  of  the 
lycfe,  in  one  of  four  main  lines  of  study.  In  the  seventh  year 
these  classes  of  students  are  characterized  as  of  Philosophie 
A,  Philosophie  B,  Math^matiques  A,  or  of  Math^matiques  B. 
All  students  of  the  first  two  classes  have  studied  both  Latin 
and  Greek,  in  the  third  class  Latin  and  modern  languages  but 
no  Greek;  in  the  fourth  class,  no  students  have  had  Greek, 
few  have  taken  up  Latin  but  all  have  had  broad  training  in 
modern  languages.  Prior  to  the  seventh  year  those  in  the 
Philosophie  group  have  devoted  10.5  to  11  per  cent,  of  all 
their  recitation  periods  to  mathematics;  those  in  the  Math£- 
matiques  group  10.4  to  22.8  per  cent.  From  the  latter  group 
come  the  future  mathematicians. 

It  was  with  the  needs  of  the  students  of  the  classes  Phi- 
losophie A,  B  in  mind  that  M.  Jules  Tannery  wrote  his  most 
interesting  Notions  de  Mathfematiques*  to  which  are  appended 
25  pages  of  Notions  Historiques  by  his  brother  Paul.  Although 
Tannery's  work  is  largely  in  conformity  with  theprogramme,  the 
whole  reads  as  a  freshly  told  story.  About  a  third  of  the  book 
is  devoted  to  an  "  Introduction."  With  particular  insistence 
on  the  accurate  definition  of  all  terms  used,  the  following 
subjects  are  treated  in  nine  chapters:  identities;  algebraic 
geometrj';  equations  of  the  second  degree;  coordinates 
empirical  curves;  notions  of  analj'tical  geometry  (40  pages) 
tangents,  velocity  derivatives;  notions  of  the  integral  calculus, 
limits;  infinitesimals,  definite  integrals,  series.  The  student 
cannot  fail  to  be  interested  by  the  way  in  which  the  various 
subjects  are  welded  into  a  homogeneous  whole. 

M.  A.  Sainte-Lague,  "  professeur  de  math^matiques 
sp^ciales  "  in  the  lyc^e  at  Besan^on  and  an  Ecole  Normalian 
of  1903,  has  followed  in  the  steps  of  his  former  master  by  now 
publishing  a  book  with  the  same  title  as  the  one  to  which  we 
have  just  referred.    But  though  it  is  much  larger,  the  topics 

*  A  German  edition  has  been  published  (1909)  with  the  title  Elemente 
der  Mathematik.  Cf.  the  Bclletin,  A^ril,  1911,  vol.  17,  pp.  367-368. 
About  20  pages  of  "Notions  d'Aatronomie"  are  appended  to  the  French 
editions  since  1905. 
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treated  are  fewer  in  number  and  the  whole  method  of  discus- 
sion is  radically  different.  At  most  universities  of  France 
a  course  in  math^matiques  g^nSrales  is  offered  for  students 
of  physics,  chemistry  and  en^neering.  Algebra,  analj-tical 
geometry,  analysis,  and  mechanics  are  here  developed.* 
Largely  as  a  preparation  for  such  courses  and  to  fill  up  lacmue 
in  connection  with  them,  M.  Sainte-Lague's  book  was  written. 
While  rigor  of  presentation  is  not  neglected,  details  in  proofs 
are  not  always  dwelt  upon  and  practical  applications  of  the 
various  subjects  are  emphasized. 

To  contrast  with  Tannery,  the  first  section  (pages  1-81) 
treats  of  arithmetic;  the  next  section  (pages  82-202)  of  algebra, 
including  derivatives;  plane  trigonometry,  pages  203-234; 
under  geometry  (pages  235-399)  the  sub-headings  are:  lines 
and  planes,  parallels,  spherical  geometry,  metrical  relations, 
lengths,  areas  and  volumes  ("formule  de  Tchebitcheff  "  is  used 
on  page  347  and  page  502  but  this  spelling  is  not  sanctioned 
by  either  Cantor  or  Bibliotheca  Mathematica),  graphic  construc- 
tions, descriptive  geometry,  methods  in  geometry-;  kinematics, 
pages  399-416. 

At  the  end  of  every  section  are  references  to  500  exercises 
for  solution  (pages  417-470).  These  are  mostly  numerical 
and  letters  A,  B,  C  indicate  the  degree  of  their  di£Sculty. 
Then  follow  various  numerical  tables  including  one  of  loga- 
rithms (four  place),  formulas,  etc.  The  whole  concludes  with 
an  admirable  "index  alphab6tique  "  as  well  as  "table  des 
matiSres"  (pages  503-512). 

Anyone  somewhat  familiar  with  the  French  educational 
system  will  find  this  volume  of  interest.  In  connection  with 
both  the  theory  and  the  problems  there  is  suggestive  material 
for  early  undergraduate  college  teaching. 

R.  C.  Abchibau). 

Encyhlo'p&die  der  Elementar-Mathematik.  Angetvandte  Ele- 
merUaT'Mathematik.  Zweiter  Teil.  Dritter  Band.  Zweite 
Aufiage.  Von  Heinbich  Weber  und  Josef  Wellstein. 
Leipzig  und  Berlin,  Teubner,  1912.  xiv+671  pp.  14 
Marks. 

*A  repreeeatative  treatment  of  the  subject  is  given  in  E.  F&biy's 
T^t^  de  Math^matiquea  gin^rales,  2e  id.,  Paris,  1011,  Emd  the  key  to 
the  problems,  Problimee  et  Exercices  de  Math^matiques  g^afiralee,  Pariat 
1910.  The  first  editions  of  these  books  have  been  reviewed  in  the  Bolletin, 
vol.  15  (1909),  pp.  395-399  and  vol.  17  (1911),  p.  320. 
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This  second  edition  of  the  Elementary  Encyclopedia  has 
received  such  extensive  additions  that  the  third  volume  of  the 
original  appears  in  two  parts.  The  first  of  these  was  reviewed 
in  this  Bulletin,  page  87  of  the  current  volume.  The  second 
part,  under  consideration,  contains  the  revised  books  entitled 
"  Graphik  "  and  "  Wahrscheinlichkeitsrechnung."  The  first 
book  has  a  new  section  on  "Axonometrie  und  Perspektive." 
"  Two  new  books  have  been  added  to  meet  the  views  of  certain 
critics  of  the  first  edition  :  "  Politische  Anthmetik  "  and 
"Astronomie."     Other  changes  are  minor. 

The  third  hook  includes  the  theory  of  interest  and  actuarial 
computations.  The  theory  of  interest  is  based  upon  compound 
interest,  in  the  sense  that  simple  interest  is  looked  upon  as  an 
annuity  in  perpetuity.  Only  the  elements  of  insurance  are 
developed. 

The  fourth  book  deals  with  spherical  astronomy  and  the 
calculation  of  orbits.  The  subjects  considered  are  astro- 
nomical coordinates,  determination  of  time,  variations  of 
stellar  coordinates,  observations  with  instruments,  deter* 
mination  of  latitude  and  longitude,  and  orbits. 

The  additions  to  this  useful  work  will  be  welcome  in  many 
quarters.  While  one  might  criticize  the  proportional  amount 
of  space  devoted  to  them,  and  to  the  other  divisions  of  the 
book,  such  criticism  would  arise  from  purely  personal  views 
as  to  what  applications  are  important,  and  would  vary  from 
person  to  person.  The  authors  and  editors  are  deserving  of 
praise  for  the  work  taken  as  a  whole. 

Jahes  Btknie  Shaw. 

A  History  of  the  Theories  of  Aether  and  Electricity  from  the 
Age  qf  Descartes  to  the  Close  qf  the  Nineteenth  Century.  By 
E.  T.  WraTTAKER.  Ix)ndon,  Longmans,  Green,  and  Co., 
1910.    xiii+475pp. 

EriHEH  consciously  or  unconsciously,  Whittaker  must  be 
imbued  with  a  missionary  spirit  which  leads  him  forth  into 
dark  places  to  enlighten  them  with  opportune  gospel.  Three 
of  his  books,  Modem  Analysis  (1902),*  Analytical  Dynamics 
(1904),t  and  this  History,  bear  ample  evidence  to  this. 
We  do  not  lack  for  works  on  the  theory  of  functions,  but 
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they  are  unfortunately  similar  and  similarly  placed.  Take 
for  example  Osgood's  Funktionentheorie,  a  consummate  work 
(^  art,  delightfully  fit  the  student  of  pure  mathematics, 
but  so  completely  concerned  with  method  and  point  of  view 
and  beauty  that  the  student  who  must  uae  his  analysis  gets 
little  from  it.  Indeed  most  modem  works  on  analysis  are 
modem  to  the  point  of  abolishing  analysis.  The  prime  and 
unique  feature  of  Whittaker's  Modem  Analysis  is  the  welding 
together  of  modem  method  with  the  older  analytic  facility  so 
that  the  whole  may  be  of  use  to  the  physicist  and  astronomer.* 

We  do  not  lack  for  works  on  mechanics;  but  Whittaker's 
is  unique,  and  again  the  uniqueness  consists  in  the  amal- 
gamation of  the  old  with  the  new,  of  the  admirable  English 
problem-solving  with  the  theoretical  advances  and  advantages 
of  integral  invariants,  continuous  groups,  and  the  like. 

It  is  obvious  that  this  power  to  judge  values,  to  pick  and 
combine  the  essentials  in  different  points  of  view,  is  vitally 
necessary  to  the  successful  composition  of  a  history  of  ether 
and  electricity  such  as  is  here  offered  to  the  public.  It  is 
fortunate  that  one  who  has  shown  the  power  so  clearly  should 
have  undertaken  the  work  and  brought  it  forth  at  a  time 
particularly  opportune. 

There  is  no  time  at  which  a  well-coordinated  history  of  a 
vast  branch  of  science  can  be  considered  inopportune,  but 
the  years  when  a  great  theory  has  at  last  conquered  tbe  world 
after  considerable  opposition  and  is  taught  far  and  wide  by 
that  conservative  element  who,  had  they  been  alive  and 
teaching  during  its  incipiency,  would  have  ignored  it  or  fought 
it,  the  years  when  the  progressive  element  are  looking  forward 
to  new  points  of  \'iew,  to  new  theories,  not  yet  thoroughly 
formulated, — these  years  are  indeed  the  best  in  which  such  a 
history  may  appear. 

Relative  to  the  ether  we  are  now  in  precisely  this  sort  of 
period.  Maxwell's  theory  of  action  through  an  all-pervading 
plenum  has  had  its  triumphal  acceptance.  Those  who  could 
not  or  would  not  understand  the  theory  have  for  the  most  part 
passed  away.  One  of  the  greatest  and  one  of  the  last  of  them 
was  Lord  Kehnn.  He  was  a  deep  student  of  fluid  and  of 
elastic  media,  he  was  ever  seeking  an  intelligible  mechanical 

*  We  do  not  wish  at  all  to  impuga  any  of  BAcher's  critidams  in  the 
reviev  just  cited  as  to  the  incompleteness  of  tlie  rigorous  treatment  in 
some  parts  of  \MiittakeT'8  Modem  Analysis. 
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conception  of  the  ether;  he  apparently  never  found  one  which 
was  completely  satisfactory  to  him,  and  it  is  doubtful  if  he 
ever  became  a  real  sympathizer  with  Maxwell's  ether.  To 
all  this  the  publication  of  his  Baltimore  lectures  in  1904  bears 
witness. 

These  difficulties  which  bothered  Kelvin  and  which  troubled 
everj'body  in  the  early  days  of  the  theory  have  by  no  means 
all  been  resolved;  they  have  merely  been  ignored.  The  real 
triumph  has  not  been  physical  but  psychological;  we  no  longer 
ask  those  awkward  questions  which  are  inimical  to  the  theory, 
we  take  the  whole  fabric  as  we  find  it  and  unquestioningly 
make  application  of  it.  If  there  be  questions,  they  are  of  a 
different  sort. 

In  recent  years  some  active  minds  have  been  looking  forward 
toward  the  formulation  of  new  theories,  toward  the  abolition 
of  the  ether.  The  theory  of  relativity  and  the  hypothesis  of 
energy  quanta  have  been  the  two  ideas  upon  which  they  have 
chiefly  focused  their  attention.  If  they  in  their  turn  shall 
triumph,  it  will  probably  be  not  for  the  reason  that  all  the 
questions  which  the  opponents  of  the  theories  now  bring  forth 
shall  have  been  satisfactorily  answered,  but  because  the 
questioners  shall  have  ceased  to  question.  We  advance  by 
ignoring  our  known  ignorance  and  by  concentrating  upon  our 
assumed  knowledge. 

We  are  living  at  a  time  of  (at  least  attempted)  transition, 
and  that  is  the  opportune  time  for  Whittaker's  History  to 
appear.  The  author  himself  with  his  true  insight  and  admir- 
able balance  seems  to  recognize  this,  and  to  state  it  well  in 
the  closing  paragraphs  of  the  work. 

Chapter  I  contains  an  account  of  the  theory  of  the  ether 
in  the  seventeenth  century,  founded  upon  the  rather  vague 
speculations  of  Descartes,  but  very  influential  owing  to  the 
sway  of  Descartes  over  the  minds  of  scientists  for  a  consider- 
able time.  Light  was  the  chief  physical  phenomenon  which 
at  this  time  was  subject  to  experiments  sufficiently  accurate 
to  test  a  theory,  and  Newton  and  Huygens  are  the  chief 
names.  In  Chapter  II  we  turn  our  attention  to  electric  and 
magnetic  science  prior  to  the  introduction  of  the  potentials. 
Here  we  are  in  the  domain  of  action  at  a  distance.  Chapter 
III  is  on  galvanism  from  Galvani  to  Ohm. 

With  Chapter  IV  we  come  to  the  luminiferous  medium  from 
Bradley  to  Fresnel,  though  during  some  of  the  period  the  idea 
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of  a.  medium  was  not  very  strong.  The  ether  as  an  elastic 
sohd  is  the  subject  of  Chapter  V.  Here  we  are  still  interested 
in  a  luminiferous  medium  and,  with  the  exception  of  Bous- 
sinesq's  work  and  some  of  W.  Thomson's,  we  are  dealing  with 
the  writers  of  the  first  half  of  the  last  centurj-.  It  is  of  course 
impossible  for  the  author  to  arrange  everything  in  rigorously 
chronological  order;  that  would  violate  too  greatly  the  logical 
sequence.  The  analysis  of  various  optical  theories,  other  than 
the  electromagnetic,  as  set  forth  in  these  two  chapters  will 
be  highly  useful  to  teachers  of  optics. 

The  work  of  Faraday  is  the  almost  exclusive  topic  in  Chap- 
ter VI.  This  would  naturally  lead  to  the  work  of  Maxwell 
(Chapter  VIII)  without  interruption  were  it  not  for  the  fact 
that  the  mathematical  electricians  of  the  middle  of  the  nine- 
teenth century,  whose  work  could  hardly  have  been  done 
before  Faraday's  experiments,  adopted  as  the  basis  of  their 
work  the  conception  of  action  at  a  distance  instead  of  Faraday's 
physical  conceptions  of  lines  of  force.  The  work  of  these 
mathematicians  is  therefore  analyzed  in  Chapter  VII  between 
Faraday  and  Maxwell. 

Chapter  IX  discusses  models  of  the  ether  (subsequent  to 
Maxwell).  The  contributions  of  the  more  immediate  fol- 
lowers of  Maxwell  are  taken  up  in  Chapter  X.  Under  the  title 
of  conduction  in  solutions  and  gases  from  Faraday  to  J.  J. 
Thomson  we  return  in  Chapter  XI  to  discrete  theories  of  elec- 
tricity; and  in  the  concluding  Chapter  XII  is  found  an  account 
of  the  theory  of  the  ether  and  electrons  in  the  closing  years 
of  the  nineteenth  century,  at  the  very  close  of  which  comes 
Richardson's  work  on  thermionics,  belonging  actually  to  the 
twentieth  century. 

One  theory  which  might  properly  have  been  mentioned,  but 
was  not,  is  that  contained  in  RejTiolds's  Submechanics  of  the 
Universe.  Here  is  a  discrete  ether  and  an  exceedingly  com- 
phcated  mathematical  investigation,  which  seems  both  worthy 
and  needful  of  explanation  to  the  readers  of  this  History. 
With  the  exception  of  this  omission  from  Chapter  IX,  we  find 
no  point  for  adverse  criticism. 

To  go  into  further  detail  with  regard  to  the  contents  of 
this  History,  which  should  and  will  be  widely  read,  is  needless. 
Suffice  it  to  say  that  a  careful  study  of  all  of  the  work  twice, 
and  of  many  portions  of  it  several  times,  leaves  but  one  reso- 
lution, namely,  to  continue  the  study  indefinitely;  for  there 
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is  alwaj-s  something  new  to  leam  where  so  much  material  is 
so  well  presented.  Edwin  Bidwell  Wilson. 

Tkeorie  der  eUipHschen  FunkHonen.    Von  M.  Kradse  unter 

Mitwirkung  von  E.  Naetsch.    Leipzig,  B.  G.  Teubner, 

1912.    vi+186  pp. 

Another  text  in  Jafanke's  series  for  engineers  and  students. 
Its  object  is  to  give  a  brief  development  of  elliptic  functions 
for  the  sake  of  rendering  intelligible  those  formulas,  figures, 
and  tables  which  relate  to  elliptic  functions  in  Jahnke  and 
Emde's  Funktionentafeln.  The  titles  of  the  chapters  are: 
Introduction,  General  theory  of  Jacobi's  functions.  Special 
theory  for  the  real  domain,  Legendre's  normal  integrals, 
Weierstrass'a  functions.  Representation  of  the  general  doubly 
periodic  function  by  means  of  the  foregoing  types,  Reduction 
of  the  general  elliptic  integral  to  normal  forms.  The  develop- 
ment is  based  on  the  ^functions,  and  makes  relatively  little 
use  of  the  theory  of  functions  of  a  complex  variable.  The 
prominent  place  given  to  the  (^functions  is  commendable. 
In  most  cases  these  series  converge  with  extraordinary  rapidity 
and  are  readily  available  for  computation.  The  attention  to 
the  functions  sn,  en,  dn  is  also  advantageous;  in  physical 
problems  where  the  trigonometric  functions  offer  a  first 
approximation,  these  elliptic  functions  are  the  most  natural 
to  use.  The  p-function  is  admirably  discussed,  and  especial 
mention  should  be  made  of  the  reduction  of  the  p-function 
with  conjugate  imaginary  periods  to  the  related  p-function 
with  real  and  pure  imaginary  periods.  It  is  noteworthy  that 
the  authors  use  a  plain  p,  and  not  f;  perhaps  this  latter  con- 
tortion is  on  the  road  to  abandonment. 

From  some  points  of  view  it  might  have  been  better  to 
assume  and  use  a  greater,  even  a  great,  amount  of  the  theory 
of  functions  of  a  complex  variable;  the  work  would  not  have 
been  so  elementary,  but  it  would  have  been  more  instructive. 
We  note  with  regret  that  Jahnke  has  not  announced  in  his 
series  a  text  on  the  theory  of  functions.  Such  a  text,  properly 
executed  in  the  interest  of  physicists  and  engineers,  would 
be  a  welcome  addition  to  his  series.  Perhaps  Lewent's 
Konforme  Abbildung  will  supply  much  of  the  lack;  for  it  is  in 
connection  with  conformal  representation  (and  elliptic  func- 
tions) that  the  function  theory  becomes  most  vital  to  the 
student  of  applied  mathematics.     Whether  such  a  student  will 
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get  as  much  out  of  Krause's  work  as  he  would  out  of  one  con- 
structed more  along  the  lines  of  Greenhill's  Elliptic  Functions 
is  a  matter  of  considerable  doubt,  but  at  any  rate  we  have  a 
neat  and  reasonably  short  exposition  which  admirsbly  serves 
its  announced  purpose  of  orienting  the  reader  in  the  corre- 
sponding part  of  Jahnke's  tables.  E.  B.  Wiuon. 

An    Introduction    to     Thermodynamics.     By    John     MiLU. 

Boston,  Ginn  and  Co.,  1910.    viii+136  pp. 

The  brief  text  on  thermodynamics  by  Mills  shows  that 
the  author  has  read  and  digested  a  large  number  and  a  targe 
variety  of  works  on  the  subject,  and  that  he  knows  how  to 
select  from  this  diversity  the  elements  he  needs  and  combine 
them  into  a  carefully  coordinated  sequence  which  shall  serve 
to  lead  the  pupil  from  his  elementary  work  on  heat  through 
so  much  of  thermodynamics  as  may  be  necessary  for  the 
ordinary  student  of  engineering.  The  simpler  notions  and 
notations  of  the  calculus  are  constantly  used;  a  large  number 
of  numerical  practical  problems  are  worked  in  the  text,  and 
a  set  of  miscellaneous  exercises  for  the  reader  is  furnished  at 
the  end.  The  style  is  concise,  but  clear,  and  the  various 
physical  concepts  are  defined  with  the  accuracy  of  the  physi- 
dst  rather  than  with  the  frequent  inaccuracy  of  the  engineer. 
The  titles  of  the  chapters  are:  Fundamental  concepts  and 
laws,  Gases,  Water  and  its  saturated  vapor,  Superheated 
steam.  Flow  of  steam  and  gases.  The  page  has  that  attractive 
appearance  which  generally  goes  with  the  imprint  of  the 
Athenseum  Press.  E.  B.  Wilson. 

Annuaire  du  Bureau  des  Longitudes  ■pour  I'An  1913.    Paris, 

Gauthier-Villars.     16mo. 

The  editors  of  the  Annuaire  have  clearly  decided  that  it 
should  be  kept  fully  up  to  date.  Several  of  the  tables  of 
constants  are  again  improved,  some  by  a  recasting  of  the 
contents,  others  by  the  addition  of  new  matter,  and  still 
others  by  the  adoption  of  the  latest  and  best  values  obtainable. 
Any  one  interested  in  its  use  will  find  these  changes  briefly 
but  clearly  set  forth  in  the  preface.  The  information  is  easy 
to  find  with  the  help  of  the  full  index.  The  main  defect  is  a 
minor  one  and  perhaps  a  matter  of  opinion:  the  edges  are 
uncut  and  there  are  some  800  pages. 

The  Notices  contain,  besides  the  speeches  made  at  the 
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obsequies  of  Radau  and  Foincar^,  who  had  both  assisted  for 
some  years  id  the  preparation  of  the  Annuaire,  an  article  on 
the  appIicatioD  of  wireless  telegraphy  to  the  distribution  of 
the  daily  time  by  Commandant  Fem6,  and  a  resumfi  by  M. 
Bigourdan  of  the  observations  made  during  the  solar  eclipse 
of  1912,  April  17.  From  these  we  leant  that  the  line  of  totality 
was  almost  exactly  midway  between  those  predicted  by  the 
Connaissance  des  Temps  and  the  American  Ephemeris. 

Ehnest  W.  Brown. 


NOTES. 


Th£  twentieth  summer  meeting  and  seventh  colloquium  of 
the  American  Mathematical  Society  will  be  held  at  the  Uni- 
versity of  Wisconsin,  Madison,  Wis.,  during  the  week  begin- 
ning Monday,  September  8,  1913.  The  first  two  days  will  be 
devoted  to  the  regular  sessions  for  the  presentation  of  papers. 
The  colloquium  will  open  on  Wednesday  morning  and  will 
close  on  Saturday  morning.  Courses  of  lectures  will  be  given 
as  follows  (the  list  of  principal  topics  is  appended) : 

Professoh  L.  E.  Dickson:  "Certain  aspects  of  a  general 
theory  of  invariants,  with  special  consideration  of  modular 
invariants  and  modular  geometry." 

A  function-theoretic  basis  for  a  general  theory  of  invariants 
applicable  to  both  algebraic  and  modular  invariants;  concrete 
examples. 

Geometrical  derivation  of  a  fundamental  system  of  in- 
variants of  a  binary  modular  group;  application  to  the  in- 
variantive  classification  of  binary  forms. 

The  so-called  form  problem  for  a  modular  group;  solution 
in  the  simple,  but  typical,  case  of  two  variables.  Finiteness 
of  modular  covariants;  examples  of  fundamental  systems. 

General  modular  geometry;  the  projective  geometry  and 
covariant  theory  of  a  conic  and  of  a  quadric  surface  modulo 
2;  certain  features  of  the  modular  geometry  of  cubic  and 
quartic  curves  and  surfaces. 

Professor  W.  F.  Osgood:  "Topics  in  the  theory  of  analytic 
functions  of  several  complex  variables." 

The  lectures  will  attempt  to  give  a  brief  survey  of  what 
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has  been  accomplished  in  the  study  of  some  of  the  more  im- 
portant problems  of  this  branch  of  analysis.  The  topics  will 
be  drawn  mainly  from  the  following,  and  the  lectures  will 
cover  as  wide  a  range  as  is  practicable. 

The  problems  which  were  first  studied:  the  problem  of 
inversion  in  the  theory  of  the  Abelian  integrals;  periodic 
functions  and  the  Riemann-Weierstrass  theta  theorem; 
modular  functions  of  several  variables  (Hilbert,  Blumenthal). 

The  simplest  singularities,  and  allied  theorems  relating  to 
analytic  continuation;  Weieratrass,  Cousin,  Hahn,  Hartogs. 
Weierstrass's  condition  in  the  space  of  analysis  that  a  func- 
tion be  rational,   or  algebraic. 

Residues  of  multiple  integrals,  and  algebraic  functions  of 
two  variables;  Poincarfi,  Picard,  Simart,  Hensel. 

Homogeneous  variables  and  the  Scbottky-KIein  prime 
function. 

The  next  meeting  of  the  British  association  for  the  advance- 
ment of  science  will  be  held  at  Birmingham,  September  10-17, 
under  the  presidency  of  Sir  Oliveh  Lodge.  Dr.  H.  F.  Baker 
is  chairman  of  Section  A  (mathematics  and  physics). 

At  the  meeting  of  the  London  mathematical  society,  held 
on  March  13,  the  following  papers  were  read :  By  J.  Pbouduan, 
"Some  cases  of  tidal  motion  of  rotating  sheets  of  water"; 
by  L.  J.  MoRDELL,  "  Indeterminate  equations  of  the  third  and 
fourth  degree." 

The  Paris  academy  of  sciences  announces  the  following 
problem  for  the  subject  of  the  Bordin  prize,  to  be  awarded  in 
1915: 

"To  make  an  important  advance  in  the  theory  of  curves 
of  constant  torsion;  to  determine,  if  possible,  under  what  con- 
ditions such  curves  are  algebraic,  or  at  least  when  unicursal." 

The  Swiss  mathematical  society  held  a  special  meeting 
March  9,  1913,  at  Neuchatel,  to  discuss  the  question  of 
mathematical  instruction  in  the  Swiss  universities,  on  the 
basis  of  the  report  of  the  Swiss  sub-committee  of  the  inter- 
national commission.  The  next  regular  session  will  be  held 
September  9,  at  Frauenfeld,  under  the  presidency  of  Professor 
H.  Fehr. 
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The  following  doctorates  in  mathematics  were  conferred 
by  the  University  of  Paris  in  1912.  The  subject  of  the  thesia 
is  appended. 

P.  Helbronner  :  "  R^um£  des  operations  exficutfies  jusqu'ft 
la  fin  de  1911  pour  la  description  g^om^trique  d£taill^  des 
Alpes  franyaisea." 

P.  Levt:  "Sur  les  Equations  int^gro-differentielles  d^finis- 
sant  des  fonctions  de  lignes." 

E.  TuRRifeRE;  "Sur  les  congruences  des  normales  qui 
appartiennent  &  un  complexe  donn£. 

J.  BosLER:  "  Sur  les  relations  des  orages  magn^tiques  et  des 
phlnomSnes  solaires." 

H.  Galbbl'N:  "Sur  la  reprfeentation  des  solutions  d'une 
^uation  lin^aire  aux  difF^rences  fiaies  pour  les  grandes  valeurs 
de  la  variable." 

C.  XicoLAU:  "Sur  la  variation  dans  le  mouvement  de  la 
lune." 

Columbia  University.  The  following  advanced  courses 
in  mathematics  are  announced  for  the  summer  session,  July  7 
to  August  15.  All  courses  (ire  five  hours  a  week.  By  Pro- 
fessor C.  J.  Ketser:  Modern  theories  in  geometry;  History 
and  significance  of  central  mathematical  concepts. — By  Pro- 
fessor James  Maclat:  Higher  algebra;  Elliptic  functions. 
— By  Professor  Edward  Kasner:  Continuous  groups. — By 
Professor  W.  B.  FrrE:  Theory  of  functions  of  a  real  variable. 

The  following  courses  in  mathematics  are  announced  for 
the  academic  year  1913-1914. 

Columbia  Universitt.  By  Professor  C.  J.  Keyser: 
Modem  theories  in  geometry,  three  hours;  History  and  signi- 
ficance of  central  mathematical  concepts,  three  hours. — By 
Professor  T.  S.  Fiske:  Differential  equations,  three  hours, 
first  half-year;  Theory  of  functions  of  a  real  variable,  three 
hours. — By  Professor  F.  N.  Cole:  Theory  of  functions  of 
a  complex  variable,  three  hours;  Theory  of  groups,  three  hours. 
— By  Professor  JaUES  Maclay:  Theory  of  numbers,  three 
hours;  Elliptic  functions,  three  hours. — By  Professor  D.  E. 
Smith:  History  of  mathematics,  three  hours. — By  Professor 
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Edward  Kasner:  Seminar  in  differential  geometry,  three 
hours,  first  half-year. — By  Professor  W,  B.  Fite:  Infinite 
series,  three  hours,  second  half-year, — By  Professor  H.  E. 
Hawees:  Higher  algebra,  three  hours,  first  half-year. — By 
Dr.  H.  W.  Reddice:  Differential  equations,  three  hours, 
second  half-year. — By  Dr.  N,  J.  Lennes:  Theory  of  point 
sets,  three  hours. 

CoBNELL  Univehsity.— By  pFofessor  J,  McMahon  :  Fourier 
series  and  spherical  harmonics,  three  hours;  lusul-ance  and 
probabilities,  two  hours.— By  Professor  J.  I.  HnrCHiNBON: 
Elliptic  fuDctioDs,  two  hours.— By  Professor  V.  Sntdes: 
Geometrj-  on  an  algebraic  surface,  two  hours. — By  Professor 
F,  R.  Shabfe:  Differential  equations,  two  hours;  Vector 
analysis,  three  hours. — By  Professor  W.  B.  Cakveh:  Projec- 
tive geometry,  three  hours. — By  Professor  D.  C.  Gillespie: 
Advanced  calculus,  three  hours. — By  Dr.  C.  F.  Craig:  Theorj- 
of  linear  differential  equations,  three  hours. — By  Dr.  F.  W. 
Owens:  Foundations  of  geometrj',  three  hours.— By  Dr.  J.  V. 
McKelvey:  Advanced  analytic  geometry,  three  hours. — By 
Dr.  L.  L,  Silverman:  Theory  of  numbers,  three  hours  (second 
term). — By  Dr.  W.  A.  Huhwitz;  Theory  of  finite  groups,  three 
hours  (first  term);  Algebraic  equations,  three  hours  (second 
term).    The  mathematical  club  will  meet  every  Monday. 

Harvard  University. — By  Professor  B.  O.  Peihce:  Po- 
tential function,  two  hours  (first  half-year).— By  Professor 
W.  F.  Osgood:  Advanced  calculus,  three  hours;  Dynamics, 
second  course,  three  hours;  Theory  of  functions,  second  course, 
three  hours  (second  half-year);  Theory  of  functions,  first 
course,  three  hours,  with  Professor  B6cber. — By  Professor 
M.  BScher:  Fourier's  series,  Bessel's  and  Legendre's  func- 
tions, three  hours  (second  half-year). — By  Professor  C.  L. 
Bouton:  Differential  equations,  with  Lie's  theory,  three 
hours;  Introduction  to  modern  geometry  and  modern  algebra, 
three  hours,  with  Mr.  Grausteix.— By  Professor  J.  L. 
Coolidge:  Probability,  three  hours;  Algebraic  plane  curves, 
three  hours.— By  Professor  G.  D.  Birkhoff:  Infinite  series 
and  products,  three  hours  (first  half-year) ;  Problem  of  three 
bodies,  three  hours. — By  Dr.  D.  Jackson;  Distribution  of 
primes,  three  hours  (second  half-year). — By  Dr.  F.  J.  Dohmen: 
History  of  mathematics,  three  hours  (first  half-year). — By 
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Mr.  W.  C.  Graobtein:  Advanced  algebra,  three  hours  (first 
half-year);  Differential  geometry,  three  hours  (second  half- 
year). 

Various  courses  in  reading  and  research  are  abo  offered 
on  special  topics,  and  Professor  Birkhoff  and  Dr.  Jackson 
will  conduct  a  fortnightly  seminar  in  analysis. 

The  following  courses  in  mathematics  are  announced  for 
the  present  semester: 

UNiVEiiBiTr  OF  Paris.— By  Professor  P.  Appell;  Analytic 
mechanics,  two  hours. — By  Professor  E.  Picard:  Analytic 
functions  and  integral  equations,  two  hours. — By  Professor 
E.  Gottrsat:  Differential  equations,  two  hours. — By  Pro- 
fessor C.  Guichahd;  General  laws  of  motion,  two  hours. — 
By  Dr.  Vessiot:  Elements  of  analysis  and  of  mechanics,  two 
hours. — By  Professor  H.  Andoter;  Theoretic  astronomy, 
two  hours. — By  Professor  J.  Boussinebq:  Theory  of  waves, 
two  hours. — By  Professor  G.  Koenigs:  Theory  of  thermic 
motors,  two  hours. — By  Dr.  L.  Cahen:  Theorem  of  Fermat, 
two  hours.  Conferences. — By  Dr.  L.  Lebesgue:  Geometric 
applications  of  integral  calculus,  two  hours. — By  Professor  J. 
Dbach:  Rational  mechanics,  two  hours. — By  Professor  H. 
Andoter;  astronomy,  one  hour. — By  Dr.  L.  Servant;  Graph- 
ical statics,  one  hour. 

Phofesbok  p.  Engel,  of  the  University  of  Greifswald,  has 
accepted  a  call  to  the  University  of  Giessen,  as  successor  to 
Professor  E.  Netto. 

Dr.  H.  Jdno,  of  Hamburg,  has  been  appdnted  professor  of 
mathematics  in  the  University  of  Kiel. 

Dr.  H.  Chatelet  has  been  appointed  associate  professor 
of  mechanics  at  the  University  of  Toulouse. 

Dr.  C.  Guichard  has  be«n  appointed  professor  of  general 
mathematics  at  the  University  of  Paris. 

Dr.  H.  MoHRMAim,  of  the  technical  school  at  Carlsruhe,  has 
accepted  the  professorship  of  mathematics  at  the  mining 
academy  of  Clausthal. 
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Db.  Te.  Poschl,  of  the  technical  school  at  Graz,  has  been 
appointed  assodate  professor  of  mathematics  at  the  German 
technical  school  of  Prague. 

Professor  E.  Hellebrand  has  been  appointed  professor  of 
mathematics  at  the  agricultural  institute  of  Vienna. 

Dr.  T.  v.  Karuan,  of  the  University  of  Gottingen,  has  been 
appointed  professor  of  mechanics  and  aerodynamics  at  the 
technical  school  at  Aachen. 

Peofessor  G.  Majcen,  of  the  University  of  Agram,  has 
beeo  elected  corresponding  member  of  the  Bohemian  academy 
of  sciences. 

Dr.  a.  SiGNORiNi  has  been  appointed  docent  of  rational 
mechanics  at  the  University  of  Padua. 

Profebsor  a.  R.  Forsyth,  formerly  of  Cambridge  Uni- 
versity, has  accepted  the  professorship  of  mathematics  at 
the  Imperial  College  of  science  and  technology,  London. 

Da.  H.  B.  Hetwood  has  been  appointed  assistant  lecturer 
in  mathematics  at  Bedford  College  for  ladies  at  London. 

MiSB  H.  P.  Hudson,  of  Newnham  College,  Cambridge,  has 
accepted  the  professorship  of  mathematics  at  the  West  Ham 
technical  school. 

The  following  instructors  in  mathematics  have  been  ap- 
pointed at  Harvard  University  for  the  academic  year  1913- 
1914:  F.  J.  DoHMEN,  H.  D.  Gatlobd,  J.  S.  Mikesh,  W.  E. 
Milne,  R.  B.  Rdbbins,  C.  E.  Wilder,  L.  T.  Wilson. 

Dr.  T.  H.  Gronwall  has  been  appointed  instructor  in 
mathematics  at  Princeton  University. 

Professor  P.  F.  Suith,  of  Yale  University,  has  been 
granted  leave  of  absence  during  the  first  half  of  the  academic 
year  of  1913-1914. 

Professor  J.  C.  Fields,  of  the  University  of  Toronto, 
has  been  elected  to  membership  in  the  Royal  society  of  London. 
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Professor  R.  W.  Prentibs,  since  1891  head  of  the  depart- 
ment of  mathematics  and  astronomy  at  Rutgers  College,  died 
on  April  5  at  the  &ge  of  fifty-six  years.  Professor  Prentiss 
had  been  a  member  of  the  American  Mathematical  Society 
since  1892. 

Professor  Mario  Pieri,  of  the  University  of  Parma,  died 
February  28,  at  the  age  of  53  years. 


NEW  PUBLICATIONS. 
I.    HIGHER  MATHEMATICS. 

Baijiin<K.).    SeeMOLLnaCH.). 

Babbettk  (E.).  Lea  carrt*  tua^quea  du  m""'  ordre.  Uige,  Pholien, 
1912.    8vo.    244  pp.  Fr.  7.50 

.    Lee  pUea  merrdlleuHi.    litge,  PhoKen,  1912.    8vo.     16  pp. 

Bebmatb  (P.).  Ueber  die  Daratellung  von  noaitiven,  goiueti  Zablen 
duTch  die  primitiven,  bm&ren  quadratiMneii  Formen  dner  nicht- 
quadratischen  Diakrimimtnte.     (Diss.)     GOttingen,  1912, 

BiANCHi  (L.).  Leiioni  aulU  teoria  oritmetica  delle  fonne  atudratiche 
binarie  e  t«raarie.    Pita,  1912.    8vo.    11+701  pp.    litiiographed. 

BdcHEB  (M.).  IntrodudioD  to  higher  algebra.  Prepared  with  the  co- 
operation of  E.  P.  R,  Duval.  New  reprint.  New  York,  Macmiltao, 
1912.    8vo.    315  pp.    Qoth.  $1.90 

Boib-Rktuond  (P.  Du).  Zwei  Abh&ndlungen  Qber  uneadliche  (1871)  und 
tri^onometnsche  (1874)  Reihen.  Herauegegeben  von  F.  £.  B.  Jour- 
dam.  lt«  und  2te  Abhondlung.  (OHtwald's  Kkmiker  det  exakten 
WisaeoBch&ften.  Nr.  185.)  Leipsig,  Ei^elmann,  1912.  8vo.  115 
pp.  M.  3.75 

.    Abhondlung  Ober  di«  Darstdlung  der  Funkttonen  durch  trigono- 

metrische  R^m  (1876).  Hersusgegeben  von  P.  E.  B.  Jourdun. 
3te  Abbandlung.  (Oatwald's  Klassiker.  Nr.  186.)  Leipiig,  Engel- 
mann,  1912.     8vo.     140  pp.  M.  5.00 

BoDTFAU.  (S.-A.-F.  DB).  D£moiutration  complit«  du  grand  th^oiime 
de  P.  Fermat.    Vareovie,  1912.    8vo.    5  pp. 

.    Deuxiime  dSmonrtration  complSte  du  grand  thfiortme  de  Fermat. 

Vanovie,  1912.    8ro.    8  pp. 

BaANDENBTTRQ  <H.).  Dbt  gTOSBe  Fermatsche  SatE  und  sun  Beweis.  2te 
Ausgabe.    Leipzig,  Lorentt,  1913.    8vo.    8  pp.  M.  0.60 

Cajobi  (F.).  An  introduction  to  the  modem  theory  of  equations.  New 
reprint.    New  York,  Macmillan,  1912.    8to.    239  pp.    Cloth,    tl.75 

Campbell  (D.  F.).  The  elements  of  the  differential  and  integral  calculus. 
New  reprint.    New  York,  Macmillan,  1912.    12mo.    362  pp.    Qoth. 

$1.90 

CLEHBtnsloNxa  (A.).  Introduction  to  algebraical  geometry.  London, 
1912.    8vo.    548 IV     Cloth.  12s.  6d. 
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Elte(E.L.)-    The  semiregular  polyt^jpea  of  the  hypenpocM.    Graciogen, 

1912.    8vo.     144  pp. 
EnebtrCu  (G.).    Vendchnia  der  Schrifteo  Leonhard  Eulen.    2te  Liefe- 

ning.     (Jahrabericht  der  deutschen  Mathematikervereiiiigu  ng.    Er- 

g&niunKBboDd.)    Leipiig,  Teubner,  1913.    8vo.    Pp.  209-388. 

M.  10.00 
FiSLDB  (J.  C).    On  the  (oundationa  of  the  theory  of  algebrtuc  functjous  of 

one  varit^le.    (Royal  aodety.)    London,  Diilau,  1913.    4t<i.    34  pp- 

Gaedb  (E.).    Ueber  den  Antnl  der  Lofpk,  Methodologie  imd  Eriunntnia- 

theorie  an   den   theoretischen    ^\  isaenBcbsften.     (Diss.)    ErUngen, 

1912. 
HAfner  (P.).    Einfflhrung  in  die  Differential-  und  Integralrechnung  fOr 

hShere  Techniker.     Stuttgart,  1912.  M.  16-00 

Hatbawat  (A.  S.).    A  primer  of  quAl«mions.    2d  edition.    New  York, 

MacmilUn,  1911.     12ino.    113  pp.    Cloth.  S0.90 

HiNTiBJCA  (E-  A).    Ueber  daa  Verhalten  der  Abbildungsfunktionauf  dem 

Rande  des  Bereiches  in  der  konformen  Abbildui^.     (Dias.)     Helsing- 

fors,  Finnische  Literatur-GesclUchaft,  1912.    4to.    8+36  pp. 
Janb    <C.    oe).    Lea  multiplicatrieea  de  Clairaut,    Contribution  k  la 

th^orie  d'une  famille  de  courbes  planes.    Gaud,  Hoste,  1912.    8vo. 

4+136  pp.    Broche.  Fr.  5.00 

JoTiRDAiN  (P.  E.  B.).    See  Boib-Rjsymond  (P.  no). 
LOWENKLAU  <L.).    Zum  groasen  Fermatechen  Sate,    2ter  imd  endgiltiger 

Beweis.    Dresden,  Kdbler,  1013.    Svo.    4  pp.  M.  0.50 

Mehuke  CR.).    Vorleaungcn  liber  Punkt-  und  Vektorenrechnung.     Iter 

Band:  PunktrechnuDg.     IterTeilband.     (Teubner'a  Sammlung.     Nr. 

37.)    Leipiig,  Teubner,  1913.    Svo.    8+394  pp.  M.  14.00 

MiSAHi  (Y.).    The  development  of  mathemalira  in  China  and  Japan. 

(Abhandlungen  lur  Geechichte  der  matbematiachen  Wissenachaiten. 

Heft  XXX.)     Leipzig,  Teubner,  1913.    8vo.    350  pp.         M.  19.00 
MtlLLER   (£>.    Das  AbbUduopprinsip.     {Antritlsrede.)    Wien,   Verlag 

der  techniacben  Hochaehule,  1912.     Svo.     29  pp. 
Ml'LLER  (H.)  und  Baltin  (R.).    Graphisrhe  Daratellungen.    Graphisehe 

Behandlung  von  Gleiohungen.     Grundlehren  von  den  Kegelschnitten. 

Leipzig,  Teubner,  1912.  M.  11.00 

NErMANN  (E.  R,).    Beitrgge  lu  einielnen  Fragen  der  h5heren  Fotential- 

theorie.     (Preiaschrifl.)     Leipzig,  Teubner,  1912.     Svo.     23  +  188  pp. 

M.  11.00 
PioNCHON  (J.).    Notice  sur  la  vie  el  les  travaux  de  Charles  M£ray.    Dijon, 

Marchal,  1912,    Svo.     159  pp. 
Ratschlage  ffir  die  Studierenden  der  Mathematik  und  E>hyBtk  an  der 

Universitat  Jena.    3te  Auflage.    Jena,  1912. 
RoHENTHAt.  (A.).    Ueber  die  Sin|nilarit&ten  der  reellen  ebenen  Kurven. 

(Habilitationsschrift.)     Leipzig,  Teubner,  1912. 
ScHACHT    (W.).    Beweis   des  grossen   Fermatschen   Satzes.     Lausanne, 

Frankfurter,  1912.     Svo.     16  pp.  M.  2.00 

ScBiHMER  (A.).    Der  Wortschatz  der  Mathematik  nach  Alter  und  Her- 

kunft  untereucht.    Strassburg,  Trtibner,  1912.  M,  3.20 

SpiTi  (G.).    Zur  Theorie  der  Elemente  hdherer  Ordnung  in  der  Ebene 

imd  im  Raume.     (Diss.)    Greifswald,  1912. 
Taui»usB  (E.).    Henri  Poincar^;  enquSte  m<kUco-psycbolopque  aur  la 

sup^orit^  intellectuelle.    Paris,  1912.    Svo. 
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VomxBBA   (V.).    Le^na  sur  I'int^gration  dee  Equations  di&^rentielleB 

am  d£riv£c8  pEvtielles.    Nouveau  tirage.    PariB,  Hermanp,   1912. 

4to.    3+4+83  pp. 
.    Trois  le^oos  bui  queltjuee  nrogrie  r£4;eata  de  la  phynque  math^ 

matique.     (Lectures  delivereo  at  the  celebration  td  the  twentieth 

anniveraary  of  the  foundation  of  Clark  Univerdty.)    Worcester, 

Mass.,  Clark  Univeruty,  1912.    8vo.    82  pp. 
Wacker  (H.).    Ueber  Differentialgleichuneen  votn  Fuchsschen  Typui 

mit  einem  Parameter  und  ibre  ReduEibilititt.     (Dies.)    Straesbm^, 

1912. 

II.    ELEMENTARY  MATHEMATICS. 

s  geoi 
Hall 
FcJiBAVA  (R.).    Summary  report  on  the  teaching  of  mathematics  in 

Japan.     Tokio,  1912. 
Gajdeczka    (J,).    Auflfieungen  von   arithmetiscben  und  geometriachen 

Textaufgaben.    Wien,  1012.    8vo.    3+165  pp.  M.  2.60 

Galdeano  (Z.  G.  de).    Ensayoa  de  dnteeis  matem£tica  y  nuevo  metodo 

de  ensefianza  matem^tica.     Parte  primera.     Zaragoca,  CasaSel,  1911. 

8vo, 
,     Nuevo  metodo  de  enseSaDza  matemdtica.    Zaragoia,   Casafiel, 

1912.     Sto.     24+56  pp. 
GoutziHEH  (C).    See  Syim  (D.  E.). 
GcKTHB  (G.).    Raiunlehre  ftlr  Knabenscbulen.    Leipug,  Freytag,  1912. 

8vo.    80  pp. 
Hawkes    (H.    E.)    and    others.    Complete    school    algebra.    Teacher's 

edition.    Boston,  Ginn,  1912.    12mo.    3+486  pp.    Clotb.       S1.75 
Heath    (R.    S.}.    A   teTtbook    of   elementary   trigonometry.    London, 

Clarendon  Press,  1913.    8vo.    220  pp.  3s.  6d. 

HEniucK  (E.  R.}.    See  Macuillan. 
HonoBON  (H.  J.).    Practical  geometry  for  junior  examinations.    London, 

Relfe,  1913.    Ito.    Boards.  Is.  6d. 

Ilnicki  (E.).    Aufgabensammlun^  bus  der  Arithmetik,  Geometric  und 

den  Elementen  der  InfinitesunalrechnimH.    Wien,  Fromme,   1912. 

Svo.    4+347  pp.  M.  5.00 

Lenneb  (N.  J.).    See  Slaooht  (H,  E.>, 
Link  (T.).    See  Vollkommer  (M.). 
Macmillan.    Logarithmic   and   trigonometric  tables.    Prepared   under 

the  direction  of  E.  R.  Hedrick.    New  York,  Macmillan,  1913.    8vo, 

17+124  pp.    Cloth. 
MenLxa  (W.  H.).    See  Smith  (E.  R.). 
Robinson  (J.  W.).    Robinsonian  multiplication  and  diviuon  tables.    2d 

edition.    New  Orieans,  1912.    Folio.     108  pp.    Cloth.  S3.50 

ScHUR    (P.).    Lehrbuch   der   analytiscben    Geometrie.    2te,    vermehrte 

Auflage.    Leipsig,  1912.    Svo.  M.  6.50 

Slauqht  (H.  E.)  and  Lenneb  (N.  J.>.    F^t  principles  of  algebra.    Com- 

Elete   course.    Boston,    Allyn   and   Bacon.     12mo.    492   pp.    Half 
Ather.  $1,20 

SmTH  (D.  E.)  and  Goldzibeb  (C).  BibUc^raphy  of  the  teaching  of 
mathematics,  1900-1912.  (Bulletin  of  the  United  SUtes  Bureau  of 
Education.)  Washington,  D.  C,  Government  Printing  Office,  1913, 
Svo.    95  pp.    Paper. 
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SuiTH  (E.  R.)  &nd  Metzlkh  (W.  H.)-  Solid  geometry  developed  by  the 
syllabus  method.  New  York,  American  Book  Co.,  1913.  12mo.  12 
+403  pp.    Ooth.  t0.7S 

SuppANTSCRmcB  (R.).  Lehrbuch  der  Arithmetik  und  Algebra.  Wien, 
Tempdiy,  1913.    Svo.    331pp.    Ooth.  M.''.0O 

Stxkb  (M._)  and  others.  A  source  book  of  problems  for  geometry,  based 
upon  industrial  design  and  architectural  ornament.  Boston,  Allya 
and  Bacon,  1913.     12mo.    8+372  pp.    Cloth.  $2.60 

Thohfsom  (H.  D.).    See  Fimc  (H.  B.). 

VoLLKOiniEB(M.)  und  Link  (T.).  GoometriefUrhObereM&dchenschulen. 
SterTril.    NOmberg,  Koro,  1913.    Svo.    3+88  pp.  M.  1.20 

III.    APPLIED  MATHEMATICS. 
Amaoat  (E.  H.).    Not«a  but  la  phyaque  et  la  thermodynamique.    Paria, 
Dunod  et  Knet,  1912.    Svo.  Fr.  6.00 

B&RMEB  (F.  A.).    See  Crasdall  (C.  L.). 


Blochmann  (R.).    See  Neudeck  (G.). 

Block  (W.).  Masse  und  Meeeen.  (Aus  Natui  und  G^teswelt.)  Leip- 
iig,  Teubner,  1912.    Svo.    4 +111  pp.  M.  1.25 

Blondel  (A.  E.}.  Synchronous  motors  and  convertors.  Translated 
from  the  French  by  C.  O.  MaiUoux.  With  additional  chapters  by 
C.  A.  Adams.  New  York,  McGraw-Hill,  1913.  Svo.  300  pp. 
Cloth.  $3.00 

Boehv  (W.  M.).    See  Hoooh  (R.  H.). 

BoNHOUMB  (J.)  et  SiLVEBTBE  (E.).  CoDStructioDS  m^talliquea.  IUsib- 
tance  dea  mat^riaux,  etc.  Paris,  Dunot  et  Pinat,  1912.  4to.  6+426 
pp.    Cartonn^.  Fr.  19.50 

BoTTUNOEH  (K.  F.).  Die  Gravitationstheorie  und  die  Bewegung  des 
Mondes.    (Diss.)    Freiburg,  1912.    Svo.    0+59  pp.  M.  1.20 

BouLViN  (J.).  Cours  de  m^anique  appUqu£e  aux  machines.  Tome  I: 
Etudes  organiques  dee  machines  i,  vapeur.  3e  Mition.  Paris,  Dunod 
et  Rnat,  1912.    Svo.  Fr,  15.00 

.  Cours  de  m^canique  appUqu^  aux  machines.  Tome  VI:  Loco- 
motives et  machines  marmee.  2e  ^tion.  Paris,  Dunod  et  Pinat, 
1912.    Svo.  Ft.  16.00 


Cb&ndau.  (C.  L.)  and  Barnes  (F.  A.).    Railroad  construction.    New 
York,  McGraw-HiU,  1913.    Svo.    8+321  pp.    Cloth.  J3.00 

DoRNtER  (C).    Beitrag  lur  Berechnung  der  Luftschrauben,  unter  Zu- 
grundelegung  der  Rateauachen  Theorie.    BesUn,  Springer,  1912. 

M.  5.00 

DuBAMD  (H.).    Trut^  de  perspective  lin4aire.    Paris,  Dunod  et  Pinat, 

1912.  4to.  Ft.  20.00 
DwiGBT  (H.  B.),    Transmisuon  line  formulas.    New  York,  Van  Nostrand, 

1913.  12mo.    6+137  pp.    Cloth.  12.00 
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EwxBDiNQ  (G.)>    Lehrbuch  der  Graphoetatik.    2te  Auflage.    Stuttgart, 

1912.  M.  4.40 
Ffin>L  <L.).    Stabile  Anordnungen  von  EldctroneD  im  Atom.     (Diai.) 

Gettingen,  1912. 
GoLDHAMmB  (D.  A.).    Durpermon  und  Absorption  de«  Licht«a  in  nihenden 

iaotnipeu  KOrpem.    Tneorie  und  ihre  FolgenmgeD.     (Matbematisch- 

Fhynkaliache  Schriften  fttr  logenieure  und  Studierende.    Nr.  16.) 

Laprig,  Teubner,  1913.    8vo.    6+144  pp.    Ooth.  M.  4.00 

GncNBR     (P.).    Elementare    Darlegung    der    Relativit&tetheorie.    2te 

Auflage.    Bern,  1913.  M.  0.80 

Hbatbbb  (H.  J.).    Electrical  engineering  for  mechanical  and  mining 

en^eera.    New  York,  Van  Noetrand,  1913.    8vo.    344  pp.    13.50 
Henxel  (O.).    Gr^bische  Statik  mit  beoonderer  BerQckmchtigung  der 

EinfluBslinien.    Iter  Tal.    Ldpsig,  1912.  M.  0.80 

HotroH  (R.  H.)  andBoEBH  (W.  M.}.    Elementary  prindplea  of  electricity 

and  magnetism  for  students  in  en^eering.    New  York,  Macmillan, 

1913.  12mo.    7+233  pp.  Sl.lO 
Inoeksoll  (L.  O.)  and  Zobel  (0.  J.).    An  introduction  to  the  mathe- 
matical theory  of  heat  conduction.    With  en^eering  and  geologica] 
appUcationa.    Boaton,  Ginn,  1913.    8vo.    6+171  pp.    Qoth.    tl.eO 

Jordan  (L.  C).  Tbe  practical  railway  spiral.  New  York,  Van  Nostrand, 
1913.    16mo.    8+155  pp.    Limp  leather.  11.50 

Kick  (W.).  Vortrftge  Uber  Mecbanik  ale  Gnmdlue  f<lr  daa  Bau-  imd 
Maachinenwesen.  Iter  Teil:  Mechanik  starrer  KSrper.  4te  Aufli^, 
bearbdtet  von  L.  Eotopp.    Hannover,  1913.  M.  10.00 

Keupsk  (H.  R.).  The  en^eer's  year  book  of  formulae,  rulea,  tables, 
data  and  memonuida,  for  1913.  London,  Lockwood,  1913.  8vo. 
1588  pp.    Leather.  12s.  6d. 

Landbberq  (T.).  Das  Verfahren  der  Einfiuaslinieo.  Qte,  vermebrte 
Auflage.    Berlm,  Ernst,  1912.  M.  6.00 

Mach  (E,).  Die  Mechanik  in  ihrer  Entwicklung.  Historisch-kritisch 
da^enellt.  7te,  verbeaserte  und  vermebrte  Auflage.  Leipzig, 
BrockbftUB.  1912.    Ciotb.  M.  9.M) 

Macun  (E.  B.).    See  Miller  <A.  V.). 


beitete  und  stark  vermebrte  Auflage.  Leipug,  Engelmann,  1912. 
Cloth.  M.  9.S0 

MiDDLETON  (G.  A.  T).  Surveying  and  surveying  instnunents.  3d  edi- 
tion, revised  and  enlarged.  New  York,  Macmillan,  1913.  12mo. 
176  pp.    Cloth.  11.75 

MiLHAM  (W.  1.).  Met«orology.  New  York,  Macmillan,  1912.  8vo. 
549  pp.    Cloth.  (4.«0 

Miller  (A.  V,l  and  Maclin  (E.  S.).  Descriptive  geometry.  New  York, 
McGraw-Hill,  1913.    8vo.    7+131  pp.    Clotb.  $1.50 

Miller  (E.  F.).    See  PEABonr  (C.  H.). 

MCller-Breslac  (H.).  Die  graphiscbe  Statik  der  Baukonstruktionen. 
Iter  Band.  5te,  vermebrte  Auflage.  Ldptig,  Krtner,  1912.  Half 
leather.  M.  22.00 

Neuoeck  (G.),  Schtlzb  (B.)  und  Blochuann  (R).  Der  modeme  SchiS- 
bau,  IterTeil:  Geachicbtliche Entwicklung dea SchiSea, theoretischer 
und  praktischer  Schiffbau.    Leipsig,  Teubner,  1912.    8vo.    M.  9.00 

Peabody  (C.  H.)  and  Miller  (E.  F.).  Steam-boilers.  3d  edition.  New 
York,  Wiley,  1913.    8vo.    543  pp.    Cloth.  %A.OO 
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Pbxston  (T.).  The  theoty  of  light.  4th  editkm.  New  Yoric,  HacmUlan, 
1913.    Svo.    23+018  pp.    Cloth.  S6.25 

Rahbkt  (A.  S.).  A  treatise  od  hydromechanics.  Part  II:  Hydro- 
dynamics.   London,  B«ll,  1913.    8vo.    374  pp.  10a.  ed. 

RstKHKBi  (C).  Oeodbie.  Neubeaifoeituns  von  G.  FOrster.  Lapiia, 
1912.  M.  OJO 

RiCHABnBON <0. Wo.    Theriide^ule mroplified.    Qiicago, O. D. Cloudter, 


1913.    4to.     52  pp.     Cloth. 


.    Optica]  geometry  of  motion.    A  view  tA  the  theory  of  rdativity. 

Cambridge,  Heffer,  1912.    Svo.    32  pp.    Sewed.  la. 

RtJNOE  (C).  Graphical  methods.  (Columbia  Univernty  lectures.) 
New  York,  Lemcke  utd  Buechner,  1913.    8to.    7+148  pp.    Cloth. 

S1.S0 

Sackijb  (O.).  Lehrbuch  der  Thermochemie  und  Thermodynamik.  Ber- 
lin, Springer,  1912.  M.  13.00 

SAMSOKorr  (B.).    EsquiBae  d'une  thtoie  g^n^rale  de  la  rente.    Lauaonne, 

1912.  Svo.  Fr.4.50 
ScBREiBEH  (K.  A.).    Theorie,  Berechnung  und  Untemidkung  von  Trans- 
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THE  SPRING  MEETING  OF  THE  CHICAGO 
SECTION. 

The  thirty-first  regular  meeting  of  the  Chicago  Section  of 
the  American  Mathematical  Society  was  held  at  the  University 
of  Chicago  on  Friday  and  Saturday,  March  21-22,  1913, 
extending  through  four  half-day  sessions.  The  total  at- 
tendance was  eightyrone,  ^including  the  following  fifty-one 
members  of  the  Society : 

Professor  R.  P.  Baker,  Professor  G.  N.  Bauer,  Professor 
G.  A.  Bliss,  Dr.  R.  L.  Borger,  Dr.  E.  W.  Chittenden,  Dr.  G.  R. 
Clements,  Professor  H.  E.  Cobb,  Dr.  A.  R.  Crathorne, 
Professor  D.  R.  Curtiss,  Professor  E.  W.  Davis,  Dr.  W.  W. 
Denton,  Professor  L.  E.  Dickson,  Jlr.  C.  R.  Dines,  Professor 
Arnold  Dresden,  Professor  0.  E.  Glenn,  Dr.  T,  H.  Gronwall, 
Dr.  T.  H.  Hildebrandt,  Professor  G.  W.  Hartwell,  Mr.  W.  C. 
Krathwohl,  Professor  Kurt  Laves,  Professor  A.  C.  Lunn, 
Dr.  E.  B.  Lytle,  Professor  H.  W.  March,  Professor  W.  D. 
MacMillan,  Professor  E.  H.  Moore,  Professor  F.  R.  Moulton» 
Mr.  E.  J.  Moulton,  Dr.  Anna  J.  Pell,  Professor  Alexander  PelU 
Professor  H.  L.  Rietz,  Professor  W.  H.  Roever,  Dr.  R.  E. 
Root,  Mr.  A.  R.  Schweitzer,  Miss  Ida  M.  Schottenfels,  Pro- 
fessor J.  B.  Shaw,  Mr.  T.  M.  Simpson,  Professor  C.  H.  Sisam, 
Professor  E.  B.  Skinner,  Professor  H.  E.  Slaught,  Dr.  E.  B. 
Stouffer,  Principal  F.  C.  Teuton,  Professor  A.  L.  Underbill, 
Professor  E.  B,  Van  \leck,  Professor  C,  A.  Waldo,  Miss  Mary 
E.  Wells,  Mr.  C.  W.  Wester,  Professor  E.  J.  Wilczynski. 
Professor  D.  T.  Wilson,  Professor  A.  E,  Young,  Professor  J. 
W.  A.  Young,  Professor  Alexander  Ziwet. 

Professor  E.  B.  Van  VIeck,  President  of  the  Society,  pre- 
sided at  the  two  morning  sessions  and  Professor  D,  R.  Curtiss, 
Chairman  of  the  Section,  at  the  two  afternoon  sessions. 

On  Friday  evening  about  fifty  members  dined  together  at 
the  Quadrangle  Club  of  the  University,  after  which  some 
attended  a  club  lecture  by  Professor  R.  D.  Salisbury,  of  the 
department  of  geography  of  the  University  of  Chicago, 
while  others  spent  the  time  in  social  intercourse  in  the  club 
rooms. 

At  the  business  meeting  on  Friday  afternoon  the  following 
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oflScers  of  the  Section  were  elected  to  hold  office  till  the 
December  meeting,  1913:  Professor  D.  R.  Curtiss,  Chairman; 
'  Professor  H,  E,  Slaught,  Secretary;  Professor  A.  L.  Underhill, 
member  of  the  program  committee.  The  election  of  officers 
regularly  occurs  at  the  December  meeting,  but  was  not  held 
in  1912  on  account  of  the  mei^ng  of  the  Section  meeting  in 
that  of  the  Society  at  Cleveland,  In  connection  with  the 
election,  the  following  resolution  was  unanimously  adopted: 
That  the  Section  favors  the  continuation  of  the  custom  of 
having  a  formal  address  from  the  Chairman  upon  his  retire- 
ment from  office.  It  was  felt  that  there  are  too  few  papers 
giving  a  general  survey  of  any  field  in  mathematics  and  that 
this  custom  would  insure  at  least  a  periodic  opportunity  of 
this  tdnd. 

Under  the  head  of  "informal  notes  and  queries"  several 
questions  were  briefly  discussed,  including  a  statement  by 
Professor  W.  H.  Roever  with  respect  to  the  drawing  of  figures 
in  space  and  the  need  by  mathematicians  of  a  better  under- 
standing of  the  principles  involved.  This  need  was  acknowl- 
edged and  the  hope  was  expressed  that  we  might  have  some 
adequate  texts  in  English  which  could  be  used  in  outlining 
a  course  in  this  subject. 
The  following  papers  were  presented  at  this  meeting: 

(1)  Dr.  T.  H.  Ghonwall:  "On  various  summation  methods 
and  their  application  to  Fourier's  series." 

(2)  Dr.  li.  E.  Root:  "Limitsin  terms  of  order,  with  example 
of  limiting  element  not  approachable  by  a  sequence." 

(3)  Professor  L.  C,  Karpinski:  "John  Caswell." 

(4)  Professor  Karpinski:  "The  Whetstone  of  Witte." 

(5)  Professor  R.  P.  Baker:  "The  topology  of  logical 
diagrams." 

(6)  Professor  Baker:  "The  construction  of  the  lines  of  a 
complex  from  given  lines  by  ruler  only." 

(7)  Professor  W.  O.  Beal:  "Concerning  the  stability  of 
the  eighth  satellite  of  Jupiter." 

(8)  Professor  G.  A.  Miller:  "On  the  representation 
groups  of  given  abstract  groups." 

(9)  Miss  Mildred  L,  Sanderson  :  "  A  fundamental  theorem 
in  the  theory  of  modular  invariants"  (preliminary  report). 

(10)  Mr.  W.  L.  Miser:  "On  the  solutions  of  linear  homo- 
geneous differential  equations  with  elliptic  function  coeffi- 
cients" (preliminary  report). 
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(11)  Pbofessor  R.  D.  Carmichael:  "On  the  Brownian 
movement  and  the  ultimate  constitution  of  matter." 

{12)  Pbofessor  Carmichael:  "On  the  impossibility  of 
certain  diopbantine  equations  and  systems  of  equations." 

(13)  Professor  Carmichael;  "On  certain  diophantine 
equations  having  double  parameter  solutions." 

(14)  Phofesbor  F.  R.  Moulton;  "On  orbits  of  ejection 
and  collision  in  the  problem  of  three  bodies." 

(15)  Professor  J.  B.  Shaw:  "Formal  determination  of 
Clifford  algebras." 

(16)  Professor  E.  J.  Wilczynski:  "A  new  type  of  integral 
equations  "  (preliminary  report). 

(17)  Dr.  E.  W.  Chittenden  and  Professor  A.  D. 
Pitcher:  "Classes  which  admit  a  development." 

(18)  Dr.  E.  W,  Chittenden:  "Relatively  uniform  con- 
vergence of  scries  of  functions." 

(19)  Professor  G.  N.  Bauer  and  Dr.  H,  L.  Slobin: 
"Some  transcendental  cur\es  and  numbers." 

(20)  Mr.  C.  E.  Love:  "Irregular  integrals  of  the  linear 
differential  equation  of  the  third  order." 

(21)  Miss  Ida  M.  Schottenfels:  "A  set  of  generators  for 
quaternary  linear  groups." 

(22)  Professor  G.  A.  Buss:  "A  method  of  subdividing 
the  area  enclosed  by  a  plane  curve,  with  an  application  to 
Cauchy's  theorem." 

(23)  Dr.  S.  Lefschetz:  "The  base  for  algebraic  (r—  1)- 
spreads  immersed  in  an  r>spread,  with  some  applications." 

(24)  Professor  E,  L.  Dodd:  "A  justification  of  empirical 
probability  based  upon  an  unknown  a  priori  probability." 

(25)  Mr.  K.  p.  Williams:  "Concerning  second  order  dif- 
ference equations  and  the  Schwarzian  difference." 

(26)  Professor  A.  C.  Lunn:  "Integral  equations  in  the 
kinetic  theory  of  gases." 

(27)  Professor  Lunn:  "An  integral  functional  equation 
in  the  theory  of  Brownian  movements." 

(28)  Professor  L,  E.  Dickson:  "  Proof  of  the  finiteness  of 
modular  covariants." 

(29)  Professor  Dickson:  "On  the  rank  of  a  symmetrical 
matrix." 

(30)  Professor  Dickson:  "The  projective  geometry  and 
covariant  theory  of  a  ternary  quadratic  form  modulo  2." 

(31)  Mr.  J.  McDonald:  "On  quadratic  residues." 
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(32)  Professor  E.  H.  Moore:  "On  the  geometry  of  linear 
homogeneous  transformations  of  m  variables"  (preliminary 
communication). 

(311)  Professor  O.  D.  Kellogg:  "Conditions  for  a  certain 
nomographic  representation  of  a  function  of  three  variables," 

(34)  Professor  O.  E.  Glenn:  "Symbolic  theory  of  finite 
expansions." 

(35)  Professor  Kurt  Laves:  "Concerning  a  complete 
theory  of  the  motion  of  the  four  minor  satellites  of  Saturn," 

(36)  Professor  Maxihe  Bocher:  "An  application  of 
Gibbs's  phenomenon," 

(37)  Mr.  a.  R.  Schweitzer:  "On  the  workina;  hypothesis 
in  the  genetic  logic  of  mathematics.    Second  paper." 

(38)  Mr.  a,  R.  Schweitzer:  "A  seeming  contradiction  in 
Poincari's  logical  position." 

(39)  Dr,  a.  R.  Crathorne:  "The  total  variation  of  the 
isoperimetric  problem  with  variable  end  points." 

The  papers  of  Miss  Sanderson  and  Mr.  MacDonald  were 
communicated  to  the  Society  through  Professor  Dickson,  and 
those  of  Professor  Beal  and  Mr.  Miser  through  Professor 
Moulton.  In  the  absence  of  the  authors  the  papers  of  Pro- 
fessors Karpinski,  Miller,  Carmichael,  Dodd,  B6cher,  Kellogg, 
Mr.  Love,  Dr.  Lefschetz,  Mr,  Williams,  Mr,  MacDonald,  and 
Dr.  Crathorne  were  read  by  title.  Abstracts  of  the  papers 
follow  in  the  order  of  the  titles  given  above. 

I.  De  la  Vallfe  Poussin  has  defined  the  sum  of  any  series 
«o  +  «i  +  ■  ■  ■  +  Wn  +  ■  ■  ■  as  the  limit  (when  it  exists)  for 
n  =  oo  of  the  expression 

..    _         ,   V    "("-  l)---(n-v+l) 
"      ""^.^i(n+l)(n+2)---(n  +  r)"" 

and  shows  that  when  a  function /(x)  has  a  generalized  deriva- 
tive of  order  A  at  a  point  x^,  then  at  this  point  the  kth  deriva- 
tives of  the  partial  sums  I'„  of  the  Fourier  series  corresponding 
to  fix)  tend  toward  the  kth  generalized  derivative  of  /(i)  for 
71  =  oo  {Bulletin  de  t'Academie  Belpque  des  Sciences,  1908). 

In  the  present  paper,  Dr.  Gronwall  studies  the  relation 
between  this  summation  method  and  that  of  Ces&ro  founded 
upon  successive  arithmetical  means;  the  following  propositions 
are  established : 
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1.  When  a  series  «o  +  ui  +■■■  +  ««+•■  •  ia  summable 
by  Cesilro'a  means  of  any  given  order  r,  it  is  also  summable  by 
de  la  Valine  Poussin's  process,  with  the  same  sum. 

II.  There  exist  series  summable  by  de  la  Valine  Poussin's 
process,  which  are  not  summable  by  CesiLro's  means  of  any 
finite  order. 

III.  When  /(x)  has  a  generalized  derivative  of  order  k  at 
X  ~  xo,  then  at  this  point  the  A:th  derivatives  of  the  Ces&ro 
means  of  order  4  +  1  of  the  Fourier  series  corresponding  to 
fix)  converge  toward  the  Hh  generalized  derivative  of /(a:). 

Thus  de  la  Vallfc  Poussin's  theorem  is  implied  by  III  (on 
account  of  I),  but  does  not  imply  III  (by  reason  of  II). 

2.  While  the  conditions  used  in  the  paper  by  Dr.  Root  are 
fulfilled  by  any  simply  ordered  class,  provision  is  made  for 
multiple  interpretation  of  its  postulates  and  theorems.  The 
work  pertains  to  a  class  of  elements  q  of  arbitrary  character 
with  a  relation  B  of  the  type  of  "  betweenness."  The  prop- 
erties postulated  for  this  relation  are  such  as  to  persist  under 
composition  of  systems.  The  relation  B  replaces  betweenness 
in  the  definition  of  segment,  and  an  element  q  is  said  to  be  a 
limiting  element  of  any  set  that  has  an  element  distinct  from 
q  in  every  segment  containing  q.  Certain  fundamental 
theorems,  including  the  proposition  that  every  derived  class 
is  closed,  result  from  the  type  of  the  system,  without  postu- 
lates. Very  mild  assumptions  lead  to  a  theory  of  multiple 
and  iterated  limits  of  functions,  including  as  a  special  case 
the  usual  theorems  on  sequences  of  continuous  functions. 
An  additional  postulate  leads  to  a  form  of  the  Heine-Borel 
theorem,  and  to  theorems  on  bounds  of  functions  on  a  compact 
class.  A  sequence  of  elements  is  said  to  have  the  limit  q  if 
every  segment  containing  q  contains  all  but  a  finite  number  of 
elements  of  the  sequence.  On  the  basis  of  the  postulates  this 
definition  of  limit  fulfils  the  conditions  specified  by  Frfichet, 
thus  securing,  by  means  of  the  sequential  definition  of 
limiting  element  of  class,  a  considerable  body  of  theorems 
developed  by  Frfechet,  Hedrick,  and  Hildebraodt.  There 
arise,  then,  two  parallel  theories,  of  about  equal  extent,  one 
based  on  the  neighborhood  definition  of  limiting  element, 
the  other  on  the  sequential  definition.  That  these  two 
theories  are  not  equivalent  is  shown  by  an  example  of  a 
simply  ordered  class  fulfilling  all  the  postulates  of  the  paper 


-obvGoo»^lc 


446  ePRlNO   MEES'INO   OF  THE  CHICAQO  8ECTI0K.      [Juil«, 

and  possessing  a  limiting  element  that  is  not  the  limit  of  any 
sequence  of  elements  of  the  class. 

3.  Little  has  been  known  about  the  life  of  the  English 
mathematidan  John  Caswell  (1655-1712),  a  contemporary 
of  Wallis  and  the  author  of  a  somewhat  notable  work  on 
trigonometry.  Professor  Karpinski  has  gathered  the  facts  of 
his  life  largely  from  the  publications  of  the  Oxford  Historical 
Society.  Some  light  is  thrown  also  on  the  general  conditions 
with  respect  to  the  study  of  mathematics  in  the  English 
universities  during  the  seventeenth  and  early  eighteenth 
centuries.  The  paper  is  to  appear  in  the  Bihliotkeca  Maihe- 
matica. 

4.  Some  time  ago  the  editor  of  the  Bibliotheca  Mathematica 
suggested  the  desirability  of  a  study  of  Robert  Recorde's 
"  The  Whetstone  of  Witte,"  with  a  view  to  determining  the  real 
contributions  of  this  work  to  the  development  of  algebra  and 
algebraic  symbolism.  Professor  Karpinski  has  made  such  a 
study.  The  net  result  would  seem  to  be  that  the  most  note- 
worthy contribution  of  Recorde  was  the  introduction  of  the 
equality  sign.  The  works  of  Stifel,  Scheybl,  and  Cardan  were 
largely  drawn  upon  by  him.  However  Recorde  contributed 
to  the  advance  of  the  study  of  mathematics  by  furnishing 
in  the  English  language  excellent  treatises  from  a  pedagogical 
point  of  view. 

5.  In  this  paper  Professor  Baker  shows  that  in  a  finite 
logical  field  two  features  are  desirable,  namely,  integrity  of 
the  class  regions  and  integrity  of  neighborhood.  With  line 
segments,  as  used  by  some  writers,  the  first  property  is  not 
available  for  n  >  2.  The  second  fails  when  areas  are  used 
when  n  ^  4.  The  first  can  always  be  obtained  with  areas. 
The  plane  representation  is  of  lower  genus  than  the  Dyck 
representation  of  the  corresponding  abstract  group.  This 
reduction  of  genus  occurs  in  other  groups,  which  cannot  be 
generated  by  two  elements.  The  redundant  generators  used 
by  Dyck  in  the  case  of  infinite  groups  are  not  needed  in  finite 
groups,  and  they  raise  the  genus.  The  minimum  genus  is 
given  by  a  Cayley  color  diagram. 

6.  Pliicker's  construction  of  a  complex,  followed  by  many 
texts,  uses  the  hyperboloid  determined  by  three  lines  and  its 
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intersections  with  one  of  the  others.  Cases  exist  in  which 
all  possible  intersections  are  complex.  To  avoid  this  is  desii^ 
able.  The  ruler  construction  which  Professor  Baker  uses  is 
based  on  inddences  of  lines  and  uses  only  planes  of  construc- 
tional lines. 

7.  Using  the  elements  of  the  orbit  of  the  eighth  satellite 
of  Jupiter  given  by  Crommelin  in  volume  75,  page  50  et  seq., 
of  the  Monthly  Noticea,  Professor  Beal  shows  by  applying  the 
well-known  criterion  of  stability  which  follows  from  Jacobi's 
integral,  that  the  motion  is  stable,  that  is,  that  this  satellite 
cannot  become  an  independent  asteroid.  This  is  contrary  to 
the  conclusion  reached  by  Kobb  in  the  BiUletin  AstroTiomigue 
of  1908,  page  414,  from  the  first  provisional  elements  that 
were  given  out  from  the  Greenwich  Observatory, 

8.  The  abstract  group  G  is  said  to  be  a  representation  group 
(Darstellungsgruppe)  of  the  finite  abstract  group  G',  whenever 
G  is  one  of  the  largest  groups  involving  a  quotient  group 
which  is  simply  isomorphic  with  G'  as  regards  a  subgroup  M 
that  is  both  in  the  central  and  also  in  the  commutator 
subgroup  of  G.  A  number  of  fundamental  theorems  relating 
to  representation  groups  were  developed  by  I.  Schur  in  two 
memoirs  published  in  volumes  127  and  132  of  Crelle.  The 
present  paper  aims  to  establish  some  new  results  relating  to 
these  groups,  and  to  derive  some  of  the  known  theorems  by 
simpler  methods.  Additional  relations  existing  between  the 
theory  of  representation  groups  and  known  theorems  of 
abstract  groups  are  also  developed,  especially  as  regards 
metabelian  groups. 

Among  the  theorems  which  have  been  established  by  Pro- 
fessor Miller  are  the  following:  Every  possible  group  contains 
at  least  one  commutator  besides  identity  which  is  commuta- 
tive with  at  least  one  of  its  elements.  Every  non-cyclic 
abelian  group  has  at  least  two  distinct  representation  groups, 
and  there  are  infinite  sj'stems  of  representation  groups  of 
abelian  groups  whose  commutator  subgroups  involve  operators 
which  are  not  commutators.  If  the  square  of  an  operator  is 
commutative  with  another  operator,  their  commutator  is 
transformed  into  its  inverse  by  the  former  of  these  two  opera- 
tors, and  if  a  commutator  is  commutative  with  one  of  its 
two  elements,  its  order  is  a  divisor  of  the  index  of  the  lowest 
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power  to  which  this  element  must  be  raised  to  be  commutative 
with  the  other  element.  The  order  of  every  representation 
group  of  a  group  of  order  p",  p  being  a  prime  number,  is  of 
the  form  p^,  and  the  orders  of  all  of  its  commutators  are 
divisors  of  />*"'. 

9.  Miss  Sanderson  proves  the  following  theorem:  To  any 
modular  invariant  i,  of  any  system  of  forms  under  any  group  G 
of  linear  transformations  with  coefficients  in  the  GF(p^),  cor- 
responds a  function  /  of  arbitrary  variables  formaUy  invariant 
under  G,  and  such  that  /  ^  t  for  all  sets  of  values  of  the 
variables  in  the  GFip").  The  proof  rests  upon  the  lemma: 
Let  fli,  ■  ■  ■ ,  a,  be  r  arbitrary  variables  (r  >  1),  and  gi,  ■  ••,  gr 
pven  elements  of  the  GFip"^),  g,  +  0.    Then  the  determinants 

Oi,  ■  •  ■,       Or 


pt'-i^ 


?i. 


are  such  that  iV  is  divisible  by  D  in  the  field  and  the  quotient 
Q  =  N/D  has  the  properties; 

Q  +Oif  Oi  =  ffi,  ■■-,«,  =  ifr!  Q  =  Oifoi  =  Ci,  ■■■,a,  =  er, 
where  ei,  ■  ■■,  e,  are  elements  of  the  field  not  proportional  to 

9h  ■■■,gr. 

If  Qi,  ■  ■  •,  a,  are  the  coefficients  of  the  forms,  a  fundamental 
system  of  invariants  which  are  formally  invariant  is  formed 
out  of  sums  as  to  g\,  ■  ■•,  g,  of  powers  of  these  Q's,  where  the 
9i,  ■ '  •,  gr  are  the  coefficients  of  a  particular  set  of  forms  in 
the  system. 

10.  In  this  paper  Mr.  Miser  treats  of  the  forms  and  prop- 
erties of  the  multiple-valued  solutions  of  the  linear  homo- 
geneous differential  equations 


di 


^'Liii{t)xj 


(i=l. 


.n), 


where  the  i^oC)  *i^  elliptic  functions  whose  primitive  periods 
are  u,  a',  and  whose  poles  arc  of  order  one.  When  the  n 
roots  of  the  indicial  equation  for  each  singular  point  are  all 
distinct  modulo  unity,  it  is  shown  how  single-valued  doubly 
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periodic  functions  ^y(/)  can  be  determined  30  that  the  general 
solution  is 

wbere  the  in  are  regular  functions  in  the  whole  finite  part 
of  the  plane. 

U.  In  this  paper  Professor  Carmichael  proposes  a  new  law 
of  action  among  the  ultimate  mechanical  units  of  matter. 
The  taw  is  suggested  by  the  behavior  of  the  Brownian  par- 
ticles as  they  are  observed  under  the  microscope,  and  espe- 
cially under  the  ultra-microscope.  As  an  analytical  expression 
of  the  law  we  have  the  following:  As  the  distance  x  between 
any  two  particles  of  matter  varies,  the  force  of  attraction 
varies  as /(a:),  where 

,,    ,  1      1    04    ,    Qa        flg 

«(,  at,  at,  ■•  •  being  properly  determined  constants.  These 
constants  are  in  general  different  for  different  kinds  of  matter. 
Corresponding  to  the  fact  that  a  particular  kind  of  matter 
may  in  general  exist  in  three  and  but  three  forms,  namely, 
as  a  solid,  a  liquid,  a  gas,  are  certain  relations  among  the 
constants  oi,  aj,  ■  ■  - .  Other  fundamental  properties  of  matter 
also  have  their  analytic  correspondents;  as,  for  instance,  the 
fact  that  all  gases  have  so  nearly  the  same  physical  properties. 
The  value  of  this  law  in  the  explanation  of  the  processes  of 
nature  will  depend  on  how  well  it  lends  itself  to  the  use  of  the 
experimenter.  Immediately  it  suggests  numerous  tests  to  be 
applied  in  the  laboratory  and  it  would  thus  appear  to  be  an 
instrument  of  value. 

12.  The  object  of  Professor  Carmichael's  second  paper  is  to 
prove  the  impossibility  of  certain  interesting  diophantine 
equations  and  systems  of  equations.  In  two  cases  the  argu- 
ment is  carried  out  by  means  of  Fermat's  famous  method  of 
"infinite  descent."  The  paper  will  be  offered  for  publication 
in  the  AmerKan  Maiheviatwal  Monthly. 

13.  In  his  third  paper  Professor  Carmichael  obtains  a  double 
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parameter  solution  of  each  of  several  diophantine  equations 
of  which  the  following  are  typical: 

i'  +  J/*  +  2»  +  M»  =  3fi.    x*  +  y*  +  4z*=    t*. 

14.  The  problem  under  consideration  by  Professor  Moulton 
is  that  in  which  an  infinitesimal  body  moves  8ub]'ect  to  the 
attraction  of  two  finite  masses.  Orbits  of  ejection  and  collision 
are  those  in  which  the  infinitesimal  body  leaves  one  of  the 
finite  bodies  and  collides  with  the  other  one.  The  existence 
of  infinitely  many  of  these  orbits  is  established.  They  are  of 
importance  in  the  consideration  of  the  escape  of  molecules 
from  the  atmosphere  of  one  body  to  another,  end  also  in  the 
consideration  of  periodic  orbits,  because  certain  types  of  these 
orbits  are  the  limits  of  families  of  periodic  orbits. 

15.  Professor  Shaw's  paper  is  a  deduction  of  the  properties 
of  a  Clifford  algebra  of  N  dimensions  from  the  defining 
equation  a(3  =  —  ^  +  /a/3.  A  CUfford  algebra  is  one 
whose  units  consist  of  a  fundamental  set  ii,  ■■-,  im  their 
products  two  at  a  time,  three  at  a  time,  etc.,  with  the  equations 

tj  =  —  1     (s  =  1,  ••  ■,  n),        i,ii  =  —  id,     (s  +  0- 

16.  The  integral  equations  considered  by  Professor  Wilczyn- 
ski  are  linear  equations,  both  of  the  Volterra  and  the  Fredholm 
form,  and  include  equations  of  the  first  as  well  as  of  the  second 
kind.  The  novelty  consists  in  the  form  of  the  integral  which 
is  regarded,  in  the  simplest  case,  as  an  open  line  integral 
independent  of  the  path. 

17.  In  terms  of  a  general  class  P  which  admits  a  develop- 
ment  A  as  defined  by  E.  H.  Moore,  Drs.  Pitcher  and  Chitten- 
den have  developed  a  theory  an^ogous  to  that  of  Frfchet, 
in  which  the  results  obtained  by  Frfechet,  Hedrick,  Hildebrandt 
and  others  are  secured  through  appropriate  conditions  on 
the  development  A  of  P. 

18.  Dr.  Chittenden  considers  the  immediate  consequences 
of  the  definition  of  relatively  uniform  convergence  of  series 
of  functions  given  by  E.  H.  Moore,  and  shows  that  it  the  set 
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Q  of  points,  at  which  the  measure  of  convergence  of  a  series 
of  functions  defined  on  an  interval  (a,  b)  is  greater  than  zero, 
is  redudble,  the  series  converges  relatively  uniformly  as  to  a 
scale  which  admits  a  definition  in  terms  of  the  given  series 
and  set  Q.  He  shows  further  that  if  for  a  series  of  continuous 
functions  there  is  a  perfect  set  on  which  the  set  Q  is  dense, 
then  the  series  converges  relatively  uniformly  as  to  no  scale 
function.    Osgood  has  given  examples  of  such  series. 

19.  In  this  paper  Professor  Bauer  and  Dr.  Slobin  trace 
some  of  the  consequences  of  Lindemann's  theorem  that  in 
the  equation  e'  =  y,x  and  y  cannot  both  be  algebraic  numbers 
{MathematUehe  Annalen,  volume  20,  page  224).  Let  i(n{x,  y), 
<Pii.x,  y),  #>j(3;,  y)  be  of  the  form  Pay"  +  Pii/""'  +  •  ■  •  +  P,, 
where  the  P's  are  polynomials  in  x,  and  where  all  the  constants 
involved  are  algebraic  numbers;  further  let  there  be  no  common 
factors  in  <pi,  ipi,  and  ^.  Then  the  following  theorems  are 
estabhshed:  In  the  equation  ifii{x,  i/)-e*t'''>''  +  ^{x,  y)  =  0,  x 
and  y  cannot  both  be  algebraic  numbers,  except  for  a  finite  num- 
ber of  pairs  of  values  determined  by  the  simultaneous  equations 

Vi(x,  y)  =  0,         if^ix,  y)  =  0 
and 

<pi{x,  y)  =  0,  <(>i{x,  y)  +  ,n{x,  y)  =  0. 

All  the  direct  and  inverse  trigonometric  and  hyperbolic  func- 
tions represent  transcendental  numbers  for  all  algebraic  values 
of  the  ai^ument,  except  zero.     Equations  of  the  form 

w(-r,  y)  +  <Pi{x,  y)  tanh  in{x,  y)  =  0, 

vi(x,  y)  +  i=  0, 

where  t  is  any  transcendental  number  and  where,  instead  of  the 
hyperbolic  tangent,  any  other  direct  or  inverse  circular  or 
hyperbolic  function  may  be  substituted,  represent  families  of 
curves  which  pass  at  most  through  a  finite  number  of  algebraic 
points. 

By  expanding /i(a:),  e^'^'',  fi{x)  log  /i(jr),  /i(i)  sin  fiix),  etc., 
where /i(z),/s(a:}  are  explicit  algebraic  functions  of  x,  series  are 
obtained  which  represent  transcendental  numbers  whenever  an 
algebraic  number  is  substituted  for  x. 
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20.  Mr.  Love's  paper  considers  the  existence  and  form  of 
asymptotic  solutions  for  the  differential  equation 

J/'"  +  ai{x)y"  +  ai{x)y'  +  a,(x)y  =  0, 

where  the  coefficients  are  developable,  for  large  real  values  of 
X,  in  asymptotic  (or  convergent)  series  of  the  form 


(a„.+  °^'+...)    <. 


ar(.x}^x'^\^ar,o+-^+    ■■  j     (r  =  l,2,3). 

Detailed  study  is  made  of  the  various  cases  in  which  the  so- 
called  characteristic  equation  has  multiple  roots,  since  these 
cases  do  not  appear  to  have  been  treated  heretofore.  The 
corresjKinding  problem  for  the  equation  of  second  order  has 
been  considered  in  an  earlier  paper  of  which  the  present  work 
forms  a  continuation. 

21.  In  volume  12  (1905).of  the  Bulletin  Miss  Schottenfels 
published  the  paper,  "A  set  of  generators  for  ternary  linear 
groups."  In  the  present  paper  she  develops  a  similar  set  of 
generators  for  quaternary  linear  groups  of  the  type  a:;  =  Xi+i, 
Xk  =  Xi  +  kxj(i=  1, 2,  ■  ■  • ,  4  —  1 ;  A  =  0,  1).*  It  is  proved 
that  all  substitutions  of  the  form 

Xi'  =  anil  +  aaXt  +  Oisii  +  aitXt, 
Xi  =  OnXi  +  oaXt  +  OaXt  +  Om^*. 
Xi'  =  ajiXi  +  atiXt  +  flujrj  +  an^*, 
Xi  =  auxi  +  atixi  +  oaXi  +  a«a-4, 

with  coefficients  rational  integers  of  determinant  unity,  can 
be  formed  by  combinations  of  the  substitutions 

T  =  (^-Xi-xi-x,),    S  =  {xi-XfXfXi  +  xi). 

It  is  also  proved  that  all  matrices  of  the  form 

an    da    ««    an 

(a.v)=   "^'    ««"='"»  ,j=  1,2,3,4,) 

^    '         ttji    an    aa    UM  '■' 

ai\    an    a^s    o . 

*  Moore,  Mathematitehe  AnruUen,  vol.  51,  p.  436. 
Schoitenteh,  Annalt  of  Mathemalict,  aer,  2,vo\.l,D0.8.    Bdlletin,  vol 
e,  pp.  440-U3. 

Burnaide,  Menenger  of  Mathematics,  vol.  24,  p.  109. 
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wherea.-j  are  marks  of  the  GP  [2*)  and  (a,y)  is  of  determinant 
unity,  can  be  formed  by  combinations  of 

0  10  0  0  10  0 

r-0010      n_0010 

^"000  r"^     000  1' 

10  0  0  110  0 

where  T  and  S  generate  a  group  holoedrically  isomorphic  to 
the  alternating  group  upon  eight  letters,  G%i^. 

22.  Consider  a  simply  closed  continuous  rectifiable  curve 
which  divides  the  plane  into  an  exterior  and  an  interior. 
Professor  Bliss  shows  that  the  interior  of  such  a  curve  can 
be  divided  by  a  finite  number  of  segments  of  straight  lines 
into  regions  whose  diameters  are  less  than  c,  the  number  of 
auxiliary  segments  necessary  being  not  greater  than  4^*^'. 
The  theorem  has  a  number  of  applications,  one  of  which  may 
be  of  spe<nal  interest.  With  its  help  Cauchy's  theorem  in  the 
theory  of  functions  can  be  easily  proved  for  any  rectifiable 
curve  if  it  has  first  been  deduced  for  a  rectangle.  The  methods 
of  Goursat  and  Moore  are  readily  applicable  to  a  rectangle, 
but  involve  difficulties  when  applied  to  a  curve  which  is  sup- 
posed only  to  be  rectifiable,  on  account  of  the  complicated 
way  in  which  a  rectifiable  curve  may  intersect  a  straight  tine. 

23.  In  this  paper  Dr.  Lefschetz  gives  the  extension  to  an  r- 
spread  Vr  of  the  theory  of  the  minimum  base  developed  by 
Severi  and  PoincarS  for  algebraic  surfaces.  Let  {*|  and 
{9]  be  two  continuous  systems,  <»'  at  least,  of  (r  —  l)-spreads 
immersed  in  F„  [ip]  and  {((•)  the  systems,  no*  at  least,  which 
they  cut  out  on  the  general  variety  of  a  system  {11}. 
Then  if  ip  and  ^  are  equivalent  on  n  when  the  latter  varies, 
the  same  holds  for  *  and  *,  that  is,  there  exists  a  continuous 
system  in  V,  containing  them  both  totally.  If  p,  p'  and  a,  <t' 
are  the  numbers  of  Picard  and  Severi  for  V,  and  11  respectively, 
then  p  ^  p',  (T  ^  a' ,  from  which  follows  the  existence  of  a 
minimum  base  on  Vt~  Hence  if,  for  any  system  such  as  (IT), 
p'  =  ff'  =  1 ,  we  have  also  p  =  <j  =  1 . 

In  particular  if  Frhas  no  singularities  whatever,  then  all  the 
{r  —  l)-spreads  immersed  in  it  are  complete  intersections  — 
a  known  result.  Also  if  Vr  is  the  locus  of  «•  (r  —  l)-flats 
then  p  =  2,  ff  =  1.     Hence  if  0i  is  an  (r  —  l)-spread  in  such  a 
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Vf,  a,-  its  order,  ai  the  order  of  its  section  by  the  flats,  N  the 
number  of  points  common  to  r  such  spreads  in  V„  then 
Story's  generalized  formula, 

N  =  Zaio-i-  ■  -Or  —  (/■  —  l)Ain«i. 

follows  at  once.  Finally  a  new  invariant  number  is  introduced 
by  considering  the  base  cut  out  in  the  canonic  system  of  K,, 
and  it  is  shown  to  exist  even  if  V,  has  no  canonic  system. 

24.  If  an  insurance  company  finds  that,  of  1,000  men  of  a 
given  age,  990  are  alive  at  the  end  of  one  year,  what  justifies 
the  acceptance  of  .99  as  the  probability  that  a  man  of  the 
given  age  will  live  at  least  a  year?  Dr.  Dodd  uses  an  un- 
known a  priori  probability  in  the  following  theorems.  (1) 
Suppose  that  an  event  of  unknown  probability  p  has  occurred 
just  r  times  in  a  trials.  Let  the  probability  a  priori  that  p 
lies  in  the  interval  /  =  (xi,  Xi+  S)  be  J  '  il'(x)dx;  where 
jpix)  is  limited  and  integrable;  and,  moreover,  has  a  positive 
minimum  in  (0,  1),  or  at  least  in  that  portion  of  {a,  I  —  a) 
which  remains  when  a  finite  number  of  sub-intervals  such  as 
(I  —  ff,  {  +  Iff)  are  removed,  <r  being  taken  small  at  pleasure, 
llien  the  probability  a  posteriori  that  p  lien  in  /  is  greatest, 
with  a  chosen  5,  when  Xi  =  (r/s)  +  ij,  where  lim,.«,j=o  ij  =  0, 
uniformly  with  respect  to  r.  Roughly  speaking:  The  most 
probable  value  of  p  is  r/s  when  s  is  large  enough.  (2)  If  ^(ar) 
satisfies  the  conditions  specified  in  (1),  the  probable  value 
of  p  will  differ  from  rla  by  less  than  any  preassigned  posi- 
tive (  when  8  is  large  enough.  (3)  If  4'i^)  satisfies  the  con- 
ditions of  (1),  and  Si  additional  Cfuture)  trials  are  to  be  made, 
then  the  most  probable  number  of  future  occurrences  is  one 
(or  possibly  both— so  to  speak)  of  the  two  integers  nearest  to 
(r/«)si,  provided  that  s,  the  number  of  past  trials,  is  large  enough. 

25.  Mr.  Williams  determines  a  difference  equation  of  the 
third  order  which  is  satisfied  b.^'  the  quotient  of  any  two 
solutions  of  a  homogeneous  linear  second  order  difference 
equation.  This  third  order  equation  has  the  property  that, 
if  any  particular  solution  of  it  can  be  obtained,  then  the  prob- 
lem of  solving  the  second  order  equation  is  reduced  to  finding 
a  solution  of  a  first  order  equation.     An  expression  analogous 
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to  tbe  Scbwarzian  derivative  of  a  function  is  obtained,  and 
it  is  shown  in  a  simple  direct  manner  that  tins  expression  is 
invariant  for  a  linear  fractional  transformation  with  periodic 
coeffidents. 

26.  A  fundamental  problem  of  tbe  kinetic  theory  of  gases 
is  the  deteriniiiation  of  tbe  distribution  of  the  molecules  in 
space  and  velocity,  by  solution  of  Boltzmann's  differential- 
integral  equation  for  assigned  physical  conditions.  For  the 
case  where  the  molecules  are  thought  of  as  hard  elastic  spheres 
Hilbert  has  recently  shown  that,  if  the  solution  be  sought  in 
the  form  of  a  power  series  in  a  guiding  parameter,  each  step 
of  the  computation  corresponds  to  the  solution  of  an  integral 
equation  of  the  Fredholm  type  with  symmetric  kernel. 

The  first  part  of  Professor  Luim's  paper  gives  another 
proof  of  this  reduction,  of  a  more  geometric  character,  extend- 
ing the  theorem,  moreover,  so  as  to  assume  simply  that  the 
molecules  have  kinetic  spherical  symmetry,  that  the  mutual 
forces  diuing  an  encounter  are  such  as  to  conserve  momentum 
and  energy,  and  never  lead  to  union  of  two  molecules,  and 
that  a  certain  condition  of  convergence  is  satisfied.  In  all 
cases  the  kernel  is  a  function  of  the  absolute  values  of  two 
local  molecular  velocities  and  of  the  angle  S  between  them. 

The  second  part  of  the  paper  shows  that  if  the  kernel  be 
thought  of  as  expanded  in  a  series  of  Legendre  polynomials  in 
cos  8,  and  the  known  functions  in  tbe  integral  equations  in 
series  of  surface  harmonics  in  tbe  velocity  space,  then  the 
corresponding  expansions  of  the  unknown  functions  are  deter- 
mined by  the  solution  of  certain  Fredholm  equations  in  the 
one-dimensional  realm  of  the  absolute  value  of  the  velocity. 

The  first  term  of  the  power  series  was  shown  by  Hilbert 
to  be  the  well-known  Maxwell  formula.  The  general  form 
of  tbe  second  term  is  here  found  to  contain,  besides  the  addi- 
tive solutions  of  the  homogeneous  equations,  only  harmonics 
of  the  first  and  second  orders,  corresponding  respectively  to 
thermal  gradient  and  nscous  stress,  and  leading  to  a  computa- 
tion of  the  coeffidents  of  thermal  conduction  and  viscosity. 
The  value  of  the  latter  coeffident  given  by  Meyer,  and  that  of 
the  former  resulting  from  one  of  Tait's  equations,  which  seems 
to  be  little  known  but  fits  experimental  conditions  better 
than  Meyer's,  both  prove  to  be  only  the  first  terms  in  series 
resulting  from  solution  of  the  integral  equations  by  iteration. 
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27.  In  this  paper  Professor  Lunn  points  out  an  obscurity 
in  Einstein's  treatment  of  the  theory  of  Brownian  movements, 
which  consists  in  reducing  the  problem  to  the  differential 
equation  of  diffusion.  An  alternative  treatment  is  suggested, 
based  on  a  kind  of  property  of  transitivity  of  the  distribution 
function,  leading  to  a  non-linear  integral  functional  equation, 
of  which  the  Fourier-Einstein  formula  gives  a  spedal  sc^ution. 
Other  spedal  solutions  are  found,  such  as  to  show  that  the 
integral  equation  alone  does  not  imply  either  the  differential 
equation  or  certain  auxiliary'  conditions  suggested  by  the  phys- 
ical problem.  The  question  is  nused  whether  the  solution  b 
determinate  when  these  other  conditions  are  included. 

28.  In  the  first  paper  by  Professor  Dickson,  it  is  shown  that 
all  rational  integral  modular  covariants  of  a  system  of  forms 
in  n  variables  are  rational  integral  functions  of  a  finite  number 
of  such  modular  covariants.  The  proof  makes  use  of  the 
universal  covariants*  of  the  general  linear  modular  group  and 
of  a  lemmaf  which  states  that  any  set  of  monomial  functions 
of  n  variables  contains  a  finite  number  of  functions  Mi,  ••-,  J//, 
such  that  any  function  of  the  set  is  the  product  of  some  Mt 
by  a  monomial  function.  The  paper  will  appear  in  the 
Trafaacliona. 

29.  The  second  paper  by  Professor  Dickson  gives  a  short, 
elementary  proof  of  lOxinecker's  theorem  that  in  a  symmetrical 
matrix  of  rank  r  >  0  at  least  one  principal  minor  of  order  r 
is  not  zero. 

30.  In  the  third  paper  by  Professor  Dickson,  certain  in- 
variants and  covariants  of  the  ternary  form  F  =  fciXi*  -f  •  •  • 
+  ciix^t  +  ...  modulo  2  (later  shown  to  form  a  fundamental 
system)  were  obtained  by  a  study  of  the  (infinite)  projective 
geometry  in  which  the  homogeneous  coordinates  xi,  Xi,  Xt 
of  a  point  are  roots  of  any  congruences  modulo  2  with  integral 
coefficients.  The  polar  of  the  point  {y)  with  respect  to  F  is 
given  by  a  determinant  whose  rows  are  ai,  oj,  at;  t/t,  yt,  yt', 
and  2],  zi,  zt.  The  polar  thus  passes  through  (y)  and  the  apex 
(o)  of  the  conic  F  m  0.  Any  line  through  (a)  is  a  tangent  to 
the   conic,    whose    line    equation    is    thus    k  =  aiUi  +  OjUj 
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+  a»uj  =  0.  Since  the  a's  are  cogredient  with  the  x's, 
the  function  A  obtained  by  replacing  Xi  by  o,  in  F  is  an  in- 
variant, the  discriminant  of  F.    In  the  polar  form,  take 

(y)  =  («),  z  =  (x>).    Then 


ai    oi 

a» 

Xi      Xt 

Xi 

Xl'     X,' 

X,' 

is  a  covaiiant  of  F.  For  the  typical  non-degenerate  form 
F  =  xixz  ■+■  Xt',  we  have  K  =  a:i*i{xi  +  Xj),  and  the  re- 
sulting three  lines  meet  the  conic  in  three  points,  which  with 
the  apex  (0,  0,  1)  define  a  complete  quadrangle  covariantly 
associated  with  the  conic.  The  diagonal  points  of  this  quad> 
rangle  lie  on  the  line  Xi  +  Xi  +  Xi^b  0  (mod  2),  Applying 
a  linear  transformation  which  replaces  the  special  form  F  by 
the  general  one  having.A  =  1,  the  special  line  yields  the  linear 
covariant 

L  =  Z(0i  +  l)Xi,       ^1  =  6,  -I-  ojoj  +  02  + at,  •■■. 

The  invariant  /9)^i^t  of  L  is  an  invariant  of  F.  Forming  the 
corresponding  function  for  F  +  Xk*,  we  obtain  an  invariant 
of  F  and  k,  from  which  we  deduce  a  formal  contravariant  of 
the  second  order  of  F.  L  has  the  same  relation  to  the  latter 
that  K  had  to  /. 

31.  The  object  of  Mr.  McDonald's  paper  is:  (1)  To  give  a 
direct  proof  of  the  redprodty  theorem  in  the  case  of  the 
number  2  based  on  the  binomial  theorem;  (2)  To  show  how 
the  quadratic  character  of  an  odd  number  m  with  respect  to 
an  odd  prime  n  may  he  determined,  from  the  binomial  theorem, 
without  the  separation  of  m  into  its  factors;  (3)  To  exhibit 
the  identity  between  a  certain  function  of  m  and  n  and  the 
Legendre-Jacohi  symbol  (m/n),  when  m  and  n  are  odd  numbers. 

32.  Let  8  linear  homogeneous  transformation  T  of  the  m- 
space  of  m  cartesian  coordinates  have  the  s  distinct  roots  Wg 
of  respective  multipUcity  m,  (g  =  1,  ■■-,«);  the  determinant 
of  the  transformation  T  —  wl  {I  =  identity)  is  (wj  —  w)"'  -  ■  ■ 
(w,  —  w)^  with  m—  mi+  ■•■  +  m,.  The  following  canon- 
ical form  of  the  transfonnation  T  is  well  known: 
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where  the  ^g},ij  are  certain  m  linearly  independent  points  or 
vectors  of  the  m-space:  g  =  1,  ■-■,»;  A  =  1,  •  ■  -,  A,;  t  =  1, 
■ '  ■.  U;  i  =  1.  ■  ■  ■-  "h*.  with  fi„i  >  •■•>«,»,  and  Itin^i  + 
■  ■  ■  +  Igk/hk,  =  mg-,  further  *pg\,ft  =  0,  The  vectors  ^gt,ij 
form  a  basis  of  the  m-space  canonical  for  the  transformation  T. 
The  positive  integers  kg,  l,i„  n,,*  are  the  same  for  all  canonical 
bases  (ifaha).  __ 

In  his  note  Professor  Moore  determines  the  linear  m-spaces 
of  the  m-space  which  are  invariant  as  to  choice  of  canonical 
basis,  that  is,  spaces  such  that,  if  for  a  canonical  basis  {ipfku) 
the  vector  l^eMiaekuVeMn  belongs  to  the  m-space,  so  does  the 
vector  ^thtjaekiiv'fMj  for  every  canonical  basis  (v^mj).  Such 
an  m-space  is  invariant  under  T,  or,  if  T  is  singular,  it  at  least 
transforms  by  T  into  a  sub-space  of  itself.  For  the  m^paoe 
the  roots  Wg  are  of  multiplicity  tn,  (0  ^  m,  ^  nig)  and  a 
canonical  ba^  ivghn)  is  a  part  or  all  of  a  canonical  basis  of 
the  m-space,  viz.,  ^„iij  =  ipghn  ior  g  =  1,  ■■•,amthma  +0, 
A  =  1,  •  •_•,  A,;  i  =  1,  •  ■■,  IgK',  j  =  h  •  ■■,  «»A.  where  the 
numbers  n^A  are  subject  to  the  conditions 

^1  ^  •  ■  •  S  n,t^  £  0;  rigi  —  Hpi  S  •  ■  •  S  n^t^  —  tigk^  ^  0. 

It  tifh=  0,  the  corresponding  vectors  vimsi  understood  to  be 
0,  are  to  be  omitted  from  the  canonical  basis  ivghn);  if  every 
n^  =  0,  the  m-space  is  simply  the  origin  (m  =  0).  Further 
the  canonical  basis  ivuhii)  luay  need  for  each  g  a  slight  nota- 
tional  readjustment  in  view  of  the  possible  equality  of  some  of 
the  numbers  rigi,  •■■,  rigk,- 

The  invariant  m-space  characterized  by  the  integers  n,* 
consists  precisely  of  the  vectors  f  of  the  m-space  which  are  of 
the  form 

V  =  E^se*    (s  =  1,  •  ■  -,  s;  A  =  1,  -  ■  ■,  kg), 

where  for  every  gh  the  vector  ipgt,  satisfies  the  conditions 

(1)  iT-WgI)^'^<pgK=Q; 

(2)  there  exists  in  the  m-space  a  vector  (f'o*  such  that 

(T  -  w^/)"''-*^«A  =  t>gk. 
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33.  If  a  function  g(,x,  y,  z)  can  be  put  into  the  form  of  a 
determinant  of  third  order  the  elements  of  each  of  whose  rowa 
depend  on  one  variable  only,  the  values  of  the  variables 
which  satisfy  the  equation  g{x,  y,  z)  =  0  may  be  read  off 
from  a  figure  by  drawing  a  straight  line  across  three  curves 
(d'Ocagne,  Traite  de  Xomographie,  page  132).  As  it  is  not 
always  easy  to  decide  whether  g{x,  y,  z)  can  be  given  the  deter- 
minant form,  it  is  desirable  to  have  conditions  which  permit 
us  to  answer  this  question.  Dr.  Gronwall  in  his  valuable  paper 
in  the  Lummlle's  Journal,  series  6,  volume  8,  page  59,  has 
given  such  conditions  in  the  form  of  the  existence  of  a  common 
solution  of  two  partial  differential  equations  of  second  order. 
The  criteria  obtained  in  Professor  Kellogg's  paper  demand 
for  their  application  only  the  operations  of  differentiation 
and  of  the  determination  of  the  ranks  of  matrices.  Inciden- 
tally differential  conditions  for  the  linear  dependence  of  a  set 
of  functions  of  several  variables  are  given.  The  paper  will 
be  offered  to  the  Zeitackrift  fur  Mathematik  und  Physik. 

34.  At  the  beginning  of  Professor  Glenn's  paper  he  shows 
that,  if  a  function  /  which  satisfies  certain  postulates  can  be 
expressed  as  a  finite  series  in  one  argument  A,  then  there 
always  exists  a  function  $  and  an  operator  A  capable  of  being 
represented  symbolically  in  the  fonn  H  •  djdjH  such  that 

This  is  also  stated  in  homogeneous  form,  and  generalized  for 
p  arguments.  In  the  second  section  is  treated  the  problem 
of  expressing  a  form  a"  in  p  variables,  as  a  finite  expansion 
of  order  m  in  p  arguments  A,  {i  =  1,  2,  ■  ■  -,  p),  through  the 
intermediary  of  the  relations  At  =  a*^,  (i  =1,  2,  •  ■  -,  p). 
The  coeflScients  in  this  expansion  are  irrational  fractional 
expressions  in  the  resultants  of  the  various  forms  involved, 
and  the  operators  A  of  the  general  theory  are  the  Aronhold 
operators  obtained  from  a'..  In  the  third  section  a  poly- 
nomial a"{m  =  lip)  is  expanded  in  a  series  of  powers  of  a 
form  4>c  Here  4  and  also  A  are  determined  in  general.  The 
last  section  contains  a  new  derivation  of  the  Clebsch-Gordan 
expansion.  * 

35.  Struve's  investigations  have  revealed   two  cases  of 
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Ubration,  one  of  them  of  unusual  magnitude,  among  the  inner 
satellites  of  Saturn;  so  far  only  the  most  important  librationat 
terms  in  the  longitudes  of  these  satellites  have  been  investi- 
gated. It  is  the  aim  of  the  present  paper  by  Professor  Laves 
to  make  a  consistent  study  of  the  motions  of  all  the  four 
satellites  as  a  whole  and  to  determine  the  secular  and  libra- 
tional  inequalities  in  the  eccentricities,  perisatumia,  inclina- 
tions, and  nodes,  and  to  trace  their  influence  on  the  longitudes 
of  the  satellites. 

36.  In  a  paper  just  published  in  Crelle'a  Journal  (volume 
142,  page  165)  Fej^r  tas  given  two  different  limiting  processes 
by  each  of  which  the  magnitude  of  a  finite  jump  of  a  function 
may  be  obtained  from  its  Fourier  development.  There  is  a 
third  method  of  doing  the  same  thing  which  is  such  an  im- 
mediate and  obvious  consequence  of  the  generalized  state- 
ment of  Gibbs's  phenomenon  given  by  Professor  B6cher  in 
the  Aniuds  of  MatherruUict,  volume  7  (1906),  page  131,  that 
it  may  be  said  to  be  substantially  contained  in  that  statement. 
If /(x)  has  at  zd  a  finite  jump  of  magnitude  D,  one  obtains  in 
this  way  the  formula 


.Cl;m[s.(..+  ^)-S.(, 


where  5„  denotes  the  sum  of  the  first  n  +  1  terms  of  the 
Fourier  development  of /(x),  and  where 

1       ,       2  C'sin  X  , 
7,  =  1  —       I     ax. 

This  formula  is  similar  to  Fej€r's  formula  (21),  and  perhaps 
even  simpler  than  that  formula.  From  it  an  analogue  to 
his  last  formula  on  page  183  may  at  once  be  deduced.  Very 
broad  sufficient  conditions  on/(x)  for  the  correctness  of  these 
formulas  are  readily  obtained,  and  generalizations  are  easily 
made. 

37.  In  Sdence  et  M6thode,  pages  158-160,  Poincar^,  in 
effect,  constructs  a  general  category  of  att  inductive  prin- 
ciples on  the  basis  of  resemblance.  In  this  category  occur  the 
principle  of  "  complete  induction "  and  certain  analogous 
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priadples  from  which  the  former  differs  only  by  its  certainty. 
The  construction  of  the  preceding  general  category  depends 
itself  upon  the  application  of  an  inductive  principle  which 
seems  not  present  in  the  category,  The  contradiction  here 
presented  by  Mr.  Schweitzer  resembles  the  well-known  con- 
tradiction of  Richard. 

38.  The  aims  of  Mr.  Schweitzer's  second  paper  are  largely 
methodological:  an  attempt  is  made  to  describe  the  general 
logical  position  of  mathematics  as  a  heuristic  science,  to  draw 
parallels  between  certain  mathematical  and  philosophical 
authors,  and  to  examine  instances  of  the  mathematical  act. 
A  definition  of  mathematics  given  by  Feirce  is  adopted  and  is 
so  interpreted  as  to  recognize  conflict  as  a  part  of  mathematics. 
As  leading  examples  of  conceptual  working  hypotheses  are 
discussed:  (1)  the  principle  of  comparison,  of  which  particular 
instances  are  the  principles  of  Moore  and  Meinong;  (2)  the 
principle  of  continuation,  of  which  a  particular  instance  is  the 
principle  of  permanence;  (3)  the  principle  of  special  situation; 
(4)  the  principle  of  the  economy  of  thought  and  the  working 
concepts  beauty,  elegance,  simplicity,  convenience,  and 
naturalness.  Leading  examples  of  solutions  of  problems 
presented  by  conflicting  terms  in  mathematics  are  mentioned, 
such  as  the  "general  analysis  "  of  Moore,  the  "  laws  of  thought" 
of  Boole,  the  "extensive  algebra"  of  Grassmann,  etc.  The 
main  conclusions  to  which  Mr.  Schweitzer's  investigation  tends 
are  stated  thus:  (1)  The  conceptual  working  hypotheses  of 
mathematics  are  the  same  as  those  of  non-mathematical 
disciplines;  working  hypotheses  receive;  however,  a  peculiarly 
mathematical  character  through  discrimination  exercised  in 
their  application.  This  discrimination  is  guided  by  perceptual 
working  hypotheses:  perceptual  reconstructions  of  mathe- 
matical conceptions  and  primitive  feelings  or  images.  (2) 
There  is  essentially  but  one  working  hypothesis  in  mathe- 
matical procedure,  viz.,  the  principle  of  comparison. 

39.  If  Co  is  the  minimizing  extremal  for  the  calculus  of 
variations  problem 

J  =  jf{x,  y,  x',  y')dt  -  min.,     K  =  jG{x,  y,  x',  y')dt  =1 

where  ki  and  kt  represent  curves,  and  if  C  is  any  other  curve 
connecting  ki  and  kt,  satisfying  the  usual  conditions,  and  for 
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which  K  =  I,  the  total  variation  is  Jc  —  Jc,-  It  is  the 
object  of  Dr.  Crathorae's  paper  to  express  this  total  variation 
in  a  form  somewhat  analogous  to  the  Weierstrassian  ^-function 
representation  for  the  simple  calculus  of  variations  problem. 
H.  E.  Slaught, 
Secretary  of  the  Section. 


CONCERNING  TWO  RECENT  THEOREMS  ON 
IMPLICIT  FUNCTIONS. 

BY  DB.  LLOTD  L.  DINES. 

(Read  before  the  AmericaD  Mathematical  Society,  October  26,  1912.) 

The  theorems  here  considered  are  two  recent  generalizations 
of  the  Weierstrassian  implicit  function  theorem,*  by  Professor 
G.  A.  Blisst  and  Mr.  G.  R.  Clements.?  They  will  be  referred 
to  respectively  as  Theorem  B,  and  Theorem  C. 

The  two  theorems  are  similar  in  that  they  both  give  infor- 
mation concerning  the  number  and  character  of  the  solutions 
of  a  system  of  equations 

(I)  M^i,---,=c.:yu  ■■-,yv)  =  0   (i=  l,  2, ---.p) 

in  the  neighborhood  of  a  point  at  which  the  functional  de- 
terminant vanishes.  They  are  different  in  that  the  assump- 
tions concerning  the  functions /i  are  different.  As  is  so  often 
the  case  with  similarly  related  theorems,  the  ranges  of  applica- 
bility overlap,  but  neither  is  wholly  contained  In  the  otber.§ 
The  purpose  of  this  note  is  to  characterize  explicitly  the  four 
classes  of  cases:   (I)  in  which  neither  theorem  is  applicable; 

(II)  in  which  both  theorems  are  applicable;  (III)  and  (IV)  in 
which  one  theorem  is  applicable  while  the  other  is  not. 

*  Weieratraaa,  Abhandlungen  aus  der  Funktionenlehre,  p.  107. 

t  BlisSj  "  A  generalisation  of  Weieratrass'  preparatioD  theorem  for  a 
poorer  eenes  in  Beveral  variables,"  Trantaclum*,  vol.  13,  pp.  133-45  (April, 
1912). 

X  Clementa,  "  Implicit  functions  defined  by  equations  with  vatuahing 
Jacobian"  (Theorem  IV),  Bt^jj^tin,  vol.  18,  p.  453  (June,  1912). 

I  In  presenting  thia  note  to  the  Society,  I  made  the  etatement  that  Mr. 
Qements's  theorem  was  a  corollary  of  Professor  Bliss's.  That  this  state- 
ment was  incorrect  was  pointed  out  to  me  h^  Mr.  Clements,  who  exhibited 
a  numerical  example  in  which  the  hypothesis  of  hia  theorem  was  satisfied 
while  that  of  Professor  Bliss  was  not.  The  example  comes  under  Case  IV 
as  treated  in  this  paper. 
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In  both  theorems  the  fuoctions/i  are  supposed  to  be  analytic 
in  a  neighborhood  of  the  point  in  question,  end  that  point  is 
without  loss  of  generality  assumed  to  be  the  origin  (x)  =  0, 
(y)  =  0-  Each  of  the  functions  is  therefore  represented  in  a 
certain  neighborhood  of  the  origin  by  a  convergent  power 
series  in  xi,  ■  ■  -,  x,;  j/i,  ■  ■  -,  y^,  with  no  constant  term.  If  in 
any  one  of  the  series  /;  the  variables  xi,  ■  •  • ,  x,  are  put  equal 
to  zero,  the  result  is  a  power  series  in  j/i,  •  •  ■ ,  y,,  with  no  con- 
stant term.  For  the  discussion  which  follows  we  will  adopt 
the  notation 
/<(0,---,0;j„  •■■,!,,)-/,<">(»„■•■,  J,) 

+  /i'"*''(i(i,  ■■■,!(.)+■•■, 
where/i*''(pi,  ■  ■  ■,  y?)  represents  a  homogeneous  polynomial 
of  degree  g  in  yi,  yi,  ■■■,  yp.  The  leading  polynomial 
/i'*''{Si.  ■"■!  yp)  has  been  called  by  Bliss  (following  Mac- 
Millan),  the  characteristic  polynomial  of  the  series  fi.  The 
resultant  of  the  system  of  p  homogeneous  polynomials  /i'*^ 
wilt  be  denoted  by  «[/!'*''/»'*''  ■  ■  •  /p<*'>]. 

With  these  conventions,  the  hypotheses  of  the  two  theorems 
in  question  can  be  stated  as  follows: 
Hypothesis  of  Theorem  B: 

(B)     fl[/i<*''/j'^»--/p**''I  +  0,    and    k=  kuh.---.lcp. 
Hypothesis  of  Theorem  C: 


when  (i)  =  0,  (y)  =  0, 


•'* - ^l^f '■: ;;,j + <>  »*"■  w -o- « - o. 

The  conclusions  of  the  two  theorems  may  for  our  purpose 
be  considered  equivalent.  Roughly  speaking,  both  state  that 
in  the  neighborhood  of  [x)  =  0,  equations  (1)  define  yi, 
J/i.  ■  ■  •,  ffp  as  k-valued  algehroid  functions  of  Xi,  Xj,  •  ■  •,  Xn, 
vanishing  when  {x)  =  0,* 

jea 
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Id  order  to  make  clear  the  relations  between  the  hypotheses 
(B)  and  (0)  and  thereby  the  relations  between  the  corre> 
spending  theorems,  we  fix  attention  on  two  simple  conditions 
(6)  and  (c),  which  seem  to  contain  the  primary  restrictions 
of  conditions  (B)  and  (C)  respectively;  they  are: 


(6) 


jtj  =  A,  =  ...  =  it,  =  1. 


Iq  terms  of  these  two  conditions,  the  ranges  of  applicability 
of  Theorems  B  and  C  are  sharply  defined  by  the  following 
statements: 

I.  In  caie  neither  (6)  nor  (c)  is  satisfied,  neither  Theorem  B 

nor  Theorem  C  is  applicable. 

II.  In  case  both  (b)  and  (c)  are  saiisfi^d,  both  Theorem  B  and 

Theorem  C*  are  appliciMe. 

III.  In  case  (b)  is  satisfied  while  (c)  is  not.  Theorem  B  is  ap- 

pliccdtle  while  Theorem  C  is  not. 

IV.  In  case  (fe)  ia  not  satisfied  while  (c)  is  satisfied,  Theorem  B 

is  not  applicable;  but  Theorem  C  may  be,  and  is  appliced>le 
if  and  only  if  there  is  an  integer  h{>  ki)  stick  that 
J*(0,  ■■■,0;0,  -..,0)  +0. 
The  truths  of  these  statements  follow  easily  from  two 
lemmas  which  we  now  prove. 

Lemma  I:  Conditions  (C)  can  be  satisfied  only  when  kt  =  kt 
=  . . .  =  ip  =  1. 
By  definition 

&yi       Spi  dj/p 


dyi 


dyx 


Suppose  now  that  one  of  the  indices  kx,  kj,  •■•,lcp  is  greater 
than  1.  We  may  assume  without  loss  of  generality  that  it 
isij.    Then  the  series /s(0,  ■■■,0;yi,yi,  ■■■,  jp)  begins  with 

*  The  (act  included  in  II  that  when  (6)  and  (c)  are  satis6ed  the  hypotheses 
(O  areaatisfied  furnishes  a  generaliiation  of  Theorem  VI  of  Mr.  ClemeDta's 
paper. 
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terms  of  higher  degree  than  the  first.  Therefore  all  the 
elements  in  the  second  row  of  the  determinant  Ji,  must  when 
(a;)  =  0  begin  with  terms  of  at  least  the  first  degree  in  j/i, 
Vst  ■  •  •)  yp>  *id  hence  when  {x)  =  0  and  (y)  =  0,  the  deter- 
minant Jt  must  vanish  and  (C)  cannot  be  satisfied. 

Lemma  11:  If  ki  =  k»  =  •■  ■  =  kp=  1,  then  Jg{0,  ■  ■  •,  0; 
0,  ■  •  •,  0)  =  0  when  g  <  ki,  and  the  condition  Jin(0,  •  ■  ■,  0; 
0,  -  •■,Q)  +  Oiaequiealenttothec(mdiiionR[fi^'"^ft^^^--  -/p'^l+O. 

Since  Jg  is  by  definition  a  determinant  in  which  the  ele- 
ments are  power  series,  it  is  itself  a  power  series,  and  we  may 
use  the  notation 

J,{0,  ■  •  ■,  0;  yu  ■  ■  ■,  y^)  =  J/«  +  J,('>+-"  +  ■  -  -, 
where  Jg'^'  is  a  homogeneous  polynomial  of  degree  h.  For 
the  purpose  of  determining  the  value  of  ^((0,  ■■■,0;0,  ■••,0), 
it  is  sufiScient  to  compute  the  leading  polynomial 
^(."'Hsi.  ••■,  yp)-  l^e  hypothesis  k^  =  kt  ■■■  =  k,  =  1 
makes  this  computation  simple. 

From  the  definition  of  </i  it  follows  that  the  first  polynomial 
which  can  be  different  from  zero  in  J(0,  ■  ■  •*,  0;  yi,  ■  •  ■,  y„)  is 

dyi        dyt  dyj, 


at\ 


Opi 


Oil 


flpi 


where  Oi>  =  dft^^^ldyj,  that  is  a  constant,  since/,*"  is  a  linear 
form.  Since /i'*"*  is  of  degree  ki,  this  determinant  represents 
a  polynomial  of  degree  ki  —  1,  It  can  be  expanded  in  the 
form 


w," 


-^i  +  - 


--4.+  - 


Jit*"-"  w    ^       -I  -r     a 

dyi  dyt 

where  (—  1)^M,-  is  equal  to  the  determinant  obtained  from 
the  matrix 


(2)  |[a»"  a«     • 

II  Opi  Cpi       - 

by  striking  out  the  jth  column. 
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The  first  polynomial  of  ^i(0, 
be  different  from  zero  may  be  coi 


dyi  dy. 


[June, 

•  •  >  0;  j/i,  •  ■  ■ ,  yp)  which  can 
iputed  as  follows: 


j,<"->  - 


=  -  -i  —  ^1 H 5 -4j  +  -  ■  ■  H T 


L  sj. 


A  simple  mathematical  induction  gives  for  the  first  poly- 
nomial of  .7^(0,  ■■•,  0;  yu  ••■,  i/p),  (g  ^  ki)  which  can  be 
different  from  zero,  the  formula 


,v.'l 


<3)  .,.....^^-..  +  ^..+  ...+^4". 

If  ?  <  ki,  this  polynomial  is  of  first  or  higher  degree  and 
therefore  ,7,(0,  ■■  ■,  0;  0,  -  ■  ■,  0)  =  0;  and  the  first  part  of  the 
lemma  is  proved. 

If  g  =  ku  formula  (3)  gives  the  constant  term  of  /»'. 
Since /i'*"*  is  homogeneous  of  degree  ki,  we  have  by  Euler's 
theorem 


L  «s. 


A,+ 


ajl 


A,+  ■ 


and  therefore 
(4)     J.,(0,  •  •  ■ 


Sy,       J 

=  k,\S,«n\A„  A„  ■ 


0;0,  ■■•,0)  -  t,!/,<'>'(^i.  ^!, 


,A,). 


In  order  to  complete  the  proof  of  the  lemma,  it  is  sufficient, 
on  account  of  (4),  to  show  that  /i'*''Mi.  Ai,  ■  ■  -,  Ap)  =  0 
when  and  only  when  fl(/i'*''/i"*  ■  ■  ■  /p*"]  =  0.     Consider  the 
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system  of  homogeneous  equations 

<^*  my.y.,-,y.)-o    (»  =  2.3. --.p). 

The  last  p  —  1  of  these  equations  are  linear  and  the  matrix 
of  their  coeflBeients  is  (2).  Two  cases  are  to  be  considered 
according  as  the  rank  of  this  matrix  is  less  than  or  equal  to 

p-i. 

If  the  matrix  (2)  is  of  rank  less  than  p  —  1,  both 
/i(*''Mi,  At,  •■-,  A^)  and  fil/it^'J/j'"  •  ■■//»]  are  equal  to 
zero;  the  former  because  Ai  =  Ai'^  ■  ■  ■  =  A^  =  0,  the 
latter  because  the  polynomials  /j*",  /j'",  ■  ■  ■,  /p'"  are  not 
independent. 

If  the  matrix  (2)  is  of  rank  p  —  1,  then  the  solution  of  the 
last  p  —  1  equations  of  (5)  is 

y,  =  pAi  (j=  1.2,  ■■■,p), 

p  being  an  arbitrary  factor  of  proportionality.  Therefore  a 
necessary  and  sufficient  condition  that  the  system  of  p  equa- 
tions (5)  have  a  solution  in  which  not  all  of  the  variables  are 
zero,  is  /i'*'*(v4i,  At,  ■  ■  -,  ^p)  =  0,  But  it  is  well  known  that 
a  necessary  and  sufficient  condition  for  the  existence  of  such  a 
solution  is  /l[/i**''/i"'  ■■■/p"')^  0.  Hence  the  two  condi- 
tions are  equivalent,  and  from  (4)  follows  the  desired  conclu- 
sion of  the  lemma. 

The  statements  I-IV  will  now  be  proved. 

Proof  of  I:  In  case  neither  (6)  nor  (c)  is  satisfied:  Theorem  B 
is  not  applicable,  since  its  hypothesis  includes  (6) ;  and  Theorem 
C  cannot  be  applicable,  by  Lemma  I. 

Proof  of  II:  In  case  both  (6)  and  (c)  are  satisfied,  both 
Theorems  B  and  C  are  applicable.  The  hypothesis  (B)  is 
evidently  satisfied,  k  being  equal  to  ki.  And  (O  >s  also  satis- 
fied, k  being  equal  to  ^-i,  as  a  direct  consequence  of  Lemma  II. 

Proof  of  III:  Since  (fc)  is  satisfied,  (B)  is  satisfied,  k  being 
equal  to  kikj  •  •  •  kj,.  Since  (c)  is  not  satisfied,  (C)  cannot  be 
satisfied,  by  Lemma  I. 

Proof  of  IV:  Since  (6)  is  not  satisfied  (S)  cannot  be.  Evi- 
dently (C)  is  satisfied  if  and  only  if  there  exists  an  integer  k 
such  that  J  kid,  ■  ■  ■ ,  0 ;  0,  •  ■ ,  0)  +  0,  fc  then  being  the  smallest 
such  integer.  That  k  is  necessarily  greater  than  k\  follows 
from  Lemma  II,  and  the  fact  that  (6)  is  not  satisfied. 
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CONCERNING  THE  PROPERTY  A  OF  A  CLASS  OF 
FUNCTIONS. 

BT  raOFEBfiOB  A.  D.  mCBER. 

(R«ad  before  the  Americoa  Mathematical  Sodety,  April  26, 1913.) 
In  the  memoir*  entitled  "  Introduction  to  a  Form  of 
General  Analysis "  E.  H.  Moore  has  studied  real-valued 
functions  and  classes  of  real-valued  functions  of  a  general 
variable.  He  has  given  generalizations  of  numerous  welt- 
known  theorems,  has  exhibited  many  new  phenomena,  and 
has  indicated  the  important  r^e  this  type  of  analysis  is  likely 
to  play.  The  theory  relates  to  properties  of  classes  of  func- 
tions. Some  of  these  properties  we  define  in  the  immediate 
sequel.  In  order  to  make  application  of  the  theory  to  a 
particular  class  of  functions  one  must  know  whether  or  not 
the  class  possesses  certain  of  the  above-mentioned  properties. 
One  of  the  more  difficult  of  these  properties  to  study  is  the 
property  A  defined  below  (cf.  the  above  memoir,  §  79).  The 
present  paper  establishes  some  theorems  which  are  likely 
to  be  of  service  in  this  connection  and  which  may  be  of  interest 
in  themselves.  The  page  and  section  references  of  the  sequel 
are  all  to  Moore's  memoir  dted  above. 

A  class  9R  of  functions  ^  on  a  general  range  $  (page  4;  §  4) 
is  said  to  be  linear  (§  14)  in  case  every  function  of  the  form 
au>i  +  fhut,  where  Ui,  oj  are  arbitrary  real  numbers  and  ^i,  fis 
are  arbitrary  functions  of  'SH,  is  of  3^. 

A  class  3fl  is  said  to  have  the  dominance  property  D  if  for 
every  sequence  {;t„}  of  functions  of  Wi  there  is  a  sequence 
fa„{  of  real  numbers  and  a  function  ^o  of  3)1  such  that  for 
every  n  and  for  every  element  p  of  the  range  5p 

kWI  S  «.l»(p)|. 

A  developnuni^  A  (§  75)  of  a  class  ^  of  elements  p  is  a  system 
((^'))     (m=  1,2,3,  •••;    f  =  1,  2,  3,  ■  • -X) 

.*  See  New  Haven  Mathematical  Colloquium,  New  Haven,  Yale  Univa- 
aty  Preas,  1910. 

t  The  loUowiug  iB  a  concrete  example.  Let  $  be  the  claae  of  all  real 
numbera  p  such  that  0  ^  p  ^  1.  Staae  m  of  a  development  of  $  is  a 
set  <rf  ffl  +  1  overlapping  intervals  of  $.  Thus  for  each  n,  Im  =  m  +  1, 
and  for  every  m,  I  the  claM  9|)"'  is  the  interval  {(I  —  2)/m,  I/m)  where  —  1/m 
it  taken  aa  0  and  (m  +  l)/m  is  taken  as  unity  (E  66a).  A  representative 
ivstem  fw  this  development  ia  the  eystem  ((r"'))  of  numbers  such  that 
r-'-(I-l)/m(S66a). 
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of  subclasses  of  $.  For  a  given  m  the  system  (^')  is  stage 
m  of  the  development.  A  system  ((»"*))  where  i*'  is  an 
element  of  ^'  is  said  to  be  a  repreaenUUive  system  for  the 
development  A. 

A  class  aw  of  functions  on  ^  is  said  to  have  the  property  A 
(§§  78,  79)  relative  to  a  development  A  of  Sp  in  case  tiiere  is 
B  system  ((S**'))  of  functions  of  'SR  such  that  there  is  a  repre- 
sentative system  ((r*'))  for  ^^  development  A  such  that  the 
following  conditions  are  satisfied:* 

(la)  For  every  positive  number  e  there  is  a  positive  integer' 
m,  such  that  for  m  ^  m,  and  for  every  p 

I'Z.S^Hp)  -  1\  £  e    and    \'£\^'(p)\  -  M  ^  ^■ 

(16)  For  every  fi  there  is  a  ^o  such  that  for  every  e  there  is 
an  m^.  such  that  for  m  ^  m^,  and  for  every  p 

The  linear  extension  (§  31)  of  a  class  3R  of  functions,  denoted 

by  3R^  is  the  class  of  all  functions  of    the  form  ^anii, 

where  n  is  a  positive  integer,  Oi,  ai,  ■  ■  ■ ,  a«  are  real  numbers,  and 
fii  ;*».  •  •  ■ .  f*«  are  arbitrary  functions  of  3K.  The  ♦-extension 
(§  27),  denoted  by  ^DJ,,  of  a  class  ^  is  a  class  composed  of  SR^ 
and  the  limit  functions  of  all  sequences  of  functions  of  SH^ 
which  converge  uniformly  relative  to  a  function  of  3)1  as 
scale  function  (§  7d). 

Theorem  I.  In  case  a  class  9W  of  bounded  functions  on  a 
general  range  ^  is  linear  and  has  the  property  D  then  if  SDl* 
has  the  property  A  relative  to  a  development  of  ^  so  does  3)1  Have 
the  property  A  reUUive  to  the  same  deeelopment  of  ^. 


a  systeni  ((!"'))  is  ^ven  below  (S  66c).  It  will  be 
seen  that  each  J**'  is  a  continuous  function  with  a 
tnnTiiniiTTi  value,  unity,  at  the  middle  point  of  the 
interval  %"'  and  with  the  value  lero  at  eveiy  point 
outnde  of  the  interval  ¥"'.    Thus 


l-'(p)  -mp-l  +  2. 

■-"SpSW 

f'(l>)  --mp  +  l. 

r-'SpSr-'*' 

<-'(p)  -  0, 

pS,-"-,rS 
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To  establish  this  theorem  it  13  sufficient  to  exhibit  a  system 
((S*'))  of  functions  belonging  to  3Sl,  and  a  representative 
system  ((r*'))  such  that  conditions  (la)  and  (16)  are  satisfied. 
Let  3Ra  =  91  ■  [cj.  Since  91  has  the  property  A  there  is  a 
system  ({);"'))  of  functions  belonging  to  91  and  satisfying 
conditions  (la)  and  (16)  as  stated  for  91,  Thus 
(2o)  For  every  e  there  is  an  m,  such  that  for  m  '^  vit  and  for 
every  p 

\j:r<'(p)  -  1|  £  «    and    \Z\r'(p)\  -l\^e. 

(2i)  For  every  v  there  is  a  m,  such  that  for  every  e  there  is 
an  m„  such  that  for  m  £  viy,  and  for  every  p 

E  iK'-'Ji-'Wl  S  'W(p)\. 

Since  9R  is  linear  and  has  the  property  D  there  is  for  each  v  a 
function  U  such  that  \y\  ^  |  ^  |  (§  44a2)  so  that  the  following 
condition  is  satisfied. 

(2'fe)  For  every  tx  there  is  a  ^  such  that  for  every  e  there  is  an 
m„  such  that  for  m  ^  m^.  and  for  every  p 

5l;'(>-")i-'(p)l  S  e|»(i>)l- 

Since  the  system  ((i?"'))  is  of  9R  ,  and  3)1  is  linear,  there  is 
for  each  i;"'  a  sequence  |/i»"'j  and  a  function  ft"'  of  3)1  such 
that  as  n  increases  without  limit  the  sequence  {fin"'!  ap- 
proaches ij"'  as  a  limit  uniformly  relative  to  the  scale  function 
f*"'  (§  7d).  Since  3)1  has  the  property  D,  the  system  ((f^')) 
of  scale  functions  may  be  replaced  by  a  single  function  ^ 
independent  of  m  or  I  (§  25.1).  Since  3)1  is  composed  altogether 
of  bounded  functions  ^  may  be  taken  so  that  A  ^  1-  I" 
each  sequence  {^"'  |  there  is  a  function  which  may  be  denoted 
by  5"'  such  that  for  every  p 

(3)  I«-'<P)-V'(p)l  SjI^lJWI. 

We  proceed  to  show  that,  relative  to  the  representative  system 
((r"'))  whose  existence  is  postulated  in  {2b),  the  system  ((5"')) 
satisfies  the  conditions  (la)  and  (16). 
By  means  of  (3)  and  the  condition  { ^i  |  ^  1  it  is  easy  to  see 
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that  for  every  p  and  m 

(4)  •  •  "  , 

iz;i!-wi-i:in-(p)iisi. 

By  meaD3  of  (4)  and  (2a)  it  is  readily  aeeti  that  the  system 
((5"'))  satisfies  condition  (la). 

From  (3)  it  follows  at  once  that  for  every  m,  p,  and  h^  we 
have 

(5)  I«-'(P)1S2^I«P)I+|1"W|- 
Thus  for  every  ^  and  m  and  p  we  have 

(6)  i:i(.(r-')«-*(j.)|  S  Ej^UCr-'MW  I  +  r  WOl-'W!- 
Since  ix  is  bounded  above  by  some  positive  constant  a^  we  have 

(7)  r  lc('-*)!-'(p)l  £  ^  lAWl  +  Z  k(0^(p)l . 

Since  Sn*  13  linear  and  has  the  property  D,  the  functions  A 
of  (7)  and  fi  of  (2'&)  may  be  replaced  by  a  single  function  juo 
(§  24.1;  §  22).  Then  from  (7)  and  (2'6)  it  may  be  seen  that 
the  system  ((5**'))  satisfies  the  condition  (16). 

The  above  theorem  may  be  useful  in  determining  whether 
or  not  a  ^ven  class  3R  of  functions  has  the  property  A  relative 
to  a  given  development  d  of  ^  since  the  class  3Ra  is  much  more 
likely  to  contain  a  simple  developmental  system  satisfying 
either  or  both  of  the  conditions  I'a,  \'h  of  §  78. 

It  is  true  (§  79.2)  that  if  a  class  ^  has  the  properties  D,  A 
then  3B»  also  has  the  property  A.  This  combined  with  Theorem 
I  gives  the  following  theorem. 

Theobem  II.  //  a  claas  9JI  of  hounded  fund,io7ia  n  ia  linear 
and  has  the  property  D  then  the  necessary  and  sufficient  condition 
that  3HI  have  the  property  A  is  that  3JI«  have  the  property  A. 

If  a  class  3)1  is  composed  of  bounded  functions  and  has  the 
property  D,  the  class  Jf^  is  linear  and  has  the  property  D  and 
is  composed  of  bounded  functions  (§24.1;  §44a2,  5).     Also 
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(SWi),  =  an,  (cf.  §44a4).  Also  if  aJl^  has  the  properties 
D,  A,  so  does  (jWJ#  (§  79.2;  §  44a5).  In  view  of  these  propo- 
sitions and  Theorem  II  we  have  the  following  theorem. 

Theorem  III.  If  a  class  SW  is  composed  of  bounded  functions 
■  li  and  has  the  property  D,  then  the  necessary  and  sufficient  con- 
dition that  an^  have  the  property  A  w  that  3)1,  have  the  property  A. 

In  his  dissertation,  Chicago,  1912,  E.  W.  Chittenden  has 
made  very  effective  use  of  infinite  developments  of  a  range 
9p  where  each  stage  of  the  development  may  contain  a  de- 
numerably  infinite  number  of  subclasses.  The  theorems  here 
given  are  valid  also  for  such  infinite  developments.  Theorem 
I  may  be  established  for  infinite  developments  by  essentially 
the  same  reasoning  as  above  and  in  fact  the  same  system 
((5"'})  used  above  serves  also  in  the  case  of  infinite  develop- 
ments. The  other  theorems  are  established  precisely  as 
above. 

Dahtuouth  Couxqe, 
February,  1913. 


THE  ASYMPTOTIC  FORM  OF  THE  FUNXTION  *(ir). 

BY    UR.  K.    P.   VIUJAUS. 

(Read  before  the  American  Mathematical  Society,  April  26,  1913.) 
The  function 

where  C  is  Euler's  constant,  is  of  great  importance  in  many 
questions  in  analysis,  and  also  in  certain  problems  in  mathe- 
matical physics.  It  is  the  logarithmic  derivative  of  the  gamma 
function,  and  plays  a  fundamental  role  in  the  study  of  the 
latter.  On  account  of  the  slow  convergence  of  the  series 
which  defines  it,  the  knowledge  of  the  asymptotic  form  of 
'^(x)  is  particularly  desirable.*  This  can  be  computed  di- 
rectly from  the  above  expression  by  the  aid  of  factorial  series.t 

*  We  use  the  tenn  asymptotic  according  to  the  definition  of  Foincar^, 
and  denote  such  a  relation  by  the  symbol  — .  See  Borel,  Lea  Series  diver- 
gentes,  p.  26. 

t  Nielaen,  Handbuch  der  Theorie  der  Gammafunktion,  Kapitel  XXI. 
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or  it  can  be  obtained  from  the  definite  integral  form  of  the 
function.*  Both  of  these  methods,  however,  involve  a 
considerable  amount  of  complicated  calculation. 

We  shall  show  in  this  paper  how  to  obtain  the  asymptotic 
form  of  ^(x)  in  a  very  simple  manner  from  its  fundamental 
functional  property.  As  is  well  known,  it  is  a  solution  of  the 
non-homogeneous  difference  equation 

(1)  /(^+l)-/W=l/x, 

and  from  this  fact  we  shall  derive  the  asymptotic  form  of  the 
functioD,  without  making  use  of  any,  except  one  ver>'  obvious, 
property  of  its  explicit  analytical  representation. 

1.  The  Formal  Series. — We  shall  merely  assume  that  equa- 
tion (1)  has  an  analytic  solution  (all  solutions  differing  from  a 
particular  one  by  a  periodic  function).  It  is  immediately 
apparent  from  the  equation  itself  that  this  solution  increases 
over  a  set  of  points  a  unit's  distance  apart  on  the  positive 
real  axis  in  the  manner  of  the  harmonic  series.  From  this  we 
expect  our  solution  to  increase  like  log  x. 

Let  us  therefore  put 

(2)  /(i)_logj,+  a.+  2;  +  5|+..-, 

X       ar 

and  substitute  in  (1).  The  quantity  log  (1  +  x)  —  log  x 
=  log  (1  +  1/x)  can  be  expanded  in  a  series  in  l/x,  which 
converges  for  \x\  >  1.  We  have  also  for  the  same  values 
o!x 


"       a:",t;  X'  ' 

\rj       r!(m-r)!- 


The  expression  which  we  obtain  on  substituting  can  thus 
easily  be  written  as  a  series  in  l/x.    When  we  equate  the  dif- 
ferent coefficients  to  zero  we  find  that  Oo  is  arbitrary,  while 
•  Nielaen,  loc.  cit.,  Kapitel  XIV. 
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oi,  oti  "  '  &re  given  uniquely  by  the  relations 


We  shall  nert  show  how  the  o's  as  determined  by  the  above 
equations  are  related  in  a  simple  manner  to  the  Bernoulli 
numbers.     Put 

ai  =  —  ti. 


The  first  of  our  series  of  equations  then  gives  h  =  1/2,  while 
from  the  (n  —  l)th  equation  we  find 


When  we  add  2bi  =  1  to  each  member,  and  then  multiply 
by  n,  this  relation  takes  the  form 

{iy.+{iy,+  •■■  +(„i2>=+(nii>.+i=«- 

Let  us  now  introduce  the  symbol  {X+  1|„  to  represent 
the  expression  obtained  on  expanding  (.X  +  1)"  by  the  bi- 
nomial theorem,  and  then  writing  each  of  the  exponents  of 
X  as  a  subscript.  With  this  convention  the  above  recursion 
formula  between  the  b's  takes  the  very  simple  form 
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But  this  13  predsely  one  of  the  symbolic  equations  which 
defines  the  BeroouUi  numbers.*  It  therefore  follows  that  all 
the  b'a  of  odd  suffix,  except  fei,  and  accordingly  the  corre- 
sponding o's,  are  zero-t 

In  order  to  make  our  results  agree  in  notation  with  those 
usually  given  we  shall  put 

bin  =.  (-  D'^'Bn, 

so  that  fij,  Bt,  ■  •  •  are  the  constants  more  commonly  called 
the  Bernoulli  numbers. 

We  have  thus  completely  determined  all  the  a's  except 
oo,  which  was  arbitrary,  and  to  which  we  shall  give  the  value 
zero.    We  then  have  as  a  formal  solution  of  (1) 

■D'B. 


2x^  ^  23 -x"*  ' 


_  _  1 

'  30'    "'      42'    "*      30'     ■"• 

2.  The  Asymptotic  Property  of  the  Formal  Series. — ^We  shall 
next  investigate  the  relation  between  the  formal  solution  we 
have  obtained,  and  an  actual  solution  of  (1).  In  the  first 
place,  we  see  that  the  formal  series  diverges  for  all  values  of 
x;  for  when  the  subscript  p  is  sufficiently  large  we  have  the 
inequality 

^>^(2p+l)(2p+2), 

where  .^  is  a  constant.t    It  is  therefore  natural  to  study  the 
difference  between  an  actual  solution  and  a  certain  number 
of  terms  of  the  formal  solution. 
Let  us  write 

*Cea&ra,  Element&res  LehH>uch  der  algebraiachen  Analyaie  imd  der 
InfiniUeimalTechiiuiig.    Deutech  von  G.  Kowalevaki,  p.  295. 
t  Cea&TO,  loc.  dt.,  page  296. 
t  Bore),  loc.  cit.,  p.  24. 
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and  then  expand  <pnix  +  1)  —  <pnix)  in  a  series  in  1/x.  The 
series  so  obtained  will  converge  for  |a:|  >  1,  and  from  the 
manner  in  which  the  o's  in  (2)  were  determined  it  is  evident 
that  the  coefficients  of  Ijx',  •  ■  ■,  l/ar^"^^  will  all  be  zero,*  the 
remaining  coefficients,  which  we  denote  by  Ci'"*,  Ci*"^  ■•-, 
being  uniquely  determined  in  terms  of  Bi,  3%,  ■  ■  ■,  Bn-  Thus 
we  see  that  pn(x)  is  a  solution  of  the  equation 

(3)  ■pl':+iy-vi')-l+°^  +  ^,+  --; 

where  the  series  converges  outside  a  circle  of  unit  radius. 

Suppose  next  that  g(x)  is  any  actual  analytic  solution  of  (1) 
and  put 

Bnix)  =   Vnix)  -  gix).     _ 

This  new  function  is  then  a  solution  of  the  equation 

(4)  H^+l)-H')-^+'^,  +  --; 
and  consequently  is  given  formally  by 

(5)  SM  -  ^.M  -  c.<-'  [^+  (^  +\r*^+  ■■■] 

-""'[J^+lx+\y"»+--] 


where  Wa(x)  is  some  periodic  function  of  period  1. 

To  show  that  the  double  series  above  convei^es,  we  make 
use  of  the  following  inequalities: 

if  X  is  in  the  right  half  of  the  complex  plane  and  |x{  >  1,  and 
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if  X  is  the  left  half  plane*  {x  =  u+  W—  1)  and  |  u  j  >  1. 
These  inequalities,  in  connection  with  the  fact  that  the 
series  in  (3)  converges,  show  that  the  series  in  (5)  represents 
an  analytic  function,  and  consequently  the  above  expression 
defines  9„(x),  if  { x  |  is  large  enough  and  arg  z  4=  ±  t.  We  see 
also  that  uwCx)  must  be  analjiJc,  since  we  are  assuming  the 
same  to  be  true  of  Bk{A- 
We  moreover  have  by  (5)  and  (6)  for  x  in  the  right  half  plane 

Since  the  series  is  absolutely  and  uniformly  convergent  in 
any  closed  region  exterior  to  the  unit  circle,  this  shows  at  once 
that 

lira  x'-Cffd)  +  w,(x)  -  p„(i))  =  0, 

when  —  Tr/2  £  arg  a:  g  5r/2. 

It  will  next  be  proved  that  the  periodic  function  Un(z)  is 
in  reality  independent  of  n.  To  show  this  we  merely  note 
that  from  the  above 

ff{x)  +  w„  (x)  —  (p„(x)    and    ff(x)  +  M,rt.i(x)  -  (p«+i(*) 

both  approach  zero  for  x  large  in  the  right  half  plane,  while  the 
quantity  >pn\-\{x)  —  ipo^x)  obviously  itself  approaches  zero. 
It  then  follows  immediately  that  the  difference  t^nCx)— w„(x) 
approaches  zero  when  x  goes  to  infinity  along  any  ray  making 
an  acute  angle  with  the  positive  real  axis.  But  since  this 
quantity  is  a  periodic  function,  we  must  therefore  have 
everywhere 

la^iix)  =  a„{x). 

We  can  now  replace  ai„{x)  by  a  unique  periodic  function 
a{x).  Th6n  from  the  above  limit  and  the  definition  of 
asymptotic  representation  we  derive  the  important  relation 

for  x  in  the  right  half  of  the  complex  plane. 

.  *  We  can  obttun  tbeee  inequalitiea  directly  from  those  derived  by  ele- 
meatary  means  by  Birkhon,  "  General  tneoiy  of  linear  difFerence 
equations,"  Tram.  Amer.  Math.  Soc.,  vol.  12,  p.  248. 
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If  we  should  make  use  of  (6')  instead  of  (6)  we  would  find 
in  a  similar  way  that 

lim  v'-'igix)  +  u{x)  -  <p„{x))  =  0, 

for  z  in  the  left  half  plane.  But  since  v  =  \x\wi  (arg  x), 
this  limit  reduces  to  the  former,  so  that  the  above  asymptotic 
relation  holds  for  all  approaches  to  infinity,  provided  only 
that  arg  x  +  ±  x. 

We  can  now  state  the  theorem :  Given  any  analytic  solvtion 
g{x)  of  (1),  there  exists  a  umqvt  analytic  periodic  function 
u(z)  suck  that  g{x)  +  u(x)  u  re-pTeaevied  aaymptoiically  by  the 
formal  solution  of  (1),  for  x  approaching  infinity  in  any  direc- 
tion except  along  the  negative  real  axis. 

If  instead  of  the  value  of  6n{x)  given  by  (5)  we  should  take 
the  solution  of  (4)  which  is  analogous  to  the  formal  solution 

Kx  -l)  +  l(T-2)+--- 

of  the  equation 

h(x+l)-h{x)~lix), 

we  could  show  in  a  similar  way  that  there  exists  a  periodic 
function  such  that  its  sum  and  the  solution  of  (1)  remains 
asymptotic  to  the  formal  solution  for  all  approaches  to  infinity 
except  the  positive  real  axis. 

Let  us  now  take  the  solution  4'(x)  of  (1)  and  determine  the 
corresponding  periodic  function.  Letx  =■  n,  a  positive  integer; 
then 

♦(n).-C+l  +  i+...+^j, 

whence  we  see  that  *(n)  —  log  n  approaches  zero  when  n 
increases  indefinitely.  It  therefore  follows  that  the  periodic 
function  must  in  Uiis  case  be  zero  along  the  real  axis  and, 
being  analytic,  is  consequently  identically  zero.  We  thus  have 
the  well  ^own  relation 

for  —  T  <  arg  x  <  t. 
It  is  evident  that  the  above  method  and  the  relation 
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r'(a;)  /  r{x)  =  *(a;)  give  a  very  easy  way  to  compute  as  many 
terms  as  may  be  desired  in  the  series  which  occm«  in  the 
asymptotic  form  of  the  gamma  function. 

InDIAKA  IJNITBRSnT, 

Utmh,  1913. 


AN  ERRONEOUS  APPLICATION  OF  BAYES' 

THEOREM  TO  THE  SET  OF 

REAL  NUMBERS. 

BY  DR.  EDWARD  L.  DODD. 

(R«ad  before  the  Americ&n  Mathematical  Society,  January  1,  1913.) 

Bates'  theorem  on  the  probability  of  causes  is  frequently 
introduced  with  an  urn  problem.*  Here  only  a  finite  numb^ 
of  objects  come  into  conaderation.  For  example:  The  um 
Ui  contained  3  white  balls  and  1  black  ball;  the  urn  Ut  con- 
tained 2  white  balls  and  2  black  balls.  A  man,  blindfolded) 
drew  a  white  ball.  What  is  the  probability  that  this  white  ball 
came  out  of  Ui, — assuming  that  each  urn  was  equally  ac- 
cessible? After  a  consideration  of  the  general  problem  of  this 
nature,  the  following  theorem,  known  as  Bayes'  theorem,  is 
announced : 

Let  u;  be  the  probability  a  priori  that  a  certain  urn,  or 
"  cause,"  or  set  of  conditions  Ui  will  come  into  play.  The 
"  causes  "  are  to  be  mutually  exclusive;  and  i  =  1,  2,  ■  ■  ■ ,  *. 
Let  Pi  be  the  probability  that  Ui,  when  brought  into  play, 
will  yield  a  certain  event.  Then,  after  this  event  has  hap- 
pened, the  probability  a  posteriori  P,  that  the  event  had  its 
origin  in  17,-  is 


Pi  = 


tii{pi 


uipi  +  azp,  +  •  ■  •  +  w.p/ 


In  the  preceding  example,  it  is  assumed  that  ui  =  ui  =  ^. 
Hence,  with  Pi  =  J,  Pt  =  f,  it  follows  that  Pi  =  f , — a  result 
which  on  inspection  seems  plausible;  since  f  of  all  the  white 
balls  were  in  the  first  urn,  Ui.  This  urn  example  illustrates, 
indeed,  the  following  important  corollary  of  Bayes'  theorem: 
If  each  of  a  finite  number  a  of  mutually  exclusive  causes 
■  E.  g..  Poiacar^,  Calcul  dea  Probability  (1912),  p.  1S3. 
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is  equally  likely  a  priori  to  come  into  play,  then  the  probability 
a  posteriori  that  a  given  event  had  its  origin  in  a  specified 
cause  is  proportional  to  the  probability  that  the  spedfied 
cause  would  produce  that  event. 

In  applying  Bayes'  theorem  in  the  theory  of  errors  of  meas- 
urements, Foincar^*  regards  a  possible  value  for  the  unknown 
as  an  ideal  "  cause."    He  lets  z  be  any  real  number;  and  ^Tttes 

Ui  =  <ii{z)dz  ' 

as  the  probability  a  priori  that  the  true  value  of  the  unlcnown 
will  lie  between  z  and  Z'^  dz.  With  the  true  value  in  this 
interval,  the  probability  that  the  first  measurement  will  then 
lie  between  xi  and  X\.  +  dxi  is  written  as 

dXiip{Xi,  z). 

If,  now,  the  n  measurements  have  been  found  to  lie  between 
xi  and  X\-\-dxi,  ■■•,Xn  and  x^-\- dx^,  respectively, — more 
briefly :  tohe  Xi,xt,  •  •  •  ,x„,  respectively, — then  the  probability 
a  posteriori  that  the  true  value  lies  between  z  and  z-\-  dz 
is  found  to  be 

dz  ^(z)y(X|,  z)ip{Xi,  Z)  ■■■   ipjXn,  Z) 


j        dz  ^iz)if>(xi,  z)«?(a-,,  z)  ■  ■  •  <f>(Xn,  z) 

Poincar^  then  points  out  how  Gauss  by  taking  ^  =  1,  by 
assuming  that  ^  is  a  function  of  z  —  Xi,  and  by  assuming  that 
the  arithmetic  mean  is  the  most  probable  value  of  the  unknown, 
reaches  the  conclusion  that 


W!- 


(1)  vW 

where  y  is  the  error,  z  —  x. 

Poincar£  thenf  mentions  Bertrand's  objections  to  the  above 
assumptions,  saying  in  part:  "  De  plus,  on  a  fait  ^(z)  =  1, 
et  Ton  ne  pent  I'affirmer  a  priori." 

We  may  add  that  the  assumption  that  ^(z)  is  any  constant 
for  all  real  values  of  z  is  not  only  unwarranted,  but  it  is  ana- 
lytically impossible.    For  if  z  is  to  have  the  range  from  —  w 
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to  +  00 ,  the  probability  function  if/(z)  must  satisfy  the  con- 
dition 


xr*'' 


^dz  -  1, 


since  it  is  certain  that  the  number  expressing  the  measure  of 
the  quantity  lies  between  —  oo  and  +  °o.  Tkia  condition 
cannot  be  laiisfied  if  if/  is  a  conatoTd. 

This  equation,  yfi  =  constant,  seems  to  be  the  symbolic 
equivalent  of  the  statement  that,  before  measurements  are 
made,  all  real  numbers  have  equal  probability  a  priori  of  . 
being  the  true  value, — if,  indeed,  we  can  attach  any  useful 
meaning  to  this  statement. 

The  di£Sculty  of  so  doing  appears  to  have  its  origin  in  the 
fact  that  the  set  of  real  numbers  is  unbounded;  rather  than 
that  the  set  contains  an  infinity  of  individuals.  To  illustrate: 
Suppose  that  a  rod  of  unknown  length  lies  in  a  narrow  box 
with  interior  length  of  20  inches.  We  may,  then,  with  some 
propriety,  set  tIi{z)  =  1/20;  and  let  z  range  from  0  to  20.  By 
so  doing  we  would  at  least  satisfy  the  requirement, 

/^(z)dz  =  1, 

taken  over  ail  the  values  of  z  possible  in  the  given  case.  Fur- 
thermore, this  probability  may  be  interpreted  as  an  ideal 
frequency.  For  instance,  the  probability  that  the  length  lies 
between  11.2  inches  and  11.3  inches  would  be  1/200.  This 
would  signify  that  in  100,000  such  boxes  put  up  with  rods  taken 
by  chance,*  we  should  expect  to  find  about  500  boxes  con-, 
taining  rods  with  length  between  11.2  inches  and  11.3  inches. . 

The  extension  of  these  conceptions  to  the  range  from  —  «> 
to  +  00  does  not  seem  to  be  immediate.  Is  the  probability 
that  the  true  value  lies  between  50  inches  and  51  inches  the 
same  as  the  probability  that  the  true  value  lies  between  one 
light-year  and  one  light-year  plus  one  inch?  If  so  what  is 
the  probability  in  each  case?  That  the  generalization  in 
question  should  present  some  difficulty  is  not  surprising,  in 
view  of  the  fundamental  difference  between  a  proper  integral 
and  an  improper  integral. 

This  leaves  one  more  hiatus  in  the  argument  that  attempts 
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to  deduce  the  probability  law  (1)  from  the  so-called  principle 
of  the  arithmetic  mean, — as  the  "  most  probable  value." 
The  argument  referred  to  is  that  which  first  sets  up 

F{z)  =  <p{z  —  x,)<p(z  -  xi)  ••■  ,p(z  -  Xn)dyidyt  •■•  dy^ 

as  the  probability  that,  with  z  as  the  true  value,  the  measure- 
ments Xi,  xj,  ■  ■  ■,  Xn,  will  be  made;  then  attempts  to  r^ard 
this  same  expression  as  also  proporrional — or  even  equal — to 
the  probability  that  z  is  the  true  value,  the  measurements  xi, 
xt,  ■  •  -tXn,  having  been  made;  and  then  sets  dFjdz  =  0. 
Dnivbrbitt  or  Thab, 
December,  1912. 


SHORTER  NOTICES. 

Pie    partisUen    Differeniial-Gleickungen    der    rrudhenuUiachen 
Phyaik.    Nach  Riemann's  Vorlesungen  in  funfter  Auflage 
bearbeitet  von  Heimuch  Weber.    Zweiter  Band.    Braun- 
schweig,   Vieweg   und   Sohn,     1912.    xiv+575  pp.    Un- 
bound 15  marks,  bound  16.80  marks. 
The  first  volume  of  the  fifth  edition  of  this  classic  work  waa 
reviewed  in  this  Bulletin,  volume  18,  page  87,  and  the  fourth 
edition  in  volume  8,  page  81.    Little  need  be  added  to  these. 
The  most  noteworthy  addition  to  the  present  volume  is  the 
entire  section   18,  devoted  to  relativity.     This  section  con- 
tains thirty  pages.    The  introduction  points  out  the  nature 
of  time  and  that  relativity  is  not  really  concerned  with  time 
but  with  the  measure  of  time,  or  rather  with  the  connection 
between  time  and  space  quantity.    The  succeeding  sections 
are  suflSciently  described  by  their  titles:  time  and  space  in 
the  stationary  and  the  moving  world;  normal  form  of  the 
transformation  of  axes;  constant  velocity  of  light;  significance 
of  the  Lorentz  transformation ;  the  fundamental  electromag- 
netic equations  for  bodies  at  rest;  the  fundamental  electro- 
magnetic equations  for  moving  bodies;  invariancy  of  the 
equations;  explicit  form  of  the  equations;  transformation  of 
the  force  and  the  displacement;  the  Michelson-Morley  ex- 
periment; application  of  the  relativity  theory  to  the  Michelson- 
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Morley  experiment.  One  might  suggest  that,  aside  from  its 
interest  in  physics,  there  is  fio  more  reason  to  include  the 
theory  of  relativity  here  than  any  other  theory  of  the  possible 
groups  of  transformations  that  the  differential  equations  of 
physics  will  admit.  A  larger  consideration  of  such  groups 
would  indeed  not  be  out  of  place.  The  theory  of  integral 
equations  would  seem  to  be  of  a  much  greater  practical  value 
to  the  working  physicist  in  solving  differential  equations,  yet 
the  space  devoted  to  that  is  very  meager  indeed.  The  prom- 
ised developments  are  only  a  few  pages  in  the  section  on 
vibrating  membranes,  in  which  the  problem  is  reduced  to  one 
of  integral  equations.  Substantially  no  idea  is  given  of  the 
methods  of  integral  equations,  the  nearest  approach  being 
Green's  functions  for  this  case. 

The  article  upon  propagation  of  waves  in  a  gas  is  preceded 
by  a  new  section  on  thermodynamics.  As  it  occupies  only 
four  pages,  it  gives  but  a  few  theorems.  However,  all  the 
article  has  been  re-written,  in  order  to  present  the  matter 
more  clearly  from  the  point  of  view  of  the  previous  edition. 
The  twenty-second  and  the  twenty-third  divisions  have  been 
combined  into  a  single  one.  A  few  minor  changes  occur. 
Jaues  Bysnie  Shaw. 

Tkeorie  der  EUktrizitiii.  Erster  Band:  Einfilknmg  in  die 
MaxwelUche  Theorie  der  ElektriziiSt.  Von  Dr.  A,  Foppl, 
vierte,  umgearbeitete  Auflage  herausgegeben  von  Dr.  M. 
Abraham.  Leipzig  und  Berlin,  Teubner,  1912.  xviii-|- 
410  pp.     11  Marks. 

The  second  edition  of  this  volume  was  reviewed  in  this 
Bulletin,  volume  11,  page  383.  "The  third  edition  has  not 
been  accessible  to  the  reviewer,  consequently  he  cannot  make 
a  complete  comparison  between  the  two.  In  the  present 
edition  the  vector  applications  to  mechanics  have  been  cut 
to  a  minimum;  ponderomotive  and  Active  tensions  have  been 
treated  more  extensively;  the  theory  of  electric  waves  has 
been  made  to  include  the  skin-effect,  and  some  consideration 
of  wireless  telegraphy;  and  the  electrodynamics  of  moving 
bodies  is  developed  as  far  as  can  be  done  without  bringing  in 
the  atomistic  theories  that  belong  to  the  second  volume, — 
however,  sufficient  is  given  for  the  application  to  the  induction 
phenomena  of  electrotechnics.    The  definition  of  the  vector 


-obvGoo»^lc 


484  NOTES.  [June, 

displacement  has  been  modified  to  read  thus: 


which  introduces  a.  change  in  the  equations  of  the  displace- 
ment current. 

The  influence  of  the  Maxwell  theory  is  evident  from  the 
popularity  of  this  (and  other  similar  treatments)  and  no 
doubt  wilt  continue  to  grow. 

J.iMES  Btrnie  Shaw. 


NOTES. 


Tbe  Colloquium  Lectures  delivered  at  the  Princeton  meet- 
ing of  the  American  Mathematical  Sodety,  September  15-17, 
1909,  by  Professor  Gilbert  A.  Buss  on  "Fundamental 
Ejustence  Theorems,"  and  Professor  Edward  Kasner  on 
"Differential-Geometric  Aspects  of  Dynamics,"  have  been 
published  by  the  Society  in  a  volume  of  about  230  pages. 
The  book  is  now  on  sale;  price  to  members  of  the  Society, 
$1.00,  to  non-members  $1.50.  Orders  should  be  addressed  to 
the  American  Mathematical  Society,  501  West  116th  Street, 
New  York. 

The  April  number  (volume  14,  number  2)  of  the  Tratuao- 
Uons  of  the  American  Mathematical  Society  contains  the  fol- 
lowing papers:  "  A  study  of  the  circle  cross,"  by  J.  L. 
Coolidge;  "Projective  differential  geometry  of  developable 
surfaces,"  by  W.  W.  Denton;  "The  solutions  of  non-homo- 
geneous linear  difference  equations  and  their  asymptotic  form," 
by  K.  P.  WiLUAMS;  "  An  application  of  finite  geometry  to  the 
characteristic  theory  of  the  odd  and  even  theta  functions,"  by 
A.  B.  Coble;  "  Conformat  transformations  on  the  boundaries 
of  their  regions  of  definition,"  by  W,  F.  Osgood  and  E.  H. 
Taylor. 

The  April  number  (volume  35,  number  2)  of  the  American 
Journal  of  Mathematics  contains  the  following  papers.  "The 
reducibility  of  maps,"  by  G.  D.  Bihkhoff;  "The  highest 
common  factor  of  a  system  of  polynomials  in  one  variable," 
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by  L.  L.  Dines;  "Linear  mixed  equations  and  their  analytic 
solutions,"  by  R.  D.  Caruichael;  "On  the  theory  of  linear 
difference  equations,"  by  R.  D,  Carhichael;  "On  the  product 
of  two  quadro-quadric  space  transformations,"  by  Miss  H. 
P.  Hudson;  "On  some  topologioal  properties  of  plane  curves 
and  a  theorem  of  Mobius,"  by  S.  Lefschetz;  "On  a  fiat 
spread,  sphere  geometry  in  odd*dimensional  space,"  by  J. 

ElESLAND. 

The  commission  of  the  Wolfskehl  foundation  of  the  Got- 
tingen  academy  provided  a  series  of  lectures  at  Gottingen 
during  the  week  April  21-ApriI  26  on  the  kinetic  theory  of 
matter.  Lectures  on  different  phases  of  the  subject  were 
given  by  M.  Planck,  P.  Debye,  W.  Nernst,  M.  v.  Smolu- 

CH0W8KI,    A.     SOMMERFELD,    H.    A.     LORENTZ.      A    16-page 

prospectus  of  the  course  is  contained  in  the  last  number  of 
the  Jakresbericht. 

Analytical  catalogue  cards  for  both  the  German  and  the 
French  encyclopedias  of  mathematics  can  be  obtained  from 
the  Library  of  Congress.  The  price  of  the  set  as  issued  to 
March  20, 1913,  is:  author  set,  German,  $2.60,  French,  $1.60; 
dictionary  set,  German,  $4.08,  French,  $1.60. 

The  firm  of  Martin  Schilling  in  Leipzig  has  recently  pre- 
pared the  following  mathematical  models. 

1.  Generation  of  a  hyperboloid  of  revolution  by  means  of 
the  rotation  of  a  straight  line  or  a  space  curve,  by  Professor 

K.  DOEHLEUANN. 

2.  Three  plaster  models  of  surfaces  of  constant  width,  by 
Professor  Meissner. 

3.  Three  card-board  models  of  Bessel  functions  of  complex 
argument,  with  a  description  by  Professor  A.  Sommerfeld, 
by  Mr.  Fr.  Beegmann. 

4.  Gyroscopic  apparatus,  by  Professor  L.  Prandtl. 

The  Francoeur  prize  (1000  fr.)  of  the  academy  of  sciences 
of  Paris  has  been  awarded  to  Dr.  A.  Claude,  of  the  bureau 
of  longitudes  of  Paris,  for  his  researches  in  mathematics  and 
astronomy. 

At  the  session  of  the  matfaematico-physical  sodety  of 
Kasan  held  December  14,  1912,  the  Lobachevsky  prize  for 
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1912  was  awarded  to  Professor  F.  Schuh,  of  the  University 
of  Strassburg,  for  his  book:  Gnindlagen  der  Geometrie. 
Professor  J.  L.  Cooudge,  of  Harvard  University,  received 
honorable  mention  for  his  Elements  of  Non-Euclidean  Ge- 
ometry. 

The  royal  academy  of  sciences  of  Bologna  has  received  a 
request  from  Dr.  A.  Meriani  to  repeat  its  prize  problem  of 
1912,  for  the  best  solution  of  which  he  will  present  500  lire. 
The  problem  proposed  is  the  following: 

"To  present,  in  a  critical  historical  manner  the  organic 
development  of  the  theory  of  elliptic  functions,  and  the  various 
points  of  view  under  which  the  theory  has  been  presented  from 
the  end  of  the  eighteenth  century  until  the  present  time.  Indi- 
cate the  influence  the  various  developments  have  had  on  other 
branches  of  mathematics." 

No  member  of  the  academy  may  compete,  otherwise  there 
are  no  restrictions.  Competing  memoirs  should  be  pliunly 
written  in  Italian  and  he  in  the  hands  of  the  secretary,  under 
the  usual  conditions,  before  December  31,  1914. 

Indiana  Universitt.  Summer  Quarter  (June  19-Sep- 
tember  3,  1913). — By  Professor  S.  C.  Davisson:  Advanced 
calculus,  five  hours;  Theory  of  functions,  five  hours.— ^By 
Professor  D.  A.  Rotrrock:  Ordinary  differential  equations, 
double  course,  first  half. — By  Professor  R.  D.  Cabmichael: 
Projective  geometry,  five  hours;  Foundations  of  mathematics, 
five  hours. 

The  following  courses  in  mathematics  are  announced  for 
the  academic  year  1913-1914. 

Indiana  University. — By  Professor  S.  C.  Davisson: 
Theory  of  functions,  two  hours;  Ordinary  differential  equa- 
tions, three  hours  (a,  w). — By  Professor  D.  A.  Rothroce: 
Differential  geometry,  three  hours. — By  Professor  U.  S. 
Hanna:  Theory  of  groups  of  substitutions,  two  hours. — By 
Professor  R.  D.  Carmichael:  Theory  of  ordinary  differential 
equations,  three  hours;  Bessel,  Laplace,  and  Lam^  functions, 
three  hours;  Difference  equations,  two  hours. — By  Mr.  K.  P. 
Williams:  Fourier  series  and  integrals,  three  hours  {s). 

All  courses  continue  throughout  the  year,  except  those 
marked  a  =  autumn,  w  =  winter,  s  =  spring. 
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Yale  Universitt.— By  Professor  J.  Pierpont:  Theory  of 
functions  of  a  complex  variable,  two  hours;  Modern  analytic 
geometry,  two  hours;  Theory  of  differential  equations,  two 
hours;  N^on-euclidean  geometry,  two  hours. — By  Professor 
P.  F.  Smith:  Differential  geometry,  two  hours  (second  term); 
Continuous  groups,  two  hours  (second  term). — By  Professor 
E.  W.  Brown:  Advanced  calculus  and  differential  equations, 
three  hours;  Statics  and  dynamics,  two  hours;  Advanced  and 
theoretical  dynamics,  two  hours,  first  half-year;  Periodic  orb- 
its, two  hours,  second  half-year. — By  Professor  W.  R.  Lonolet: 
Integral  equations  with  applications,  two  hours;  Potential 
theory  and  harmonic  analysis,  two  hours. — By  Professor 
W.  A.  Wilson:  Theory  of  functions  of  real  variables,  two 
hours. — By  Dr.  G.  M.  Conwell:  Theory  of  finite  groups, 
two  hours. — By  Dr.  D.  D.  Leib:  Advanced  algebra,  two  hours. 
— By  Dr.  H.  F.  MacNeish:  Integration  of  differential  equa- 
tions; Synthetic  projective  geometry,  two  hours. — By  Dr. 
E.  J.  Miles:  Calculus  of  variations,  two  hours. — By  Dr. 
J.  I.  Thacet:  Analj-tic  geometry,  two  hours. 

The  following  courses  in  mathematics  are  announced  for 
the  present  semester: 

Universitt  of  Berun. — By  Professor  H.  A.  Schwarz: 
Integral  calculus,  four  hours;  with  exercises,  two  hours; 
Applications  of  elliptic  functions,  four  hours;  The  funda- 
mental theorem  of  projective  geometrj,  two  hours;  Col- 
loquium, two  hours;  Seminar,  two  hours. — By  Professor  G. 
FsoBENlUB:  Theor>'  of  algebraic  equations,  II,  four  hours; 
Seminar,  two  hours. — By  Professor  F.  Schottky:  Special 
problems  in  the  theory  of  functions,  four  hours;  Theory  of 
elliptic  functions,  four  hours;  Seminar,  two  hours. — By 
Professor  G.  Hettner:  Infinite  series,  products  and  con- 
tinued fractions,  two  hours. — By  Professor  J.  Knoblauch: 
Theory  of  determinants,  four  hours;  Theory  of  curved  surfaces, 
II,  four  hours;  Theory  of  space  curves,  II,  one  hour. — By 
Professor  R.  Lehmann-Filh^s:  Differential  calculus,  four 
hours;  with  exercises,  one  hour. — By  Professor  I.  Schub: 
Ordinary  differential  equations,  four  hours;  Theorj'  of  func- 
tions, I,  four  hours. — Dr.  K.  Knopp:  Analytic  geometry, 
four  hours;  Theorj'  of  aggregates,  two  hours;  Theory  of 
entire  transcendental  functions,  two  hours. 
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Univeksitt  of  Leipziq. — By  Professor  K.  Rohn:  Pro- 
jective geometry,  two  hours;  with  exercises,  one  hour;  Analytic 
geometry,  four  hours;  with  exercises,  one  hour. — By  Professor 
O.  Holder:  Ordinary  differential  equations,  four  hours; 
with  exercises,  one  hour. — By  Professor  G.  Herglotz  :  Algebra, 
four  hours;  Higher  problems  of  elementary  mathematics,  two 
hours;  Introduction  to  recent  literature  in  the  theory  of 
functions,  two  hours. — By  Professor  P.  Koebe:  Theory  of 
functions,  four  hours;  Fourier  series  and  definite  integrals, 
two  hours;  Recent  literature  in  the  theory  of  functions,  two 
hours. — By  Dr.  R.  KoNio:  Algebraic  analysis,  two  hours. 

University  of  Strabsbuhg. — By  Professor  H,  Weber: 
Definite  integrals  and  introduction  to  the  theory  of  functions, 
four  hours;  Seminar,  two  hours.^By  Professor  F.  Schur: 
General  theory  of  curves  and  surfaces,  four  hours;  Selected 
chapters  of  projective  geometry,  two  hours;  Seminar,  two 
hours. — By  Professor  J.  Wellstein:  Matrices  and  their 
application  to  vector  analysis  and  to  integral  equations,  four 
hours;  Encyclopedia  of  elementary  mathematics,  two  hours. — 
By  Professor  R.  v.  MiSES:  Descriptive  geometry,  four  hours; 
with  exercises,  two  hours;  Calculus  of  probabilities,  two  hours; 
Fundamental  concepts  in  the  technics  of  flight,  one  hour; 
Seminar,  two  hours. — By  Professor  P.  Epstein:  Calculus  of 
variations,  two  hours. 

Dr.  a.  Rosenblatt  has  been  appointed  docent  in  mathe- 
matics at  the  University  of  Cracow. 

Dr.  U.  Cisotti,  of  the  University  of  Padua,  has  been  ap- 
pointed professor  of  mathematical  physics  at  the  University  of 
Pavia. 

Mr.  a.  S.  Eddington,  chief  assistant  at  the  Royal  Obser- 
vatory, Greenwich,  has  been  elected  to  the  Plumian  professor- 
ship of  astronomy  in  the  University  of  Cambridge. 

Dr.  p.  Boutroux,  of  the  University  of  Poitiers,  has  been 
appointed  professor  of  mathematics  at  Princeton  University. 

At  the  meeting  of  the  American  philosophical  society  held 
April  19,  Professor  L.  P.  Eisenhaht,  of  Princeton  University, 
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was  elected  to  membership,  end  Professor  Sir  Joseph  Laruob, 
of  the  University  of  Cambridge,  was  elected  foreign  member. 

At  the  meeting  of  the  National  academy  of  sciences  held  in 
Washington,  D.  C,  April  24,  Professor  L.  E.  Dickson,  of 
the  University  of  Chicago,  and  Professor  A.  O.  Leuschner, 
of  the  University  of  California,  were  elected  to  membership. 

Db.  C.  T.  Sdllivan  has  been  promoted  to  an  assistant  pro- 
fessorship of  mathematics  at  McGlll  University. 

Professoe  p.  H.  Schoute,  of  the  University  of  Groningen 
and  author  of  the  Geometric  der  mehrdimensionalen  Raume, 
died  April  18  at  the  age  of  67  years. 


NEW  PUBLICATIONS.  ' 
I.    HIGHER  MATHEMATICS. 

AuoDEO  (F.).  Lezioni  di  geometria  proiettiva,  dettate  nella  uiuverait& 
di  Napoli.  3a  ediiioae,  migliorata  e  corretta.  Biatampa,  cod  ap- 
peudice.    Napoli,  Pierro,  1912.    8ro.     15+506  pp.  L.  12.00 

AacamEDis  Opera  omnia  cum  commentariis  Eutocii.  Itenim  edidlt 
J.  L.  Hdbeis.    Volumen  II.    Leipzig,  Teubner,  1&13.    Svo.    M.  8.00 

AuESBACB  (F.).    See  Tabchenbucb. 

Bernstein  (S.  I.}.    See  Picard  (E.). 

BoLTAi  (J.).  La  Bcience  absolue  de  I'eapace.  Traduit  de  rallenumd  par 
J.  Houel.  avec  une  notice  but  la  vie  et  I'oeuvre  de  J.  et  W.  Bolyai  par 
F.  Schmidt.    Paris,  Hermatui,  1911.    Svo.  Fr.  4.00 

BuEREiEP  (B.  I.).  Elements  of  algebraic  analyds.  Lecturea  in  the  ad- 
vanced course  for  women  at  Kief.  (RusMan.)  (KUf  UnivtrgUy 
BulUHa.)    Kief,  1012.    Svo.    6+224  pp.  R.  2.00 

Caldabera  (F.).  Trattato  dei  detenninanti.  Palermo,  Vini,  1913.  Svo. 
255  pp.  L.  7.00 

Capito  (C.  a.  a.),  a  text-book  of  mathematics  and  mechanics.  London, 
Griffin,  1013.     12mo.    39S  pp.  $4.00 

Dewabtres  (G.).  Coura  de  g^mStrie  infinit^umale.  Avec  une  pr^ace 
de  G.  Darboux.    Paria,  Gauthier-Villara,  1913.    Svo.    10+418  pp. 

Ft.  ItToO 


FA2ZAM1  (G.).    See  Fbetcinet  (C.  de). 
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Hadahabd  (J.).    Notice  eur  les  travaux  matMinatiquee  de  1884  h  1912. 

2  partiea.    Paria,  Hermann,  1912.    4to.     150  pp.  Fr.  6.00 

HALflTEn  (G.  B.).    On  the  foundation  and  technic  of  arithmetic.    Chicago, 

Open  Court  Publishing  Co.,  1913.     133  pp.  Sl.OO 

Eankel  ^O-    Theory  of  complex  number  systems,  especially  of  ordinary 

imaginary  numbers  and  of  Hamilton's  quatraiuons,  with  thor  geo- 

metric  representation.    Rusman  tranalation  by  students  of  the  mathe- 


Hkibebo  (J.  L.).    See  Arcbimedib. 

Herbst  <W.).    Mongeache  Gleichungen  fwnten  Gradu  als  Schiuttbe- 

dingungen    von    Kurvenecharen.     (Diaa.)    Greifswald,    1912.    6to. 

50  pp. 
HEiBERa  (J.  L.).    See  Arcbiiiedis. 
HouxL  (J.).    See  Boltai  (J.). 
Hbontxcs    (G.).    Herleitung    der    Fuchsschen    Periodemdationen    fOr 

lineare  Differentialsysteme.     (Ksa.)    Gieaaen,  1912. 

Ipatof  (V.  M.).  The  elements  of  infinit«BimaI  analysis,  with  a  collection 
of  exaciaee.  For  the  seventh  class  of  the  "real"  school.  (Russian.) 
Moscow,  Sytin,  1912.    Svo.    200  pp.  R.  1.00 

Klein  (F.)>  QueaUona  of  elementary  and  higher  matbematica.  Lectures 
deliv^ed  at  the  Univeruty  of  GSttingen.  Part  I :  Arithmetic,  algebra, 
an^sia.  Ruasian  translation  by  D.  A.  Kryihanofaky,  editM  by 
V.  F.  Kahea.    Odeaaa,  Mathetii,  1912.    8to.     19-(-486  pp.      R.  3.00 

KoBKiN  (A.  N.).  Works,  edited  by  V.  Steklof  and  A.  Markof.  (Russian.) 
Vol.  I.  (Published  by  the  Fhysico-Mathematical  Faculty  of  tike 
Univernty  of  St.  Petersburg.)    St.  Petersburg,  1911.    Svo.    S+469 


Krtebanofskt  (D.  a.).    See  Klein  (P.). 


I^muANN  (W.).  The  Pythagorean  proposition,  with  a  general  view  of 
Fennat'a  problem,  RusaiBn  tnuislation.  (Library  of  elementary 
m&themaUce,  edited  by  S.  0.  Shatunofsky.  No.  1.)  Odessa,  Malhtgu, 
1912.     16mo.    2+SOpp.  R.  0.40. 
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LtNDOW  (M.).  Differential-  imd  Int^ralrechnung  mit  BerQckaiclitigunK 
der  praktischen  Anwendungen  in  der  Teclmik.  (Aua  Natur  una 
Geisleswelt.    Nr.  387.}    Leipzig,  Teubner,  1913.     IBmo.    7+111  pp. 

M.  1.25 
LoBATBHETSKT  (a.  I.).  New  (oundations  of  geometty,  with  a,  complete 
theory  of  parallelB.  With  the  addition  <ri  a  biographical  sketch  of 
the  autiior  and  notes.  (Russian.)  (KEiarkof  Mathematical  Librai^, 
Nos.  2-3.)  Kharkof,  1912.  8vo.  33+234  pp.,  4  platee.  R.  1.00 
Mabco  (F.  De).  La  quadratura  del  circolo,  e  come  6  atato  risolto  il 
problema  dalla  sciensa.    Bologna,  Galleri,  1913.    8ro.    16  pp. 

11-1!     . 
8+404 


MoBOZor  (N,)-  The  function;  expoeition  of  the  differential  and  int^ral 
calculus  with  some  of  its  applications  to  phyaical  acience  and  ge- 
ometry. A  guide  to  the  independent  atudy  of  higher  mathematical 
analyuH.  (Russian.)  8t.  Peterdiui^  and  Kief,  Sotnidnik,  1912.  8vo. 
12+404  pp.  R.  3.S0 

Netto  (E.).  Elements  of  the  theory  of  determinants.  Rusdan  trans- 
lation, edited,  with  notes,  by  S.  O.  Shatunofsky.  Odessa,  MathetU, 
1912.    8vo.    8+156  pp.  R.  1-20 

NuoEL  (F.)  Die  Schraubenlinien,  Bine  monographische  Daratellung. 
(Diss.)    HaUe,  1912.    8vo.    88  pp. 

PAKrarmiT  (I.  I.).    See  Hanxel  (H.). 

PiCASD  (K).  On  the  development  of  cerbun  fundamental  theories  of 
mathematical  analyua  in  the  course  of  the  last  century.  Three 
lectures,  delivered  at  Clark  University,  Worcester,  Mass.,  V.  S.  A., 
fi,  6,  and  7  July,  1899.  Russian  translation  by  S.  O.  Bernstein. 
(Kharkof  Mathematical  library,  edited  by  D.  M.  Sintsof.  Series  B, 
No.  1.)    Kharkof,  1912.     12mo.    100  pp.  R.  0.50 

FoPRUZHENKo  (M.).  Contribution  to  the  methodok^  of  infinitesinial 
analyaia  in  secondary  schools.  (Russian.)  St.  Peter^uif,  Peda- 
gogical Magazine,  1912.    8vo.    9+91  pp.  R.  1.00 

PoBSt  (K.  A.).  Coune  in  differential  and  int^ral  calculus.  3d  edition, 
revised  and  enlarged  by  the  author.  (Russian.)  St.  Petersburg, 
Bereiofsky,  1912.    8vo.     10+850  pp.  R.  8.00 

Rabinowttscb  (J.).  Beitrtke  lur  Aufldeung  der  algebraischen  Gl«ch- 
imgen  5ten  Grades.     (Diss.)     Bern,  1911.    8vo.    32  pp. 

RiCHAKo  (J.).  Sur  la  philosophje  de  ta  gtom^trie.  Chateauroux,  1911. 
8vo.    75  pp.  Fr.3.00 

RofiHTemN  (P.).  Course  in  differential  and  integral  calculus.  (Rusuan.) 
Parti:  Differentia  calculus.  St.  Petersburg,  1911.  8vo.  780+4  pp. 
Part  II:  Integral  calculus.    St.  Petersburg,  1912.    8vo.    508+2  pp. 

R.6.50 
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RoTBB  (R.}.    See  Taschbnbuch. 

RouoiEB  (L.).    See  Enhiques  (F.). 

ScHocTB  (P.  H.).    Analytical  treatment  of  the  polytojjes  regularly  derived 

from  the  regular  polytopei.    Section  I:  The  simplex,  with  plate. 

Anwterdaro,  1911.  M.  4.00 

Sbatunofsky  (S.  0.).    See  Netto  (E.)- 


Leiprig,  Teubner,  1913,    8vo.    10+437  pp.    Cloth. 
TiKDEUANN  (K.).    Zur  Theorie  der  Elioioation.     (Diss.)    KAnigsberg, 

1912.    8vo.    63  pp. 
ToUABSEiTi  (M.).    See  Volterba  (V.). 
:LuiN(y.  D.).    Onth< 

domains.     (Rubbiad 

8vo.    21+229  pp. 
VfaiBBUssov  (A.).    M£moire  sur  les  classes  dea  Dombrea  complexes  id£aux 

conjugu^,  avec  rapplication  it  la  demonstration  du  dernier  th&ir&ne 

de  Fermat.     Paris,  Gaulhier-Villara,  1912.     8to.     18  pp.         Fr.  2.00 
VrvANTi  (G.).    Eserciii  di  analisi  infinitesimale.    PuntAta  I.    Completo. 

Pavia,  Mattel,  1912.    8vo.    9  +  410  pp.  L.  15.00 

VOLTERaA   (V.).    Le^ns  sur  les  Equations  int^grales  et  lea  Equations 

integro-diS^rentielles.    heoona  profeas^es  i.  la  Faculty  dee  sciencee 

de  Rome  en  1910.    Pubh^  par  M.  TomaasetU  et  F.  S.  Zarlatti. 

(Collection  de  mouographies  sur  la  tbSorie  des  fonctions.)    Paris, 

Gauthier-Villara,  1913.    8vo.    6+164  pp.  Fr.  5.50 

Woods  (B.  M.).    A  discussion  by  synthetic  methods  of  two  projective 

erncils  of  conies.     (Publications  in  Mathematics.)    Berkeley,  Cal., 
niveraity  of  California,  1913.    4to.    Pp.  55-83.    Paper.         tO.SO 
Zarlatti  (F.  S.).    See  Voltbmu  (V.). 


II.    ELEMENTARY  MATHEMATICS. 

BoREL  and  StXckel.    The  elements  of  mathematics.    Part  II:  Geometry. 

Rusuan  translation,  edit«d  by  V.   F.  Kahan.    Odeasa,  MathetU, 

1912.    8vo.    23+334  pp.  R.  3.00 

Brown  (S.  J.),    Trigonometry  and  stereographic  projections.    Revised. 

Annapolis,  Md.,  U.  S.  Naval  Academy,  1913.     12mo.    9+132  pp. 

11.25 
DzioBBK  (O.).    Course  in  analytic  geometry.    Part  I:  Plane  analytic 

geometry.    8+390pp.    Part  II :  Solid  analytic  geometry.    8+356  pp. 

Russian  translation  by  V.  G.  Schiff.    Odessa,  MolAent,  1911.    R.  5.00 
Fenknbb  (H.)  und  HEasENBROcn  (C.  £.).    Lehr-  und  Uebungsbuch  der 

MathemaUk  ffir  hobere  MfidchenschiJen.     Iter  Teil.    2te  verbeaserte 

Auflage.    Berlin,  Salle,  1912.    8vo.    8+168  pp.  M.  2.20 

FiLiPPor   (A.   O.)'    The  four  operations  of  arithmetic.    The  natural 

numbers.     (Rusuan.).    Odessa,  Malhesis,  1912.    8vo.    87  pp. 

R.0.70 
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Hebbknbruch  (C.  E.}-    See  Fenkner  (H.). 

Kaban  (V.  F.)-    See  Borel. 

KuMKEH  (A.  R.).    See  Youna  (J.  W.  A.). 

MttBi^  (F.).  Der  tnatbematUcbe  und  naturwisaenachaftliche  Untenicht 
an  den  preussiaclien  Lyieen,  Oberlyieen  und  Studiemtnatalten  nach 
der  Neuoidnung  voa  1008.    Leipiig,  Teubner,  1912.    8vo.      M.  1.50 


ScHiiT  (V.  GO-    See  Dwobek  (0.). 


Stamper  (A.  W.).  A  hiatoiy  of  the  teachuw  of  elementary  seonif 
With  reference  to  oresent-da^  problems.  (Diaa.)  (Teacher's  Col 
series.)    New  YorK,  Columbia  Univeruty.    8vo.    10+163  pp. 


matics  that  have  ajipeared  in  Italy  during  the  last  50  ^ean.  Ap- 
pendix II:  Lessons  in  anthmetic  and  algebra.  Appendix  III:  The 
most  recent  literature  in  foreign  langiiages  and  the  ItuasiaD  literature 
of  the  subject.     St.  Petersburg,  1912.     8vo,     16+9+425  pp. 

R.1.00 

III.    APPUED  MATHEMATICS. 

Afpell    (P.)    and    Dautheville    (S.).    Rational    mechanics.    Russian 
translation,  with  notes,  by  S.  O.  Shatunofsky.    Odessa,  Malhetit, 

1912.  Part  1:  8vo.     15+385  pp.    Part  11:  15+3S9  pp.        R.  5.00 

Atkinson  (A.  A.}.    Electrical  and  magnetic  calculations  for  the  use  of 
electrical  engmeers.    4tb  edition,  revised.    New  York,  VanNoetrand, 

1913.  12mo.     10+310  pp.  11.60 


Babnahd  (W.  N.).    See  HmsHraLD  (C.  P.). 

Benjamin  (C.  D.)  and  Hoffman  (J.  D.).     Machine  design.    New  York, 
Holt,  1913.    8vo.    10+342  pp.  S3.00 

BoDEBN  <G.  G.).    See  Wiluams  (E.  V.). 
Bragstad  (O.  S.).    See  La  Coor  (J.  L.). 
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Cbnt£kaiiie  de  U.-J.-J.  Lb  Vbrbier,  (InsUtut  de  Fnmce.  Acad^mie 
dea  Sciences.)    Paxil,  GButtiier-Vill&rs,  1911.    8vo.    128  pp.    Fr.  5.00 

Clairadt  (A.  C).  Th£orie  de  la  fifure  de  la  tene,  tirto  des  principea 
de  rhydrovtatique.  NouveUe  edition  conforme  &  la  precMoite 
(1808).    Paris,  Hermann,  1911.    8vo.    40+312  pp.  Pr.  6.00 

.    Theorie  der  Erdgeatalt  nach  Cesetien  der  Hydrovtatik.    HerauB- 

RMeben  von  P.  E.  B.  Jouidain  imd  A.  t.  Oettingen.  (Oatwald'a 
K^saiker.    Nr.  189.)    Leipilg,  Engdmann,  1913.    8to.     162  pp. 


15+300  pp.    Cloth.  Sl.fi0 

Dadoubian  (H.  M.).    Analytical  mechaiiics  for  studenta  of  physics  and 

en^eering.    New  York,  Van  Nostrand,  1913.    8vo.     12+3S3  pp. 

S3.00 
DAm-HEViLLB  (S.).    See  Appeu.  (P.). 
ENETXLOP&Dn    der    mathematiachen    Wisaenochaften.    Band    VI,    2: 

Astronomie.    5te  Lieferung:  H.  v.  Zeipel,  Entwirklung  der  StArungt- 

funktion.    Leipxig,  Teubner,  1912.    8vo.    Pp.  £57-065.         M.  3.40 
FiBH  (J.  C.  L.).    Earthwork  haul  and  overhaul,  including  economic  dia- 

tribution.    New    York,    Wiley,    1913.    8vo.    14+166    pp.    aoth. 

S1.50 
Fbtb  (A.  I.).     Civil  engineer's  pocket  book.     New  York,  Van  Nostrand, 

1913.    16mo,    42+1611  pp.    Leather.  S5.00 

Goodwill    (G.).    Elementary    mechanics.    London,    Clarendon    Press, 

1913.    8vo.    230  pp.  4b.  6d. 

Goodwin  (H.  E.).    Precision  of  measurement  and  graphii^al  methods. 

New  York,  McGraw-Hill,  1913.    8vo.     104  pp.  S1.25 

Grovbb  (N.  C).    SeeHoTT(J.C.). 

H&NEBT  (L.).    Der  reducierte  Raumwinkel  und  die  IJchtgilte  vOn  Fens- 
ton.     (Diss.)    Kiel,  1911.    8vo.    46pp. 
Hartmahn  (O.).    AetronoDUSche  Erdkunde.    4te,  umgearbeitete  Auflage. 

Stuttgart,  1913.    Svo.  M.  1.20 

Hartmann  (T.).    Zur  Theorie  der  Momentanbewegung  eines  ebenen  fihn- 

lich  verfinderlichen  Systems.     (Diss.)     Rostock,  1912.    8ro.     144  pp. 
HiBSHPELD  (C.  F.)  and  Baknaiui  (W.  N.).    Elemente  of  heaUpower  en- 

apneering.    New    York,    Wiley,    I9I2.    8vo.    13+811    pp.    Cloth. 

S5.00 
and  Ulbricht  (T.  C).    Gas  power.     (Wiley  Technical  Series.) 

New  York,  Wiley,  1913.    8vo.    10+209  pp.    Cloth.  S1.25 

Hiscox  (G.  D.).    Modem  steam  eitgineering  in  theory  and  practice.    Wth 

chapters  on  electrical  engineering  by  N.  Harrison.    3a  edition.    New 

York,  Henley,  1913.    Svo.    487  pp.  S3.00 

HomuN  (J.  D.).    See  Benjamin  (C.  H.). 
HoTT  (J.  C.)  and  Gbovbr  (N.  C).    River  discharge.    2d  edition,  revised 

and  enlawed.    New  York,  Wiley,  1912.    8vo.    12+173  pp.    Cloth. 

t2.00 
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Hdgebsdohf    (R.).    Karb^traphuche    Aufnahinui    und    geoeraphische 

Ortsbestumnung  auf  ReiseD.     (Sammluog  GOschen,  Nr.  607^    Berlin, 

GJiechen,  1912.    8vo.  M.  O.Su 

Katber    (H.).    Handbuch  der  SpectroBcopie.    6t«r  Band.        Leipug, 

Hind,  1912.    8vo.    6+1067  pp.  M.  UM 

Krao  (W.  R.).    Stetab  engbeerioE;  a  textiook.     New  York,  WUay, 

1913.    8vo.    7+450  pp.    ClotS.  M.OO 

KfusaBB  (J.  N.).    Mond-Atlas.    Nach  Bemen  an  der  IHa-Stemwarte  in 

Triest  angeetellten  Beobachtimgen  bearbeitet  und  herausgegeben  Ton 

R,  KOoig.    Neue  Folge.    Text,  18+376  pp.;  atlas,  67  pp.    Wien, 

Mayer,  1912.  M.  65.00 

KCsTER  (F.  W.).    Logarithmische  Recheatafeln  fOr  Chemiker,  Phanna- 

Eeut^,    Medisiner  und  Phy^er.    13te,   neu  berechnete  Auflage. 

Leipiig,  Veit,  1913.    8vo.     107  pp.   Ootb.  M.  2.80 

LABEoueTK  (H.).    See  Wood  (R.  W.). 
La  Cotth  (J.  L.)  and  Bragbtad  (0.  S.).     Theory  and  calculation  of 

electric  currentB.    Translated  by  S.  P.  Smith.    London,  Longmans, 

1913.    8to.    494  pp.     16a. 
Lewizkt  (J.  R.).    Geodesy.    Lectures  at  the  Polytechnic  Institute  in 

Kief.    2  parts.     (Rusnan.)    Kief,  1912.    8vo.    216+08  pp. 

M.  8.60 
Macum  (E.  S.).    See  Miuab  (A.  V.). 
Mablrr  (G.).    Phydkolische  Fonnelsammlung.    (Stunmlung  GOschen. 

Nr.  136.)    4te,  verbesserte  Auflage.    BerUn,  "Gaschen,  1912.    8vo. 

Cloth.  M.  0.80 


Matcock  (W.  p.).    a  first  book  of  electricity  and  magnetism.     14th 

edition,  thoroughly   revised   and   considerably   enlarged.    London, 

Whittaker,  1913.    8vo.    374  pp.  2s.  6d. 

Matir  (R.).    Ueber  Elastizitftt  und  StabiUtSt  des  geechlossenen  und 

ofTenen  Kr^sbc^ens.     (Diss.)    Karlsruhe,  1911.    8to.    75  pp. 
Mrhrtxns  (G.  C).    Vorlesungen  fiber  Ingenieur-Wissenschsften.     Iter 

Teil,  3ter  Band,  2te  H&lfu:  Statisch  unbestinunte  Tragwerke.    2te 

umgearbeiteie  Auflage.    Leipiig,  Engelmann,  1912.    8vo.    Cloth. 

M.  18.50 
M1U.AR  (A.  VO  and  Macun  (E.  8.).    Descriptive  geometry.    New  York, 

McGraw-Hill,  1913.    13S  pp.  $1.50 

Nkkrasof   (P.  A.).    ThetHy  of  probabiUdes.    2d  edition.    (Russian.) 

St.  Petersbuii;,  1912.    Svo.    36+532  pp.  R.  6.00 

Pappkritc  (E.).    eeeRoHN{K.). 
Pfeiffbr  (F.).    Das  Tvirbulensproblem.    (HabilitatJoiisTortrag.)    Halle 

a.  8.,  1912. 
Planck  (M.).    Vorlesungen  fiber  Thennodvnamik.    4te  Auflage.    L«p- 

lige,  Vdt,  1913.    Svo.    8+288  pp.    Cloth.  M.  7.50 

Rabbow  (F.).    Ueber  Knickfestigkeit.    Die  Eulersche  Fonnel  fOr  die 

Knickkraft    bei    Zugrimdelegung    verschiedener    DehnungsgesetH. 

(DisB.)     Hannover,  1912.    Svo.    47  pp. 
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Randall  (J.  A).    Heat;  a  manual  for  technical  and  induatrial  etudente. 

New  York,  Wiley,  1913.     12rD0.     14+331  pp.  $1.50 

RoDEKHAUBER  (W.)  and  Schobkawa  (I.).    Electric  furnaces  in  the  iron 

BJid  steel  industry.    Translated  from  the  2d  German  ediUon  by  C.  H. 

Vom  Baur.    New  York,  Wiley,  1913.    8vo.     16+419  pp.    Cloth. 

S3.S0 
RoHK  (K.)  und  PAPPBRTra  (E.).    Lehrbuch  der  darstellenden  Geometrie. 

Iter  Band:  Orthogonalprojektion.    4te,  erwnterte  Auflage.    Leipiig, 

Veit,  1913.    8vo.    20+502  pp.    Clolh.  M.  14.00 

RuTHBRFOitD  (E.).    RadioacUve  aubatances  and  their  radiations.    New 

enlai^ied  edition,  oompletrfy  rewritten.    Cambridge,  Univereity  Press, 

1913.    8vo.  $4.S0 

ScHOENAWA  (I.).    See  Rodehrauseb  (W.). 
Shatunofskt  (8.  0.).    See  Appell  (P.). 
Bloctju  (S.  E.).    The  theory  and  practice  of  mechanics.    New  York, 

Holt,  1913.    8vo.     13+442  pp.  S3.00 

Treven  (K.).    Der  Gebrauch  dea  l^aritbouachen  BechenschieberB  und 

des  Pr&2iEdonsechieberB.    Wien,  Deuticke,  1913.  M.  0.80 

Ulbricbt  (T.  C).    See  Hibshfeld  (C.  F.). 
ViONEBON  (H.).    See  Wood  (R.  W.). 
VoRLANDER  (M.  0.).    Mathematischee  Modellieren  in  sdner  Anwendung 

auf  die  Konstruktion  n     "       .  ■- .  -  ,..    .      ^  ., 

WErrsRECHT  CW.).  AusgleichungatechnuDg  noeh  der  Methode  der  klein- 
■ten  Quadrate.  (Sammlung  GOechen,  Nr.  302.  Neue  Auflage.} 
2te,  ver&nderte  Auflage.  Iter  Teil:  Ableitung  der  gnmdlegenden 
S&tze  und  Pormehi.    Berlin,  Oaecben,  1912.    8to.    127  pp.    Cloth. 

M.0.90 


Auflage.    2ter  Teil:  Zahlenbeispide. 

Hipp.    Cloth. 
Wendumq  (E.).    Ueber  den  Pohlke'scben  SatE.     (Diss.)    ZQrich,  1911. 

8vo.    34  pp. 
Werner  (O.).    Der  Streit  um  die  Schwerkraft  m  Erdinnero.    Gotha, 

Perthes,  1913.  M.  0.60 

Wiener  (O.).    Die  Theorie  des  Mischkdrpera  fUr  das  Feld  der  stationfiren 

StrAmun^.    Erste    Abbandlui^.    Die    Mittdwertsfttse    fOr    Kn^ 

Polarisation  imd  Energie.    Leipzig,  Teubner,  1912.  M.  4.00 

Williams  (E.  V,)  and  Bodeen  (G.  G.).    Reliable  intenst  tables.    Fresno, 

Cal.,  Banker's  Novelty  Co.,  1912.  S3.50 

Wood  (R.  W.).    Optique  phy«que.    Tradmt  de  ranglais  d'aprte  la  2e 

^tion,  par  H.  Vigneron  et  H.  Labrouste.    Tome  1:  Optique  ondula- 

toire.    Paris,  Gauthier-Villars,  1913.    8vo.    6+436  pp.        Fr.  16.00 
Woodward    (C.    M.).    Rational    and    applied    mechanics.    St.    Louis, 

Nixon-Jones  Press,  1913.    8vo.    8+517  pp.  $4.00 
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THE  APRIL  MEETING  OF  THE  AMERICAN 
MATHEMATICAL  SOCIETY. 

The  one  hundred  and  sixty-tliird  regular  meeting  of  the 
Sodety  was  held  in  New  York  City  on  Saturday,  April  26, 
1913.  The  attendance  at  the  two  sessions  included  the  fol- 
lowing fifty-seven  members : 

Professor  R.  C.  Archibald,  Professor  M.  J.  Babb,  Dr.  F.  W. 
Beal,  Mr.  R.  D.  Beetle,  Mr.  A.  A.  Bennett,  Professor  W.  J. 
Berry,  Professor  E.  G.  Bill,  Professor  G.  D.  BirktofT,  Dr. 
Henry  Blumberg,  Professor  Maxime  Bdcher,  Professor  B.  H. 
Camp,  Professor  C.  W.  Cobb,  Dr.  Emily  Coddington,  Pro- 
fessor F.  N.  Cole,  Dr.  G.  M.  Coawell,  Professor  J.  L.  Coohdge, 
Mr.  C.  H,  Currier,  Dr.  L.  L,  Dines,  Professor  L.  P.  Eisenhart, 
Professor  T.  S.  Fiske,  Professor  W.  B.  Fite,  Mr.  Meyer  Gaba, 
Mr.  G.  M.  Green,  Professor  C.  C.  Grove,  Professor  H.  E. 
Hawkes,  Professor  E.  V.  Huntington,  Dr.  W.  A.  Hurwitz, 
Dr.  Dunham  Jackson,  Mr.  S.  A.  Joffe,  Professor  Edward 
Kasner,  Dr.  S.  D.  Killam,  Mr.  E.  H.  Koch,  Jr.,  Dr.  D.  D.  Leib, 
Professor  W.  R.  Longley,  Professor  J.  H.  Maclagan-Wedder- 
burn.  Dr.  H.  H.  Mitchell,  Dr.  R.  L.  Moore,  Dr.  F.  M.  Morgan, 
Mrs.  Anna  J.  Pell,  Professor  A.  D.  Pitcher,  Dr.  H.  W.  Reddick, 
Professor  R.  G.  D.  Richardson,  Dr.  J.  E.  Rowe,  Professor  L.  P. 
Siceloff,  Mr.  C.  G.  Simpson,  Mr.  L.  L.  Smail,  Professor  D.  E. 
Smith,  Professor  P.  F.  Smith,  Professor  H.  D.  Thompson, 
Mr.  H.  S.  Vandiver,  Mr.  C.  E.  Van  Orstrand,  Professor  E.  B. 
Van  Vleck,  Professor  Oswald  Veblen,  Mr.  H.  E.  Webb. 
Professor  H.  S.  White,  Mr.  K.  P.  Williams,  Professor  J.  W. 
Young. 

The  President  of  the  Society,  Professor  E.  B.  Van  Vleck, 
occupied  the  chair,  being  relieved  by  Ex-Presidents  White  and 
Fiske.  The  Council  announced  the  election  of  the  following 
persons  to  membership  in  the  Society:  Professor  E.  H.  Jones, 
Daniel  Baker  College;  Mr.  L.  B.  Robinson,  Johns  Hopkins 
University;  Dr.  H.  M.  Sheffer,  Cornell  University;  Dr.  W.  B. 
Stone,  University  of  Michigan;  Professor  F.  B.  Wiley, 
Denison  University.  Six  applications  for  membership  in  the 
Society  were  received. 

Professor  D.  R.  Curtiss  was  appointed  a  member  of  the 
Editorial  Committee  of  the  TraniaeiioTa,  to  succeed  Professor 


-obvGoo»^lc 


49)j  THE   APRIL   UEETINO   OF  THE  SOCIETY.  [Ju'/i 

B6cher,  whose  term  expires  in  October,  1913.  Professor 
P.  F.  Smith  was  appointed  to  succeed  Professor  White,  who 
desires  to  retire  from  the  TrantaetUmg  Committee  at  the  close 
of  the  present  year. 

As  already  announced,  the  summer  meeting  and  colloquium 
of  the  Society  will  be  held  at  the  University  of  Wisconsin 
during  the  week  September  8-13.  It  was  dedded  to  hold 
the  annual  meeting  this  year  in  New  York  City  on  Tuesday 
and  Wednesday,  December  30-31. 

The  following  papers  were  read  at  the  April  meeting. 

(1)  Dr.  E.  L.  Dodd:  "The  error  risk  of  the  median  com- 
pared with  that  of  the  arithmetic  mean." 

(2)  Mr.  P.  M.  Batchelder:  "The  divergent  series  satisfy- 
ing linear  difference  equations  of  the  second  order." 

(3)  Mr.  P.  M.  Batchelder:  "The  hypergeometric  dif- 
ference equation." 

(4)  Mr.  H.  J.  Ettlinger:  "On  a  generalization  of  a 
Sturmian  boundary  problem." 

(5)  Dr.  R.  L.  MooRE:  "Concerning  pseudo-Archimedean 
and  Vollstiindigkeit  axioms." 

(6)  Dr.  J.  E.  Rowe:  "The  relation  between  the  pencil  of 
tangents  from  a  point  to  a  rational  plane  cur\'e  and  their 
parameters." 

(7)  Professor  E.  G.Bill:  "Analytic  curves  in  non-euclidean 
space  (third  paper)." 

(8)  Mr.  Joseph  Slepian:  "On  the  functions  of  a  complex 
variable  defined  by  a  differential  equation  of  the  first  order 
and  the  first  degree." 

(9)  Dr.  Nathan  Altseilleb:  "On  the  cubic  with  a  double 
point." 

(10)  Dr.  C,  F.  Craig:  "Ruled  surfaces  associated  with 
certain  rational  space  curves." 

(11)  Dr.  H.  M.  Sheffer:  "The  generalized  principle  of 
duality  in  Boolean  algebras." 

_      _    jj    Gronwall:  "On  the  maximum  modulus 
function," 
L.  Smail:  "  Note  on  the  summability  of  properly 

LURICE  FiificHET:  "Suf  les  classes  V  normales," 
K>r  Maxihe  B6cher:  "An  application  of  the 
adjoint  systems." 
or  G.  D.  Birkhoff:  "  Note  on  the  gamma  func- 
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(17)  Professor  G.  D.  Birkhoff:  "Solution  of  the  general- 
ized Riemann  problem  for  linear  differential  equations,  and  of 
the  analogous  problem  for  linear  difference  and  ^-difference 
equations." 

(18)  Professor  L.  P.  Eisenhart:  "Transformations  of  sur- 
faces of  Guichard." 

(19)  Professor  E.  V.  Huntington:  "Sets  of  independent 
postulates  for  betweenness  (second  paper)." 

(20)  Professor  A.  D.  Pitcher:  "On  the  connection  of  an 
abstract  set,  with  applications  to  the  theory  of  functions  of  a 
general  variable." 

(21)  Professor  A.  D.  Pitcher:  "Concerning  the  property  A 
of  a  class  of  functions." 

(22)  ProfessorR. G.D.Richardson:  "Oscillation theorems 
for  a  system  of  n  linear  self-adjoint  partial  differential  equa- 
tions of  the  second  order  with  n  parameters." 

(23)  Dr.  H.  H.  Mitchell:  "  On  some  systems  of  coUineation 
groups," 

(24)  Mr.  H.  S.  Vandiver:  "Symmetric  functions  formed 
by  certain  systems  of  elements  of  a  finite  algebra,  and  their 
connection  with  Fermat's  quotient  and  Bernoulli's  numbers." 

(25)  Dr.  C.  A.  Fischer:  "The  derivative  of  a  function  of  a 
Surface." 

(26)  Dr.  C.  T.  Sullivan:  "Properties  of  surfaces  whose 
asymptotic  curves  belong  to  linear  complexes." 

(27)  Dr.  S.  D.  Killam:  "A  note  on  graphical  integration  of 
functions  of  a  complex  variable." 

(28)  Mr.  K.  P.  WiLUAMS:  "On  the  asymptotic  form  of  the 
function  Sf{x)." 

(29)  Mr.  M.  G.  Gaba:  "A  set  of  postulates  for  general 
projective  geometry  in  terms  of  point  and  transformation." 

(30)  Dr.  W.  A.  HuRwiTZ :  "  Postulate  sets  for  abelian  groups 
and  fields." 

(31)  Professor  Edward  Kasner;  "The  interpretation  of  the 
Appell  transformation." 

(32)  Mr.  G.  M.  Green:  "Systems  of  fc-spreads  in  an  n- 
space." 

(33)  Professor  J.  W.  Young:  "A  new  formulation  for 
general  algebra." 

(34)  Professor  J.  W.  Young  and  Dr.  F.  M.  Morgan: 
"The  geometry  associated  with  a  certain  group  of  cubic 
transformations  in  space." 
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Mr.  Slepian  was  introduced  by  Professor  Birkhoff,  Dr. 
Altshiller  and  Dr.  Fischer  by  the  Secretary.  The  papers  of 
Mr.  Batchelder  and  Mr.  Ettlinger  were  communicated  to  the 
Society  by  Professor  Birkhoff,  and  that  of  Dr.  Frfichet  by 
Professor  Bficher.  The  papers  of  Dr.  Dodd,  Mr.  Batchelder, 
Mr.  Ettlinger,  Dr.  Craig,  Dr.  Sheffer,  Dr.  Gronwall,  Mr. 
Small,  Dr.  Frfchet,  Dr.  Sullivan,  Mr.  Williams,  Professor 
Kasner,  Mr.  Green,  Professor  Young,  and  Professor  Young 
and  Dr.  Morgan  were  read  by  title. 

The  second  paper  of  Professor  Pitcher  and  the  paper  of  Mr. 
Williams  appeared  in  full  in  the  June  Bulletin.  Dr.  Killam's 
paper  is  published  in  the  present  number  of  the  Bulletin. 
Dr.  Frfichet's  paper  will  appear  in  the  TranaacHon^. 

Abstract  of  the  other  papers  follow  below.  The  abstracts 
are  numbered  to  correspond  to  the  titles  in  the  list  above, 

1.  It  is  not  at  present  known  what  function  of  the  measure- 
ments the  Gaussian  probability  law  endorses  above  all  other 
functions;  and  perhaps  there  is  no  such  function.  The  arith- 
metic mean  M  oi  n  measurements  can  not  claim  this  distinc- 
tion;*  indeed,  the  error  risk  of  (1  —  XjiO)M  is  less  than  that 
of  M  when  n  is  large  enough. f 

Dr.  Dodd  shows,  however,  that  under  the  Gaussian  law 
the  error  risk  of  the  arithmetic  mean  is  less  than  that  of  the 
median. 

The  median  is  a  function  of  the  measurements  which  lacks 
certain  partial  derivatives  at  some  points,  and  it  can  not  be 
given  a  Taylor  development  about  a  point  with  all  coordinates 
equal.  Thus,  it  is  not  one  of  the  functions  considered  by 
Czuber  in  his  treatment  of  error  risk,  "  Fehlemsiko."J  The 
median,  however,  has  found  considerable  favor  among  biolo- 
gists and  economists;  and  in  certain  non-Gaussian  distribu- 
tions is  probably  superior  to  the  arithmetic  mean. 

2.  The  general  existence  theorem  for  the  theory  of  linear 
difference  equations,  as  worked  out  by  Birkhoff,  is  based  on 
"■"--  ' 1  solutions  of  the  equations  in  terms  of  divergent 

uese  series  are  known  to  exist  only  when  all  the 
he  characteristic  equation  are  dbtinct  from  each 

trand,  CaJcul  des  Probability  (IS89),  p.  180. 
iLLiiTiM,  Felimary,  1913,  p,  223,  inequality  (I). 
bmnlichkeitsrechnung,  I,  p.  276. 
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other  and  from  zero.  The  methods  of  Norlund  and  Galbrun, 
based  on  the  Laplace  transformation,  lead  to  great  difficulties 
in  the  cases  of  equal  or  zero  roots,  while  the  method  of  Btrk- 
hoff  can  be  applied  readily  provided  a  complete  set  of  divergent 
series  has  been  found.  In  the  present  paper  Mr.  Batchelder 
proves  the  existence  of  formal  series  for  equations  of  the 
second  order  in  all  possible  cases.  The  difficulties  of  extending 
these  results  to  equations  of  the  nth  order  are  chiefly  alge- 
braical, and  the  author  hopes  shortly  to  present  a  complete 
discussion  of  the  question. 

3.  In  this  paper  Mr.  Batchelder  makes  a  thorough  study 
of  the  properties  of  difference  equations  of  the  form 

(a,:r  +  bt)f{x  +  2)  +  (a^x  +  tn)f{x  +  1)  +  (otfr  +  6o)/(ar)  =  0, 

including  all  exceptional  cases.  Assuming  first  that  the  char- 
acteristic equation  possesses  two  distinct  finite  roots  different 
from  zero,  analytic  solutions  are  obtained  in  the  well-known 
form  of  definite  integrals  by  means  of  the  Laplace  transform- 
tion,  and  evaluated  (with  Barnes)  in  terms  of  hypergeometric 
series  and  gamma  functions. 

The  equation  is  next  shown  to  admit  of  formal  solution  by 
Si{i)  and  Siix),  two  divergent  power  series  in  1/x  multiplied 
by  exponential  factors.  Four  of  the  definite  integral  solutions 
are  characterized  by  their  asymptotic  forms  as  \x\  approaches 
00,  namely,  gi(x)  «  Si(x)  and  jfe(2)  «  Sj(x)  in  the  left  half 
plane,  and  hi(x)  «  iSi(i)  and  hi(x)  «  S^(x)  in  the  right  half 
plane;  these  are  the  principal  solutions.  The  periodic  func- 
tions by  which  gi(x)  and  giix)  are  expressed  in  terms  of  hi(x) 
and  hi{x)  are  then  determined  explicitly,  and  with  their  aid 
the  asymptotic  forms  of  the  principal  solutions  are  studied  in 
the  complete  vicinity  of  w.  The  so-called  intermediate  solu- 
tions are  obtained  in  explicit  form,  and  the  properties  of  the 
remaining  definite  integral  solutions  are  studied.  The  funda- 
mental properties  of  the  solutions  of  the  equation  having  been 
thus  determined,  other  questions  are  considered,  such  as  the 
conditions  for  reducibility,  etc. 

One  of  the  main  objects  of  the  paper  is  reached  in  the  exten- 
sion of  the  general  theory  to  the  irregular  cases  in  which  the 
roots  of  the  characteristic  equation  are  equal  to  each  other  or 
equal  to  0  or  co.  The  principal  solutions  are  derived,  and  the 
formal  solutions  which  represent  them  asymptotically  for  large 
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values  of  |z|  are  obtained  in  all  cases.  One  interesting  fact 
discovered  is  that  some  of  the  series  proceed  according  to 
powers  of  1/V;r,  aa  in  the  anormal  series  for  differential 
equations. 

4.  In  Mr.  Ettlinger's  paper  the  following  boundary-value 
problem  is  considered: 

ao(X)a{o,  X)  +  M1^)Kia,  X)w'(a,  X) 

=  T(i(X)«(fc,  X)  +  hO^)K(b,  \Wib,  X), 

ai(X)ii{a,  X)  +  0i(\)K(a,  X)«'(a,  X) 

-  yiQ^Mb,  X)  +  hWm,  \)u'(b,  X), 

at0i  —  0<jai  =  Toil  —  Soyi. 

The  existence  of  an  infinite  number  of  characteristic  values 
for  this  system  is  proved  under  the  restriction  that  K  and  G 
decrease  as  X  increases.  Mr.  Ettlinger  makes  use  of  a 
striking  symmetry  which  is  exhibited  by  the  above  equation 
when  we  set  z  =  Ku',  u'  =  Hz,  z'  =  Gu,  where  H  =  IjK. 
The  method  is  that  used  by  Bdcher  and  Birkhoff  in  treating 
similar  boundary-value  problems,  and  is  based  on  Sturm's 
fundamental  theorems  of  oscillation.  The  proof  of  this 
theorem  rests  on  the  fact  that  between  every  pair  of  char- 
acteristic numbers  of  the  associated  Sturmian  system 

aoCX)w(o,  X)  -f-  (3o(X)K(a,  X)w'{a,  A)  =  0, 

7o(X)«(6,  X)  +  h(»K(h,  X)u'(fc,  X)  =  0 

there  is  to  be  found  at  least  one  characteristic  number  of 
the  given  problem.  If  li,  ^,  ...  be  these  characteristic 
numbers  and  Xi,  Xj,  .  .  .  those  of  the  Sturmian  system,  in 
general  two  cases  arise,  according  as  Xtp-i  ^  Ap^  Xip  or 
'^Jp  =  ^v  =.  ^zp+i-     Furthermore,  if 

(ooU  -  OoA,')  -  (to'So  -  ToBo')  ^  0, 

(ai'(3i  -  aij9i')  -  (ti'Si  -  fA')  ^  0, 

(a,^,'  -  a^%)  -  (7i«o'  -  To'«i)  =  0, 
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there  is  only  one  value  id  each  such  interval.    The  means  for 
discrinuDating  between  these  cases  is  found  in  the  appendix. 
An  oscillation  theorem  follows  for  the  roots  of  the  solution 
«pfi(x)  which  corresponds  to  X  =  ?^i. 
The  boundary  conditions  are  then  put  into  a  normal  form 

L[uia,  X)]  =  ki\)L[u(b,  X)],     M[u(.a,  X)]  =  l/ftCX)J/[u(fc,  X)], 

where 

L[uix,  X)]  =  a(X)u(*,  X)  +  $Oi)K(x,  \)u'{x,  X), 
M[uix,  X)]  -  yQi)uix,  X)  +  «(X)X(a:,  X)u'(i,  X), 

and  k  may  be  real  or  complex  with  modulus  1.  For  the 
case  k  real,  a  complete  oscillation  theorem  is  obtained 
for  the  roots  of  X[u^i(x)]  and  M[up+i(x)],  The  special  case 
fc  =  1  requires  consideration,  and  the  resulting  theorem 
yields  two  possibiUties  for  the  roots  of  3f[w^i(a:)].  For  k 
complex,  the  oscillation  theorem  gives  no  specific  information. 

5.  Conader  the  following  axioms: 

Axiom  A.  If  (a)  the  set  of  all  points  of  a  line  I  lying  in  a 
plane  M  be  divided  into  two  subsets  Si  and  Sj  such  that  no 
point  of  iSi  is  between  two  points  of  Sj;  (6)  A  and  B  are  two 
points  lying  in  M  on  the  same  side  of  I;  (c)  the  line  AB  does  not 
separate  every  point  of  Si  (not  on  AB)  from  every  point 
of  Si  (not  on  AB);  (d)  Pi  is  a  point  of  Si  and  Pi  ia  a  point  of 
Si  and  C  is  a  point  lying  in  the  plane  M  on  the  opposite 
side  of  I  from  A  and  B;  then  there  exists  a  point  X  within 
the  triangle  PiCPi  such  that  the  triangle  AXB  contains  at 
least  one  point  of  Si  and  at  least  one  point  of  Sj. 

Axiom  V.  If  the  set  of  all  points  in  a  plane  M  be  divided 
into  two  mutually  exclusive  subsets  Si  and  Si,  then  there 
exists  a  point  X  in  one  of  these  subsets  such  that  every  tri- 
angle containing  X  and  lying  in  M  contains  points  belonging 
to  the  other  subset. 

Let  ^1  denote  Hilbert's  plane  axioms  of  groups  I  and  II,* 
or  Veblen's  Axioms  I-VIII.t  Let  Ht  denote  Hi  together 
with  Desargues's  theorem  (considered  as  an  axiom)  and, 
say,  Hilbert's  Axiom  III  of  parallels. 

Dr.  Moore  shows  that 

•  Gnudtagen  der  Geometric. 

t  TrantwHoiu,  vol.  6  (1904),  No.  3,  pp.  344  and  345. 
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I.  If  a  plane  M  satisfies  Ht  together  with  Axiom  A,  then 
M  is  an  ordinary  euclidean  plane  with  possibly  certain  points 
omitted. 

II.  If  a  plane  M  satisfies  Hi  and  A:dom  A,  then,  though  M 
may  not  be  either  a  euclidean  nor  a  Lobachevskian  plane  with 
respect  to  the  "line"  of  Hitbert's  axioms  or  of  Veblen's 
definitions,  nevertheless  there  exists  in  3f  a  set  of  curves 
such  that  if  they  are  taken  as  the  lines  of  M  then  M  will  be 
an  ordinary  eudidean  plane  (with  perhaps  certain  points 
omitted). 

III.  If  a  plane  M  satisfies  Ht,  Axiom  A,  and  Axiom  V, 
then  it  is  a  categorical  euclidean  plane. 

It  seems  at  least  strongly  probable  however  that  a  plane 
satisfj'ing  Hi  and  V  is  not  necessarily  a  categorical  euclidean 
plane,  though  a  plane  satisf>-ing  Hi  and  "the  Dedekind  cut 
postulate"  (for  every  line  of  that  plane)  would  be  a  categorical 
euclidean  plane.  Thus  there  seems  to  be  a  strong  analogy 
between  the  Axiom  V  and  Hilbert's  axiom  of  completeness. 
Clearly  Axiom  A  has  some  of  the  properties  of  an  Archimedean 
axiom. 

6.  In  Dr.  Rowe's   paper  the  problem  of  discovering  the 
relation  between  the  pencil   of  tangents  from  a  point  to  a 
rational  plane  curve  and  their  parameters  is  attacked  as  a 
purely  algebraic  problem.    The  method  may  be  divided  into 
three  parts:  (1)  the  derivation  of  a  complete  system  of  covar- 
iant  curves  of  the  it"  defined  by  projective  relations  connect- 
ing the  pencil  of  tangents  from  a  point  to  the  A",  and  this 
requires  the  further  development  of  a  certain  type  of  com- 
binant  of  two  binary  forms;  (2)  the  derivation  of  a  complete 
system  of  covariant  cur^'es  of  the  R"  defined  by  projective  re- 
lations connecting  the  parameters  of  the  tangents  from  a  point 
to  the  R";  (3)  a  comparison  of  curves  (1)  and  (2)  is  carried 
— .  :„  j„*-.ji  Iqj  (j,g  ^»  ajjj  j{*^  which  reveals  the  fact  that  no 
)  is  expressible  in  terms  of  the  curves  (2)  alone, 
}  are  cited  to  support  the  belief  that  the  same  sort 
exists  in  the  case  of  rational  curves  of  higher  order, 
ise  of  fl'  we  find  a  Hne,  a  cubic,  and  a  sextic  each 
ssesses  the  property  that  from  any  point  of  it  the  pen- 
nts  to  the  fl'  and  their  parameters  are  projectively 
In  case  of  R*  besides  the  curves  from  which  the 
agents  and  their  parameters  are  projectively  equiva- 
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lent  for  a  certain  set  of  invariants,  we  find  that  from  any  point 
of  the  conic  B  =  0  (in  the  notation  of  previous  papers)  a 
given  invariant  relation  upon  the  pencil  of  tangents  to  the  fi* 
is  equivalent  to  some  other  invanant  relation  upon  their 
parameters,  which  relation  may  easily  be  found  by  the  method 
described. 

7.  This  paper  is  a  continuation  of  the  work  presented  at 
two  meetings  of  the  Chicago  Section  in  which  Professor  Bill 
applies  to  the  problems  of  the  differential  geometry  of  non- 
euclidean  space  the  methods  of  attack  used  by  Study  in 
discussing  similar  problems  in  euclidean  space. 

8.  Mr.  Slepian  considers  the  differential  equation  dyjdx 
=  P{x,  y)IQ(x,  y),  where  P  and  Q  are  polynomials  in  the  com- 
plex variables  x  and  y.  The  integrals  of  such  an  equation 
are  infinitely  many  valued  functions  over  the  x  plane,  the 
singularities  (branch  points  and  poles)  apart  from  the  fixed 
singularities  having  a  certain  uniform  distribution.  In  order 
that  all  the  fixed  singularities  of  the  equation  may  be  of  the  Briot 
and  Bouquet  type,  it  is  necessary  that  the  degree  of  Q  in  x  be 
at  least  two  greater  than  the  degree  of  P  in  x.  With  this 
condition  satisfied  the  following  is  found  to  be  true: 

If  the  equation  admits  an  algebraic  integral,  then  each 
integral  passes  through  some  fixed  singularity  of  the  equation. 
From  this  it  readily  follows  that  if  the  degree  of  i*  in  y  does 
not  exceed  the  degree  of  Q  in  j  by  as  much  as  two,  then  each 
integral  of  the  equation  passes  through  some  fixed  singularity. 
If  each  integral  of  the  equation  passes  through  some  fixed 
s  ngularity,  then  each  pair  of  integrals  must  pass  through  a 
common  fixed  singularity. 

For  a  value  x,  not  the  a:  of  a  fixed  singularity,  let  an  integral 
Y{x)  have  in  its  different  branches  the  values  yi,  y^,  ••  ■;  let 
2i,  2i,  ■■•  be  limit  values  of  y\,  y%,  ■•■;  then  the  integrals 
which  at  the  point  x  take  the  values  zuz^,  ■■■,  are  called  limit 
solutions  of  Y(x).  If  an  integral  does  not  pass  through  a 
particular  fixed  singularity,  then  none  of  its  limit  solutions 
can  pass  through  that  fixed  singularity. 

Any  integral  of  the  equation  has  among  its  limit  solu- 
tions either  an  algebraic  integral,  or  a  system  of  integrals  L, 
having  these  properties:  (1)  any  limit  solution  of  an  integral 
of  the  system  L  is  again  an  integral  of  the  system  L;  (2)  each 
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integral  of  the  system  L  is  a  limit  solution  of  any  other  integral 
of  the  system  L.  No  two  different  L  systems  can  have  an 
integral  in  common. 

In  the  neighborhood  of  a  fixed  singularity,  as  is  well  known, 
the  integrals  are  given  byf(x,  y)*'/g{x,  y)"  =  C,  If  the  ratio  of 
X  to  M  is  not  real,  then  the  integrals  fix,  j/)  =  0  and  gix,  y)  =  0 
are  limit  solutions  of  every  integral  which  passes  through  the 
fixed  singularity.  When  the  ratio  of  X  to  m  is  real  for  none 
of  the  fixed  singularities  of  the  equation,  then  there  cannot  be 
more  than  one  L  system  for  the  differential  equation.  If, 
however,  for  any  of  the  fixed  singularities,  the  ratio  of  X  to  ^ 
is  real,  then  either  there  are  infinitely  many  L  systems  or  alt 
the  integrals  of  the  equation  belong  to  a  single  L  system;  in 
both  cases,  each  integral  of  the  equation  passes  through  some 
fixed  singularity. 

If  the  equation  has  any  integral  which  passes  through  no 
fixed  singularity,  then  there  is  one  and  only  one  L  system. 
Each  integral  of  this  system  passes  through  no  fixed  singularity. 
The  integrals  of  this  system  are  remarkably  like  the  algebraic 
functions  in  their  properties. 

9.  Five  given  coplanar  points  A,  A',  B,  B',  0  are  projected 
from  a  point  M  by  the  involution  of  rays  M(00,  AA',  BB'). 
Dr.  Altstuller  proves  synthetically  that  the  locus  of  3f  Is  a 
cubic  with  a  double  point  at  0,  the  couples  A,  A'  and  B,  B' 
being  couples  of  corresponding  poles  on  the  curve.  The  con- 
struction of  the  curve  leads  to  several  interpretations  of  the 
conic  u  that  is  enveloped  by  the  lines  joining  the  couples  of 
corresponding  poles  on  the  cubic.  The  tangent  to  the  cubic 
at  any  point  L,  the  two  tangents  from  L  to  «,  and  the  line  LO 
form  an  harmonic  set.  With  respect  to  a  point  pencil  of 
conies  having  for  its  base  any  two  couples  of  corresponding 
poles  of  the  cubic,  the  conjugate  of  0  is  on  the  inflexional 
line  0.  Other  relations  of  the  points  of  o  to  the  couples  of 
corresponding  poles  on  the  cubic  and  the  conic  <d  are  con- 
sidered. Incidentally  there  comes  to  light  a  relation  between 
il  of  conies  determined  by  a  complete  quadri- 
ie  three  point  pencils  of  conies  determined  by 
of  opposite  vertices  of  the  quadrilateral,  when 


tional  space  curve  the  lines  joining  corresponding 
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points  of  any  projectivity  define  a  rational  scroll  having  the 
given  cui^e  as  a  component  of  its  nodal  curve.  In  Dr. 
Craig's  paper  conditions  for  coplanar  projectivities  are  deter- 
mined. Tlie  paper  includes  the  rational  separability  of  the 
scrolls  generated  by  joining  a  point  P  to  the  residual  n  —  3 
points  of  intersection  of  the  curve  and  the  osculating  plane  at 
P,  and  a  number  of  other  special  cases. 

11.  In  this  paper  Dr.  Sheffer  proves  a  principle  of  duality 
which  holds  in  Boolean  algebras — "the  algebra  of  logic" — 
when  these  are  determined  by  means  of  any  set  of  relations  or 
operations.  The  well-known  duality  in  terms  of  +,  X,  0,  1, 
and  inclusion  is  shown  to  be  a  special  case.  From  the  theorem, 
proved  in  the  paper,  that  Boolean  algebras  having  more  than 
one  element  cannot  be  determined  by  any  postulate  set  involv- 
ing self-dual  relations  alone,  it  follows  that  Kempe's  "base 
system"  {Proceedings  of  the  LoTidon  MathsmaiKal  Society, 
volume  21,  1890)  and  Royce's  "system  S"  {TTantactiotu, 
volume  6, 1905),  supposed  by  their  respective  authors  to  deter- 
mine Boolean  algebras,  do  so  only  when  the  system  contains  but 
one  element. 

12.  In  this  paper.  Dr.  Gronwall  considers  the  maximum 
modulus  of  a  power  series  with  given  initial  coefficients  and 
gives  quite  elementary  proofs  of  certain  theorems  obtained  by 
Carathfodory  and  Fej6r  (Palermo  Bendiconti,  volume  32, 1911) 
from  considerations  belonging  to  Minkowski's  geopietry  of 
convex  solids. 

13.  In  this  note,  Mr.  Smail  gives  a  very  general  definition 
of  summability,  which  includes  as  special  cases  the  well- 
known  definitions  of  Ces^,  Riesz,  LeRoy,  Borel's  integral  , 
definition,  and  the  definitions  of  the  so-called  Ces&ro-Riesz 
methods  of  Hardy  and  Chapnoan,  and  of  Ruler's  power  series 
method.  It  is  proved  in  a  very  simple  manner  that  no  prop- 
erly divergent  series  can  be  summable  according  to  this 
general  definition  with  finite  generalized  sum,  and  hence  it 
follows  at  once  that  none  of  the  particular  methods  enumerated 
above  will  give  a  finite  generalized  sum  for  such  a  series. 

15.  A  system  consisting  of  an  ordinary  homogeneous  linear 
differential  equation  L(u)  =  0  of  the  nth  order  and  n  bomo- 
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geneous  linear  boundary  conditions  Ui{u)  =  0  at  a  and  b 
has,  as  was  first  pointed  out  in  a  general  manner  by  Birkfaoff 
{Tranaactioiu,  volunie  9  (1908),  page  373),  an  adjoint  system 
M(i))  =  0,  Vi(v)  =  0  of  the  same  character,  which  is  such 
that  Green's  theorem  may  be  written 


T' 


[vLiu)  -  uM(v)]dx  -  UiVt^  +  U^Vm-i  +  ...  +  Ui^Vu 

where  the  I7's  and  V's  with  subscripts  greater  than  n  are  ex- 
pressions of  the  same  sort  as  those  previously  introduced  with 
subscripts  less  than  or  equal  to  n.  By  applications  of  Green's 
theorem  in  this  form  it  may  be  proved,  on  the  one  hand,  that 
the  two  homogeneous  linear  systems  just  mentioned  always 
have  the  same  number  of  linearly  independent  solutions;  and 
on  the  other,  that  a  necessary  and  suffident  condition  that  the 
general  linear  system 

L(u)=r,    U,iu)=yu  ...,  t/,(u)  =  7, 

have  a  solution  is  that  every  solution  of  the  adjoint  system 

3/(r)  =  0,     Fi(r)  =  0,  ...,F,(r)  =  0 

satisfy  the  relation 

jT  vrdx  =  y,Vt.{v)  +  tjF^-iW  +  .  -  ■  +  Tn^ViW- 

These  are  the  main  results  of  Professor  B6cher's  paper.  It 
is  shown  how  the  latter  includes  as  a  special  case  a  similar 
result  of  Mason  (Transactioju!,  volume  7  (1906),  page  337) 
for  the  self-adjoint  system  of  the  second  order;  and  also  how 
they  admit  of  extension  to  systems  of  linear  differential  equa- 
tions of  any  order. 

16.  Professor  Birkhoff's  note  contains  a  proof  of  some  well 
known  formulas;  it  will  appear  in  the  Bulletin. 

17.  In  a  paper  pubhshed  in  1909  {Transactions,  volume  10, 
pages  436-470),  Professor  Birkhoff  formulated  a  generalization 
of  the  Riemann  problem  for  ordinary  linear  differential  equa- 
tions, to  include  the  case  of  irregular  singular  points;  such  an 
extension  was  first  possible  after  the  theorems  of  this  paper. 
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Later  (Tranaactiona,  volume  12  (1911),  pages  242-284)  he 
formulated  the  problem  for  linear  difference  equations  which 
holds,  in  its  field,  a  position  analogous  to  that  of  the  Riemann 
problem  in  the  field  of  linear  differential  equations. 

The  solution  of  these  two  problems  is  effected  in  the  present 
paper  by  a  direct  method  of  successive  approximations. 
The  analogous  problem  for  linear  ^-difference  equations  is  also 
formulated,  and  solved  by  the  same  means. 

IS.  When  a  surface  S  has  associated  with  it  a  surface  S  such 
that  the  two  surfaces  have  the  same  spherical  representation 
of  their  lines  of  curvature,  and  the  principal  radii  of  curva- 
ture pi,  pt',  p\,P7  of  the  respective  surfaces  are  in  the  relation 
PiPi  +  piPi  ~  const.  =|:  0,  then  each  surface  is  said  to  be  a 
surface  of  Guichard  and  the  other  is  its  associate;  these  sur- 
faces are  named  for  the  distinguished  geometer  who  first  con- 
sidered them.  The  determination  of  surfaces  of  Guichard 
requires  the  solution  of  two  partial  differential  equations, 
which  are  of  the  third  order  in  one  dependent  variable  and 
of  the  first  order  in  the  other,  as  Calapso  has  shown. 

Professor  Eisenhart  has  shown  that  there  exist  pairs  of 
surfaces  of  Guichard  which  constitute  the  nappes  of  the 
envelope  of  a  two-parameter  family  of  spheres  on  which 
the  lines  of  curvature  correspond.  In  this  sense  either  surface 
may  be  obtained  from  the  other  by  a  transformation  of 
Ribaucour.  The  determination  of  the  transforms  of  a  surface 
iS  requires  the  solution  of  an  illimitably  integrable  system  of 
partial  differential  equations  of  the  first  order  involving  a 
parameter.  When  one  knows  a  transformation  of  5,  a  trans- 
formation of  the  associate  S  also  is  known.  There  is  a  sub- 
class of  surfaces  of  Guichard,  satisfying  an  additional  differ- 
ential condition  involving  four  arbitrary  constants,  each  of 
which  possesses  the  property  that  it  admits  a  transform  Si 
of  the  same  kind,  involving  the  same  constants,  such  that  the 
plane  determined  by  the  normals  to  S  and  Si  at  corresponding 
points  envelopes  a  surface  applicable  to  a  general  quadric. 
Hence  the  transformations  of  certain  surfaces  of  Guichard  and 
the  deformation  of  quadrics  are  allied  problems.  When  S 
is  of  the  special  class  referred  to  above,  so  also  is  S,  but  the 
constants  are  interchanged.  With  each  surface  of  Guichard 
there  are  associated    «>>  isothermic  surfaces.    The  paper 
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considers  also  the  transformations  of  these  isothermic  surfaces 
arising  from  the  transformations  of  the  surfaces  of  Guichard. 

19.  Professor  Huntington's  paper  is  a  continuation  of  the 
paper  presented  at  the  December  meeting,  and  presents  ax 
different  sets  of  postulates  for  betweenness.  These  six  sets 
are  selected  from  the  following  list  of  ten  propositions,  A-D, 
1-6,  in  which  the  notation  AXB  may  be  read:  "  X  is  between 
A  and  B."  (A)  If  AXB,  then  BXA.  (B)  If  A,  B,  and  C 
are  distinct,  then  at  least  one  of  the  three  relations  ABC, 
BCA.  CAB  is  true.  (O  If  AXY  and  AYX,  then  X  =  Y. 
(Z>)  If  ABC,  then  A,  B,  and  C  are  distinct.  In  the  remaining 
postulates,  1-6,  the  elements  A,  B,  X,  Y  are  supposed  to  be 
distinct.  (1)  If  XAB  and  ABY,  then  XAY.  (2)  If  XAB 
and  AYB,  then  XAY.  (3)  If  XAB  and  AYB,  then  XYB. 
(4)  If  AXB  and  AYB,  then  either  AXY  or  AYX.  (5)  If 
XAB  and  YAB,  then  either  XYA  or  YXA.  (6)  If  XAB 
and  YAB,  then  either  XYB  or  YXB.  These  ten  prop- 
ositions include  all  the  possible  formal  laws  of  betweenness 
concerning  not  more  than  four  distinct  elements.  Postulates 
A-D  are  absolutely  independent,  and  are  common  to  all  the 
sets.  Postulates  1-6  contain  redundancies,  but  all  the  pos»ble 
ways  in  which  any  one  of  these  postulates  can  be  deduced 
from  any  other  postulates  of  the  list  are  explicitly  set  forth  in 
twenty-two  theorems.  The  following  six  sets  are  then  shown 
to  be  the  only  possible  sets  of  independent  postulates  that 
can  be  selected  from  the  basic  list.  I.  A-D,  1,  2.  II.  A-D, 
1,  5.  III.  A-D,  1,  6.  IV.  A-D,  2,  4.  V.  A-D,  3,  4,  5. 
VI.  A-D,  3,  4,  6.  The  paper  contains  twenty-one  examples 
of  pseudo-betweenness  relations,  which  are  used  in  the  proofs 
of  independence. 

20.  In  this  paper  Professor  Pitcher  defines  what  he  calls  the 
connection  of  an  abstract  set.  By  use  of  this  definition  he 
makes  a  contribution  to  the  theory  of  functions  of  a  general 
variable.  He  secures  certain  necessary  and  sufficient  condi- 
tions which  tend  to  show  that  the  notion  connection,  as  here 
defined,  is  fundamental.  The  paper  will  appear  in  the  Amer- 
ican Journal  of  Matkemaiica. 

22.  The  chief  theorem  which  Professor  Richardson  enun- 
ciated is  general  in  its  character,  but  was  stated  for  the  case 
of  two  independent  variables  and  three  equations. 
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Given  three  two-dimensional  regions  on  the  boundary  of 
which  the  functions  Ui{xi,  yi),  itjix^,  yt),  Utixt,  y^)  shall  vanish 
respectively,  and  given  the  equations 


d  (    dui\,    d  (     dui\. 


+  (>iAa+ nAa  +  yAiiiUi^'O     (i=  1,2,3), 

where  Pi  >  0,  qi,  An  are  functions  of  x„  yt;  in  order  that 
solutions  ui,  m,  ut  exist  which  oscillate  ni,  nt,  nj  times  respec- 
tively, it  is  necessary  that  sets  of  constants  Ci"',  Ci"',  Ci"'; 
cj"*,  ci'",  cj*'*;  Cj'",  Cj"',  Cj**'  exist  such  that 

ei'*>^,i  -f-  c,'"^a  +  CgW^,,  =  0 

at  least  for  one  value  of  a:,-,  y„  and  such  that 

for  all  values  .Ty,  y>  and  art,  yt  respectively  (z,  j,  t  =  1,  2,  3; 
i  +  i  +  ft  +  *)•  These  conditions  are  sufficient  for  oi  ^  m',  ' 
Wa  ^  Til',  "a  ^  "j'  (n/  is  a  positive  integer  or  zero;  it  is 
certainly  zero  when  q^  g  0)  if  one  replaces  "  at  least  for  one 
value  of  Xi,  yi"  by  "takes  both  signs." 

This  paper  is  a  part  of  an  article  to  appear  in  the  Maihe- 
matiicke  Annalen, 

23.  Jordan  and  Dickson  have  investigated  a  system  of  linear 
groups  in  p"  variables,  p  being  any  prime,  which  contain  in- 
variant subgroups  of  order  p'"'*''  or  p^"t*.  If  regarded  as  a 
collineation  group,  any  group  of  this  system  contains  an 
invariant  subgroup  of  order  p'",  and  the  quotient  group  is 
isomorphic  with  the  special  abelian  linear  group  on  2m 
indices.  From  the  existence  of  this  system  Dr.  Mitchell 
proves  the  existence,  for  p  an  odd  prime,  of  two  systems  of 
collineation  groups  in  (2)**±l)/2  variables,  which  are  isomorphic 
with  these  quotient  groups.  Ali  three  systems  have  been 
investigated  f or  m  =  1  by  Klein  and  Hurwitz  and  f or  m  =  2 
by  Klein,  Witting,  and  Burkhardt,  particularly  as  regards 
their  relation  to  elliptic  and  hyperelHptic  functions.  The  last 
two  do  not  seem  to  have  been  noticed  before  for  m  >  2. 
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24.  Mr.  Vandiver  considers  symmetric  functions  formed  by 
a  complete  system  of  unit  elements  of  a  finite  algebra,  in 
particular  the  finite  algebra  formed  by  a  complete  system  of 
residues  of  an  ideal  modulus  in  an  algebraic  field;  and  gives  a 
proof  of  the  theorem 

n  {a:  -  f7)  =  ^^.(x*^''  -  !)*<-''■*('•■'  (mod  m), 

m  =  Pi-'A"  ■  ■  ■  Pk",    N(P.)  +  2,    (*  =  1,  2,  ■  ■  ■ ,  it), 

the  P's  being  any  prime  ideals  in  an  algebraic  field  U.  A'(t) 
denotes  the  norm  of  k.  Furthermore,  p,  is  an  integer  in  the 
field  such  that  p.  =  1  (mod  P.")  and  p,  s  0  (mod  mlP,''). 
The  product  extends  over  a  complete  system  of  unit  residues 
modulo  m,  and  x  is  an  indeterminate. 

The  discussion  of  functions  of  the  residues  of  a  rational 
modulus  leads  naturally  to  the  arithmetical  theories  of 
Bernoulli's  numbers  and  Fermat's  quotient,  and  most  of  the 
known  results  relating  to  these  are  derived  by  a  uniform  process 
and  generalizations  are  given. 

25.  In  the  first  part  of  this  paper  Dr.  Fischer  gives  a  defini- 
tion of  the  derivative  of  a  function  of  a  surface  analogous  to 
Volterra's  definition  of  the  derivative  of  a  function  of  a  curve. 
If  the  derivative  exists  and  certain  continuity  conditions  are 
satisfied,  the  first  variation  of  the  function  is  proved  to  be 
equal  to  the  double  integral  of  the  product  of  this  derivative 
and  the  variation  of  the  variable  z,  the  integration  taking 
place  over  that  part  of  the  a^-plane  over  which  the  given 
.!..^a^  u  Ai,fir,i,A     T»  ;.,  also  proved  that  the  derivative  must 

a  surface  which  minimizes  the  value 
[n  the  last  part  of  the  paper  oniy  those 
admissible  which  give  fixed  values  to 
.  The  definition  of  the  derivative  of 
I  of  these  surfaces  is  modified  appro- 
ras  mentioned  above  are  proved  for 
■faces  also.  When  the  functions  eon- 
means  of  double  integrals  the  theory 
ting  application  to  the  double  integral 
of  variations. 

Sullivan  applies  the  theory  of  surfaces 
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as  developed  by  Professor  Wilczynski  (Tranaactuyru,  1907  to 
1912)  to  a  study  of  the  non-developable  surfaces  whose 
asymptotic  curves  belong  to  linear  complexes. 

It  is  found  that:  the  ruled  surfaces  have  straight  line 
directrices,  a  result  due  to  A.  Peter  but  established  by  a  method 
entirely  different  from  that  used  here.  The  curved  surfaces 
are  the  envelopes  of  either  of  two  one-parameter  families  of 
ruled  surfaces,  having  straight  line  directrices,  which  belong  to 
complementary  reguli  of  a  directrix  quadric.  They  are  the 
integrating  surfaces  of  a  canonical  system  of  non-involutory 
completely  integrable  partial  differential  equations  of  the 
second  order  characterized  by  the  following  equations  for  the 
fundamental  invariants: 

1.  a'  =  0,  b  =  UV,  (ruled  surfaces), 

2.  a'  =  b  =   "itJ'V'JiU  +  V),     (curved  surfaces), 

where  V  and  V  are  arbitrary  functions  of  the  asymptotic 
parameters.  A  geometrical  construction  is  found  for  surfaces 
having  the  property  in  question. 

Special  applications  are  made  to  certain  organic  curves 
and  congruences  of  the  surfaces,  to  the  loci  of  the  pinch  points 
of  the  Cayley  cubic  scrolls  osculating  the  ruled  surfaces,  and  to 
the  ruled  surfaces  whose  asymptotic  curves  are  twisted  cubics. 

29.  Since  geometries  are  classified  according  to  their  char- 
acteristic transformations,  it  would  seem  that  a  natural  method 
of  postulating  a  geometry  would  be  in  terms  of  point  and 
transformation.  This  is  done  in  Mr.  Gaba's  paper  for  general 
projective  geometry.  The  basis  is  a  set  of  elements  called 
points  and  a  set  of  transformations  of  points  to  points  called 
coUineations.  Eight  postulates  upon  points  and  collineations 
are  given,  from  which  are  derived  as  theorems  the  axioms  listed 
by  Veblen  and  Young  in  their  Projective  Geometry. 

30.  Dr.  Hurwitz  states  a  slightly  altered  form  of  his  set  of 
two  postulates  for  abelian  groups  {Annals  of  Mathematics, 
second  series,  volume  8  (1907),  page  94),  and  with  this  as 
basis,  constructs  a  set  of  five  postulates  for  fields,  thus  reducing 
by  two  postulates  the  smallest  number  used  hitherto.  Con- 
sistency and  independence  are  discussed  for  classes  of  count- 
ably  infinite,  continuously  infinite,  and  specified  finite  numbers 
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of  dements.  As  an  incidental  result,  a  simple  type  of  finite 
commutative  non-assodative  linear  algebras  is  found,  ad- 
mitting unique  division  by  non-zero  elements,  but  not  con- 
taining idemfacient  elements. 

31.  The  Appell  transformation,  consisting  of  a  projective 
transformation  of  the  space  coordinates  together  with  a  certain 
change  in  differential  of  the  time,  converts  any  field  of  force 
into  another  field.  The  trajectories  of  the  two  fields  are 
projectively  related,  but  the  forces  themselves  are  not  so 
related.  Professor  Kasner  finds  the  explicit  geometric  con- 
nection of  the  corresponding  forces. 

32.  According  to  the  general  method  of  Professor  Wilczyn- 
ski,  the  projective  geometry  of  a  given  configuration  may  be 
studied  by  means  of  a  completely  integrable  system  of  differ- 
ential equations,  of  which  the  integral  equations  defining  the 
configuration  form  a  fundamental  system  of  solutions.  In 
the  present  note,  Mr.  Green  points  out  that  in  connection  with 
a  given  completely  integrable  system  of  differential  equations 
a  number  of  different  geometric  configurations  may  be  studied; 
in  particular,  he  cites  the  projective  geometry  of  certain 
systems  of  ^-spreads  in  an  r-spread  immersed  in  an  n-space. 
Thus,  in  ordinary  space,  the  theories  of  triple  systems  of 
surfaces,  of  a  single  sj'stem  of  surfaces,  and  of  a  congruence 
of  curves,  are  all  founded  on  the  consideration  of  the  same 
completely  integrable  system  of  differential  equations,  proper 
transformations  being  made  In  each  case. 

33.  Professor  Young's  paper  is  a  modification  and  an  exten- 
sion of  the  paper  presented  by  him  to  the  Society,  December 
2S,  1911,  under  the  title  "On  algebras  defined  by  groups  of 
transformations"  (see  Bulletin,  volume  18  (February,  1912), 
page  227).  In  the  present  paper  he  considers  a  system  (2,  ®), 
where  S  is  a  general  class  of  elements  (a,  b,  c,  ■  ■  ■)  and  @  is  a 
set  of  transformations  on  2  to  2,  with  the  property  that  corre- 
sponding to  every  element  a  of  2  there  exists  uniquely  a  trans- 
formation Ga  of  @.  He  defines  an  operation  O  by  the  relation 
Ga{b)  =  a  O  6.  @o  is  then  represented  by  the  relation  a/  = 
aO  X,  where  x  is  a  variable  ranging  over  2 ;  and  @  is  the  set  of 
transformations  x'  "  aO  x,  where  the  parameter  a  ranges  over 
2.    The  relations  x'  =  x  O  a  constitute  the  adjoint  set  @  of 
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transfonnations.  If  @  is  a  group,  @  is  also  a  group,  called  the 
adjoint  group.  The  operation  O  thus  defined  between  ordered 
pairs  of  elements  of  S  is  very  general.  It  may  or  may  not  be 
one-valued,  or  associative,  or  commutative;  the  inverse 
operations  may  or  may  not  exist  and,  if  existent,  may  or  may 
not  be  one-valued;  there  may  or  may  not  exist  identity  ele- 
ments (i.  e.,  elements  i,  or  U  such  that  aOi,  =  a  ori\Oa  =  a 
for  every  a) ;  etc.  These  and  similar  properties  are  implied  by 
certain  properties  of  the  system  (S,  ®),  which  may  be  stated 
readily  in  the  terminology  of  the  theory  of  transformations. 
The  author  lists  fotuteen  such  properties  and  analyses  their 
logical  interdependence. 

An  algebra  is  obtained  by  the  combination  of  two  or  more 
such  elementary  systems  (2,  ®)  which  are  connected;  i.  e.,. 
by  a  system  (2,,  ®i;  2i,  ®i;  ■■■)ia  which  2i,  2,;  -  ■  ■  have 
common  elements.  Properties  connecting  two  or  more  ele- 
mentary systems  of  an  algebra  lead  to  relations  connecting 
the  corresponding  operations.  Thus  necessary  and  suffitnent 
conditions  are  obtained  in  order  that  one  operation  be  dis- 
tributive with  respect  to  another,  either  in  the  ordinary  or  in  a 
generalized  sense  (cf.  abstract  of  earlier  paper  cited  above). 

The  theory  thus  developed  may  readily  be  applied  in 
various  directions.  As  a  very  elementary  application  von 
Staudt's  algebra  of  points  on  a  line  is  obtained.  By  consider- 
ing operations  defined  by  systems  (2,  @)  in  which  2  are  the 
points  of  a  projective  plane  and  ®  is  a  group  of  coUineations, 
the  author  shows  that  the  adjoint  group  may  be  either  a  group 
of  coUineations,  or  a  group  of  Cremona  transformations  of 
degree  n,  or  a  group  of  transcendental  transformations.  He 
applies  the  results  to  the  determination  of  all  point  algebras 
in  a  plane  having  two  operations  +  and  ■  satisfying  the  associa- 
tive, commutative,  and  distributive  laws  of  ordinary  algebra, 
in  which  the  transformations  x'  =  a-\-  x  and  x'  =  a-x  are 
coUineations.  He  finds  that  in  the  complex  plane  there  are 
only  two  essentially  distinct  algebras  of  this  kind;  whereas  in 
the  real  plane  there  are  three  such  algebras,  one  of  which  is,  of 
course,  isomorphic  with  the  algebra  of  ordinary  complex 
numbers. 

34.  In  a  paper  presented  to  the  Society,  December  28, 
1911,  entitled  "a  generalization  to  3-space  and  to  n-space  of 
the  inversion  geometry  in  a  plane  "  (cf.  Bulletin,  volume  18 
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(1912),  page  229),  Professor  Young  called  attention  to  a  set  of 
groups  &„  of  Cremona  transformations  in  n-space,  which  for 
n  =  2  reduced  to  the  group  of  direct  circular  transforms  in  a 
plane.  In  the  present  paper  Professor  Young  and  Dr.  Morgan, 
after  indicating  a  further  generalization  of  these  groups, 
present  a  more  systematic  investigation  of  the  geometrj' 
defined  by  @a.  This  group  is  defined  geometrically  as  follows : 
Given  a  triangle  UiUtUi  (which  for  convenience  of  reference 
is  chosen  at  infinity)  and  a  projectiyity  in  each  of  the  penals 
of  planes  on  the  sides  of  this  triangle,  a  point  P  (not  at  co) 
determines  uniquely  a  plane  in  each  of  these  pencils;  if  the 
projeetivity  transforms  these  planes  into  three  planes  meeting 
in  a  point  P',  P  and  P'  are  equivalent  under  a  transformation 
of  @i.  All  the  transformations  of  Oj  are  obtained  by  varjing 
in  all  possible  ways  the  projectivities  in  the  pencils  of  planes 
referred  to. 

The  "space"  of  the  geometry  consists  of  all  "ordinary" 
points,  that  is  points  in  the  ordinary  sense  not  at  oo  ;  and  of 
ail  "ideal"  points  defined  as  follows:  a  point  U,  (i  =  1,  2,  3) 
with  any  line  through  Ui,  not  at  oo ,  is  an  ideal  point  of  tlie  first 
kind;  a  side  of  the  triangle  UiUiUi  and  any  plane  through 
this  side  is  an  ideal  point  of  the  second  kind;  the  plane  at 
infinity  is  the  ideal  point  of  the  third  kind.    In  this  space  the 
transformations  of  @i  are  one-to-one  without  exception.    The 
transformations  are  cubic  except  when  an  ideal  point  of  the 
second  kind  is  invariant,  in  which  case  they  are  quadratic; 
and  when  oo  is  invariant,  in  which  case  they  are  linear.     The 
simple  one-dimensional  elements  of  the  geometry,  the  so-called 
characteristic  curves,  are  in  general   twisted  cubics  through 
Ui,  Ui,  and  Ui.     For  further  details  see  abstract  of  earlier 
paper  cited  above.     The  simple  two-dimensional  elements  of 
the  geometry,  the  so-called  characteristic  surfaces,  are:  (1) 
any  cubic  surface  with  conical  points  at  Uj,  Ui,  and  J7a  and 
one  free  conical  point  (the  "vertex"  of  the  surface).     If  the 
vertex  of  the  surface  is  an  ideal  point  of  the  first  kind  at  Ui 
the  surface  has  a  binode  at  f/,;  (2)  any  quadric  cone  through 
Uz  with  vertex  (the  "vertex"  of  the  surface)  at 
point  or  on  a  side  of  the  triangle  UiUiUs  (in  the 
Le  "vertex"  is  an  ideal  point  of  the  second  kind); 
!  not  on  Ui,or  Ui.or  U^  (in  this  case  the  "vertex" 
»).     Among  the  theorems  derived  may  be  men- 
two  characteristic  surfaces  are  equivalent  under 
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@s.  The  vertex  and  any  other  three  points  (in  general  posi- 
tion) of  a  characteristic  surface  uniquely  determine  the  sur- 
face. A  characteristic  curve  through  the  vertex  and  two  other 
points  of  the  surface  lies  completely  on  the  surface. 

F.  N.  Cole, 
Secretory. 


THE  TWENTY-THIRD  REGULAR  MEETING  OF  THE 
SAN  FRANCISCO  SECTION, 

The  twenty-third  regular  meeting  of  the  San  Francisco 
Section  of  the  Society  was  held  at  the  University  of  California, 
on  Saturday,  April  12,  1913.  The  following  members  of  the 
Society  were  present: 

Mr.  B.  A.  Bernstein,  Professor  H.  F.  Blichfeldt,  Dr.  Thomas 
Buck,  Professor  G.  C.  Edwards,  Mr.  W.  F.  Ewing,  Professor 
M.  W.  Haskell,  Professor  L.  M.  Hoskins,  Dr.  Frank  Irwin, 
Professor  D.  N.  Lehmer,  Professor  W.  A.  Manning,  Professor 
H.  C.  Moreno,  Dr.  L.  I.  Xeikirk,  Professor  E.  W.  Ponzer, 
Professor  T.  M.  Putnam. 

Professor  G.  C,  Edwards  presided  at  both  morning  and 
afternoon  sessions.  It  was  decided  to  hold  the  next  regular 
meeting  of  the  Section  at  Stanford  University,  on  October  25, 
1913. 

The  following  program  was  presented: 

(1)  Mr.  B.  A.  Bernstein:  "A  set  of  postulates  for  the 
algebra  of  positive  rational  numbers  with  zero." 

(2)  Professor  H.  F.  Buchfeldt:  "On  the  arithmetic  value 
of  quadratic  forms." 

(3)  Dr.  L.  I.  Neikirk:  "The  analytical  geometrj'  of  func- 
tional space." 

(4)  Professor  T.  M.  Putnam:  "Concerning  the  residues  of 
certain  sums  of  powers  of  integers  to  a  prime  modulus." 

(5)  Dr.  H.  W.  Stager:  "A  geometrical  transformation, 
with  some  applications  to  certain  systems  of  spheres." 

Abstracts  of  the  papers  follow  below. 

1.  In  volume  3  of  the  TraTuadiong,  Professor  Huntington 
gives  a  set  of  postulates  for  the  positive  rational  numbers. 
By  modifying  Professor  Huntington's  set,  Mr,  Bernstein  ob- 
tains a  complete  set  of  postulates  for  the  algebra  of  positive 
rational  numbers  with  zero. 
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2.  I*t/  be  a  positive  definite  quadratic  form  in  n  variables 
and  of  determinant  D.  The  following  theorem  has  been 
proved  by  Hermite:  such  a  set  of  integers,  not  all  zero,  may 
be  substituted  for  the  variables  that  the  value  of/  is  less  than 
or  equal  to  ^Z)"",  where  7  is  a  number  which  depends  upon 
n  only.  Various  approximations  to  y  have  been  found,  that 
given  by  Minkowski  being  the  smallest  for  large  values  of  n. 
Professor  Blichfeldt  proves  that  Minkowski's  value  for  y  may 
be  divided  by  a  number  which  approaches  v'2  for  large  values 
of  n. 

3.  In  a  paper  presented  to  the  International  Congress  of 
Mathematicians  for  1906  M.  Fadoa  defines  all  euclidean  geo- 
metrical concepts  in  terms  of  two,  the  point  and  the  distance, 
which  were  left  undefined,  but  subjected  to  certain  postulates. 
In  two  papers  in  the  Nouvellef  Annalet  M.  Frfchet  defines  the 
point  by  an  infinite  set  of  numbers  Xi,  xt,  Xt,  •  •  ■  (or  for  short  x) 
and  the  distance  between  the  two  points  (:r,  y)  =  ^2{xi  —  yi)*. 
These  satisfy  the  postulates  of  M.  Padoa  and  give  a  generaliza- 
tion of  n-dimensional  euclidean  geometry. 

Dr.  Neikirk  with  Kowalewski  defines  the  point  by  a  func- 
tional coordinate,  z{J),  a  ^j  ^b  (or  0  ^j  ^  1),  and  the 
distance  (x,  j/)*=J/[i(0  —  }/(J)]'dj,  and  by  using  generaliza- 
tions of  M.  Padoa's  definitions,  gets  a  generalization  of  M. 
rrfichet's  geometry. 

The  TE^imensional  plane  is  defined  and  shown  to  be  ab- 
stractly identical  with  n-dimensional  euclidean  space,  and  the 
00 -dimensional  plane  is  also  defined  and  shown  to  be  abstractly 
identical  with  Frfichet's  space. 

The  functional  space  has  still  higher  forms  analogous  to  the 
plane.  The  integral  equation  becomes  interpretable  as  the 
generalization  of  the  theorem  that,  in  space  of  n  dimensions,  n 
planes  of  n  —  1  dimensions  intersect  in  a  »agle  point,  pro- 
vided the  determinant  formed  from  the  coefficients  of  the 
coordinates  in  their  equations  is  not  zero. 

The  paper  also  considers  some  other  properties  of  this  space. 
The  important  results  in  the  paper  are  the  integral  relations 
which  are  pointed  out  and  the  method  of  their  proof  suggested 
by  analogy  to  euclidean  geometry. 

2"  —  1 

4.  The  question  of  whether  or  not  the  congruence  

■  0  (mod  p)  is  ever  possible,  may  be  made  to  depend  on  the 
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congruence   1*^  +  2*^  +•■•  +  (  ^—^ —  1       =0  (mod  p). 

Professor  Putnam  discusses  the  general  congruence  of  this  type, 

V+  2'+  •  •  •  +  (  -  ^-  ■  )  ^  o  (mod  p),  and  shows  that  by 

expressing  a  as  a  fraction  it  may  be  given  a  value  for  any  fixed 
r  (less  than  p)  that  is  independent  of  p. 

5,  In  a  paper  in  the  Proceedings  of  the  Edinburgh  Mathe- 
maiic(U  Society,  Professor  Allardice  considered  a  geometrical 
transformation  in  the  plane,  tan  i[v  =  k  tan  Ji?,  where  tf  is 
the  angle  formed  by  the  enveloping  tangents  of  a  curve  with 
a  given  straight  line  /,  the  axis  of  transformation,  and  ip  is 
the  angle  formed  by  /  and  t,  a  system  of  lines  through  the 
intersection  of  I  and  (,  which  envelop  the  transformed  curve  of 
c.  In  the  present  paper,  Dr.  Stager  con^ders  analytically 
a  similar  transformation  in  space  and  applies  it  to  certain 
systems  of  spheres.  The  method  of  transformation  applied 
to  space  is  as  follows:  Let  a  be  a  given  plane  and  P  be  any 
solid.  Further,  let  a  plane  ff  be  tangent  to  P  and  intersect  a 
la  i,  making  with  a  an  angle  &.  If  through  i  we  draw  a  plane 
0',  making  with  a  an  angle  <p,  such  that  tan  ^v  =  k  tan  Jtf, 
the  envelop  of  fi'  is  defined  as  the  "transform  of  P."  The 
paper  concludes  with  a  number  of  applications  of  the  method. 
W.  A.  Manning, 
Secretary  of  the  Section. 


THE  TOTAL  VARIATION  IN  THE  ISOPERIMETRIC 
PROBLEM  WITH  VARIABLE  END  POINTS. 


L.   H.    CSATHORNE. 


In  the  simple  problem  of  the  calculus  of  variations, 

J  =  J    F{x,  y,  x',  y')dt  =  minimum, 

the  total  variation  can  be  expressed  as  an  integral  of  which 
the  integraad  b  the  Wderstrassian  ^-function.  It  is  the 
object  of  this  note  to  express  in  a  similar  way  the  total  vari- 
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atioa  for  those  isoperimetric  problems  in  which  the  so  called 
Weierstrassian  construction  is  possible. 

L«t  ki:  X  =  a:i(u),  y  =  yi{u)  and  kji  x  =  art{r),  y  =  yt(«) 
be  two  given  curves  lying  wholly  or  partly  in  the  region  R  of 
the  problem  but  not  intersecting  in  this  region.  The  calculus 
of  variations  problem  under  discussion  is 


J  =  J^f{x,  y,  x',  y')di  =  min. 
K  =  j^G(x.y,x',y')dt=l 


Suppose  that  Co:  x  =  x(t),  y  =  ^(0  is  a  minimizing  curve 
intersecting  the  curves  ki  and  ki  in  1  and  2  (figure).    Co 


will  be  one  of  a  two  parameter  family  of  extremals  which 
are  solutions  of  the  Euler's  equation  for  the  problem 

J  =  fH{x,  y,  x',  y')dt  =  min.,     H  =  F+\G, 

and  which  intersect  ki  transversally.    Let  the  equations  of 
this  family  be 

X  =  p(w,  X,  0,   y  =  H»,  X,  0, 

intersecting  ii  for  (  =  li.     From  these  we  have 

Co:    X  =  x{t)  =  <p(ua,  \o,  t),    y  =  y(0  =  f  ("o,  Xo,  0- 
Let 

xiu,Kt)^f^G(x,y,x',y')dt 
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and  consider  in  the  usual  way  the  space  curves 

X  =  ,p(u,  X,  0,   y  =  Hu,  X,  0,   2  =  x(«,  X,  (). 

Since 

x(«,  X,  (i)  =  0 
these  curves  will  all  intersect  ki  and  they  can  be  shown  to  fill 
a  portion  of  space  and,  with  the  exception  of  points  on  ki,  to 
form  a  field  R'.  Let  Co'  be  the  space  corresponding  to  Co- 
Suppose  C:  X  =  x(t),  y  =  y(r)  to  be  any  other  curve  con- 
necting k\  with  ki  for  which  K  ~  I.  Let  C"  be  the  corre- 
sponding space  curve  which,  since  the  Weierstrassian  con- 
struction is  possible,  will  lie  in  R'.    The  equations  of  C  are 

x  =  £{t),    y='y{T), 

z=  z{T)=j^G(£,y,£',y')dl. 

Now  let  the  point  P  (figure)  move  from  3  to  2,  taking  the 
path  34  along  C,  then  42  along  kt.  '  First  considering  P  as 
a  point  on  C,  there  will  be  one  extremal  5P  through  P  cutting 
ii  transversely  for  which  KiP  =  Ktp.  We  consider  in  the  usual 
way*  Jip  +  Jp4,  and  find 

Following  the  point  P  from  4  to  2  along  tj,  consider  the  int^ral 
J  along  the  extremals  which  cut  ki  transversely  and  for  which 
K  =  I.  Let  Q  be  the  intersection  of  these  extremals  with  Ai, 
then  as  P  moves  from  4  to  2,  Q  will  move  from  6  to  1.  The 
integral  J^^  is  a  function  of  the  parameter  v,  and  using  the 
field  integral  notatJon.f 

Jqf  =  W{xt{v),  yi(v),  z). 

Since  z  is  constant  and  equal  to  I, 

The  arguments  of  IIi-  and  H^  are  Xiiv),  ytiv),  and  x'  and  y' 

*  Bolia,  VarUtiouarechDuiig,  p.  £07. 
t  Ibid.,  p.  504. 
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for  the  extremal  QP  at  its  intersection  with  h.  Let  Jq^  =  S{v) ; 
then 

Jh  =  Siv,),    J^  =  Jit  =  Siv,), 

j^-j^=-  {S{Tt)  -  s{v,)\ = -  xr^dp 

and  we  have  for  the  total  variation 

AJ  =  Ji-  J^=  j^*EdT-£'[x,'H^  +  yi'H^]dv. 

At  the  point  2,  Co  cuts  kt  transversally,  that  is, 

xt'{v)H,.  +  yt'{v)HA'  =  0, 

and  in  this  problem,  as  in  the  simple  problem  of  the  calculus 
of  variations,  we  are  led  to  a  study  of  the  sign  of  E  along  the 
extremal  Co  when  considering  sufficient  conditions. 


A  NOTE  ON  GRAPHICAL  INTEGRATION  OF  A 
FUNCTION  OF  A  COMPLEX  VARIABLE. 

BT  DH.  8.  D.  XILLAH. 

(Read  before  the  AmericBD  Mathematic&l  Society,  April  26,  1913.) 

The  object  of  this  paper  is  to  give  a  shorter  and  purely 
graphical  method  for  graphical  integration  than  that  of  the 
author  in  his  thesis*  on  graphical  integration  of  functions  of  a 
complex  variable. 

We  can  represent  a  function  /(z)  of  the  complex  variable 
z  =  re'*  in  the  /(zl-plane  by  a  system  of  orthogonal  curves 
r  =  r„  (n  =  0,  1,  •  ■  ■,  n)  and  6  =  8»  (,n  =  0,  I,  ■  ■  •.  n).  We 
choose  the  values  r»  and  d„  so  that  the/(z)  plane  is  covered  by 
a  net  of  small  squares.  We  seek  now  a  graphical  representa- 
tion in  the  Z  =  X  +  t  F-pIane  of  the  function  Z  =  J^   f{z)dz, 

*  "  trber  graphische  Integration  von  Funktionen  einer  complexen  Vaxia- 
beln  mit  epeiiellen  Anwendun^n,"  Disaertation,  GOttingen,  1S12.  Re- 
ferred to  in  tbifl  paper  as  "thesis." 
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i.  e.,  we  seek  the  curves  r  =  rn  and  6  ^  dn'm  our  Z-plane.  If 
we  integrate  /(z)  from  z  =  0  to  2  =  r„e'*"  along  the  curve 
or  path  6  =  8„we  have 

X+iY=  Z~  S^K^)dz  =  Si'  !«(r,  fl»)+"Cr,  C«)  Mm"" 

=  e'*-[j7-M(r,(»,)d7-  +  iX*''('-,«-)dr], 

where /(?)  -  u{r,  d)  +  ir(r,  fl). 

Now  u(r,  fl,)  and  r(r,  fl„)  are  functions  of  thereat  variable  r, 
which  we  can  represent  graphically  in  a  u  —  r  and  a  «  —  r 
plane;*  and  then  integrate  graphically  in  order  to  find  the 
values  of  jl'vdr  and  Jj^'rdr  (n  =  0,  1,  2,  ■  ■  -,  n),t  In  our 
Z=  X  +  iy-pIane  we  draw  the  Judr  and  JvdT  axes. so  that 
the  flbgle  between  the  X  axis  and  the  J  udr  axis  is  Bn.  (See 
figure.) 


From  equation  (1)  we  see  that  the  factor  «'*"  means  that  the 
X  axis  must  rotate  through  an  angle  of  9,  in  order  to  coincide 
with  the  J  udr  axis. 

IntheJ  Wr~  J^trfr  plane  we  mark  the  points  flo,iii,  •••,R,t 
with  the  coordinates  J^'udr  and  Jl'vdr  (n  =  0,  1,  2,  ■  •  ■,  n). 
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These  values  we  get  from  our  graphical  integration  of  the 
functions  it  and  t,  and  they  can  be  measured  and  earned  over 
to  the  fvdr  —  fvdr  plane;  or  by  having  our  Judr  —  ftdr 
plane  on  transparent  paper,  we  can  mark  off  the  coordinates  of 
the  points  Ro,  Ri,  •  ■  ■,  R„  without  the  work  of  measuring  these 
values.  This  second  method  also  eliminates  a  small  probable 
error  in  measurement. 

Through  the  points  flo,  fli,  ■  ■  ■ ,  R»  we  draw  a  smooth  curve, 
and  thb  is  our  required  curve  fl  =  fl,  in  the  J^f(z)dz  plane. 
In  the  same  way  we  get  the  curves  0  =  9^,  ■••,  On-i-  Through 
the  points  r^  on  each  curve  ^  =  9,  (n  =  0,  1 ,  ■  ■  ■ ,  n)  we  draw 
a  smooth  curve,  and  have  a  net  of  small  squares  covering  the 
Z-plane  which  is  the  graphical  representation  of  the  function 

z  =  f^mdz. 

Univbrsitt  of  Rocbbster. 


THE    UNIFICATION    OF  VECTORIAL  NOTATIONS' 

BT  VBOFESBOR  EDWIN  BtDWELL  WILSON. 

The  unification  of  vectorial  notations  has  taken  several 
steps  during  the  past  year,  but  whether  the  steps  be  back- 
ward or  forward,  sideways  or  up  in  the  air,  would  be  difficult 
to  say. 

1.  One  step  was  forced.  A  report  from  the  international 
committee  on  vector  notations,  appointed  at  Rome  in  1908 
with  instructions  to  lay  its  recommendations  before  the  con- 
gress at  Cambridge  in  1912,  fell  due.  A  member  of  that 
committee,  though  not  in  attendance  at  the  congress,  I  am 
unable  to  state  whether  or  not  any  report  was  made;  but  I 
believe  that  an  extension  of  time  until  1916  was  asked  and 
granted.  So  far  as  I  am  aware  the  committee  apparently 
did  not  organize  prior  to  the  meeting  in  Cambridge  last  summer, 
and  except  for  desultory  publication  on  vectors  by  a  few 
members  of  the  committee,  there  had  been  no  inside  activity 
which  could  lead  to  a  report.  It  does  not  appear  therefore 
that  much  of  a  step  in  any  direction  during  the  past  year  or 
le  by  the  Mme  title 


-obvGoo»^lc 


1913.]        UNIFICATION   OF   VECTOKIAL   NOTATIONS.  525 

the  last  four  years  can  be  attributed  to  the  committee.    It 
may  be  that  something  more  definite  will  develop  in  1916. 

2.  In  the  past  four  years  there  has  been  very  great  activity 
in  the  use  of  vector  methods  in  Italy.  Following  the  lead  of 
Burali-Forti  and  Marcolongo,  and  using  their  notation,  a 
large  number  of  mathematicians  have  there  printed  a  great 
variety  of  articles  on  vector  analysis  and  particulariy  on  its 
applications  to  geometry  and  physics.  The  publishing  house 
of  Mattei  and  Co.  in  Favia  sent  out  a  circular  last  summer 
announcing  the  proximate  appearance  of  a  work  on  Analyse 
vectorielle  g4n£rale  consisting  of  three  volumes:  1°.  Trans- 
formations lin^aires  (published,  1912);  2°.  Applications 
physico-m^aniques;  3°.  Hydrodynamique. 

The  recent  vectorial  activity  in  Italy,  and  the  appearance 
of  such  a  general  work  as  this,  will  do  much  toward  fixing 
the  notations  of  Burali-Forti  and  Marcolongo  in  Italian 
literature  (although  there  are  in  Italy  eminent  students  of 
Grassmann's  methods,  such  as  A.  del  Re),  It  may  be  recalled 
that  their  notations  are:  italic  type  for  scalars,  italic  heavy 
type  as  a  and  i  for  vectors,  the  lai^e  cross  as  aXi  for  the 
scalar  product  of  two  vectors,  the  large  caret  as  a  A '  for  the 
vector  product,  and  a  great  variety  of  non-algebraic  symbolism 
connected  with  the  linear  vector  function. 

As  these  notations  are  different  from  those  in  vogue  in 
Germany  (system  adopted  in  the  German  edition  of  the 
mathematical  encj'clopedia),  different  from  those  in  use  here 
in  America  (Gibbs's  notations  must  have  been  pretty  well 
popularized  by  Coffin's  Vector  Analysis  if  not  by  my  edition 
of  Gibbs's  lectures),  and  different  from  the  notations  now 
introduced  in  the  French  edition  of  the  mathematical  en- 
cyclopedia (see  below),  there  is  no  apparent  gain  in  uniformity 
of  notations  attributable  to  these  Italian  activities, — although 
the  attendant  adoption  and  use  of  vectorial  methods  and  ideas 
has  made  for  a  distinct  advance  of  internationalization  and 
uniformity  in  points  of  \Hew.  Something  valuable  has  thus 
been  accomplished, 

3.  In  the  Bulletin  of  the  International  Association  for 
Promoting  the  Study  of  Quaternions  and  Allied  Systems  of 
Mathematics,  June,  1912,  Dr.  IVIacfariane,  president  of  the 
association,  who  believes  that  no  satisfactory  system  of  no- 
tations can  be  devised  adventitiously,  but  only,  if  at  all,  b^'  a 
study  of  fundamental  principles,  has  published  a  thirty-five 
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page  essay:  "A  system  of  notation  for  vector  analysis;  with  a 
discussion  of  the  underlying  principles."  As  this  essay  ac- 
complishes what  its  title  professes,  namely,  a  thorough 
analysis  of  those  principles  which  its  author,  a  most  dis- 
tinguished expert  in  the  field,  regards  as  fundamental,  and  the 
elaboration  of  a  system  of  notation  upon  this  analysis  as 
foundation,  the  work  de3er\'es  wide  circulation  among  students 
of  vector  methods,  and  conscientious  study  by  them.  We 
hope  that  the  place  of  publication  may  not  prove  a  burial 
ground  for  the  essay. 

In  the  same  place  is  found  a  tabulation  by  Shaw,  secretary 
of  the  association,  of  the  different  notations  used  by  different 
authors.  This  should  be  helpful  for  comparative  study;  it 
would  have  been  even  more  useful  had  the  table  been  enlarged 
so  as  to  give  in  detail  as  to  font,  and  so  on,  the  fundamental 
notations  of  the  different  systems,  even  if  some  abridgment 
of  those  parts  of  the  table  which  deal  with  derived  and  less 
important  notations  had  been  necessary.  These  two  con- 
tributions by  the  president  and  secretary  of  the  organization 
which,  more  than  any  other  except  the  international  com- 
mittee, should  he  concerned  with  this  problem  of  unification 
must  occupy  an  important  place  in  the  literature  of  the 
problem. 

4.  To  one,  however,  who  believes  that  the  principles  which 
different  authors  regard  as  fundamental  in  vector  analysis  are 
even  more  varied  and  divergent  than  the  notations  actually 
employed,  and  who  consequently  believes  that  unification  of 
notations  can  come  about,  if  at  all,  only  by  the  weight  of 
usage,  the  most  important  contribution  of  the  past  year  to 
the  subject  of  vector  notations  appears  to  be  Langevin's 
article  in  the  French  edition  of  the  mathematical  encyclo- 
pedia.*   This  is  ff.ven  such  high  rank  in  importance  because 

*  Tome  IV,  vol.  fi,  faac.  1,  ut.  IV  16.  Notions  g&)m£uiques  fonda- 
mentales.  Expoe^,  d'spr^  I  article  Etllemand  de  M.  Abraham  (Milan), 
par  P.  Langevin  (PariB).    We  ir ='"  ~' "- '--' '--  '--■ 

xi>os6,  d'sDrSs  I'artii —^ 

„   ,  ,,  ,  .    ,  ,      In  this  second  c 

tributioD  a  certain  amount  of  vector  analysis  is  used  and  the  notatioa, 
though  differing  in  a  detail  or  two,  is  in  the  main  the  same  as  Langevin'a; 
it  is  unfortunate  that  there  are  any  differences  at  all,  and  it  almost  aeema 
as  thou^  French  scientists,  and  the  world  at  large,  had  a  right  to  demand 

'hat  uniformity  should  be  enforced  at  least  '' ' — *  ''' '^'  "'  *^" 

lncyclop£die  des  Sciences  Mathfmatiques.    I 
n  such  a  small  scale,  why  talk  of  it  at  all? 
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vector  analysis,  hitherto  almost  unknown  in  French  literature, 
has  now  entered  authoritatively  into  France,  because  the 
adoption  of  any  notation  in  the  encyclopedia  must  have  been 
accompanied  by  the  maturest  deliberation  (especially  in 
view  of  the  international  discussion  now  going  on  and  of 
Langevin's  membership  on  the  international  committee  on 
vector  notations),  and  because,  if  the  notations  introduced 
by  him  in  this  article  shall  be  used  throughout  the  appropriate 
parts  of  volumes  four  and  five  of  the  encyclopedia,  there  is 
likely  to  be  a  general  decision  in  their  favor  throughout 
France. 

In  the  first  place  Langevin  distinguishes  systematically 
between  pure  and  pseudo-scalars,  between  polar  and  axial 
vectors.  Pure  scalars  and  polar  vectors  are  those  which  do 
not  depend  in  sign  upon  any  assumption  as  to  positive  or 
negative  directions  of  rotation;  whereas  pseudo-soalars  and 
axial  vectors  change  their  sign  when  the  conventions  as  to 
positive  and  negative  direction  for  rotation  are  interchanged. 
The  notations 

a,        a,        a,        a 

represent  respectively  pure  scalar,  pseudo-scalar,  polar  vector, 
axial  vector.  That  is,  a  point  placed  under  a  letter  signifies 
that  the  symbol  stands  for  a  pseudo-scalar;  a  straight  arrow 
above  a  letter,  that  it  stands  for  a  polar  vector;  a  curved 
arrow,  an  axial  vector.*  The  font  of  type  has  no  significance 
as  to  the  nature  of  the  symbol. 

That  such  a  notation,  dependent  upon  the  affixing  of  dia- 
critical marks,  has  its  advantages  must  be  clear.  It  does  not 
immobilize  alphabets  or  fonts;  it  may  be  carried  out  in  black- 
board work  and  in  manuscript.  Indeed  if  Clarendons  are 
used  for  vectors,  as  is  now  the  nearly  universal  usage  in  works 
on  physics,  some  such  notation  as  a  superposed  arrow  or  an 
underscoring  with  a  dash  is  necessary  for  work  at  the  board, — 
unless  one  is  content  to  let  the  physical  significance  of  the 
symbol,  which  must  of  course  be  always  borne  in  mind,  suffice 
for  characterization  without  any  special  symbolism.  But 
whether  compositors  take  kindly  to  these  interlinear  symbols, 
which  upset  the  spacing  between  the  lines,  is  doubtful;  and 

•  It  IB  particularly  noteworthy  that  for  the  three  unit  vectors  t,  j,  k 
no  Buperposed  arrow,  Htr^gbt  or  curved,  ia  used;  notstionaUy  they  tjier»- 
f  ore  nink  ae  scalars. 
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perhaps  the  irregular  spacing  of  the  lines  disfigures  the  page 
full  as  much  as  the  introduction  of  special  fonts  which  may  be 
justified  in. 

For  a  unit  vector  a  zero  superscript  is  suggested;  thus  a" 

is  a  unit  vector  in  the  directioD  of  a.  The  origin  of  this 
notation  is  implied  in  the  remark  "  comme  a"  est  en  alg^bre 

toujours  6gat  i  I'unit^,  nous  proposons  la  notation  a"  .  .  .  ." 
Such  a  reason  as  this  for  a  notation  is  not  scientific,  of  course, 
but  merely  alliterative;  for  the  basis  of  the  algebraic  fact 
a"  =  1  lies  in  the  equation  a''a  =  a,  wfaicb  depends  on  laws 
not  satisfied  by  the  usual  products  of  vectors.  It  would  have 
been  equally  proper  to  remark  that  since  1  is  the  arithmetical 

symbol  for  unity  the  notation  a'  would  be  adopted  for  a  unit 

vector  along  a.  In  either  case  there  arises  a  play  upon  the 
word  unity,  which  is  naturally  somewhat  of  a  convenience  as 
a  mnemonic  device  to  correlate  a  notation  and  its  significance, 
but  which  opens  the  way  to  confusion  if  it  is  considered  as 
an>'thing  more  profound  than  a  bit  of  mnemonics.    The 

notation  o"  has  really  to  be  judged  solely  on  the  ground  of 
convenience,*  and  as  such  it  does  not  seem  bad  at  all. 

For  the  scalar  product  of  two  vectors  Langevin  uses  a   6  or 

a  ■  6,  either  juxtaposition  or  the  interposed  dot.f  As  near 
as  I  can  estimate,  the  usage  is  about  equally  divided  in  the 


•  That  Langevir 

fundatn^Dt&l  th&n  Cunvtrunjiirt;  m  VMivuKty  uuui/iiui,  uul  iv  u>  uut  mi  wilu 
all  authors.  For  instani^e,  there  ia  the  commendation  which  Burali- 
Forti  and  Marcolongo  bee  tow  od  Grassmano  for  having  once  adopted  (though 
he  subsequently  abandoned)  the  sign  X  for  the  acalar  product:  "Son  choia 
est  trte  opportune,  parce  que  le  signe  X  a  toute  les  propri£t^  que  poes6Je 
le  m*me  aigne  en  alR^bre  dans  les  produits  de  deus  fact^ure."  See  their 
Elements  de  Calcul  vectorielle  (traduit  par  Lattte),  p.  222.  Now  if  any 
one  will  take  the  trouble  to  consult  s  list  of  postulates  for  ordiiiary  alge- 
braic multiplication,  for  instance  Huntington's  set  {AnnaU  of  Mathe- 
matics,, ser.  2,  vol.  2,  p.  8),  he  will  find  as  the  first  properly  of  the  product 
a  X  b  that  the  product  is  of  the  same  class  as  the  factors  (law  of  closure), 
and  for  another  property  that  if  a  X  6  =  0,  then  either  a  —  0  or  6  =  0 
(laws  of  cancellation).  Perhaps  these  are  properties  not  of  the  si^  X. 
but  of  the  product;  if  so,  what  are  properties  of  tne  sign  X  as  difltinguished 
from  properties  of  the  product,  and  why? 

t  L4vy,  loc.  cit.,  uses  the  vertical  bar  between  the  letters,  a  1 6,  as  the 
sign  of  toe  scalar  product. 
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text;  if  the  dot  had  consistently  been  used,  the  notation 
would  have  been  Gtbbs's;  if  it  had  consistently  been  omitted, 
it  would  have  been  Heaviside's.  Parentheses  and  brackets 
have  not  been  immobilized  as  in  the  German  notation.  This 
seems  an  advantage.*  From  some  points  of  view,  too,  it  is 
an  advantage  to  have  the  alternative  of  use  or  non-use  of  the 
dot.  Gibbs's  adoption  of  the  dot  as  the  sign  of  the  scalar 
product  has  always  troubled  some  persons  because  they  wished 
to  be  free  to  use  the  dot  as  a  separatrix  whenever  convenient. 
This  difficulty  could  readily  be  avoided  by  the  adoption  of  a 
small  circle,  a  sort  of  hollow  dot,  as  the  sign  of  the  scalar 

product,  a*b.  Prandtl  put  forth  this  suggestion  in  1904,t 
and  it  seems  queer  that  it  has  not  had  some  vogue. { 

For  the  agn  of  the  vector  product  Langevin  uses  the  cross, 

a  X  b,  the  large  ungainly  European  cross  with  its  arms  at 
sixty  degrees  instead  of  ninety.  When  one  follows  Gibbs  and 
introduces  a  cross,  it  looks  best  to  use  a  rather  small  one,§ 

a  'b;  the  formulas  become  more  compact  and  intelligible. 
It  is,  however,  a  matter  for  congratulation  that  Langevin  has 
adopted  for  the  scalar  and  vector  products  notations  which 
are  entirely  familiar  in  the  literature  instead  of  devising  some 
totally  different  affair  like  our  Italian  colleagues. 

The  symbolic  operator  V  is  not  introduced,  but  the  terms 
grad,||  div,  and  rot.  There  are,  further,  the  monosyllabic 
symbols  Pot,  New,  Lap,  and  Max,  borrowed  from  Gibbs,  and 
Lam,  invented  to  represent  the  inverse  of  grad.  So  far  as  I 
am  aware  these  integrating  operators,  proposed  by  Gibbs 
(with  the  exception  of  Lam),  have  never  found  much  recog- 

*  Eepecially  when  as  in  Lorentt'a  Theory  at  Electrons  (1909)  the  dot  is 
also  aJways  used. 

t  Jahfctberirht  der  Dealtchen  MaihcTnalikeT-VereiniffuTtu,  vol.  13.  p.  442. 

I  Certajnly  Gibbs  should  not  be  accused  of  making  a  fetich  oi  the  dot: 
for  when  he  was  discuseina  with  me  the  question  of  uotatioo  to  be  adopted 
in  the  publication  of  his  Vector  Analysis  in  1001,  be  mentioned  the  dis- 
advantages of  immobiliiing  the  separatrix  dot  and  we  considered  a  number 
of  similar  syrobok  as  alternatives;  if  dther  of  us  had  happened  to  mention 
the  small  circle,  it  might  ea«ly  have  been  adopted  instead  of  the  Clarendon 


dot.  Of  course  the  dot  mav  with  perfect  proprietv  be  consida«d  as  a 
separatrix  in  Gibbs's  system,  because  the  fundament^  product  is  the  dyad; 
and  yet  it  may  be  undesirable  to  immobilize  the  dot  in  a  restricted  sense. 


just  as  it  is  undesirable  thus  to  immobilize  parentheses. 

S  Coffin  employed  thia  in  hia  Vector  Analysis,  and  anybody  with  an  eye 
for  typographical  beauty  must  be  inclined  to  follow  him. 

1 1  For  Langevin  grod  /  —  —  v/,  not  vf.  Each  author  bos  to  choose 
between  the  two  conventions  as  to  sign,  for  usage  is  about  equally  divided. 
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nition,  and  it  will  be  interesting  to  see  if  their  use  by  Langevin 
serves  to  disseminate  them  to  any  appreciable  extent.  The 
abandonment  of  V  seems  to  me  unfortunate,*  but  certain  it 
is  that  grad,  div,  and  rot  are  now  in  almost  complete  possession 
of  the  field  and  constitute  the  nearest  approach  to  unification 
that  we  have. 

Langevin  does  scarcely  more  than  mention  the  linear  vector 
function,  and  he  has  no  particular  notation  for  it;  indeed  he 
writes 

ft'  =  ipp,        ip  =  ux-\-  j|3  +  ky, 

where  according  to  his  earlier  agreement  as  to  the  meaning 
of  juxtaposition  ip  would  reduce  merely  to  a  scalar.  Con- 
venient as  the  linear  vector  function  is  in  many  problems, 
physicists  seem  little  inclined  to  adopt  it,  whether  in  the 
Hamiltonian,  Grassmannian,  Gibbsian,  or  Cayleyan  form, 
and  Langevin  probably  does  well  not  to  enter  upon  it  to  any 
extent. 

This  somewhat  full  account  of  the  vector  notation  intro- 
duced in  the  French  edition  of  the  encyclopedia  seems  justified 
in  view  of  the  facts,  1",  that  it  immobilizes  no  type,  except 
the  cross  which  is  now  not  much  used,  and,  2",  that  it  is 
adapted  to  blackboard  work  without  modification.  If  only 
a  dot  or  very  small  circle  were  used  consistently  for  the  sign 
of  the  scalar  product,  the  system  would  be  so  like  Gibbs's 
that  the  complete  adoption  of  Gibbs's  methods  of  treating 
the  linear  vector  function  could  be  adjoined,  if  and  when 
desired,  without  any  change. 

MABBACHcaKTTO  Inbtitutb  of  Technoloot, 
BoBTON,  Mabb., 
March,  1913. 

*  My  reaeona  are  fully  explained  in  the  reference  cited  at  the  beginning 
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SHORTER  NOTICES. 

GruTuhiige  der  Differeviial-  und  Integralrechnung.     Von  Dr. 

Gerhard  Kowalewski,  a,  o.  Professor  der  Msthematik 

an  der  Universitat  Bonn.    Leipzig  und  Berlin,  Teubner, 

1909.    452  pp. 

It  is  the  purpose  of  this  book  to  present  a  rigorous  treat- 
ment of  the  foundations  of  the  calculus.  The  author  there- 
fore begins  with  a  consideration  of  numbers.  Assuming  a 
knowledge  of  the  rational  numbers,  he  defines  the  irrational 
number  by  means  of  the  Dedekind  cut,  and  in  the  first  three 
chapters,  develops  the  properties  of  the  real  number  system. 
In  Chapter  II  (page  14)  he  defines  a  limit  of  a  sequence  in  this 
way:  "  Steht  eine  Folge  ui,  uj,  uj,  ■  •  •  zu  einer  Zahl  u  in  der 
Beziehung,  dass  in  jedsr  Umgebung  von  u  fast  alle  Glieder  der 
Folge  liegen,  so  nennt  man  die  Folge  konvergent  und  u  ihren 
Grenzwert."  In  this  definition,  he  uses  the  words  "  fast  alle  " 
in  the  sense  of  "  with  a  finite  number  of  exceptions,"  In 
his  notation  lim  u„  =  u  means  that  there  exist  u's  of  the  set 
Un  in  every  neighborhood  of  u,  with  a  finite  number  of  ex~ 
ceptions.  The  equivalence  of  this  definition  with  the  usual 
form  of  (  statement  is  established  later.  Chapter  IV  deals 
with  functions  and  variables,  y  is  a  function  of  x  when  to 
each  X  there  corresponds  a  single  y.  The  principal  sub- 
jects contained  in  the  chapter  are  the  concepts  of  continuity, 
the  definition  and  properties  of  the  functions  a',  log  x,  and 
finally  the  derivation  of  the  Iim,c„  {1  -|-  1/n)".  The  develop- 
ment of  this  limit  is  effected  with  unusual  freedom  from  artifice 
by  means  of  the  inequality 

(1  +  A)"  >  1  +  nA    (1  +  A  >  0). 

The  sine  and  cosine  are  defined  by  means  of  the  infinite  series, 
and  in  preparation  for  this  introduction  Chapter  VII  gives  a 
rather  full  treatment  of  the  elementary  properties  of  infinite 
series,  concluding  with  the  proof  of  the  theorem  on  the  dif- 
ferentiation of  a  power  series. 

Chapters  IX  and  XI  are  devoted  to  the  theory  of  maxima 
and  minima  of  functions  of  one  and  two  variables,  the 
criteria  for  a  maximum  or  a  minimum  for  a  function  of  a 
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single  variable  being  developed  on  the  assumption  that  the 
derivative  exists  at  the  critical  point.  Chapter  X  is  on  the 
differentiarion  of  functions  of  several  variables  and  contains 
the  usual  definitions  of  partial  derivatives,  total  differentials, 
etc. 

For  the  purpose  of  introducing  the  inverse  functions  the 
author  now  proves  the  theorem  that  if  /(ar)  takes  the  same 
value  only  once  on  an  interval  it  is  monotonic  and  so  possesses 
an  inverse.  Then  with  the  additional  hypothesis  that  /'(ar) 
exists  and  is  not  zero  on  the  interval  in  consideration,  he  shows 
that  the  inverse  has  a  derivative.  He  is  now  enabled  to 
complete  the  differentiation  of  the  elementary  functions  o( 
trigonometry.  In  connection  with  the  computation  of  t 
he  gives  an  interesting  pair  of  French  verses  by  means  of  which 
the  value  of  r  may  be  written  down  to  30  decimal  places. 
They  are  as  follows: 

Que  j'aime  k  faire  appreodre  un  nombre  utile  aux  aagesl 

Immort«l  ArcbimMe,  artiate  ing^nieur, 

Oui  de  ton  jugemoit  peut  priser  la  valeurl 

Pout  moi  ton  problbne  eut  de  pareiU  avantAges. 

If  in  this  we  replace  each  word  by  the  number  of  letters  it 
contains  we  get  as  a  result  the  value  of  t  correct  to  30 
decimals,  1=3.141592653589793238462643383279  ....  The 
remainder  of  the  chapter  is  devoted  to  a  proof  of  the  theorems 
on  the  inverses  of  systems  of  functions.  Chapter  XIII 
begins  the  study  of  integration  and  comprises  the  greater 
and  more  interesting  portion  of  the  book.  After  proving  that 
every  function /(i)  continuous  on  the  interval  <a,  b>  (this 
notation  means  the  end  points  are  included)  possesses  an 
integral  on  this  interval,  he  defines  integrability,  in  general. 
And  for  the  purpose  he  uses  the  following  notation:  Desig- 
nate by  3  any  decomposition  of  the  interval  <a,  b>  into 
any  finite  number  p  of  sub-intervals.  Then  any  sequence 
of  decompositions  3i'.  St,  ••■,  3n'  such  that  lim  6»  =  0 
(where  S„  is  the  maximal  length  of  any  subinterval  of  3n') 
is  called  a  characteristic  sequence.  Now  form  the  sum 
S.»(2)  s  (a:,  -  a)SaO  +  (X,  -  xt)fat)  +  •  ■  ■  +  (6  -  a:p-i)/(fp) 
(where  {,  is  any  point  in  the  mterval  (Xi,  Xi_i)).  S„\z)  is 
called  an  ©-expression  and  any  sequence  of  ©-expressions  is 
called  a  characteristic  one  if  the  corresponding  S  sequence  is 
also  characteristic.  Any  function /(x)  is  integrable  in  <o. 
6  >  if  every  characteristic  S-sequence  is  convergent.    It  fol- 
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lows  if  fix)  is  integrable  id  <a,b>  every  characteristic  ©- 
sequence  has  the  same  limit  which  he  calls  J^/(z)i£x,  and  that 
f(x)  is  limited  in  <  o,  &  > .  Finally  J^f(x)dx  exists  if,  and 
only  if,  fix)  is  limited  m  <a,b>  and 


fj(x)i,~fmdx. 


Chapter  XV  deals  with  infinite  series.  In  the  consideration 
of  uniform  convergence  attention  is  called  to  the  definition 
given  by  Goursat  in  his  Cours  d' Analyse  (Tome  I,  page  406): 

The  series  of  continuous  functions 

aoCi)  +  Uiix)  +  ■•■+  «,{z)  +  .  ■  ■ 

convergent  in  the  interval  <  a,  b  >  is  said  to  be  uniformly 
convergent  in  this  interval  if  to  every  positive  c  there  cor- 
responds a  positive  integer  n,  independent  of  x,  such  that  the 
remainder 

Unix)  =  «„(x)  +  u^,(x)  +•■■ 

remains  in  absolute  value  less  than  c  for  sU  values  of  x  in  the 
interval.  This  definition  is  also  to  be  found  in  Picard  (Traitfe 
d'Analyse,  second  edition,  page  211)  and  is  that  given  by  Dar- 
boux  (Antialea  Scieniifiques  de  I'EcoU  Normale  Swpinexire, 
1875,  11,  series  2,  4,  page  77).  It  requires  that  \Rnix)  \  <  € 
not  for  every  n  >  m  but  only  for  one  value  of  n.  Kowalewski 
notes  that  if  this  definition  is  employed  the  theorem  on  the 
termwise  integrability  of  a  uniformly  convergent  series  is  not 
true.  Osgood  discussed  the  subject  completely  in  his  review 
of  Goursat's  Cours  d'Analyse  (Bulletin,  1903,  page  552)  and 
calls  attention  to  the  fact  noticed  above  by  Kowalewski  as 
having  been  found  by  Tannery  in  his  Theory  of  Functions, 
1886. 

In  Chapter  XVII  there  is  an  extended  treatment  of  the 
lengths  of  curves,  together  with  examples  of  the  determination 
of  plane  areas. 

The  treatment  of  double  integrals,  differentiation  under  the 
sign  of  integration,  curve  line  integrals,  Green's  theorem,  and 
the  transformations  of  double  integrals  are  studied  quite  fully 
in  Chapter  XVIII,  which  concludes  the  book.  There  is  an 
appendix  dealing  with  the  elementary  properties  of  determi- 
nants and  concluding  with  functional  determinants. 
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The  typographical  errors  are  neither  Dumerous  nor  im- 
portant.   The  following  are  perhaps  the  most  noticeable: 

Page  57,  line  24,  should  read  lim  f(Xn,  ^h)  "  /(^a>  Vo)  instead 
of  lim/(a;„y«)  =  !im/(xo,  yo).  __ 

Page  85.     Vun  instead  of  v'ui.. 

1  r*  I 

Page  210,  line  9.      J  f(x)dx  -  ».*(z)  g  «  instead  of 
|jf*/(a)ir-.A2)|^<. 

Page  213,  last  line,      f  H.x)dx  instead  of  J  S{x)dx. 

Page  352,  line  22.    S'  ^  5  instead  of  S'  <  S. 

Page  352,  line  28.     Lim  S(3)  instead  of  lim  5(3). 

The  book  is  admirable  for  its  clearness,  conciseness  and  rigor- 
ous style  throughout.  It  has  not  been  the  author's  design  to 
develop  the  theorems  with  a  minimum  of  hj'pothesis  but 
rather  to  present  them  in  those  forms  most  usually  occurring. 
There  are  no  problems,  but  much  of  the  tert  has  been  illustrated 
with  well-selected  examples. 

R.  L.  BORGER. 

Les  Fonctions  Poly&dnquea  et  Modulatres.     Par  G.  ViVANTi, 

Professeur  i  la  Faculty  des  Sciences  de  Pavie.     Ouvrage 

traduit  par  Armand  Cahen,  Professeur  au  Lycfe  d'Evreux, 

Paris,  Gauthier-Villars,  1910.    vi-}-320  pp. 

The  original  Italian  edition  of  this  useful  book  appeared  in 

1906  and  was  reviewed  in  this  Bulletin,  volume  14  (1908), 

page   144,   by   Professor  J,   I.   Hutchinson,     No  important 

changes  appear  in  the  French  translation.    Although  the  work 

has  the  modest  object  of  providing  an  easy  introduction  to 

the  classic  lectures  of  Klein  on  the  icosahedron  and  to  the 

treatise  on  elliptic  modular  functions  by  Klein  and  Fricke, 

this  French  translation  is  evidence  of  its  great  usefulness. 

Unfortunately  the  number  of  typographical  errors  is  somewhat 

large,  as  was  noted  by  Professor  O.  Perron  in  his  review 

published  in  the  Arckiv  der  Mathematik  und  Phyaik,  volume 

18  (1911),  page  259. 

Since  the  scope  and  the  contents  of  this  work  were  so  well 
presented  in  the  review  by  Professor  Hutchinson,  to  which 
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we  referred,  we  shall  simply  add  that  Vivanti  did  not  follow 
Klein  and  Fricke  in  a  slavish  manner.  On  the  contrary,  the 
work  before  us  gives  a  masterly  independent  presentation  of 
some  of  the  most  fundamental  parts  of  the  theory  of  linear 
groups  and  their  geometric  interpretation.  Many  American 
readers  will  doubtless  welcome  this  translation  into  a  language 
with  which  they  are  more  familiar  than  that  with  of  the 
original  work. 

G.  A.  Miller. 

WahTsckeinlickkeitsTecknung.     Von   A.   A.   Mabkoff,     Nach 

der  zweiten  Auflage  des  nissischen  Werkes  iibersetzt  von 

H.  LiEBHANN.    Leipzig  and  Berlin,  B.  G.  Teubner,  1912. 

viiH-318  pp. 
Le  Caleul  de»  pTohahilitit  et  set  ApplicationB.    Par  E.  Cab- 

VALLO.    Paris,  Gauthier-Villars,  1912.    x+170  pp. 
The  Elements  of  StatUtical  Method.    By  Wilfohd  I.  King. 

New  York,  Macmillan,  1912.    xvi+250  pp.,  price  $1.50  net. 

The  translation  of  MarkofT's  Wahrscheinlichkeitsrechaung 
will  be  a  welcome  companion  to  that  of  the  same  author's 
Differenzenrechnung.  Its  motive,  as  frankly  stated  ia  the 
preface,  is  to  treat  the  theory  simply  as  a  deductive  mathe- 
matical doctrine,  aiming  at  precision  in  the  analytic  formula* 
tions,  rigor  in  the  proofs,  and  the  determination  of  superior 
limits  of  error  where  approximate  formulas  are  used.  Axioms, 
definitions,  and  theorems  are  formulated  explicitly  as  such, 
though  not  always  with  euclidean  austerity  of  arrangement. 
The  philosophy  of  the  subject  is  disregarded,  and  the  few 
special  applications  admitted  receive  a  relative  emphasis  deter- 
mined more  by  their  availability  as  examples  than  by  their 
intrinsic  interest. 

The  first  four  chapters,  half  of  the  book,  deal  with  discrete 
probabilities,  elementary  and  cumulative,  their  representation 
by  rational  numbers,  and  the  classical  asymptotic  expressions 
resulting  from  Stirling's  formula.  The  examples  here  are 
entirely  from  games  of  chance.  Especially  noteworthy  is  the 
discussion  of  mathematical  expectation. 

The  rest  of  the  volume  contains  a  short  account  of  the 
occurrence  of  irrational  numbers  as  limiting  values,  together 
with  the  notions  of  probability  as  applied  to  continuous  sets, 
with  a  few  of  the  standard  geometric  examples;  a  few  pages 
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on  testimony,  mortality,  and  insurance,  chiefly  as  commentary 
on  Bayes'  formula  and  hypothetical  probabilities;  and  a  fairly 
full  treatment  of  the  theoretical  aspects  of  the  method  of 
least  squares.  The  appendices  contain  reprints  of  three  of 
the  author's  papers,  and  a  compact  six-place  table  of  the 
probability  integral. 

To  a  reader  whose  interest  in  the  subject  concerns  primarily 
some  of  the  wide  and  constantly  growing  range  of  applications, 
the  book  may  appear  unnecessarily  theoretical  end  so  one- 
sided. But  the  choice  of  material  is  consistent  with  its 
avowed  aim,  achieved  with  distinct  success,  of  giving  a  really 
logical  treatment  of  the  general  discipline.  It  is  to  be  highly 
commended  for  furnishing,  in  concise  style  and  moderate 
compass,  just  the  kind  of  treatment  needed  as  antidote  to 
the  looseness  of  thought  and  expression  all  too  common  in 
statistical  literature. 

There  is  a  short  list  of  references  at  the  end  of  each  chapter. 

Carvallo  explains  that  his  object  was  to  provide,  for 
readers  of  good  general  education  but  little  technical  mathe- 
matical training,  a  modernized  and  simplified  substitute  for 
the  clasuc  work  of  Coumot,  which,  though  still  a  model  of 
what  is  possible  in  the  way  of  a  semi-technical  treatise,  has 
proved  to  be  not  sufficiently  accessible  to  them.  The  book  is 
directed  primarily  toward  meeting  the  needs  of  candidates  for 
the  French  statistical  service,  but  will  hold  the  attention  of  any 
reader  interested  in  the  subject,  by  its  vivacity  of  style,  wealtJi 
of  pungent  comment,  and  the  clearness  of  the  verbal  explana- 
tions which  are  often  given  in  place  of  mathematical  proofs. 

The  first  chapter  discusses  the  meaning  of  chance  and  its 
laws,  the  enumeration  of  elementary  events,  and  the  sta- 
tistical distribution  of  deviations  from  a  standard;  leading 
to  a  descriptive  treatment  of  the  theorem  of  Bernoulli  by 
means  of  numerical  examples  and  the  integral  curve  of  error, 
which  is  used,  no  doubt  wisely,  instead  of  the  more  customary 
exponential  frequency  curve,  its  derivative.  The  second 
chapter,  on  statistical  method,  contains  a  few  pages  on 
mortality  formulas  and  errors  of  measurement,  but  is  occupied 
chiefly  with  a  detailed  study  of  the  statistics  of  sex  in  offspring. 
The  seemingly  undue  space  devoted  to  this  one  topic  may  be 
explained  by  the  fact  of  the  author's  relation  to  recent  sta- 
tistical inquiries  under  governmental  auspices.    This  example 
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13  worked  through  30  as  to  illustrate  the  various  features  of 
the  previous  theory,  as  well  as  the  many  precautions  necessary 
in  sifting  statistical  data.  To  the  reviewer  it  seems  equally 
successful  as  an  example  of  data  too  hopelessly  tangled  to 
leave  a  chance  for  faith  in  any  conclusions  derived:  The 
third  chapter,  on  the  problem  of  adjustment,  treats  the  method 
of  least  squares  and  the  computation  of  differential  corrections. 
The  fourth  and  last  is  a  collection  of  loosely  related  paragraphs 
on  various  topics. 

The  book  is  distinctly  readable,  even  entertaining,  and,  in 
view  of  its  announced  purpose,  perhaps  as  successful  as  could 
be  hoped  for.  Its  faults  seem  to  be  diiefly  those  of  omission; 
for  example,  it  seems  to  encourage  the  common  but  blinding 
error  of  supposing  that  the  Bernoulli  formula  for  the  dis- 
tribution of  deviations  is  of  universal  application.  To  a 
reader  of  reasonable  mathematical  attainment  it  will  seem 
like  an  appetizer  rather  than  a  normal  meal. 

Mr.  King's  book  is  intended  primarily  for  students  of  the 
social  sciences.  In  general  make-up  it  may  be  characterized 
as  a  kind  of  condensed  and  simplified  Bowley. 

The  first  two  parts,  on  the  history,  nature,  and  uses  of 
statistics  and  the  collection  of  material,  need  no  comment 
here,  being  non-mathematical  except  for  a  few  hints  on  arith- 
metic work.  The  third  part,  on  the  analysis  of  material, 
makes  enough  use  of  elementary  mathematical  concepts  to 
be  noticed  briefly. 

The  three  chapters  on  tables,  diagrams,  and  graphs  are 
satisfactory  so  far  as  they  go,  except  for  some  peculiar  remarks 
on  the  smoothing  of  curves.  Of  the  remainder  of  the  book, 
dealing  with  types  and  averages,  dispersion,  skewness,  vari- 
ation, and  correlation,  it  may  be  said  that  it  is  no  worse  and 
no  better  than  the  usual  standard  of  books  of  its  class,  and 
is  to  be  criticized  chiefly  for  certain  objectionable  features 
which  are  unfortunately  rather  common,  and  are  especially 
misleading  to  students  without  experience  in  such  work. 
The  unfounded  sweeping  generalizations,  the  use  of  words  in 
a  technical  way  with  no  indication  of  their  meaning,  the  show 
of  mathematical  precision  in  the  treatment  of  concepts  whose 
inherent  vagueness  makes  it  utterly  fictitious,  are  strangely 
out  of  place  in  a  book  claiming  to  he  a  guide  to  scientific  study. 
A.  C.  Li'NN. 
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NOTES. 

The  concluding  (June)  number  of  volume  14  of  the  Annals 
of  Mathematics  contains  the  following  papers:  "On  the  uni- 
formization  of  algebraic  functions  "  by  W.  F.  Osgood;  "  Mani- 
folds of  n  dimensions,"  by  0.  Veblen  and  J.  W.  Alexander; 
"Systems  of  plane  curves  whose  intrinsic  equations  are 
analogous  to  the  intrinsic  equation  of  an  isothermal  system," 
by  H,  W.  Reddick;  "The  probability  of  the  arithmetic  mean 
compared  with  that  of  certain  other  functions  of  the  measure- 
ments," by  E.  L.  DoDD;  "Cusp  and  undulation  invariants  of 
rational  curves,"  by  J.  E.  RowE. 

The  Paris  academy  of  sciences  has  awarded  the  biennial 
Petit  d'Ormay  prize  of  10000  francs  to  Professor  C.  Guichard, 
of  the  University  of  Paris,  for  his  contributions  to  mathematics. 

The  Belgian  academy  of  sciences  announces  the  following 
prize  problem  for  the  year  1914; 

"Present  a  contribution  to  the  study  of  the  properties  of 
analytic  functions  which  cannot  take  certain  values  in  a  given 
domain." 

Competing  memoirs  should  be  prepared  under  the  usual 
conditions  and  be  in  the  hands  of  the  secretarv  before  August  1, 
1914.    The  prize  is  fr.  1000. 

An  international  committee  has  recently  been  formed  to 
promote  the  establishment  of  uniform  notations  in  the  theories 
of  potential  and  elasticity  by  international  cooperation.  In 
its  first  circular  the  committee  requests  from  astronomers, 
mathematicians,  and  physicists  replies  to  the  following 
question:  What  are  the  notions  and  notations  in  respect  of 
which  it  is  desirable  to  establish  uniformity?  The  replies  will 
be  collated  as  soon  as  possible,  and  a  second  circular  will  then 
be  issued  inviting  suggestions  as  to  the  methods  by  which 
uniformity  may  be  brought  about.  The  subject  will  then  be 
laid  before  the  International  congress  of  mathematicians  in 
1916  for  discussion,  and  again  in  1920  for  a  final  decision. 

Replies  and  inquiries  should  be  addressed  to  Professor 
ABTHtm  KoRN,  Schlutcrstrasse  25,  Chariottenburg-Berlin, 
Germany. 
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The  annual  meeting  of  the  French  association  for  the 
advancement  of  science  was  held  at  Tunis,  during  the  week 
from  March  22  to  29.  The  section  of  mathematics  was  under 
the  presidency  of  M.  Mourgnot,  chief  of  the  topographical 
service  of  Tunis.  Twenty-eight  papers  were  read  before  the 
section,  as  follows:  (1)  "Tables  of  successive  prime  numbers 
of  eight  and  of  nine  figures,"  by  A.  G^rardin;  (2)  "Mathe- 
matical game,"  by  A.  Gferardin;  (3)  "A  calendar  discovered 
by  H.  Tarry,"  by  A.  G4rardin;  (4)  "Life  of  A.  Gauthier,"  by 
E.  Lebon;  (5)  "Life  of  H.  Poincar^,"  by  M.  Mourgnot 
(6)  "A  problem  of  enumeration,"  by  C.  Halphen;  (7)  "Equal- 
ity of  the  nth  degree,"  by  G.  Tarry;  (8)  "Organization 
instruction  in  Tunis,"  by  M.  Mourgnot;  (9)  "Practical 
means  of  finding  the  day  of  the  week  of  a  given  date,"  by  M. 
Cu^nod;  (10)  "Some  new  properties  of  inscribed  quadri- 
laterals," by  M.  Dure!;  (11)  "  Criticism  of  Darwin's  hypothesis 
of  the  origin  of  the  moon,"  by  E.  Belot;  (12)  "A  new  criterion 
for  determining  whether  a  given  number  is  prime,"  by  E.  N. 
Barisien;  (13)  "On  two  ellipses  derived  from  the  circle  of 
Joachimsthal,"  by  E.  N.  Barisien;  (14)  "Extension  of  the 
lima^on  of  Pascal,"  by  E.  N.  Barisien;  (15)  "Application  of 
Volterra's  equation  to  certain  problems  in  life  insurance,"  by 
R.  Risser;  (16)  "  Comparison  of  the  Julian  or  Gregorian  with 
the  Mohammedan  calendar,"  by  M.  Gard&s;  (17)  "Construc- 
tion of  the  center  of  curvature  of  the  ellipse,"  by  M,  Balitrand; 
(18)  "A  theorem  on  the  involute  of  the  ellipse,"  by  M.  Bali- 
trand; (19)  "Foucault's  pendulum," by  C. Litre;  (20)  "Mathe- 
matical instruction,"  by  J.  Richard;  (21)  "A  system  of  meas- 
urement," by  M.  Kesselmeyer;  (22)  "Establishment  of  a 
provisional  mortality  table,"  by  R.  Risser;  (23)  "The  arith- 
metician Frenicle,"  by  A.  Aubry;  (24)  "On  nomography,"  by 
P.  Boulad;  (25),  (26),  (27),  three  communications  by  Dr. 
Welsch,  titles  not  given;  (28)  "Recent  work  in  astronomy," 
by  M,  Montangerand. 

The  next  meeting  of  the  association  will  be  held  at  Havre, 
in  August,  1914.  The  president  of  the  section  of  mathemat- 
ics is  Dr.  REBiiiRE,  of  Havre,  and  the  secretary  is  Dr.  A. 
GfeARDiN,  of  Nancy. 

The  following  courses  in  mathematics  are  announced  for 
the  academic  year  1913-1914: 
Johns  Hopkins  University. — By  Professor  F.  Moblet: 
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Higher  geometry,  three  hours  (first  half  year);  Theory  of 
functions,  three  hours  (second  half  year). — By  Professor  A. 
B.  Coble:  Discontinuous  groups,  two  hours. — By  Dr.  A. 
Cohen  :  Differential  geometry,  two  hours ;  Theory  of  functions, 
two  hours. — By  Mr.  H.  P.  Bateman:  Theory  of  the  potefltial, 
one  hour. 

Princeton  Universitt. — By  Professor  H.  B.  Fine:  Theory 
of  functions  of  a  complex  variable,  three  hours. — By  Professor 
H.  D.  Thoupson:  Infinitesimal  geometry,  three  hours. — By 
Professor  L.  P.  Eisenhart:  Projective  geometry,  three  hours; 
Seminar,  two  hours. — By  Professor  P.  Bodtroux:  Differential 
equations,  three  hours. — By  Professor  E.  P.  Abahs:  Elec- 
tricity and  magnetism,  three  hours;  Analytic  mechanics,  three 
hours. — By  Professor  E.  Swift:  Theory  of  the  Newtonian 
potential,  three  hours. — By  Professor  H.  McL.  WEDnEHBURN: 
Higher  analysis,  three  hours. — By  Dr.  T.  H.  Gbonwall: 
Analytic  theory  of  numbers,  three  hours. 

Lord  Ratleigh,  chancellor  of  the  University  of  Cambridge, 
received  the  honorary  degree  of  doctor  of  civil  law  at  the 
recent  convocation  exercises  of  Durham  University. 

Professor  E.  Picard,  of  the  University  of  Paris,  has  been 
elected  to  membership  in  the  royal  Hungarian  academy  of 
sciences  of  Budapest. 

Professor  F.  Hausdorff,  of  the  University  of  Bonn,  has 
accepted  the  professorship  of  mathematics  at  the  University 
of  Greifswald. 

Dr.  E.  Jacobsthal  has  been  appointed  docent  in  mathe- 
matics at  the  technical  school  at  Berlin. 

Professor  I.  Schur,  of  the  University  of  Berlin,  has 
been  appointed  professor  of  mathematics  at  the  Univeraty 
of  Bonn. 

Professors  G.  D.  Bihkhoff,  J.  L.  Cooudge,  and  E.  V. 
Huntington,  of  Harvard  University,  have  been  elected  to 
membership  in  the  American  academy  of  arts  and  sciences. 
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Professor  S.  Epsteen,  of  the  University  of  Colorado,  has 
been  appointed  State  Commissioner  of  Insurance  and  has 
received  academic  leave  of  absence  for  the  coming  year. 

Professor  J.  W.  Glover,  of  the  University  of  Michigan, 
has  been  appointed  expert  special  agent  of  the  bureau  of  the 
United  States  census  to  supervise  the  preparation  of  a  special 
volume  on  vital  statistics.  Extensive  and  systematic  mortal- 
ity tables  are  to  be  prepared  on  the  population  and  the  vital 
statistics  of  the  United  States. 

Dr.  S.  E.  Brasefield  has  been  appointed  assistant  pro^ 
feasor  of  mathematics  at  Rutgers  College. 

Dh.  S.  D.  Killam  has  been  appointed  instructor  in  mathe- 
matics in  the  University  of  Alberta. 

Dr.  H.  W.  Cramblet  has  been  appointed  instructor  in 
mathematics  at  the  University  of  Rochester. 

Professor  H.  Weber,  of  the  University  of  Strassburg, 
died  May  17,  at  the  age  of  71  years. 


NEW  PUBLICATION'S. 
I.    HIGHER  MATHEMATICS. 
Apfell  (P.).    See  Papelier  (G.). 
Berohole  (O.  a.).    Subatitutionabeweis  dea  aoasea  FennatBchen  Satsea 

auf  Gnmd  der  Fonnel  ftir   (a  +  b)'.    Dussau,   Art'l,    1913.    8vo. 

22  pp.  M.  1.50 

BijiBCHKE  (W.).    See  Study  (E.). 
Capriixj  (A.).    Nuove  formole  d'int«gra*ione,    Livonio,  Belfortc,  1912. 

16mo.    7  +  178  pp.  L.  4.00 

Charles  (R.  L,).    See  Franklin  (W.  S.}. 
CoTTY  (G.).    LestonctionaaWlienneset  lathAjriedeaoombres.     (Thfise.) 

Touloiwe,  Privat,  1912.    8vo.    173  pp. 
Crepcobur   (A.   J.    M.).    Coura  d'analyae  infimt^imale.    Ire  parlie: 

Calcul  diir^rentiel  et  cali^ul  integral.    2e  Edition,  revue  et  augmenlde. 

Paris,  BAranger,  1912.    35S  pp.  Fr.  8.00 

DiBNES   (P.).    Le^na  aur   lee  singularity  des  fonctions  aoalytiquee. 

Paris,  Gauthier-Villars,  1913.    8vo.    8+172  pp.  Fr.  5.50 
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Enriqces  (F.).  Les  concepta  fondomentaux  de  la  science.  Leur  sig- 
i^calion  rfelle  et  lew  acquis!  tioo  peycbologique.  Traxluit  par 
L.  Rougier.    Paris,  Flammarion,  1913.     18mo.    315  pp.        Fr.  3,50 

FiNOiiR  (C).  £!iiit«i]unK  der  rationalen  Raumkurven  vierter  Ordnung. 
(Diss.)    Mflmter,  igi2.    Svo.    27  pp. 

Fleibcbbavkr  (H.).  Alkemeiner  Bewns  des  grosseD  Fermatschen  Satsee. 
DebtEsch,  Pabst,  1913.    Svo.    8  pp.  M.  0.75 

Feankun  (W.  S.).  MacNctt  (B.)  and  Charles  (R.  L.).  ElemeDtary 
treatise  on  caiculua;  a  textbook  for  collegee  and  techmcal  schools. 
South  Bethlehem,  Pa.,  1913.    Svo.    10  +  253  +  4)  pp.    Cloth. 

Geiuer  (W.).  Ueber  das  logarithmische  Potential  elner  gewissen  Ov&l- 
fl£che.     (IXss.)    Halle,  1912.    4to.    53  pp. 

Heibero  (J.  L.).    See  Tannery  (P.). 

Jordan  (C).  Coura  d'analyse  dc  I'Ecole  polytechnique.  3e  ^tion, 
revue  et  corriK^.  Tome  2:  Calcul  integral.  Paris,  Gauthier- 
Villars,  1013.    Svo.    712  pp.  Fr.  20.00 

KiLUU  (S.  D.).  Ueber  graphische  Integration  von  Funktionen  einer 
komple;ien  Variabeln  nut  speiiellen  Anwendungen.  (Diss.)  Gdt- 
tingea,  1912.    Svo.    31  pp. 

Knopf  (K.).    Funktionentheorie.     Iter  Teil:  Grundlagen  der  nl 
Theorie  der  analytischen  Funktionen.     (SamralungGtechen,  Nr 
BerUn,  GOechen,  1913.    Svo.     142  pp.    Cloth.  M.  0.90 

KoENiQS  (G.).    See  SAiNTB-LAoutt  (A.). 

KozuiNSRT  (I.).  NumberB,  their  meanios  and  magic.  Boaton,  Occult 
and  Modern  Thought  Book  Center,  1S13.     12mo.    5+100  pp.    Paper. 

$0.50 

LOn.vNo  (F.).  Ueber  algebroische  Raumkurven.  (Diss.)  TObugen, 
1912.    Svo.    44  pp. 

LCwenberq  (E.).    Der  grossc  Fermatsche  Satz.    Ur-  und  Gnindbeweia 
I     fOi  seuie  Unmiiglichkeit.    Berlin,  Schildberger,  1913.    Svo.    i  pp. 

M.  0.50 

.    BerUU' 

M.0.50 

MacNdtt  (B.).    See  Fkanxun  (W.  S.). 

McGiNNis  (M.  A.).  Proof  of  Fermat's  theorem,  and  McGinnls'  theorem 
of  derivative  equations  in  an  absolute  proof  of  Fermat's  theorem: 
reduction  of  the  general  equation  of  the  futh  de««e  to  an  equation  of 
the  fourth  degree.  Meadondale,  Wash.,  Hjorth,  1913.  12mo. 
11+34  pp.  12.00 

MoRiN-  (H.  de).  Lea  appareils  d'iDt^gratioD;  int^grateurs  simplcfl,  plani- 
m^tree,  int^gromHrcs,  int^graphes  et  courbes  int^gralea^  analyseura 
hannoniquea.  (Bibhot^ue  G^n^rale  dee  Sciences.)  Pans,  Gauthier- 
Villars,  1913.    Svo.    4+208  pp.  Fr.  5.00 


200  pp. 
Oettinqen  (A.  J.  v.).    See  Steiner  (J.). 
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Fapbuer  (G.).  Le^iu  sur  lee  coordonn^ea  t&ngentielles.  Avec  une 
pi^face  de  P.  Appell.  Ire  partie:  Gtem^trie  plane.  2e  ^tion. 
Paris,  Vuibert,  1913.    8vo.    6+331  pp. 


Pawlowski  (G.  de).     Voyage  au  pays  de  la  quatri^me  dimenaitm.    Paris, 

FssqueUe,   1912.     ISmo.    328   pp.  Fr.  3.50 

Vlatrier  (C).    Sur  lee  mineurs  de  la  foDction  d^temuoante  de  Fredhotm 

et  BUT  lee  syatdmes  d'^uations  Jnt^gralea  lin^uree.     (Tb^.)    Paria, 

Gauthier-Villars,  1913.    4to.    77  pp. 
PoLBm  (L.).    Un  contributo  alia  tavola  dei  numeri  primi.    Pontremoli, 

Cavanna,  1913.    8vo.    9  pp. 
ItovaiER  (L.).    See  Enriqueb  (F.). 
Sainte-LaodS   (A.).    Sotiona  de  matWmatiques,  avec  prftsce  de  G. 

Koeniga.    Paria,  Hermami,  1913.    8vo.    7+512  pp.  Fr.  7.00 

Salpeter  (J.)     EinfUhning  io  die  bfihere  Mathematik  f(lr  Naturforacher 
und  Ante.    Jena,  Fischer,  1913.    8vo.     13+336  pp.  M.  13.00 


Silveruan  (L.  L.).  On  the  definition  of  the  sum  of  a  divergent  series. 
(The  Univeraity  of  Missouri  Studies.  Mathematics  Series,  volume  1, 
number  1.)  Columbia,  Mo.,  University  of  Missouri,  1913.  8vo. 
100  pp.  ^  $1.00 

Steiner  (J).  Die  geometrisehen  Constnictionen  ausgeftthrt  mittekt 
der  geraden  Linie  und  eines  festen  Kmses.  (Ostwald's  Klassiker. 
Neue  Auflage.  Nr.  60.)  Herausgegeben  von  A.  J.  v.  Oettingen.  2te 
Auflage.    Leipzig,  Engelmanii,  1913,    8vo.    85  pp.  M.  1.50. 

Stcdt  (E.).  Vortesungen  Uber  auagewfthlte  GMenstfinde  der  Geometric. 
2tee  Heft;  Konfonne  Abbilduug  einfacher  zusammeiih&neender 
Bereicbe.  Berausgegeben  unter  Mitwirkung  von  W.  Blaschke. 
Leipzig,  Teubner,  1913.     8vo.     5+142  pp.  M.  5.60 

Tannery  (P.).  M^moirea  scientifiquee.  Publics  par  J.  L.  Heiberg  et 
H.  G.  Zeuthen,  Tome  II:  Sciences  exactes  dans  I'antiquit^  (1883- 
1898).     Paris,  Gauthier-VilUre,  1913.     4to.     12+555  pp. 

Thoe  (A.).  Ueber  cine  KiKcnschaft,  die  keine  transcendente  GrOssc  haben 
kann.  (Videnskapsselakapets  Sluifter,  I,  Nr.  20.)  Kristiania, 
Dybwad,  1912.    8vo.     15  pp.  M.  I.OO 

.    Ueber  die  gegenscitige  Lage  gleicher  Teile  gewieser  Zeichenreihen. 

(Videnskapsselskapcts  Skrifter,  I,  Nr.  1.)  Kristiania,  Dybwad,  1912. 
8vo.    67  pp.  M.2.25 

VoioT  (A.).  Untersuchung  der  Glcichung  x"  —  j"  —  ij*.  Frankfurt, 
Adelmann,  1913.    8vo.     12  pp.  M.  0.60 

Weitzel  (C.  GO-  Untemchtsbriefe  cur  Einfiihrung  in  die  hohere  Mathe- 
matik, in  Geepr^hsform  lum  SelbBtuntemchte  und  filr  solche,  die 
beim  Eriemen  der  Mathematik  Schwierigkeiten  haben.  In  30 
Lieferungen.  Ite  Liefenmg.  Wien,  Hartleb^,  1913.  8vo.  8+32 
pp.  M.  0.60 

Zbdthen  (H.  G.).    See  Tannery  (P.). 
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II.     ELEMENTARY  MATHEMATICS. 
Amiot  (A).    Trattato  di  georaetrU  element&re.    Nuova  ediiiooe,  di  A. 

Socci.    Parte  II:  geometria  soUda.    7a  impresaione.    Firenie,   Le 

Monnier,  1913.    Svo.    221  pp.  L.  2.00 

Amodeo  (F.).    Aritmetica  particolare  e  fcenerale,  ed  algebra.    3k  ediiione. 

Napoli,  IHemi,  1912.     16mo.     23+241  pp.  L.  1.30 
'.    Complementi  dl  analisi  algebrica  elementare,  cod  appeadicc  mille 

eecioni  coniche.    2a  edizione,  rivedutA  e  migliorata.     Napoli,  Pieiro, 

1912.     I6roo.    34+229  pp.  L.  3.00 

AueelI  (C).    Trattato  di  algebra  elementare.    3a  edizione,  6a  impres- 

sione.    Firenie,  Le  Monnier,  1912.     16mo.     11+503  pp.      L.  3.50 
Avdert  (P.)  et  Papeuer  (G.).    Exercices  d'alg^re,  d'analyee  et  de 

tfigoaom^trie.    Tome  ler.    2e  Mition.    Paris,  Vuibert,  1913.    Svo. 

366  pp. 


.    La  geometria. 

269  pp. 
.    La  trigonometria  piana.    Monza,  Artigianelli,  1912.  16mo.    145 

pp.  L.  2.00 
Bauer  (W.)  mid  Hanxleden  (E.  v.).    Planimetrie  nebst  Stereometrie 

und  Trjgonometrie.    Bramuchweig,  Vieweg,  1913.    Svo.    8+252  pp. 

Cloth.  M.  4.00 


Bi£hont  (P.).    See  Ci^bar  (J.). 

BouRLET  (C).    Coura  de  math^matiquea.    Elimenta  d 'analyse  et  de 

K^om^trie    analytique.    2e    edition,    entidremeat  refondue.    Paris, 

Gauthier-VillaiB,  1913.     Svo.     6+252  pp.  Fr.  8.00 


Camuan  (F.)  et  R^BOOts  (A.  G.).    Coura  ^16mentaire  de  gtemftrie  plane. 

2e  Mition  revue  et  corrig^.     Paris,  Gigord,  1913.     12mo.    307  pp. 

Ft.  1.75 
Cabtlg  (L.  G.).    Mathematics,  science  and  drawing  for  the  preliminary 

technical  course.    London,  Routledge,  1913.    Svo.     158  pp.  Is. 

CiSAR  (J.)  et  BituoNT  (P.).    Trtut^  d'arithm^tique  financifire.    Paris, 

Hermann,  1912.     Svo.     170+36  pp.  Fr.  4.25 

Crantz  (P.).    Lehrbuch  der  Mathematik.    2ter  Teil:  Flir  Oberlyieen. 

2te  Auflage.    Leipzig,  Teubner,  1913.    Svo.    5+221  pp.        M.  2.40 
Qe  Groodt  (G.).    Cours  de  trigonom^trie  rectiligne  thterique  et  pratique. 

2e  Edition.     Namur,  Lambert,  1912.     109  pp.  Fr.  1.60 

Ftte  <W.  B.).    CoUe«e  algebra.     Boatoa,  Heath,  1913.    Svo.    6+283 

pp.    Cloth. 
FoRTiK  (C.).    La  gfom^trie  des  baccalaurSats  litt^raires.     Ire  partie. 

Paris,  Soci^t^  Stuirt-Augustin,  1913.    Svo.    83  pp. 
GoDPRsr  (C.)  and  Siddonb  (A.  W.).    Elementary  algebra.    Volume  2, 

with  answers.    Cambridge,  University  Press,  1913.    Svo.    362  pp. 

28.  6d. 


-obvGoo»^lc 


1913.]  NEW    PUBUCATION8. 


Haccoub  (M.)'    Cotira  fl^mentaire  d'alglbre  th^irique  et  pratique.    4e 
Mition.    Namur,  Wesmael-CharUer,  1912.    256  pp.    Gortoiuid. 

Ft.  2.00 


Hanxleden  (E.  v.).    See  Bauer  (W.). 

Jordan  <W,).    Optis  palatinuni.    Sinus-  und  Cosinua-Tafeln  von  10"  lu 

10".    2te,     Derichtigte    Auflage.    Hanoover,     Hahii,     1913.    8vo. 

7+270  pp.  M.  7.00 

Klein  (F.).    See  SchrOdek  (J.). 
Lande  (G.  De  La).    Tavole  di  logaritimi,  estcae  a  eette  decimali  da  F.  G. 

Marie.    Napoli,  Morano,  1913.     I61110.    12+208  pp.  L.  1.60 

LEBSERfO.).    See&CBWAB(K.). 
Low  (D.  A.).    Prltctical  geometry  and  graphin.    New  Yoric,  Longmaiu, 

1913.    8vo.    8+448  pp.  (2.50 

MAcfi  OE  LipiNAT  (A.).    Compl^menta  d'alg^bre  et  ootiona  de  g^m^trie 

analytique.    6e  ddition.    Paris,  Vuibert,  1013.    8vo.    486  pp. 
Maknhbdier  (N.).    See  Reinhardt  (W.). 
MocoiN  (E.).    Nouvelles  tables  de  logarithmes.    Roanne,  Loire,  E.  Mou- 

Bin,  1913.  Fr.  1.60 

OuvEiRA  (J.  X.  de).    Goniometriai  do  tiro  indirecto,  com  o  cuiso  de  eatado 

maior   e  eDgenharia.    2*   edicao,    correcta   e   tuigmentada.    Paris, 

Briguel,  1913.     ISmo.     13+160  pp. 

Ott  (K.).  INe  angewandte  Mathematik  an  den  deutsohen  mittleren 
Facbschulen  der  Maschinenindustrie.  (Abbandlungen,  Band  IV, 
Hett  2.)    Leipiig,  Teubner,  1913.    8vo,    6+128  pp.  M.  4.00 

Papeubr  (G.).    See  Aobert  (P.). 


B.  Baillaud.    Paris,  Didier,  1912.     16mo.     14+407  pp.        Fr.  3.60 

R^BOVis  (A.  G.).    See  C.wuan  (P.). 

Reinhardt  (W.)  Mannheiubr  (N.)  und  ZeiBSERO  (M,).  Geometrie. 
Frankfurt,  Diealerweg,  1913.  8vo.  Iter  Teil:  7+142  pp.  2ter 
TeU:  6+138  pp.    Cloth.  M.  4.20 
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SchrOdkk  (J.).    Die  oeuzeitliche  Entwicklung  dea  mathematiseben  Un- 

t«rricbtB  an  den  hOherea  M&dcheiiBchulen  Deutachl&ndB.    (Abhand- 

hrngeo,  Band  I,  Heft  5.)    Mit  aaem  Scfaluaswort  lu  Band  I  von  F. 

KloJi.    LeipaiK,  Teubner,  1913.    Svd.    12+3+183  pp.        M.  6.00 
ScBUU  (p.).    Fflnfetellige  logarithmische  und  trigonometrieche  Tafeln. 

NOrnberg,  Koch,  1913.    8vo.     112  pp.  M.  1.40 

Schwab   (K.)  und  Liubser  (0.).    Geometrie  und  Trigonometrie.    3ter 

Tol:  I^ehretoS  der  Klaasen  II  und  I.    Leipdjc,  Freytag,  1913.    Sto. 

229  pp.    Ooth.  M.  3.00 

SiBDt&Ki  (F.).    Eleinenti  di  algebra.    3a  edicionc.    Firenie,  Le  Monnier, 

1913.    16mo.    145  pp.  h.  1.50 

SiDDONa  (A.  W.).    See  Qodfbbt  (C). 
Socci   (A.).    Noiioni  di  geometria  elementore.    Porte  I.    Firanse,  Le 

Mtmnier,  1912.    Svo.    115  pp.  L.  1.00 
e  Tolomei  (G.).    Elementi  di  algebra.    Nuova  ediiione,  comple- 

tomente  ri/atta.    Firetue,  Le  Monuier,  1912.    Svo.    8+2S1  pp. 

L.3.00 

.    See  Amiot  (A.)  and  Bkrtrand  (G.). 

Sfecia  (L.).    Tavola  dei  vidori  della  circonferenia  e  della  Buperficie  di 

circoli,  coi  riepettivi  logaritmi.    Torino,  Tibaldi,  1912.    Svo.    24  pp. 
Tables  de  logarithms  k  cinq  d^cimalea.    Par  F.  I.  C.    Edition  simple. 

Division  Bexag^simale.    Ptuis,  Gigord,  1913.    12mo.    S+14S  pp. 
Testi  (G.  M.).    Corso  di  matematiche.    Volume  3:  Geometria  elementere. 

3a  edicione,  corretla  e  modificata.    LJvomo,   Giusti,    1913.    Svo. 

10+411  pp.  L.  3.60 


VuiDBBT  (H.).    FrobI6nnes  de  baccalaur£at  (math^matiquee).    6e  Mition. 

Paris,  Vuibert,  1913.    Svo.    531  pp. 
Zeibberq  (M.).    See  Reinbardt  <W.). 

III.    APPUED  MATHEMATICS. 
Baker  (J.  0.).    Principes  du  iiivellement  g£odMque.    Traduit  et  annot^ 
par  L.  Pennequin.    Paris,  Terquem,  1912.     ISmo.     154  pp.    Fr.  3.50 


Barbiluon  (L.).  Production  et  emploi  des  courants  altematjfu.  (Col- 
lection Scientia.)  2e  Mition,  ent)^m«nt  refondue.  Paris,  Gauthier* 
VUlars,  1912.    Svo.     100  pp.    Cartonnfi.  Fr.  2.00 

Bjerknes  (V.).  Die  Meteorol(»e  als  exakte  Wissenscbaft.  (Antrittn- 
vorleaung.)    Braunschweig,  Vieweg,  1913.    Svo.     10  pp.        M.  O.SO 

.     Dynamische     Meteorolo^e     wad     Hydrographie.     AutoriMerte 
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Boo.uiRT    (E.    W.).    L'effet   eyrostatique   et   ses   applicfttiona.     Paris, 

Stranger,  1912.    241  pp.  Fr.  10.00 

BfiBNSTEiN  (R.)  und  Roth  (W.  A.).    PhyaUcaliach-chemiflahe  Tabellen. 

4(«  umKearbeiteM  und  vermehrte  Auflage.    Berlin,  Springer,  1912. 

8vo.     1330  pp.    Moleakin.  M.  56.00 

BoDMiNXsq  (J.).    CompUment  &  ud  r6;ent  m&noire  intitule  "Sur  lee 

principea  de  la  m^cuuque,  etc."    Paris,  Gauthier-Villan,  1913.    4to. 
S9  pp.  Ft.  3.00 

Brogue  (M.  de).    See  Tbeobie  du  rayonneroent. 

Brooks  {E.  E.)  and  Potbbr  (A.  W.).    Magnetism  and  electricity;  a 
--  manual  for  students  in  advanced  classes.    New  York,  Longmans, 

1913.    Svo.    S+634pp.  S2.00 


Fr.2.00 
Chollet  (T.)  et  MiNEUR  (P.).    Trait/  de  giom£trie  descriptive.     Ire 

partie.    8e  Mtion.    Paris,  Vuibert,  1913.    Svo.    6+336  pp. 
Claduel  (J.).    L'introduction  k  la  science  de  ringSnieur.    Partie  thteriaue. 
Revue  et  mise  au  point  par  G.  Dari^.    2  volumes.    Paris,  Dunod  et 
Pinat,  1913.    Svo.    8+1858  pp.    Cloth.  Fr.  32.00 

Cross  (W,  E.).    Elementary  physical  optica.    New  York,  Onford  Uni- 

vendty  Press,  1913.     12mo.    312  pp.  $0.90 

CoDLOM    (F.).    Cours    ^Mmentaire    de    g£om^trie    descriptive.    Paris, 

Delagrave,  1912.    18mo.     169  pp.  FV.  1.75 

CoDttB   de   navigation   et  de   compos.    Paris,    Challamd,    1913.    Svo. 

8+371  pp. 
Dk  Hben  (P.).    Introduction  &  I'^tude  de  la  phynque.    La  th£orie  dca 

Electrons  et   la   th^orie  substantialiate.     Bruxellea,    Hayes,    1B13. 

287  pp.  ft.  12.00 

EoKRER  (H.).    Ingenieur-Mathematik.     Iter  Band:  Niedere  Algebra  und 

Analysis.    Lineare  Gebilde  der  Ebene  und  des  Raumes  in  aiuilytiiicher 

und  vektorieller  Behandlung.    Kegelschnitte.    Berlin,  Springer,  1913. 

Svo.    S+501  pp.    Qoth.  M.  12.00 

Flehino  (J.  A.).    Propagation  des  couranta  ^lectriquee  dans  ks  conduc- 

teuis  t^l^phoniquea  et  t^Kj^phiques.    Traduit  par  C.  Ravut.    Paris, 

Gauthier-Villars,  1913.    Svo.    7+349  pp.  Fr.  12.00 

Friscbadt  (J.).  Die  matfaematischen  Grundlagen  der  Landesaufnahme 
und  Kartographie  des  ErdsphAroids.  Stuttgart,  Wittwer,  1013.  8vo. 
12+192  pp.    Cloth.  M.  8.40 

Ganpillot  (M.).  Abrig^  sur  I'Wliee  et  la  r^Hiatance  de  I'air.  Paris, 
Gauthier-Villars,  1912.    4to.    4+188  pp.  Fr.  10.00 

GiRARn  (R.).    Prontuario  di  tavole  numeriche  e  formole  per  il  computo 

metrico  dei  ponti  in  muratura,  muri  di  soetegno  e  galterie.    Volume  I. 

Roma,  Bertero,   1913.    4to.    442  pp.  L.  36.00 

GoMUELET  (J.)-    Manuel  pratique  du  gforodtre-expert.    Paris,  Dunod  et 

Pinat,  1912.     ISmo.  Fr.  6.00 

Grionon   (A.).    Trait/  de  cosroographie.    Se  Mition.    Paris,  Vuibert, 

1913.    Svo.    216  pp. 
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Heath  (T.  E.).  Tractu  of  the  sun  iuid  st&ra,  A.  D.  1900  to  A.  D.  37,900. 
Photographs  from  stereoscopic  perspective  drewinsB,  ahowing  in 
ajMee  of  3  dimenmona  the  tracks  of  the  sun  and  stars.  Ixmdon,  Wnley, 
1913.    8vD.    23  pp.    Sewed.  5b. 

HonsTOTTN  (R.  A.).  An  iotroductioD  to  matfaematical  physics.  Mew 
Yoric,  Longmans,   1913.    8vo.     10+199  pp.  S2.00 

KiBcmncB  (F.).    See  Bjekknes  (V.). 


Lakoetin  (P.).    See  TnioRiE  du  rayonnement. 

Laue  (M.).  Dos  Relativitfttsprinzip.  2te,  vermehrte  Auflage.  (Die 
WisseoBchaft,  Band  38.)  Braunschweig,  Vieweg,  1913.  8vo.  12+ 
272  pp.  ■  M.  8.80 


LEflRAND  (L.).  La  TdsiRtance  de  I'air  envisa^  comme  base  scieatifique 
et  exi>$rimentale  de  I'aviation.  Paris,  Ljbrairie  a^ronautique,  1912. 
2+143  pp.  Ft,  10.00 

Le  Roy  (C.).  Transport  de  force.  Calculs  techniques  et  ^conomiques  dea 
lignes  de  transport  et  de  distribution  d'dnergie  ^lectrique.  Ire  partte. 
Paris,  Hermann,  1912.    8vo.     172  pp.  Fr.  tt.OO 

L£vT  (M.).  La  statique  grophique  et  sea  applications  aux  constructions. 
2e  Mition.  2e  partie.  Paris,  Gauthier-ViUars,  1913.  8vo.  20+344 
pp.  Ft.  16.00 

:  le  mouvement  terrestre.  Th^orie  afrody- 
.  Paris,  Gauthier-Villars,  1912.  8vo.  4+48 
pp.  Fr.  2.00 

LoBENZ  (H.).  Nouvelle  th6orie  et  ca1ci:I  des  rouea-turbinea.  Traduit  de 
I'allemand  par  H.  EspitalUer  et  H.  Strehler.  Paris,  Dunod  et  Pinal, 
1913.     8vo.     14+312  pp.     Cartonn*.  Fr.  14.00 

3.00 
MtNCHiN  (G.  M.).    A  treatise  on  hydrostatics;  in  2  volumes.    2d  edition, 

revised.    London,  Oxford  University  Press,  1913.     I2mo.    Vtdume  1, 

204  pp.,  4s.  6d.    Volume  2,  204  pp.,  6b. 
MiNECR  (P.).    See  CHOiiET  (T.). 
Nacteroal  (A.).    Calcul  dea  momeDta  d'inertie.    2e  Mition  revue  et 

augment^.    Bruxellea,  Bieleveld,  1912.     122  pp.  Fr.  6.50 

Pbnnequin  (L.).    See  Baker  (J.  O.). 


..  12.00 


POTBER  (A.  W.).    See  Brookb  (E.  E,). 
Ravdt  (C).    See  Flemino  (J,  A.). 
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BxcDEii.  de  (MinataiitM  phyjuques.  (Society  FranQaiae  de  Phyuqiie.) 
Public  par  H.  Abraham  et  P.  Sacprdote,  avec  la  collalwratioa  d'lm 
giaad  norabre  de  asvanta.  Paris,  Gauthier-Villare,  1913.  4to. 
17+754  pp.  Ft.  60.00 

Bora  (W.  A.).    See  BOrnstein  (R.). 

RoussBLZT  (L.).  MA^anique,  ilectriciti!  et  constructioD  appliqu^ee  siu 
appareils  de  levage.  Tome  II.  Paris,  Dunod  et  Pinat,  1913.  Svo. 
6+752  pp.    Cartonni.  Fr.  45.00 


1912.    4to.    46  pp. 
S£e  (A.).    En  quoi  connste  la  stability.    Paris,  Gauthier-VUUrs.  1913. 

18mo.    36  pp.  Ft.  1.50 

SrtvABT  (H.).    See  Brown  (H.  T.). 
Tafeln  Eur  E^nnittelung  der  in  Zeitmass  auagediUckten  Winkel  aus  den 

Dumeriechen  Werlen  der  KoBiDuefunkticai.    Berlin,   Mittter,   1912. 

Svo.    79  pp.  M.  1.40 

THiORiE  (La)  du  royonnement  et  les  quanta.    Rapports  et  discuBsioiis  de 

la  r£unioa  t«nue  A  Bruxetlea  en  1911.    Publids  par  F.  I.angevin  et  M. 

de  Broglie.    Paris,  Gauthier-Villars,  1912.    Svo.    468  pp.    Fr.  15.00> 
ViOLEiNE  (A.  P.).     Nouvelles  tables  pour  les  calcula  d'int(rtta  coniposfa,, 

d'annuit^,  et  d'amortiHaementa.    9e  Mition,  enti6rement  refondue 

par  A.  Anuudeau.    Paris,  Gauthier-Villaw,  1913.    4to.        Fr.  13.00' 
WiEaREPis  (A.).    Uel>er  einige  mebrwerti^  L6Bungen  der  Wellengleichune. 

Au  +  I::*u  -  0  und  ihre  AnwendunK  m  der  Beugungstheoric.     (Diss.> 

Gottingea,  1912.    Svo.    05  pp. 
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TWENTY-SECOND  ANNUAL  LIST  OF  PAPERS 

HEAD  BEFORE  THE  AMERICAN  MATHEMATICAL  80CIETT  AND 

SUB8EQVENTLT   PUBLISHED,   INCLUDING  BEFERENCES 

TO  THE  PLACES  OF  THEIH  PUBUCATION. 

Alexander,  3.  W.,  II.    See  Veblen,  O. 

Babrr,  R,  p.    The  Method  of  Monodromie  witi  Applirations  to  Three- 

Parainet«r    Quartic    Equations.     Read    (Chicago)    April    5,    1912. 

AnnaU  ^f  Malhematict,  vol.  14,  No.  3,  pp.  119-136;  March,  1913. 
Beal,  F.  W.    Normal  Congruencee  Determined  by  Centura  of  Geodeaic 

Curvature.    Read  Sept.  12,  1911.    AmerUxm  Journal  of  Malhemaliet, 

vol.  35,  No.  1,  pp.  10-36;  Jan.,  1913. 
BiRKHOFFj  O.  D.    A  Determinant  Formula  for  the  Number  of  Ways  of 

Coloring  a  Map.    Read  April  27,  1912.    AnnaU  of  Mathtmatiet,  rot. 

14,  No.  1,  pp.  42-46;  a-pt,,  1912. 
Proof  of  Poincari'a   Geometric   Theorem.    Read   O-^t.   26,    1912. 

Trantaetion*  of  the  American  Malhtmaiicai  Sodtty,  vol.  14,  No.  1, 

pp.  14-22;  Jan.,  1913. 


Bubs,  G.  A.  Fundamental  Exiatence  Theorems.  Read  Dec.  2S,  1907, 
(Chicago)  Jan.  1,  1909,  Sept.  15-17. 1909,  Jan.  1,  1913.  The  Prince- 
ton Colloquium  Lectureaon  Mathematica,  pp.  1-107;  New  York,  1913. 

Blumberq,  H.  Ueber  algebraiache  Eigenschaften  von  linearen  homogenen 
Differentialausdrtieken.  Read  Sept.  10, 1912.  Author's  Dissertation, 
53  pp.;  Gottingen,  1912. 

A  Set  of  Postulates  for  Arithmetic  and  Algebra.    Read  Sept.  10;  1912. 

Proc(«dingB  of  .the  Fifth  International  Congress  of  Mathematicians, 
vol.2,  pp.  461-465;  1913. 

BftcHER,  M.  A  Simple  Proof  of  a  Fundamental  Theorem  in  the  Theory  of 
Intera'al  Equations.  Read  Dec.  28,  1010.  Annals  of  Malhematiet, 
vol.  14,  No.  2,  pp.  84-85;  Dec,  1912. 

It  t/4  Derived  from  GreB„^  . 

Brenre,  W.  C.  Transformation  of  Series  by  Means  of  Functions  Ad- 
mitting a  Recurrent  Relation.  Read  (Southwestern  Section)  Nov.  28, 
1908,  Nov.  27,  1909,  and  Nov.  28, 1910.  AnnaU  of  MalkemaUa,  vol. 
13,  No.  1,  pp.  40-51;  Sept.,  1911. 

Cajori,  F.  Historical  Note  on  the  Graphic  Representatbn  of  Imamnariea 
before  the  Time  of  Wesael.  Read  (Southwestern  Section)  Nov.  30, 
1912.  American  Mathemalicai  Monthly,  vol.  19,  Nos.  10-11,  pp.  167- 
171;Oct.-Nov.,  1912. 

Camp,  B.  H.  Singular  Multiple  Integrals,  with  Applications  to  Series. 
Read  April  27,  1912.  TmnMcliona  of  the  American  Mathemtdieal 
Society,  vol.  14,  No.  1,  pp.  42-64;  Jan.,  1913. 
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Cabhichael,  R.  D.    Note  od  Multiply  Perfect  Numbere.    Read  April 

28,1011.    Prooeedingt  of  the  iTidiana  Academy  of  Scitnees,  pp.  257-270; 

1912. 
On  the  Theory  of  Relativity:  Analyna  of  the  Poatulatu.    Read 

September  10,  1012.    PhyrienU  Bevitw,  vol.  35,  No.  3,  pp.  153-176; 

Sept.,  1912. 
— —  Generalizations  of  Euler's  fi-Function,  with  Applications  to  Abelian 

Groupe.     Read  (Southwestern  Section)  Dec.  2,   1911.      QaarUHj/ 

Journal  of  Pure   and   Applied   Malhemalic*,   vol.   44,  Noa.   1-2,  pp. 

94^104;  Oct.,  t912,^an.,  1913. 
On  the  Remunder  Term  in  a  Cerlun  Development  of  /(a  +  x). 

Read  Feb.  29,  1908.    American  MathemalUal  Monthly,  vol.  20,  No.  1, 

pp.  20-25;  Jan.,  1913. 
On  the  Theory  of  Relativity:  Mass,  Force  and  Energy;  Philosophical 

Aspects.    Read    (Southwestern   Section)   Nov.  30,    1912.    Physical 

Bevieu,  ser.  2,  vol.  1,  Noa.  2,  3,  pp.  161-197;  Feb.-March,  1913. 
Note  on  Fermat's  Last  Theorem.    Read  Dec.  31,  1912.    Bulletin 

of  the  American  MaihematieiU  Society,  vol,  19,  No.  5,  pp.  233-236, 

and  No.  8,  pp.  402-103;  Feb.  and  May,  1013. 
Linear  Mixed  Elquations  and  Their  Analytic  Solutions.    Read  Oct. 

29,  1910.    Amerioan  Journal  of  Mathemalici,  vol.  35,  No.  2,  pp.  ISl- 

162;  Aptil,  1913. 
On  theTheoryof  Linear  Difference  Equations.    Read  (Chicago)  April 

6, 1912.    American  Journal  qf  Mathematics,  vol.  35,  No.  2,  pp.  163-182; 

April,  1913. 
CoBi^  A.  B.    An  Application  of  Finite  Geometry  to  the  Characteristic 

Theory  of  the  Odd  and  Even  Theta  FunctionB.    Read  Feb.  24,  1912. 

Transactions  of  the  American  Mathematics  Society,  vol.  14,  No.  2, 

pp.  241-276;  April,  1913. 
Cole,  F.  N.    The  Triad  Systems  of  Thirteen  Letters.    Read  Sept.  1 1, 1912. 

Transaclions  of  the  American  Mathematical  Society,  vol.  14,  No.  1, 

pp.  1-5;  Jan.,  1913. 
CooLiDQE,  J.  L.    A  Study  of  the  Circle  Cross.    Read  Dec.  31,  1912' 

Transaetions  s4  Ihe  American  Mathematical  Society,  vol.  14,  No.  2, 

pp.  149-174;  April,  1913. 
Ckathobme,  A.  R.    The  Total  Variation  in  the  Isoperimetric  Problem  with 

Variable  End  Points.     Read  (Chicago)  March  22,  1913.     BuUttin 

of  the  American  Malhemalicat  Society,  vol.  19,  No.  10,  pp.  519-522; 

July,  1913. 
CcRTiss,  D.  R.    An  BUtension  of    Descartes'  Rule  of  Siens.     Read 

(Chicago)  April  8,  1910,  and  April  5,  1912.     Mathematitche  Anwden, 

vol.  73,  No.  3,  pp.  424-435;  March,  1913. 
Dkdbrick,  L.  S.    Or  the  Character  of  a  Transformation  in  the  Neighbor- 
hood of  a  Point  where  ita  Jacobian  Vanishes.    Read  Oct.  26,  1912. 

Transaetiotu  of  the  American  Mathematical  Society,  vol.  14,  No.  1, 

pp.  143-148;  Jan.,  1913. 
Dkntom,  W.  W.    Projective  Differential  Geometry  of  Developable  Sur- 
faces.   Read  (Chicago)  April  6,  1912.    Trantaeliona  of  the  American 

MathemaHcai  Society,  vol.  14,  No.  2,  pp.  175-208;  April,  1913. 
Dickson, L.E.    Amicable  Number  Tripleo.    Read  Dec. 31, 1912.    Ameri- 
can Malhematieai  Monthly,  vol.  20,  No.  3,  pp.  84-92;  March,  1913. 
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D1NE8,  L.  L.  The  Hi^eat  Cohudod  Factor  of  a  SyBt«n  of  PolyTtonuala 
in  One  Variable.  Read  April  28  and  Ot.  28, 1911.  American  Journal 
of  Maihemalia,  vol.  35,  No.  2,  pp.  129-150;  April,  1913. 

Concemitig  Two  Recent  Theorema  on  Implicit  Functions.    Read 

Oct.  26,  1912.  BuUelinofCht  American  Malhtmalical  Society,  vol.  19, 
No.  9,  pp.  462-467;  June,  1913. 

DODD,  E.  L.  The  Least  Square  Method  Grounded  with  the  Aid  of  an 
Orthogon&l  TraoBfomiation.  R«ad  Sept.  10,  1912.  Jahretbericht 
der  Deultchen  Mathematiker-Vereinicunu,  vol.  21,  Noa.  8-9,  pp.  177- 
183;  Aug.-Sept.,  1912, 


vol.  20,  No.  4,  pp.  123-127;  April,  1913. 
The  Probability  of  the  Arithmetic  Mean  Commred  with  That  of 

Certain  Other  Functiong  of  the  Meaaurementa.     Read  Sept.  10,  1912. 

Annata  of  MalhenuUics,  vol.  14,  No.  4,  pp.  186-198;  June,  1913. 
An  Erroneous  Application  of  Bayee'  Theorem  to  the  Set  of  Real 

Numbers.    Read  Jan.  1, 1913.     BulteUnofthe  Ammain  Mathematical 

Society,  vol.  19,  No.  9,  pp.  470-482;  June,  1913. 
EtEBLANU,  J.    On  a  Flat  Spr^ad.8phere  Geometry  in  Odd  Dimensional 

Space.    Read    Dec.  27,   1011.     American  Journal  of  Malhematict, 

vol.  35,  No.  2,  pp.  201-228;  April,  1913. 
EtSBNRART,   L.  p.     Minimal  Surfaces  in   EucUdeao   Four-Spare.     Read 

Sept.  12,  1911.    American  Journal  of  MathemaHea,  vol.  34,  No.  3, 

pp.  215-236;  July,  1912. 
Ruled  Surface*  with  Isotropic  Generators.    Read  Dec.  28,  1911. 

Rejuliconli  del  Cireolo  Malematicxtdi  Palermo,  vol.  34,  No.  l,pp.  29-40; 

July-Aug.,  1912. 
E^CH,  A.    On  the  Rectilinear  Congruence  Realising  a  Circular  Trans- 
formation of  One  Plane  into  Another.     Read  Sept.  12,  1911,     Annate 

of  Malhematice,  vol.  13,  No.  4,  pp.  155-160;  June,  1912. 
Involutoric  Circular  Transformations  as  a  Particular  Case  of  the 

Steinerian   Transfonnation    and   Their   Invariant    Nets   of   Cubics. 

Read  (Chicago)  Dec.  29,  1911.     AnnaU  of  Matkemalicn,  voi.  14,  No.  2, 

pp.  57-71;  Dec.,  1912. 
On  Conformal  Rational  Transformations  in  a  Plane.    Read  (Chicago) 

April  5,  1912.     Kendiconli  del  Cireolo  Malematico  di  Palermo,  vol.  34, 

tio.  3,  pp.  333-344;  Nov.-Dec.,  1912. 
Field,  P.    On  Coulomb's  Laws  of  Friction.     Read  (Chicago)  Dec.  29, 

1911.     ZeiUchnfl  fUT  Malhemalik  und  Phynk,  vol.  61,  Nos.  1-2,  pp. 

68-74;  Dec.,  1912. 
FmiELL,    A.    D.    Foundations   of   Arithmetic.    Read    Dec.    28,    1905; 

(Southwestern  Section)  Nov.  28,  1908,  (Chicago)  Jan.  I,  2,  1909; 

(Soutbweatem   Section)    Nov.   27,    1909,    Nov.   26,    1910.    Kansu 

UniversUy  Science  BulUHn,  vol.  5,  No.  21,  pp.  383-411;  March,  1911. 
Galajikian,  H.     On  Certain  Non-Linear  Integral  Equations.     Read  Dec. 

31,  1912.     Bulletin  of  the  American  Malhemalical  Society,  vol.  19,  No. 

7,  pp.  342-346;  April,  1913. 
Glenn,  O.  E.    Theorems  on  Reducible  Quantics.    Read  Sept.  6,  1910, 

and  Dec.  27,  1911.    Annate  of  MaUiemalia,  vol.  14,  No.  1,  pp.  27-41; 

Sept.,  1912. 
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On  the  Structure  of  Fonna  and  the  Algebnucal  Theory  ot  rt  linm. 

Read  Feb.  26,  IBIO.    Atneriean  JounuU  of  MathemaHc*,  vol.  34,  No.  4, 

pp.  449-460;  Oct.,  1913. 
Green,  G.  M.    Projective  Differential  Geometry  of  Triple  Systems  of 

Surfacee.     Read    Feb.    22,    1913.    Author'a    Dissertation,    28    pp.; 

I:Anca8ter,  May,  1913. 
Gronwall,  T.  H.     On  a  TTieorein  of  Fej^  and  on  Analogon  to  Gibba' 


Sur  un  Thfortme  de  M.  Heard.    Read   (Southwestern  Section) 

Nov.  30,  1912.  Comptet  Rendua  dt  CAeadimie  dt»  Sdtnett  de  Pari*, 
vol.  155,  No.  17,  pp.  764-766;  Oct.  21,  1012. 

On  Analytic  Functions  of  Constant  Modulus  on  a  Given  Contour 

Read  Sept.  11, 1912.  Anwaa  of  MaihetnaLict,  vol.  14,  No.  2,  pp.  72-80; 
Dec.,  1912. 

Ueber  daa  Verhalten  der  Riemonnecben  Zetafunktion  auf  der  Geraden 

<r  >  1.  Read  (Southwestern  Section)  Nov.  30,  1912.  Arckiv  der 
Mathematik  und  Phytik,  ser.  3,  vol.  20,  No.  3,  pp.  231-238;  Jan.,  1013. 

Some  Asymptotic  Expresuons  in  the  Theory  of  Numberp.    Read 

(Chicago)  April  6,  1913.  TTanaactiona  of  the  American  Mathematical 
Society,  vol.  14,  No.  1,  pp.  U3-122;  Jan.,  1913. 

Some  Special  Boundary  Problems  in  the  Theory  of  Harmomc  Func- 
tions. Read  Sept.  U,  1912.  BulUtin  of  the  Ameriean  Mathematical 
Society,  vol.  19,  No.  6,  pp.  227-233;  Feb.,  1913. 

Sur  k  Fonction  {"(a)  de  Riemann  au  Voisinage  de  a  •*  I.    Read 

(Southwestern  Section)  Nov.  30,  1912.  RendieonH  del  Cireolo  Mate- 
malieo  di  PaUrmo,  vol,  35,  No.  1,  pp.  95-102;  Jan.-Feb.,  1913. 

Sur  lea  SiJtiea  de  Dirichlet  Correspondant  i.  des  Caractf res  Complexes. 

Read  (Southwestern  Section)  Nov.  30,  1912.  Rendicmti  del  Cirmlo 
Matemaiico  di  Palermo,  vol.  35,  No.  2,  pp.  145-159;  March-April,  1913, 

HlLDEBBANDT,  T.  H.  A  Contribution  to  tlie  Foundations  of  Fr^het's 
Calcul  Fonctionnel.  Read  (Chicago)  April  10,  1909.  American 
Journal  of  Mathcmatict,  vol.  34,  No.  3,  pp.  237-290;  July,  1912. 

Necessary  and  Sufficient  Conditions  for  tiie  Interchange  of  Limit  ajid 

Summation  in  the  C^ase  of  Sequencea  of  Infinite  Series  of  a  Certain 
Type.  Read  (Chicago)  April  8,  1912.  AnnaU  of  McUhematice,  vol. 
14,  No.  2,  pp,  81-83;  Dec.,  1912. 

HCNnNQTON,  E.  V.  A  Set  of  Postulates  for  Abstract  Geometrv,  Expressed 
in  Terms  of  the  Simple  Relation  of  Inclusion.  Read  Oct.  26,  1912. 
Malhentatieehe  Annalen,  vol.  73,  No.  4,  pp.  522-569;  May,  1913. 

HuRwiTZ,  W.  A.  On  the  Paeudo-Resolvent  to  the  Kernel  of  an  Integral 
Equation.  Read  Sept.  12,  1911.  Trajaariions  of  the  American  Mathe- 
matical Society,  vol.  13,  No.  4,  pp.  405-418;  Oct,,  1912. 

In  a  OLD,  L.  Functional  Differential  Geometry.  Read  (Southwestern 
Section)  Nov.  26,  1910.  Traniactions  of  the  American  MalkemaliaA 
Society,  vol.  13,  No.  3,  pp.  319-341;  July,  1912. 

Jackson,  D.  On  the  Degree  of  Convergence  of  the  Development  of  a 
Continuous  Function  According  to  Legendre'e  Polynomials.  Read 
Feb.  24,  1912.  Tratieactione  of  the  American  Mathematical  Society, 
vol.  13,  No.  3,  pp.  305-318;  July,  1912. 
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Oa  Approxiination  by  TrigoDometrie  Sudu  and  PolynomUla.    Read 

Feb.  24  and  April  27,  1912.     Trwuactiam  of  the  American  Malhe- 
matual  SocUty,  vol.  13,  No.  4,  pp.  491-515;  Oct.,  1912. 

Jahkb,  G.  O.  Reduction  of  PoUm  Vertical  Circle  Observaf.iona  tor  Time 
and  Asimuth.  Read  (Southwestern  Section)  Nov.  27, 1B09.  Pojndar 
Astrorumy,  vol,  18,  No.  2,  pp.  92-100;  Feb.,  1910. 

On  the  Relation  of  the  Inertia!  and  Empirical  Trihedrons  of  Gravi- 
tational Aatronomy.  Read  (Chicago)  April  6,  1912.  AttronomUat 
Joumai,  vol,  27,  Nos.  9-10,  pp.  77-S2;  April  20.  1912. 

KABPiNBEr,  L.  C.  Augrim  Stones.  Read  Sept.  11,  1912.  Modem  Lan- 
guaoe  Nolet,  vol.  27i  No.  7,  pp.  206-209;  Nov.,  1912. 

Hindu   Numerala  on 

lioUuea  Malhematica,  m 

The  Quadripartitum  Numerorum  of  John  of  Meura.    Read  (Chicago) 

April  5, 1912;  and  Jan.  1, 1913.    BiMiollKca  MatheTnatica,  ser.  3,  vol.  13, 
No.  2,  pp.  00-114;  May,  1913. 

Kasner,  E.  Eqtiitangential  CongruencM  of  Curves  in  Space.  Read 
Feb.  25,  1911.  RendieorUi  del  Cirrolo  Malematko  di  PaUmo,  vol.  35, 
No.  3,  pp.  283-285;  May-June,  1913. 

Differential-Geometric  Aspects  of  D}-namicfl.    Read  Sept.  4,  1906, 

Sept.  15-17,  1009,  April  30,  1910,  and  Oct.  29,  1910.    The  Prmceton 
Colloquium  Lectures  on  Mathematics,  pp.  1-117;  New  York,  1913. 


Ketser,  C.  J.  Conceming  Multiple  Intern 
and  the  Existence  of  Hypersnace.  Ri 
Fhilotopha,  Fsychoioug  and  Scientific  Methods,   vol.  10,  No.  10,  pp. 


25a'267;  May,  1913. 
KiLLAM,  S.  D.    A  Note  on  Graphical  Integration  of  a  Function  of  a  Com- 
plex Variable.     Read  .\pril  26,  1913.     BulUtinoflhe  Ameritan  Malhe- 

matieal  Society,  vol.  19,  No.  10,  pp.  622-524;  July,  1913. 
Lamono,  J.  K.    Improper  Multiple  Integrals  over  Iterable  Fields.    Read 

April  27,  1912.     TraruuKtions  of  the  American  MalheTnalical  Society, 

vol.  13,  No.  4,  pp.  434-i44;  Oct.,  1912. 
Lefschetz,  S.     Double  Curves  of  Surfaces  Projected  from  Space  ot  Four 

Dimensions.     Read  Sept.  10,  1912.    Bulletin  of  the  'Amerkan  Malhe- 

malical  Society,  vol.  19,  No.  2,  pp.  70-74;  Nov.,  1912. 
Two  Theorems  on  Conies.    R«ad  {Southweatem  Section)  Dec.  2, 

J911.    AntuUt  of  Malhemalia,  vol.  14,  No.  2,  pp.  47-50;  Dec.,  1912. 
Od  the  Existence  ot  Loci  with  Given  SinRularities.    Read  Sept.  12, 

1911.     Transaction!  of  the  American  Mathematical  Society,  vol.   14, 

No.  1,  pp.  23-41;  Jan.,  1913. 
On  Some  Topological  Properties  of  Plane  Curves  and  a  Theorem  ot 

Mtibius.     Read  Sept.  12,   1911.     American  Journal  of  Malhemaliet, 

vol.  35,  No.  2,  pp.  139-200;  April,  1013. 
Lehmer,  D.  N.    Certain  Theorems  in  the  Theory  of  Quadratic  Residues. 

Read  (San  Francisco  Section)  Sept.  28, 1907.    Ami   '       "    "         ■    ' 

Monthly,  vol.  20,  No.  5,  pp.  151-157;  May,  1913. 
Lennes,  N.  J.    ConcemingVan Vleck'sNon-MeosurableSet.    ReadApril 

27,  1912.     Trantaeliom  of  the  American  MaihemaiictU  Society,  vol.  14, 

No.  1,  pp.  109-112;  Jan.,  1913. 
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MacGrboob,  H.  H.  Thnte-DimenmoDal  Chaina  and  the  Anodated 
CoUiDeations  in  Space.  Rea<l  (Chicago)  Dec.  31,  1909.  AnjuiU  of 
MathetnaUa,  vol.  U,  No.  1,  pp.  1-13;  Sept.,  1912. 

MacMiu.an,W.  D.  AReductionof  a  Svstem  of  Power  Series  to  an  Equiv- 
alent System  of  FolyTtomiols.  Read  (Chicago)  Dec.29, 1910,  and  April 
28, 1911.  Malhemalisdtt  AntutUn,  vol.  72,  No.  2,  pp.  157-179;  May, 
1912. 

A  Method  for  DeteTroining  the  Solutions  of  a  System  of  Analytic 

Functions  in  the  Ne^borhood  of  a  Branch  Point.    Read  April  38, 

1911.  Mathemaluehe  Attnaitn,  vol.  72,  No.  2,  pp.  130-202;  May,  1912. 
On  Poincar^'e  Correction  to  BruDs'  Theorem.    R«ad  Jan.  2,  1913. 

BulUlin  of  the  American  MatherTuaical  Society,  vol.  19,  No.  7,  pp.  349- 
3S5i  April,  1913. 

MacNbibb,  H.  F.  Linear  Polan  of  the  fc-Hedron  in  n-Space.  I{«ad 
Dec.  30, 1909.  Author's  Dissertation,  v+25  pp.;  Chicago,  March, 
1912. 

Marsbau.,  E.  R.  A  Labor  Saving  Device  for  Serial  Multiptiestion  or 
Division  by  means  of  an  Arithmometer  in  Cases  of  Small  Ehfferences  of 
Consecutive  Results.  Read  April  27,  1912.  American  Malhematieal 
Monthly,  vol.  19,  Nos.  8-9,  pp.  141-152;  Aug.-Sept.,  1912. 

Miles,  E.  J.  Determination  of  the  Constanta  in  Euler'e  Problem  Con- 
cerning the  Minimum  Area  Between  a  Curve  and  Its  Evolute.  Read 
(Chicago)  Jan.  1,  1909.  AnnaU  of  MaJhematiei,  vol.  14,  No.  I,  pp. 
14-26;  Sept.,  1912. 

Surfaces  of  Revolution  of  Minimum  Resistance,    Read  Jan.  I,  1909. 

BiUUlinof  the  American  Mathemaiical  Soeictti,voV  19,  No.  1,  pp.  1-12; 
Oct.,  1912. 

Miller,  G.  A.  Some  Properties  of  the  Group  of  Isomorphisms.  Read 
Sept.  12,  1911.  Archiv  der  Maihemalik  und  PhyHk,  ser.  3,  vol.  19, 
No.  4,  pp.  295-301;  June,  1912. 

Infinite  Systems  of  Indivisible  Groups.    Read  (Chicago)  April  5, 

1912.  TranvKtioTU  of  the  American  MalliemaHcal  Society,  ^fol  13, 
No.  4,  pp.  419-433;  Oct.,  1912. 

A  Pew  Theorems  Relating  to  Svlow  Subgroups.    Read  Sept.  10, 

1912.  BvlUlin  of  the  American  Malhematicid  Society,  vol.  19,  No.  2, 
pp.  63-00;  Nov.,  1912. 

Gauss's  Lemma  and  Some  Related  Group  Theory.    Read  (Chicago) 

Dec.  30,  1911.     PToee  Matematyczno-Fizyczne,  vol.  23,  pp.  25-29;  1912, 


Jmimal  of  Malhematict,  vol.  3S,  No.  1,  pp.  1-9;  Jan.,  1913. 


The  Product  of  Two  or  Motb  Groups.    Read  Dec.  31, 1912.    BidUtin 

of  tht  American  MtUhemaHcal  Society,  vol.  19,  No.  6,  pp.  303-310; 
March,  1913. 

Mitchell,  H.  H.  Determination  of  the  Finite  Quaternary  Linear  Groups. 
Read  Oct.  28,  1911,  and  Feb.  24,  1912.  Trantactiona  of  the  American 
Mathematieal  Society,  vol.  14,  No.  ],  pp.  123-142;  Jan.,  1913. 
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MooKK,  C.  L.  E.    See  Phiujps,  H.  B. 

Moore,  C.  N.  Oo  Convergence  Factors  in  Double  Series  and  the  Double 
Fourier  Series.  Read  April  29  and  Dec.  27,  1911.  Traiuactum*  of 
the  American  Mathemafiail  Society,  vol.  14,  No.  1,  pp.  73-104;  Jan., 
1013. 

MooRE,  R.  h.  On  Dubamel'H  Theorem.  Read  (Chicago)  April  9,  1910. 
Annah  of  Matitematics,  vol.  13,  No.  4,  pp.  101-166;  June,  1912. 

MouLTON,  F.  R.  Closed  Orbits  of  Ejection  and  Related  Periodic  Oibits. 
Painlevi's  Theorem.  Read  (Chicago)  April  6,  1912.  Procetdiiigt 
of  the  London  MatkeTnatical  Society,  eer.  2,  vol.  11,  Nos.  4-5,  pp.  367- 
397;  Oct.,  1912. 

- — -  Periodic  Oscillating  SateUites  in  the  E*roblem  of  Three  Bodiw.  R«ad 
(Chicago)  April  10,  1909.  MalheTnatische  AnnaUn,  vol.  73,  No.  4, 
pp.  44H79;  May,  1913. 

Relations  among  Families  of  Periodic  Otbits  in  the  Restricted  Prob- 
lem of  Three  Bodies.  Read  (Chicago)  Dec.  29,  19II.  Proceedings 
of  the  Fifth  IntemalioQal  Congress  of  Mathematicians,  vol.  2,  pp. 
182-187;  1913. 

Newsok,  H.  B.  Theory  of  CoUineations.  Read  (Southwestern  Section) 
Dec.  1,  1906,  Nov.  30.  1907;  Sept.  11,  1908,  Sept.  14,  1909;  (South- 
western Section)  Nov.  27,  1909.  Kansat  Uninertity  Sdenee  Bulletin, 
vol.  6,  No.  1,  pp.  1-319;  Dec.,  1911. 


Oct.  26,  1912.    Rendieonti  del  Cireoio  Malematieo  di  Palermo,  vol.  < 

No.  1,  pp.  103-106;  Jan.-Feb.,  1913. 
Osgood,  W.  F.,  and  Tailou,  E.  H.    Conformal  Transfonnations  on  the 

Boundaries  of  Their  Regions  of  Definition.     Read  Dec.  30,  1002,  and 

April  30,  1910.     Trantactiom  of  the  American  MaUiemalical  Society, 

vol.  14,  No.  2,  pp.  277-298;  April,  1913. 
Phillips,  H.  B.,  and  Moore,  C.  L.  E.    A  Theorv  of  Linear  Distance  and 

Angle.     Read  April  27,  1912.     Proceedings  of  the  American  Academy 

of  Arts  and  Science!,  vol.  48,  No.  3,  pp.  45-80;  July,  1912. 
Pitcher,  A.  D.    Concerning  the  Property  A  of  a  Class  of  Functions. 

Read  April  26,  1913.    BiiUetin  of  the  American  Malhematical  Society, 

vol.  19,  No.  9,  pp.  468-472;  June,  1913. 
R^NUU,  A.    On  the  Projective  Difierential  Geometry  of  n-DimenaonftJ 

Spreads  Generated  by  «■  Flats.    Read  Sept.  12  and  Dec.  27,  1911. 

Annali  di  Matemalica  Pura  ed  Applicala,  ser.  3,  vol.  19,  No.  3,  pp. 

205-249;  Sept.,  1912. 
Lobachefskian  Polygons  TriKonometric&lly  Equivalent  to  the Trianxle. 

Read  Sept.    10,    1912.    JiAresberickl  der  Detitxhen   MathematikeT- 

Vereinigung,  vol.  21,  Nos.  10-12,  pp.  228-240;  Oct.-Dec,  1912. 
Reodick,  H.  W.    Systems  of  Plane  Curves  Whose  Intrinsic  Equations  are 

Analogous    to  the  Intriosic  Equation  of    an  Isothermal  System. 

Read  Oct.  26,  1912.    Annalt  cif  Malhemalice,  vol.  14,  No.  4,  pp.  179- 

185;  June,  1913. 
Richardson,  R.  G.  D.    Ueber  die  notwendigen  und  himrichendeo  Be- 

dingungen  f<lr  das  Bestehen  eines  Kleinschen  OsEillatianstheorems. 

Be^  Dec.  28,  1911.    Malhemaliecke  Annalen,  vol.  73,  No.  2,  pp. 

289-304;  Jan.,  1913. 
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BoBVER,  W.  H.  The  Southerly  and  Ea«teriy  Devi&tiona  of  Fallii^  Bodies 
for  an  Unaymmetrical  Gravitational  Field  of  Force.  Read  (South- 
western Section)  Dec.  2,  1911,  and  (Chicago)  April  5,  1912.  Trang- 
aeliona  of  At  Ajrurican  Mathematical  Socklv,  vol.  13,  No.  4,  pp.  469- 
490;  Oct.,  1912. 

RowE.  J.  £.  Bicombinants  of  the  Rational  Plane  Quartic  and  Com- 
binantfl  of  the  Rational  Plane  Quintic.  Read  Sept.  12,  1911.  Trant- 
aetUm»  o}  Ok  American  MalheTrtatical  Society,  vol.  13,  No.  3,  pp.  387- 
401;  July,  1912. 

• Three  or  More  Rational  Curves  Collinearly  Related.    Read  Dec.  31, 

1BI2.  fiuUefin  of  the  American  Mathematical  Society,  vol.  19,  No.  8, 
pp.  395-401;  May,  1913. 

Cusp  and  Undulation  Invariants  of  Rational  Curves.    Read  Feb.  24, 

1912.    Annaii  of  Malhematiea,  vol.  14,  No.  4,  pp.  199-210;  June,  1913. 

RuNOE,  C.  Graphiache  Ldsung  von  RuidwertaufEaben  der  Gleichung 
Shiia^  +  Shild}/^  -  0.     Read  Oct.  30,   1909.     OMWnjer  NachHchten, 

1911.  pp.  443-448. 

Schweitzer,  A.  R.    Theorems  on  Functional  Equations.    Read  .April  27, 

1912.  BvUetin  of  the  American  Mathematical  Society,  vol.  19,  No.  2, 
pp.  66-70;  Nov.,  1912. 

A  Theory  of  Geometrical  Relations.  Read  Sept.  3,  1906,  and  (Chi- 
cago) March  30,  1907.  American  Jownal  of  Malhematict,  vol.  35, 
No.  1,  pp.  37-56;  Jan..  1913. 

Shaw,  J.  B.  Quaternion  Developmenta  with  Applications.  Read  (Chi- 
cago) April  8,  1910,  and  April  28,  1911.  Trantaelioiu  <ff  the  American 
MaOuimatieal Society.  vom,Ko.  3,  pp.  279-2S2;  July,  1912. 

SicELOFF,  L.  P.  Simple  Groups  from  Order  2001  to  Order  3640.  Read 
Oct.  28,  1911.  American  Journal  of  Malhematia,  vol.  34,  No.  4, 
pp.  361-372;  Oct.,  1912. 

Silverman,  L.  L.  On  the  Definition  of  the  Sum  of  a  IMversent  Series. 
Read  Oct.  29,  1910,  Dec.  28,  1911,  and  Jan.  2,  1913.  UnieersUy  of 
Miaiouri  Stitdiea,  Mathematici  Series,  vol.  1,  No.  1,  pp.  1-96;  April, 
1913. 

Slocum,S.  £.  A  General  Formula  for  the  Torsional  Deflection  of  Shafts. 
Read  Dec.  28,  1911.  Journal  of  the  Franklin  ImtUute,  vol.  174,  No. 
I,  pp.  83-S9;  July,  1912. 

Smail,  L.  L.  Some  Generalisations  in  the  Tlieory  of  Summable  Divergent 
Series.  Read  Jan.  2, 1913.  Author's  Dissertation,  46  pp.;  Lancaster, 
May,  1913. 

Sntder,  V.  Al^raii^  Surfaces  Invariant  under  an  Infinite  Discontinuous 
Group  of  Birational  Transformations.    Second  Paper.    R«ad  Jan.  2, 

1913.  Transaetione  of  the  American  Mathematical  Society,  vol.  14, 
No.  1,  pp.  ^5-108;  Jan.,  1913. 

Stouiver,  E.  B.  Invariants  of  Linear  Differential  Equations  with  Appli- 
cations to  Ruled  Surfaces  in  Five-Dunensional  Space.    Read  April  29, 

1911.  Proceedings  of  the  London  Mathematical  Society,  ser.  2,  vol.  11, 
No.  3,  pp.  185-224;  July,  1912. 

Tatlor,  E.  H.    An  Extension  of  a  Theorem  of  Painlev^.    Read  Ocl.  26, 

1912.  BulleHn  of  the  American  Mathematical  Society,  vol.  19,  No.  S, 
pp.  403-406;  May,  1913. 

See  OaoooD,  W.  F. 
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Vandtvxr,  H.  e.  Theory  of  Finite  Algebras.  Read  (Chicago)  Dec.  29, 
1911.  Traiitaeluma  of  the  Amtrkan  MatfiematiaU  Sodtty,  vol.  13, 
No.  3,  pp.  293-304;  July,  1912. 

Van  Vlbck,  E.  B.    Od  the  Exteiuion  of  a  Theorem  of  Foincarl!  lor  Uf- 
feience  Equations.     RefldApril29, 1911.     TrtmaaetimuofthtAma 
itathematieal  Soeitiy,  toI.  13,  No.  3,  pp.  342-352;  July,  1912. 

One-Parameter  FrojecUve  Qroupa  and  the  Claaaification  of  Colline- 

ationB.    Read  April  29,  ISII.    TrotiMdionf  t4  Me  Ameriean  Mathe^ 
maOaa  Sodtty,  vol.  13,  No.  3,  pp.  353-386;  July,  1912. 

Veblbn,  O.    An  AimlicaUon  of  Modular  Eliiuatiotu  in  Analyns  Situs. 


Decomposition  of  an  n-Space  by  a  Polyhedron.    Read  Sept.  11, 1912. 

TramiiKtiont  of  Ote  American  Matktmalieal  Society,  vol.   14,  No.   1, 

pp.  66-72;  Jan..  1913. 
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volume  for  its  library  at  $3.00. 

Books  for  review  and  manuscripts  intended  for  publication  In  the 
Bulletin  should  be  sent  to  the  Committee  of  Publication.  8ub> 
Bcriptions  should  be  sent  to  tbe  Treasurer  of  the  Society. 
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Pablisbed  Papers.     Vol.  I 


Mathematical  Fapebs  Read  at  the  Intebnational 
Mathematical  Comosebb  Held  in  Connection 
WITH  THE  World's  Colombian  Expo- 
sition, Chicago,  1893 


edited  by  the  committee  of  the  CONOBB88  : 

E,  Hastings  Moore       Oskab  Bolza       Heinbich  Mabchkb 
Heney  S.  White 


ContainiDg  papers  by  Bolza,  Burkbart,  Capelli,  Cole,  Dyck, 
EcbolB,  Eddy,  Fricke,  Halated,  HefEter,  Hermite,  Hilbert, 
Hurwitz,  Klein,  Krause,  Iiemoine,  Iiercb,  Macfarlane,  Mar- 
tin, Moschke,  Meyer,  Minkowski,  Moore,  Netto,  Noetber, 
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Weber,  Weyr. 


Pablisbed  for  the  Society  by  The  MacmilUm  Company,  1896. 
8vo,  pp.  411.  Price,  S3.00  ;  to  members  of  the  Society,  tl.60. 
Orders  should  be  addressed  to  The  Uacmillan  Company,  66 
Fifth  Avenue,  New  York,  N.  Y. 
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The  Boston  CoUoqumm  Lectares  on 
Mathematics 


Dbliverbd  fbom  Sbptehbeb  2  to  6,  1903,  Bbpobb 

Mbhbb&s   of   the   Amebican    Mathbuatical 

8ociett  in  conhbonon  with  the  suhmbb 

Mbetinq  Held  at  the  Mabbaohdbbtts 

Institdtb  of  Tbchnologt, 

Boston,  Mabs. 


Linear  SystemB  of  Carves  on  Algebraic  Sorfacee. 

By  Henbt  8.  Whitb. 

Forma  of  Non-Euclidean  Space. 

By  Fbbdbrics  8.  Woods. 

Selected  Topics  in  the  Theory  ot  EHvergent  Series 
and  of  Continued  Fractions. 

By  Edward  B.  Van  Vlbck. 


Published  for  the  Society  by  Ihe  Macmillan  Company, 
1905.  8vo,  pp.  T  +  176.  Price,  $2.00;  to  members  of  the 
Society,  91.00.  Orders  should  be  addressed  to  The  Macmillan 
Company,  66  Fifth  Avenue,  New  York,  N.  Y. 
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PUBLICATIONS 


The  EvaastoB  CoUoqtdnm  Lectures  on 
Matbematies 


Delitebed  frou  August  2S  to  September  9,  1693,  Befobi 
Meubebb  of  the  Conobess  or  Uatheuatios  Held  in 

CoNNEOnON  WITH  THE  WoBLD'B  FaS  IH  ChIOAGO, 
AT  NORTHWESTBBN  TJnIVERSITT,  EvaMBTOH,  IlL. 


By  FELIX  KLEIN 


BEPOBTED  Br  ALEIANDER  ZIWET 


Republished  fcy  the  Society,  1911.     Price  75  centa.     Orders 
should  be  addreeaed  to  the  Society. 
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[DfttM  of  sdmiMioD  in  bracketa.    Life  meinben  are  deaignated  by  *.] 

Abbe,  Clevxland,  B.Sc.,  M^.,  LL.D.;  Editor  of  the  Butltiin  of  tJM 
Mount  Weather  Obiervatory ;  AeaoeUte  Editor  of  BeitrSge  «ur 
Phjftik  der  freien  AtmotpMre;  Profeeaor  of  Meteorology,  V.  S. 
Weather  Bureau ;  Lecturer  in  Meteorolocy,  Johna  Hopldne  UninrdtT, 
Baltiroore,  Hd.  D.  S.  Weather  Bureau,  WubiDgton,  D.  C.  {Nov., 
1892.1 

AcKERMAMN-TroBNiK,  Benedictus  Gustav  ALTUtD,  Ph.D.  (honorary, 
Greifvwald),  Dr.Ing.  (honorary,  Darmatadt).  FublishiDg  House  of 
B.  O.  Teubner,  Leipzig,  Germany,    PottttratMe  3.     [Apr.,  1S07.] 

ASEBS,  OscAK  Feast,  M.A.,  Ph.D.  (Cornell) ;  Profeaaor  of  Mathematioe, 
Allegheny  College,  Meadville,  Pa.     [Oct.,  1905.] 

AifXANDEB,  Jajces  Waddell,  II,  B.Sc.,  M.A.;  iDstruetor  in  Mathe- 
matics, Prineelon  University,  PrtneetOD,  N.  J.  t4  Maditon  Street. 
[Feb.,  1912.] 

Alet,  Bobebt  Judson,  M.A.,  Ph.D.  ( Penney  1  van ia),  LL.D.;  President 
of  the  Univereity  of  Maine,  Orono,  Me.     [Nov.,  1S91.] 

Allasdicb,  Bobebt  Edgab,  M.A.;  Profeaeor  of  Mathematics,  Stanford 
Uuivereity,  Cal.     [Dec.,  1901.] 

Allen,  Edwaxd  Switzek,  M.A.;  Harvard  University,  Cambridge,  Mas. 
Piazza  dell'  Eiguitino  It,  Borne,  Italy.     [Feb.,  IfllO.] 

Allen,  Joseph,  M.A.;  Aniatant  Professor  of  Mathematics,  College  of 
the  City  of  New  York.  9  Myrtle  Street,  WUte  Plaine,  N.  T.  IDec., 
189T.] 

Allen,  Bboihald  Bbtant,  M.Sc.,  Ph.D.  (Clark);  Professor  of  Mathe- 
matics, Kenyon  College,  Gambier,  Ohio.     [Oct.,  1905.] 

Ansa,  Lewis  Dabwin,  M.A.,  Ph.D.  (Harvard) ;  Associate  Professor  of 
the  Teaching  of  Mathematics,  University  of  Missouri,  Columbia, 
Mo.    tOS  Thilly  Avenue.     [Oct.,  1S03.] 

Auue&uan,  Chaxles,  M.A.;  Instructor  in  Mathematics,  McEinley  High 
School,  St.  Louis,  Mo.    [Dec.,  1907.] 

Andebeoo,  Fbed^ck,  M.A.;  Professor  of  Mathematics,  Oberlin  College, 
Oberlin,  Ohio.    t07  East  College  Street.     [Sept.,  1911.] 
12 
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Andbews,  Qkace,  B.Sc.,  Pb.D.  (Columbia).  i7  BrevoorX  Place,  Brook- 
lyn, N.  T.    [Dee.,  IMl.] 

*AscHiB&Lii,  Bayuond  Cubx,  M.A.,  Ph-D.  (Strasaborg) ;  Aasiatant 
pTofOBBor  of  MatbematicB,  Blown  Univeraitf,  Providence,  B.  I.  9 
Charles  Field  Street.     [Oct.,  1903.] 

ABMSTBOBa,  QoBDON  Nelsoh,  U.A.;  Professor  of  Mathematica,  Ohio 
Wesleysn  UniveraitT,  Delaware,  Ohio,     [Dec,  1908.) 

AaHcsAiT,  Thomas  Brtce,  B.A.,  Pb.D.  (Johns  Hopkioe) ;  Professor 
of  Matbematica,  Colby  College,  Waterville,  Me.  11  Center  Street. 
[Oct,  1911.] 

AsHTON,  Chasles  Hamilton,  M.A.,  Ph.D.  (Munich);  Associate  Pro- 
fessor of  Mathematics,  UniversitT  of  Kansas,  Lanrenee,  Kansas. 
leOO  Ohio  Street.     [Oct.,  1901.] 

»Atchi60n,  Cltdb  Shefhebd,  B.A.,  Pb.D.  (Johns  Hopkins) ;  Professor 
of  Pure  Mathematics,  Washington  and  JeffersoD  College,  Washing- 
ton, Pa.     [Dee.,  1907.] 

Basb,  MAtmiCB  Jettebis,  B.Sc.,  Ph.D.  (Pennsylvania);  Asristant  Pro- 
fessor of  Mathematics,  University  of  Pennsylvania,  Philadelphia, 
Pa.    15?  Cricket  Avenue,  Ardmore,  Fa.     [Feb.,  1806.] 

Bacon,  Clara  Latimer,  M.A.,  Ph.D.  (Johns  Hopkins);  Associate  Pro- 
fessor of  MatfaomaticH,  Ooncher  College,  Baltimore,  Md.  1316 
North  Calvert  Street.     [Oct.,  1911.] 

Bailet,  Frederick  Harold,  MA.;  Professor  of  Mathematics  Massachu- 
setts Institute  of  Technology,  Boston,  Mass.     [Feb.,  1903.] 

Baxer,  Alfred,  M.A.;  Professor  of  Mathematics  and  Dean  of  the 
Faculty  of  Arts,  University  of  Toronto,  Toronto,  Canada.  [June, 
1891.] 

Baker,  Bichabd  Pmup,  B.Sc.,  Ph.D.  (Chicago) ;  AsaiBtant  Professor  of 
Mathematics,  State  University  of  Iowa,  Iowa  City,  la.  9t9  Kirk- 
wood  Avenue.    [Oct.,  1904.] 

Babnet,  Ida,  PhJ).  (Yale) ;  Assistant  in  Mathematics,  Smith  College, 
Northampton,  Mass.    8  Poradue  Soad.     [Dec,  1911.] 

Barnum,  Charlotte  Ctntbia,  B.A.,  Ph.D.  (Yale) ;  U.  S.  Department  of 
Agrieolture,  Washington,  D.  C.    [Oct.,  1894.] 

Bartlett,  Dama  Prcscott,  B.Sc.;  Professor  of  Mathematics,  Massachu- 
■etta  Institute  of  Technology,  Boston,  Man.     [Aug.,  1903.] 

Barton,  Balph  Martin,  B.A.;  University  of  Chicago,  Chicago,  IlL 
[Dec.,  1909.] 

Barton,  Samuel  Masz,  B.A.,  Ph.D.;  Professor  of  Mathematiea,  Uni- 
versity of  the  South,  Sewanee,  Tenn.    [Apr.,  1892.] 
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Bass,  Edqak  Walks,  Oradtute  of  the  U.  S.  UUitary  Academy;  Colonel 

U.  S.  Anaj,  retired.    77  Fork  Avenue,  New  York,  N.  T.     lApr., 

IS91.1 
Batkuak,  Habbt,  M.A.;   Johns  Hopkioa  Uuiveraity,  Baltimore,  Hd. 

[Apr.,  1911.] 
Batks,  Wdluak  Hunt,  M.A.,  FbJ).  (Cliieago) ;  AasodaM  ProteKor  of 

Mathem&tiea,  Purdue  Universitf,  Lofajette,  Ind.    306  Buwell  Street, 

West  Lafayette.    [Oct.,  1903.] 
Baueb,  Qeokqe  Ncahdeb,  M.Se.,  Ph.D.  (Colombia) ;  Professor  of  Mathe- 
matics, Uaiveraitj  «f  Minnesota,  Minneapolis,  Minn.     [Dec.,  1900.] 
Bbal,  Fxedikick  Wabh,  M.A.,  Ph.D.  (Princeton) ;  Instructor  in  Httbe- 

maties,  Vaiverrity  of  Pennsylvania,  Philadelphia,  F^.    College  SaO. 

[Apr.,  1910.] 
Beattt,  Samuel,  M.A.;  Lecturer  in  Mathematics,  Universitj  of  Toronto, 

Toronto,  Canada.     [Apr.,  1911.] 
BxcKffrr,  Chaklbs  Habeison,  B.A.;  Associate  Professor  of  Mathematics, 

Purdue  University,  Lafayette,  lad.     [Feb.,  1905.] 
Beebe,  WlLLUlf,  M.A.;  Professor  of  Mathematics,  Tale  Univeredty,  New 

Haven,  Conn.    tSt  Bra^ej/  Street.     [Sept.,  1906.] 
Beetle,  Kalfh  Dbnnisoh,  M.A.;    Fellow  iu   Mathematics,  PrineetoiL 

Universitr,  Princeton,  N.  J.    46  Park  Place.     [Sept.,  ISIO,] 
Beuak,  Woobtek  Woodruit,  M.A.,  LL.D.;  Professor  of  Mathematics, 

University   of   Michigan,   Ann   Arbor,   Mich.     813   East   Kingsley 

Street.     [Apr.,  1891.] 
BENEDicrt,  Habby  Yandell,  M.A.,  Ph.D.  (Harvard);  Professor  of  Ap- 
plied Mathematics  and  Dean  of  the  College  of  Arts,  Univeraty  of 

Texas,  Austin,  Texas.    [Oct.,  1901.] 
Benedict,  Suzan  Boss,  B,Sc.,  M.A.;   Instructor  in  Mathematics,  Smith 

College,  Northampton,  Mass.     Clark  Howe.     [Apr.,  191S.] 
Bennett,  Albebt  Abnold,  M.A.,  M.Sc;  SS  Bank  Street,  Princeton,  N.  J, 

[Feb.,  191B.1 
Bennett,  Euzaxeth  Bute,  B.A.,  Ph.D.  (Ulinois);  Instructor  In  Mathe- 
matics, University  of  Nebraska,  Lincoln,  Neb.     [Feb.,  1911.] 
BiEHSTEiN,  BENjAiut)  A.,  B.A.;  Instructor  in  Mathematics,  Univerai^ 

of  California,  Berkeley,  Cal.    [Feb.,  1910.] 
*Bebbt,  Abthus,  M.A.;  Fellow  and  AsdstaDt  Tutor  in  Mathematics, 

King's  College,  Cambridge,  England.    [Feb.,  1697.] 
Bbbbt,  Wiluau  Johnston,  M.A.,  M.Sc.,  C.E.;  Assistant  Professor  of 

Mathematics,  Brooklyn  Polytechnic  Institute,  Brooklyn,  N.  Y.    193? 

Eightv-Third  Street.     [Apr.,  1910.] 
Bm,  William,  MjL;   Head  of  the  Department  of  Mathematics  and 

AisiBtant  Principal,  East  High  School,  Bochester,  N.  Y.    ISO  Grand 

Avenue.    [Feb.,  1006.] 
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Biel£,  Cbablis  Eablk,  M^.;  Head  of  the  Department  of  Mathenutiea, 
Central  High  Bchool,  STraeoie,  N.  Y.    [Apr.,  ISOZ.] 

Biu.,  Earl  Oosdok,  M.A.,  Ph.D.  (Tale) ;  Auiitant  Frofesaor  of  Hathe- 
matiea,  Dartmouth  College,  Hanover,  N.  H.     [Feb.,  1908.] 

BiBKHOiT,  Gboboi  Datid,  B.A.,  Ph.D.  (Chicago);  AEBoeiat«  Editor  of 
the  TTontatTliaru  of  the  American  Mathematical  Society;  Editor  of 
the  AniHilt  of  Mathematict ;  AraiBtant  Professor  of  Matbematica, 
Harvard  Univerdtj,  Cambridge,  Maae.  H  Shepard  Street.  [Feb., 
1906.] 

Blichtzldt,  Hats  Fudebik,  M.A.,  Ph.D.  (Leipilg);  Associate  Pro- 
fessor of  Mathematics,  Stanford  ITniversit}',  Cal.    [Dee.,  1900.] 

«Bues,  QiLBEBT  AutB,  M.Sc.,  Ph.D.  (Chicago) ;  Assodate  Editor  of 
the  TrantactioJit  of  the  American  Mathematic<U  Society;  Asso- 
ciate Professor  of  Mathematies,  Univerrit;  of  Chicago,  Chicago,  III. 
[Dec.,  1900.) 

Bluubsbo,  Hekkt,  U.A.,  Ph.D.  (OQttingen) ;  tSS  Fubulci  Street, 
Brookljn,  N.  T.     [Oct.,  1912.] 

*BacHEB,  Uaxiuk,  B.A.,  PhJ>.  (GHttingen};  Ez-Prbsidknt;  Editor  of 
the  Trantactiont  of  the  American  llathematioal  Society;  Editor  of 
the  Annate  of  Mathematict;  Professor  of  Mathematics,  Harvard 
Univenitj,  Cambridge,  Mass.    iS  Btiekingham  Street.    [Apr.,  1892.) 

BoLZA,  OsKAK,  Ph.D.  (Gitttingen);  NoQ-BesideQt  Professor  of  Uathe- 
maties,  Universitr  of  Chicago,  Chicago,  HI.;  Honorarj  Professor  of 
Uatbematics,  UniTerdty  of  Freiburg,  Freiburg,  Germany.  Beichi- 
grafenstraeee  10.    [Nov.,  1891.) 

BSkoeb,  Bobkbt  Lacbt,  M.A.,  Ph.D.  (Chicago) ;  Associate  in  Mathe- 
matics, Univerrity  of  lUinois,  Urbana,  Dl.  1105  West  Oregon 
Street.    [Dec.,  1905.] 

*BouTOM,  Chables  Leonasd,  M.So.,  M.A.,  Ph.D.  (Leipdg);  Aeaistaiit 
Professor  of  Hatbematies,  Harvard  Univeraty,  Cambridge,  Mass. 
S  Avon  Street.    [Dec.,  1898.) 

BowsBN,  Joseph,  B.A.,  Ph.D.  (Tale)  ;  Professor  of  Mathematics,  AdelpU 
College,  Brooklyn,  N.  T.    £4  Clifton  Place.    [Dee.,  1900.] 

BoTS,  Paui.  Pbxntics,  M.A.,  PhJ}.  (Cornell) ;  Professor  of  Mathematiea, 
State  Univenity  of  Eentacky,  Lexington,  Ey.  SIB  Sarrieon  Aven^^e, 
[Oct.,  1907.] 

Bkackxtt,  Fiunk  Pabehubst,  M.A.;  Professor  of  Mathematiea  and 
Director  of  the  Obaerratory,  Pomona  College,  Claremont,  CaL  [Feb., 
190S.] 

Beadbhaw,  John  Wnxuit,  M.A.,  PhJ).  (Strassburg) ;  Aseiitaut  Pro- 
fessor of  Mathematics,  Univernty  of  Michigan,  Ann  Arbor,  Uieb. 
ltS4  Frotpect  Street.    [Apr.,  1907.) 
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Bund,  Louis,  CIlE.,  E.E.,  M.A.;  AntsUat  Professor  of  Mathematiea, 
Ilnireraitj  of  Cincinnati,  Cincinnati,  Ohio.    [Dee.,  1911.] 

Bratton,  Waltix  Andrew,  B.A.;  ProfcMor  of  Uatbematics  and  Dean 
of  the  Science  Group,  Whitman  CoUege,  Walla  Walla,  Wash. 
[Sept.,  1912.] 

BucKKNUDOE,  WiLUAU  Edwik,  M.A.;  Head  of  the  Dep&Ttment  of 
Mathematics,  Stujveaaut  High  School;  Instractor  in  Mathematics, 
Teacher*  College,  Columbia  Unirernty,  New  York,  N.  T.  S4S  Eatt 
ISth  Street.    [Feb.,  1903.] 

BUMKB,  WiLUAK  Chables,  M.Sc.,  Ph.D.  (Harvard);  AnociaU  Pro- 
feasoT  of  Mathematics,  TJuiveTsitj  of  Nebraska,  Lincoln,  Neb.  ItSO 
South  tut  Street.    [Feb.,  1906.] 

Brswbtek,  John  Altked,  B.A.;  TatOT  in  Mathematics,  College  of  the 
Cit7  of  New  York;  Professor  of  Mathematics,  CoDege  of  Monnt 
Saint  Mar7,  Plainfield,  N.  J.j  Professor  of  Economics,  College  of 
New  Kochelle,  New  Bochelle,  N.  Y.  419  Weat  119th  Street,  New 
York,  N.  Y.     [Oct.,  1908.] 

Bbomwich,  Thoius  John  I'ahbon,  Sc.D.,  F.B.S.;  Secretat?  of  the 
London  Mathematical  Society;  Fellow  and  Lecturer  of  St.  John's 
College  and  University  Lectnrer  io  Mathematics,  Cambridge  Uui- 
Tersity,  Cambridge,  England.    1  Selwyii  Gardmt.    [Sept.,  IMS.] 

Brooke,  Willum  Ellsworth,  B.C.E.,  M.A.;  Head  of  the  Department 
of  Mathematics  and  Mechanic^  Collego  of  Engineering,  UniTersity 
of  MioneBota,  Minneapolis,  Minn.     [Doc.,  1901.] 

Brooks,  Charles  Edward,  B.A.,  Ph.D.  (Johns  Hopkins) ;  loatraetor  in 
Mathematics,  Northwostem  University,  Evanston,  HI.     [Sept.,  1911.] 

Broweb,  Oeoboe  Oriswold,  M.8c.,  M.A.;  Teacher  of  Mathematics,  State 
Model  School,  Trenton,  N.  J.     [Sept.,  1911.] 

*Bbown,  Ernest  Wiluam,  M.A.,  Sc.D.  (Cambridge) ;  Editor  of  the 
Bitllistin  of  tlW  American  Uathematieal  Society;  Assistant  Editor  of 
the  Attronomical  Journal;  Professor  of  Mathematics,  Yale  Uni- 
versity, New  Haven,  Conn.    116  Everit  Street.    [Feb.,  1892.] 

Brown,  Oeosqe  Lincoln,  M.Sc,  Ph.D.  (Chicago) ;  Professor  of  Mathe- 
matics and  Dean  of  the  Faculty,  South  Dakota  State  College,  Brook- 
ings, S.  D.     [Oct.,  1900.] 

*Bbown,  J.  Stantord,  B.Ph.,  M.A.;  Vice-President  and  Treasurer  of  the 
New  York  Bealty  Owners  Incorporated.  10  Belmont  Avenue, 
Tonkera,  N.  Y.    [Sept.,  1002.] 

BSCHAHAN,  Daniel,  M.A.,  Ph.D.  (Chicago) ;  Assistant  Professor  of 
Mathematics,  Queen 's  University,  Kingston,  Ontario,  Canada.  [Feb., 
1911.] 

Buchanan,  Herbert  Earle,  M.A.,  Ph.D.  (Chicago) ;  Professor  of  Mathe- 
matics, University  of  Tenneap«<.  Enoxvi]i«,  Tenn.    [Apr.,  1908.] 
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BtrcE,   Thouab,  B.Se.,  PbJ).    (Chieaga);    lastruetor  in  Ukthematica, 

Univendtr  of  Californift,  Berkeley,  Cal.    tlSl  Hate  StTtet.    [Sept., 

1907.1 
*BULUBD,  WabbO  Qabdnek,  BJL.,  Pb.D.  (Ctaik) ;  Profevor  o<  Matbe- 

iD&ticB,  ajracnBe  Univeraitj,  STracnse,  N.  Y.     12i  Frank  Street. 

[Aug.,  1899.] 
BULUB,  Abbak  BooebS,  B-Sc,  B.C.E,    Macodon,  Wayne  Conn^,  N.  Y. 

[Jane,  1891.] 
BuBOEBS,  HOKiCE  Thokas,  M.A.,  Ph.D.  (Yale) ;  Initnietor  in  Mathe- 

tnatiea,  TJniverBitj  of  WiscoDBin,  Madiaon,  Wia.    SU  We$t  Dayton 

Street.     [Oct.,  190B.] 
Bdkbbll,  Ellxn  Louisa,  B.A.;  Profenor  of  Pure  Uatbematiea  and  Head 

of  the  Department,  WellcBley  College,  Welleeley,  Mas.    [Feb.,  1903.] 
Bdbset,  William  Henbt,  M.A.,  Pb.D.  (Chicago);  Aaaiatant  Frofeeaor 

of  MathemHtics,  University  of  Minnesota,  Minneapolis,  Minn.    {Oct., 

1904.] 
Bdtts,   WrUJAM   Hbney,   M.A.,   Ph.D.    (Zurich) ;    Junior   Profoasor   of 

Mstbeniatios  and  Aeaistant  Dean  of  the  Department  of  Engineering, 

University  of  Michigan,  Ann  Arbor,   Mieb.     919   Oakland  Avenue. 

[Oct.,  1908.1 
Btxklt,  Wiluau  Elwood,  M.A.,  Ph.D.   (Harvard);  Ferkine  ProfesMr 

of  Mathematics,  Harvard  Univeraty,  Cambridge,  Man.     59  Sam- 

mond  Street.     [Apr.,  1891.] 

Cain,  William,  C.E.,  M.A.;  Professor  of  Mathematics,  University  of 

North  Carolina,  Chapel  Hill,  N.  C.    [June,  1891.] 
Caibns,  William  dbWexse,  M.A.,  Ph.D.   (GOttingeo) ;  Associate  Pro- 

fasaoT  of  Mathematics,  Oberlin  College,  Oberlin,  Ohio.     SS  Saat 

Lorain  Street.     [Feb.,  1905.] 
CAJau,  Floriah,  M.Sc,  Ph.D.,  LL.D.;  Professor  of  Mathematics  and 

Dean  of  the  Engineering  School,  Colorado  College,  Colorado  fringe, 

Colo.     1119  Wood  Avenue.     (Apr.,  1899.] 
*Camp,  Bdbton  Howabd,  M.A,,  Pb.D.  (Yale) ;  Associate  Professor  of 

Mathematics,  Wesleyan  Uoiveraity,  Middletown,  Conn.    41  Brainerd 

Avenue.     [Dec.,  1907.1 
Campbell,  Donald  Fbancis,  PhD.    (Harvard);   Professor  of  Mathe- 
matics, Armour  Institute  of  Technology,  Chicago,  HI.    [Dec,  1900.] 
Campbell,  Oeoboe  Ashlet,  B.Sc.,  M.A.,  Pb.D.   (Harvard) ;  Research 

Engineer,  American  Telephone  and  Telegraph  Company,  New  York, 

N.  Y.    IS  Des  Street.    [Oct.,  1910.] 
Capxon,  Paul,  M.A.;  Instructor  in  Mathematics,  U.  8.  Naval  Academy, 

Annapolis,  Md.     [Oct.,  1897.] 
Cabet,  Euoenb  Fkahcis  Alotbius,  B.Sc;  Instructor  in  Mathematics, 

University  of  Montana,  Missoola,  Mont.     [Apr,,  1908.] 
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CiMMumAML,  BOBKBT  Dahikl,  B^,  PliJ).  (Priiweton) ;  AMiitut  Pr»- 

fcMor    of    Mkthematlei,    Indiasm    Unlvenitj,    Bloomingtav,    Ind. 

[Apr.,  1»06.] 
Cabpbhtik,  Alixm  TuiixR,  U.A.;  Inatnietor  in  Ibtbematiei,  nnir«" 

■itf  of  WBShington,  Seattle,  Wash.    iSti  Twentieth  Avenue,  If.  B. 

[Oct.,  1K)6.] 
Cabbdth,  Willum  Uasbky,  B.A.;  Atwcist«  Profesnor  of  Mathematiea, 

HknultoD  College,  Clinton,  N.  T.    P.  0.  Box  tS.    [Dee.,  IS07.] 
CAXTtB,  BESJixm  Edwakd,  U.A.;  Asristknt  Profeaor  of  Mathematiea, 

Coll^  CoDeg*,  Wkt«rTille,  Me.    [Feb.,  1906.] 
Cabyeb,  Wai/teb  BuCKtMaHAU,  Pli3.,  Ph.D.  (Johna  Hopkina)  ;  AMiatsnt 

ProfeoMr  of  UathematiCB,  Cornell  UniTeraity,  Ithaca,  N.  Y.     tOJ 

Fairmotint  Avetme.    [Dee.,  1906.] 
Chagk,  AenoU)  Bmrmu,  H.A.,  D.Se.  (Brown).    Providence,  B.  I,    Si4 

Angelt  Street.     [Apr.,  1896.] 
CHAUBBBa,  Obokob  Oailey,  B.A.,  Ph.D.  (PennaylTanU) ;  Aiaietaot  Pro- 

feaaor   of   Uathematica,   University   of   Penn^Ivania,   Philadelphia, 

Pa.    79  Drexel  Aventie,  Lantdomie,  Pa.     [Sept.,  1908.] 
Chapman,  Funk  E.,  U.A.;  ProfesioT  of  Uathematica,  Southern  Uni- 

Ycrmty,  Greensboro,  Ala.    [Apr.,  1908.] 
CsimNDiM,  Edwabd  Wilson,  M.A.,  Ph.D.   (Chicago) ;   Inetmctor  in 

Mathematiu,  University  of  IllinoiB,  Champaign,  111.    508  Btut  John 

Street.    [Dec.,  1912.] 
Ceittxksem,  J.  Bkaci,  B.Sc,  M.A.,  Ph.D.  (Konigsberg) ;  Piofeasor  of 

MJathematiCB,    Brooklyn    Polytechnic    Inetitnte,    Brooklyn,    K.    Y. 

(Not.,  1899.) 
CUSK,  John  Ekokt,  U.A.;  Emeritna  Professor  of  Uatliematies,  Yale 

Univendty,  New  Haven,  Conn.    34  Sovth  Park  Terrace,  Longmeadow, 

Mass.     lApr.,  1891.] 
Clarke,  John  Eabtiun,  BJL.,  Ph.D.   (Boston);   Professor  of  School 

Organization  and  Administration,  Boston  University,  Boston,  Haas. 

16  Centre  Street,  Cambridge,  Ma*».    [Dee.,  1900.] 
CLxuDtra,  Out  Bogeb,  U.A.;  Instmctor  in  Uathematics,  University  of 

Wiaeonsiu,  Madison,  Wis.    IB  South  Bauett  Street.     [Dee.,  1907.1 
CoAB,  Hkkkt  LiviNOBTON,  MA.,  Ph.D.  (Illinois);  Professor  of  Mathe- 
matics and  Lee  Lecturer  on  Astronomy,  Marietta  College,  Marietta, 

Ohio.    Miuhinffum  Terrace.     [Feb.,  1906.] 
Cobb,  Charlbb  W.,  M.A.,  Ph.D.;  Aasistaot  Profeasor  of  Mathematics, 

Amherst  College,  Amherst,  Mass.     [Dec.,  1911.] 
COBB,  Hbbsbt  Edoas,  M.A.;  Mathematics  Editor  of  Sehotil  Beienee  and 

Maihematiet;  Professor  and  Head  of  the  Department  of  Hath«- 

matics,  Lewis  Instltate,  Chicago,  HI.    [Apr.,  1907.] 
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COBI^  Abtbub  B.,  M.A.,  PhD.  (Johns  Hopkina) ;  Auoelate  Profe«Kir 

of  Uathematiea,  Jolmg  Hopkini  University,  Baltimore,  Md.     [Dm^ 

1902.] 
CoDDDiOTOit,  Ekilt,  M.A.,  Ph.B.    (Columbia).     S4  Weit  6Sth  Street, 

New  Tork,  N.  Y,     [Dee.,  1W)6.] 
CoimiJ,  JoaXFH  GEoaaE,  B.Sc.,  Ph.D.   (ClMk);  ABsistant  Profeuor  of 

PhTaicB,  College  of  the  City  of  New  Tork,  New  York,  N.  Y.    115 

Hamilton  Place.    [Feb.,  3912.1 
COBXN,    AsRAfiui,    BJi..,    Pli.D.    (Johns    Hopkins) ;    Coeditor    of    tlw 

America*  Journal  of  Uathemattoi;  Anociate  in  Uathenutiea,  Johns 

Hopkins  Unive'raity,  Baltimore,  Ud.     [Feb.,  1SS3.I 
COLAW,  J.  M.,  M.A.J  P.  O.  Box  lOe,  Monterey,  Va.    [Oct.,  1912.) 
«C0LX,  Fkame  Nblsok,  B.A.,  Ph.D.  (Harrard) ;  Editor  of  the  BulMin 

of  the  Ameriean  Mathematical  Sooiety;  Profeuor  of  Mathematics, 

Columbia  University,  New  Tork,  N.  T.    {Apr.,  ISQl.] 
Collins,  Josiph  Victob,  B.Ph.,  Ph.D.;  Teacher  of  Mathematics,  Stat* 

Normal  School,  Stevens  Point,  Wis.    tl7  Divition  Street.     [Dee., 

1899.] 
CoifiTTS,  Elukb  CLinOBD,  B.A.,  Ph.D.  (Cornell);  Assistant  Professor 

of  Mathematics,  SUte  College  of  Washington,  Pullman,  Vaah.    410 

Montgomery  Street,     [Sept.,  1906.] 
CoLPiTTa,  JuuA  Tbuihah,  M.A.;  Aasistant  Professor  of  Matheraaties, 

Iowa  SUte  College,  Ames,  la.     [Dee.,  1907.] 
CouBTOCE,  Cl&kinck  Elubb,  M.A.;  Professor  of  Mathematics  and  Head 

of  the  Department,  Bradley  Polytechaie  Inatitnte,  Peoria,  111.    lAog., 

1S03.] 
CoifBTOCK,  Eltiho  Houohtalimo,  M.Se.;   Professor  of  Mechanics  and 

Mathematics,  School  of  Mines,  University  of  Minnesota,  Minneapolis, 

Minn.    [Feb.,  1898.] 
OONANT,  Lkvi  Lbokabd,  M.A.,  Ph.D.;  Acting  President  and  Professor  of 

UathemBtIca,   Worcester    Polyteehnie    Institute,   Worcester,    Mass. 

[Oct.,  1802.) 
CoNHXB,  Jauzs  Btals,  B.A.,  PhJ3.    (Johns  Hopkins) ;    Associate  In 

Matheniatics,  Bryn  Mawr  College,  Bryn  Mawr,  Pa.     Tarrov  WeH. 

[Dec.,  190B.] 
CoMSTANTiDS,  Brothkb,  M.A.,  PhJ).  (St  Lonis),  IiI<.D.;  Professor  of 

Philosophy,  Christian  Brothers  College,  Memphis,  Teun.     [Sept., 

190e.) 
CoNvmsa,  Hkhbt  A.,  B.A.,  Ph.D.  (Johns  Hopkins) ;  Head  of  the  Do- 

partment  of  Mathematics,  Baltimore  Polytechnic  Institnte,  Balti- 
more, Md.    ISOi  Mount  Soyal  Avenue.     [Sept.,  1901.) 
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GOKWILL,  Oboboe  HacFult,  H.A.,  Ph.D.  (Princeton);  Instraetor  in 

Mathenwtica,  Y&le  Univenit;,  New  Haven,  Coon,    681  Tale  Station. 

[Sept.,  1S08.] 
•CoouDOB,  JuuAK  Lowell,  B.A,,  B.Se.,  Ph.D.  (Bonn) ;  AaswUnt  Pro- 

feuor  or  MBthematies,  Hairnrd  Univenitj,  Cmmbridge,  Mmi.     7 

Fayemeather  Street,     [Jtme,  1900.] 
COur,  Sauuel  Abthuk,  Treuurer  of  tbe  Wapello  Coal  Company,  Hite- 

man,  la.     [Apr.,  1907.] 
COBNisH,   WtLLtAM    Aabok,   B.A.;    lostmctor   in   IfAtbematiea,    Btate 

Normal  School,  Cortland,  N.  Y.    3t  Owego  Street.     [Dee.,  1S02.] 
Cowley,  Elizabeth  Buchanan,  M.A.,  Ph.D.  (Columbia);  Collaborator 

of  the  Sevue  SemettTielle  des  Pvblieationt  MatMmatique* ;  Inatrae- 

tor  in  Uatbematica,  Vasar  College,  Poughkeepsie,  H.  Y.     {Feb., 

1903,] 
Cox,  Cabl  Stfan,  M.A.;  Principal  of  the  Mulberry  Senior  Higb  School, 

Mulberry,  Fla.    P.  0.  Box  187.     [Dec,  1912.] 
C&Aia,  Cltdb  FmilAK,  B.A.,  Ph.D.  (Cornell) ;  Initructor  in  Mathematics, 

Cornell  University,  Itbaea,  N.  Y.    3t0  North  Aurora  Street.    [Oct., 

1908.] 
Ckathorne,  Abthor  H.,  B.A.,  Ph.D.  (Oflttingen) ;  Associate  in  Mathe- 
matics, University  of  Illinois,  Champaign,  lit.    1113  South  Fourth 

Street.     [Dec.,  1900.] 
Ckawlbt,    Edwih    Schofield,   B.Sc.,    Ph.D.    (Pennsylvania);    Thomas 

A.  Scott  Professor  of  Mathematics,  University  of  PenDsylvania, 

Philadelphia,  Pa.     [Apr.,  1891.] 
Cresse,  Georoe  HoprMAN,  M.A.;  AssistMit  Professor  of  Mathematics, 

Middlebury  College,  Middlebury,  Vt.     [Feb.,  1912.] 
CcuuiKGS,  LotnsK  DurrtELD,  M.A.;  Instructor  in  Mathematics,  Vassar 

College,  Poughkeepide,  N.  Y.     [Oct.,  1903.] 
«CtiKHiNoHAU,  Allan  Joseph  Cbamfnevs,  Lientenant  Colonel  B.  G., 

retired;  Fellow  of  King's  College,  London.     tO  Eitex  FiUos,  Eeti- 

tington,  London,  W.,  England.     [Oct.,  1905.1 
CuNNiNQHAit,  Susan  J.,  Emeritus  Professor  of  Mathematics  and  Astron- 
omy, Swarthmore  College,  Swarthmore,  Pa.    3308  Areh  Street,  Phila- 
delphia, Pa.    [Dec,  1691.] 
Cduel,    Ha&ald    WOBrrHiNOTON.    M.A.;    La    Mexicana    CompaDia    de 

Beguros  sobre  Itt  Vida,   Mexico,   D.    F.,   Mexico.     Apartado   6S1. 

[Dec.,  1900.] 
CuBRiEB,  Clinton  Sakvet,  M.A.;    Instructor  in  Mathematics,  Brown 

University,  Providence,  B.  I.     [Feb.,  1908.] 
Cdbtis,  Akthur  Mills,  B.Sc;  Inetmctor  in  Mathematics,  State  Normial 

and  Training  School,  Oneonta,  N.  Y.    [Oct.,  1904.] 
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CuHTis,  Habold  Babtlett,  B.A.,  FIlD.  (Cornell) ;  Inatnietor  in  Hatko- 

nmtiu,  BarnBTd  College,  Columbia  Universitr,  Hew  YoA,  N.  Y, 

(Feb.,  J9U.] 
CuKTiBS,  DxTiD  BaTUOHd,  M.A,,  PbJ).  (Harvard) ;  Professor  of  Matbft- 

matics,  Northwettem  UniTeraitf,  Evanatou,  IIL    7tO  Milbvm  Street, 

[Feb.,  190g.] 

Dalakeb,  Hans  H.,  B.A.;  Assistant  Professor  of  Mathematics,  Eogi- 

neering  College,  TTDiverBity  of  Minnesota,  Minueapolis,  Minn.    5tS 

Walnut  Street,  S.  E.    [Oct.,  IQOS.] 
Davis,  Chakles  Hehey.    South  Yarmoath,  Mass.    [Oct.,  1900.] 
Dahs,  Elizabeth  Beown,  B.Sc.;  NautUnl  Almanac  Office,  Washington, 

D.  C.    tilZ  First  Street,  N.  W.    [Oct.,  1910.] 
Davis,  Ellkky  Wiluams,  B.Sc.,  Ph.D.   (Johns  Hopkins) ;  Head  Pro- 
fessor of  MathematicB  and  Dean  of  the  College  of  Arts  and  Sciences, 

Univerdt;  of  Nebraska,  Lincolo,  Neb.    [Apr.,  ISOl.] 
»DAns,  Haevet  Nathaniel,  P1iJ>.;   Assistatit   Professor  of  Pbinlcs, 

Harrard  Univenitjr,  Cambridge,  Mass.    S  Aih  Street  Place.    (Ang., 

1903.] 
Davis,   Josefb   Mobton,   B.Se.,   M.A.;    Associate   Piofesor   of   Mstbe* 

matics,  Stat«  UniTersit;  of  Kentneky,  Lexington,  Kj.    340  Madtton 

Place.    [Oct.,  1911.] 
Davis,  Nathaniel  Fkench,  MA.,  LL.D.;  Professor  of  Pore  Matb»- 

matics.  Brown  University,  Providence,  B.  I.     159  Brown  Streets 

[Apr.,  1891.] 
DAviasoN,  ScBUTLix  Couax,  M.A.,  Sc.D.;  Professor  of  Mathematics, 

Indiana    UiuverBit7,   Bloomington,    Ind.      51S   Eatt    Third    Street. 

[Feb.,  190&.] 
Dsobebp,  Makv  EiiZABETH,  M.A.;  Instructor  in  Mathematics,  Universitj 

of  Texas,  Austin,  Tex.    tSlS  Nveees  Street.     [Oct.,  1905.] 
Decker,  Flotd  I^skb,  Ph.M.,  Pb.B.  (S^raease) ;  Assistant  Professor  of 

Matbematics,  Syracuse  University,  Syraeose,  N.  Y.     8S4   Sttmner 

Avenve.    [Sept.,  1908.] 
De  Cou,  Edoas  Ezekiel,  M.Sc;  Professor  and  Head  of  the  Department 

of   Mathematics,  University   of  Oregon,   Eugene,  Ore.     719   MUt 

Street.    [Feb.,  1903.] 
Dedebick,  Louis  Seblb,  MjV..,  Pb.D.  (Harvard);  luatmctor  in  Blatbe- 

matiCB,  Princeton  University,  Princeton,  N.  J.    IS  William  Street. 

[Sept.,  1909.] 
Dbfob,  Luthbb  Mabion,  Professor  of  Mechanics,  Uoiveraty  of  Missouri, 

Columbia,  Mo.     [Dec.,  1900.] 
Deiukl,  BiCHABO  I^UNaa,   M.A. ;    Assistant   Professor  of  Mecbanies, 

Stevens  Institute,  Hoboken,  N.  J.     [Dec.,  1903.] 
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DsLoira,  lu  MmnoOL,  M.A.;   Profeawr  of  M*theni*KM,  TJuToni^ 

«t  Colontao,  Bonlder,  Colo.    1341  Broadteati.    [Maj,  1891.] 
DAOKY,  AuutD  TsKKTBON,  Mj^.;  ProfesMr  of  Uathematiea,  TJiiiTef- 

■Itr  of  Toronto,  Toronto,  Canada.     [Jan.,  1896.] 
«DiKHnT,  WiLUAM  8AWTIS,  BJk.,  H  J>.    £  Sit«t  49(A  Street,  How  Yo^ 

N.  T.     [Jan.,  1898.] 
DiNTOH,  WiLUUt  WKLL8,  U.A.,  Ph.D.;    InBtrnetor   in   Uatbomaties, 

Dnivenitj*  of  niinoU,  Urbana,  HL    905  South  Btxtk  Btrett,  Cttam- 

paign,  JU.    tApr.,  1S09.] 
DIOKSON,  LioNABO  EnoENK,  B.Se.,  MA.,  PbJ),   (Chicago);  Editor  of 

the  Trtmiaetioiu  of  the  AmeriMm  Mathematieat  Sooietj/;  Proftaaor 

of  Matbematlea,  UDiveraitj  of  Chicago,  Chicago,  Dl.     [No*.,  1896.] 
DiJUOE,  Cbbsteb  Edwabd,  M.A.;  Inatrnctor  of  Cadeta,  U.  8.  Berenne 

Cottar  Service,  Fort  Trnmbol],  New  London,  Conn.     [Apr.,  1904.] 
DiNZS,  Chaxlbs  Boss,  HM.;   Fellow  in  Mathematiea,  Universi^  of 

Chicago,  Chicago,  IlL    18  Biteheoek  Bail.     [Feb.,  1912.] 
DiNiB,  Llotd  Zi.,  MA.,  Ph.D.  (Chicago) ;  Instmctor  in  Matbematica, 

Colombia  Univerai^,  New  York,  N.  Y.     [Feb.,  ISll.] 
DODD,  Edwabd  Lkwis,  M.A.,  Ph.D.  (Yale) ;  Inatmotor  in  Mathematlea, 

Univergitj  of  Tema,  Austin,  Texaa.    ieO€  (hudalvpe  Street.    [Sept., 

1904.] 
DoHMEN,  Fauiz  JosaPH,  B.Ijit.,  Ph-D.  (Greifgwald) ;  S9  £(Iery  Street, 

Cambridge,  Uaaa.    [Dec.,  190fi.] 
DowuNQ,  lassxva  Wayiakd,  Ph.D.  (Clark);  A^atant  Profeawr  of 

Uathematiea,  TTniverBitj  of  Wieeonsin,  Madiaon,  Wia.    f  Boby  Eoad, 

[Apr.,  1897.] 
DoWNxY,  John  F.,  C.E,,  M.Be.,  M.A.;  PTofenor  of  MatheoiatieB  and 

Dean  of  the  College  of  Science,  Literature  and  the  Arte,  Uuiverdt^ 

of  Minneaota,  Minneapolis,  Minn.    [Feb.,  ISOl.] 
Dbesdbn,  Abndld,    M.Sc,   Ph.D.    (Chicago) ;    Aasiataut   Profeasor   of 

Mathematics,  Univeisit;  of  Wisconsin,  Madison,  Wis.     ttSO  W«Mt 

Johnton  Street.    [Sept.,  1007.] 
DSOKK,  QaOKflE  Wkslbt,  U.A.;   Professor  of  Mathematics  and  Aatron- 

omj,  Univeraitjr  of  Arkanns,  Fayetteville,  Ark.     103  HOI  Street. 

[Sept.,  1900.] 
DUNKKL,   Otto,   M.E.,   M.A,,   PhJ).    (Harvard);    Inatructor   in   Matbe- 
matica, Universitj  of  Missouri,  Columbia,  Mo.     60t  ganford  Street. 

[Oct,  1902.] 
DuBXiJi,  Flbtgbxb,  B.A.,  Ph.D.;  Master  in  Mathematics,  Lawrencerille 

School,  Lawreuceville,  N.  J.     [Apr.,  ISOl.] 
DuarEC,  Wdxum  Pitt,  B.A.,  Ph.D.    (Johns  HopUns);   Professor  of 

Mathematics  and  Dean  of  the  Faculty,  Hobart  College,  Genera,  N. 

Y.    639  Main  Street.     [Apr.,  1691.] 
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DnvAL,  Eduukd  Pxndlston  Bandolph,  B.Sc.,  U.&.;  Awistaiit  Profenor 
of  Uathematies,  TJoifenity  of  EanssB,  Lawrenee,  Kan.  1809  Xm- 
net»ee  Street.    [Feb.,  1904.] 

Echols,  Charles  Patton,  GTsdnate  of  the  U.  8.  Military  Aeademr; 
Uentenant-ColODel  IT.  S.  A.;  Frofeaoor  of  Hathomatiei,  V.  6. 
Military  Academj,  Wwt  Point,  N.  Y.    [Sept.,  190S.] 

EoHOLS,  WnjJAH  HoutiNG,  B.Se.;  Profeuor  of  Uatliematiea,  Uni- 
Toraty  of  TirginiE,  CliarlotteaviUe,  V«.     lApt.,  1991.] 

Eddt,  Henkt  Tubnkk,  C.E.,  M.A.,  Ph.D.,  SeJ).,  LLJ).;  Head  Professor 
of  Mathematics  and  Meelisnies,  College  of  Engineering,  and  Dean 
of  the  Graduate  School,  emeritus,  Unirersity  of  Minnesota,  Minne- 
apolis, Minn.    910  Sixth  Street,  S.  E.    [Apr.,  1891.] 

Eduondsom,  Tboiias  Wiluau,  B.A.,  Ph.D.  (Clark);  Professor  of 
Matbetnatiea,  New  York  UniTersity,  New  York,  N.  Y.  Univertit]/ 
Heights.     [Bee.,  1696.] 

Edwaods,  OEOBI3E  CcNHiNORAU,  BJ>h.;  Professor  of  Matbematica,  Uni* 
varsity  of  California,  Berkel^,  CaL     [Sept.,  1902.] 

EiLLS,  Walter  Crosbt,  MA.;  Profeesor  of  Mathematies,  Whltworth 
College,  Taeoma,  Wssb.    [Oct,  1911.] 

EiESLANo,  John,  BJ'h.,  Ph.D.  (Johns  Hopkins);  Professor  and  Head 
of  the  Department  of  Mathematics,  UniTersity  of  West  Tiiginia, 
Morgantown,  W.  Va.    £3  Demain  Avenue.     [Feb.,  1897.] 

■EiBXMHAKT,  LcTHXK  FPAHLEB,  B.A.,  Pb.D.  (Johns  Hopkins);  Editor 
of  tlie  Annala  of  Mathematie$ ;  Professor  of  Mathematics,  Prineoton 
University,  Princeton,  N.  J.    «  Alexander  Street.     [Dee.,  1900.] 

•Eluott,  Edwin  Bailet,  M.A.j  Waynflete  Professor  of  Pore  Mathe- 
matics and  Fellow  of  Magdalen  College,  Oxford,  England.  4  Bard- 
well  Eoad.    [Feb.,  1698.] 

EucH,  Arnold,  M.Sc.,  Ph.D.  (Kansas);  Assistant  Professor  of  Mathe- 
matics, University  of  Illinois,  Urbana,  HI.  604  Weet  £lm  Street. 
[Nov.,  1896.] 

BuiiONS,  Cltdb  W.,  M.A.;  Professor  of  Mathematies,  Simpson  College, 
Indianola,  la.    [Oct.,  ISlC] 

Enoberq,  Casl  Chkistun,  B.Se.,  M.A.,  Ph.D.  (Nebraska);  Professor 
of  Applied  Mathematies,  Univeraty  of  Nebraska,  Lincoln,  Neb. 
[Apr.,  1898.] 

Ehoub,  EpicnKD  Arthur,  M.A.,  Ph.D.,  LL.D.;  Secretary  and  Treasurer 
of  Washington  University,  St.  Louis,  Mo.    [Mar.,  18B2.] 

Enolish,  Habbt,  B.A.,  LL.M.;  Director  of  Mathematics  Washington 
High  Schools,  Washington,  D.  C.   ta07  F  Street,  S.  W.    [Get.,  190S.1 

Epstren,  Saul,  B.Se.,  Ph.D.  (Zurich) ;  I^ofessor  of  Mathematies,  Uni- 
versity of  Colorado,  Boulder,  Colo.  1317  Seventh  Street,  [Sept., 
1904.] 
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*EaoaTT,  Edwabd  Bund,  H.Sc.;  InstmetoT  in  Matheniktin,  Vtdvmritj 

of  HicUgan,  Ann  Aiboi,  Hieb.    IStS  StS  Street.    [Oct.,  1898.1 
Egtt,   Thouas   Coemna,  M^.;    ProfeaBor  of  Matbematiea,   Ainherat 

Colltge,  Ambent,  Mus.    [Dec.,  1901.] 
ESTT,  WruiAU  COLX,  I1L.D.;  Emeritiu  Professor  of  M&tbematica  uid 

Aitronomjr,  Amherat  College,  Amherst,  Uus.    [Maj',  1891.] 
Etams,  Giobqx  Woaaau,  B.A.;   Eeadmsater  of  the  Cbarlestown  Eigb 

School,  BortOD,  Man.    17  Everett  Avenue,  Dorchester,  llatt.    [F^., 

1910.] 
EVAJ4B,  OKimTH  Conrad,  M.A.,  Ph.D.   (Harvard) ;  Assistaiit  Profenor 

of  Matbematics,  Bice  Institute,  Hooeton,  Tex.     [Oct.,  1909.] 
Etans,   Hemky    Bbowh,    M.E.,    Pb.D.    (Pemui;lTania) ;    Profeeeor   of 

Matbematiea,  Univorsitj  of  Pennsrlvaiua,  Pbiladelpbia,  Pa.    CoOege 

HaU.    [Sept.,  1905.] 
EwiNO,  WiLUAM  FIKDIHAND,  B.A.;  Head  cf  the  Departmeot  of  Mathe- 
matics, Cogswell  PolTtecbnic  College,  San  Prancisco,   Cal.     0235 

Fiorio  Street,  Oakland,  Cat.     [Sept.,  1908.] 

Fauoht,  Jobn  Bbookh,  M.A.,  Ph.D.;  Professor  of  Mathematics,  Western 
State  Normal  School,  Kalamazoo,  Mich.  1409  Academg  Street. 
[Feb.,  1S99.] 

FiBUSTEK,  HowABD  Calvin,  M.A.;  Professor  of  Mathematics  and  Viee- 
Presideot,  York  College,  York,  Neb.  1005  Mayhem  Avenue.  [Oct. 
1910.] 

«FXBKT,  Fbedesice  Caklos,  M.A.,  Ph.D.  (Clark),  Sc.D.  (Colgate) ;  Pro- 
fessor of  Mathematics  and  Dean,  Williams  College,  Williamstonsj 
Mass.     [Feb.,  1901.] 

Fihj),  Flotd,  M.A.;  Profenor  of  Mathematics  and  Bead  of  tbe  De- 
partment, Georgia  School  of  Technolog;,  Atlanta,  Oa.  1S89  Com- 
hridge  Street,  Cambridge,  Uaii.    [Apr.,  1907.] 

FiEU>,  Petib,  M.Sc.,  Ph.D.  (Cornell) ;  Assistant  Profenor  of  Matbo- 
matics,  University  of  Michigan,  Ann  Arbor,  Mich.  1054  Ferdon 
Boad.     [June,  1900.] 

«FiiiJ>3,  John  Chakles,  Ph.D.  (Johns  Hopkins) ;  Associate  Profenor 
of  Mathematics,  University  of  Toronto,  Toronto,  Canada.  [May, 
1891.] 

FiNDLAY,  WiUJAU,  M.A.,  Ph.D.  (Chicago) ;  Professor  of  Mathematics, 
MoMaster  Universitj,  Toronto,  Canada.    [Oct.,  1901.] 

Fine,  Henbt  Bubchabd,  M.A.,  Ph.D.  (Leipeig),  LL.D.;  Ex-Presidkkt; 
Professor  of  Mathematics  and  Dean,  Princeton  University,  Prince- 
ton, N.  J.     [May,  1891.] 

Fineel,  Benjamin  Fbahkun,  Ph.D.;  Editor  of  the  Ameriean  Mathe- 
matical Monthly;  Profeasor  of  Mathematics  and  Fhjsiee,  Dmrj 
College,  Springfield,  Ho.    Itt?  Clay  Street.     [Jane,  1891.] 


-obvGoo»^lc 


FiSHEB,  Chables  Edwasd,  M.A.;   Head  of  the  Department  of  Uathe- 

maticB,  Bbode  Island  Nonnal  School,  Providence,  B.  I.    BSS  Pletuant 

Street.    [Apr.,  1912.] 
FiSHKK,  Qedboe  Eqbebt,  U^.,  Ph.D.;  Piofeasor  of  Mathematics  end 

Dean  of  the  College  Facultj,  Univeruty  of  PeDD^lvania,  Phila- 
delphia, Pa.    [Oct,  1891.] 
FiSHKB,  Ibvino,  B.A.,  Ph.D.   (Yale);  Profesor  of  Political  Eeonomj, 

Yale  Uuiverdtjr,  New  Haven,  Conn.    4S0  Prospect  Street,     [Jan., 

1895.1 
»FisKK,  Thomas  Scott,  M.A.,  Ph.D.  (Colombia);  Ex-Psesidknt;  Pro- 
fessor  of    Mathematics,    Columbia    fniversitj.   New   York,   N.   Y. 

[Nov.,  1888.1 
FiTCE,  Anniz  LoniSB  Mackinnon  (Mas.  Edwabd),  M.Sc,  Ph.D.    Clin- 
ton, N.  Y.    [Feb.,  1887.] 
Ftte,  Williau  Benjamin,  Ph.D.  (Cornell);  pTofenor  of  Matbetuatiea, 

Colombia  UniverBity,  New  York,  N.  Y.     [Oct.,  1901.] 
FiTTEREB,    John    Conbad,    O.E;    Profenor    of    Civil    and    Irrigation 

Engineering,  Universitf  of  Wyoming,  Laramie,   Wyo.     Sll   Sovtli 

Eleventh  Street.    [Dec.,  1911.] 
FI.AMAOAN,  Charles  Edwabd.    Actuary  of  the  Conservative  life  losor- 

aoce  Company,  Wheeling,  W.  Va.     [Feb.,  1910.] 
Flxzt,  Bobebt  Btland,  M.A.,  Ph.D.  (Heidelberg) ;  Professor  of  Mathe- 

maticB,  William  Jewell  College,  Liberty,  Mo.     715  Miller  Avenve. 

[Oct.,  19(M.] 
Flowebs,  Bobebt  Lee,  Graduate  of  the  U.  3.  Naval  Academy;  Professor 

of  Mathematics,  Trinity  College,  Durham,  N.  C.     [Oct.,  1894.] 
FOCKB,   Thkodoke   M.,   B.Sc.,   Ph.D.    (Gfittingen) ;    Kerr   Professor   of 

Mathematics,   Case   School   of   Applied    Science,   Cleveland,    Ohio. 

[Feb.,  1907.) 
FoBD,  Bobebt  Dale,  M.Sc.;   Professor  of  Mathematics,  St.  Lawrence 

University,  Canton,  N.  Y.    [Apr.,  1900.] 
•FoED,  Waitbk  Buston,  M.A.,  Ph.D.  (Harvard);  Junior  Professor  of 

Mathematics,  University  of  Michigan,  Ann  Arbor,  Mich.    904  Forett 

Avenue.     [Aug.,  1899.] 
FoBSTTH,  Andbew  Bcssell,  Be.D.  (Cambridge,  Dublin,  Victoria,  Oxford, 

Liverpool),   LL.D.    (Glasgow,  Aberdeen);    Matli.D.    (Christianla). 

Cambridge,  England.    [Dec.,  1899.] 
*FilANKijiND,  Fbedebick  WiluaU;  Government  Examiner  in  Statistical 

Method  and  in  Actuarial  and  Pare  Mathematica  and  in  the  Law  and 

Practice  of  Life  and  Accident  Insurance,  Fozton,  New  Zealand. 

[Deo.,  1893.] 
Fbamslin,  Fabian,  B.Fh.,  Ph.D.  (Johns  Hopkins),  LL.D.;  TAs  Evening 

Pott,  New  York,  N.  Y.     [Dec.,  1892.] 
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E^uza,  FXASX  Dbah,  B.8«.,  M.A.    Itoe  HaigM  Avernu,  Portland,  Or*. 

IFeb.,  190S.] 
E^KKCH,  Jobs  Su,w,  BA.,  FhJ).   (Cl»rk);   Prineipftl  of  the  Honii 

Height!  Bebool,  Proridenee,  B.  I.    [Feb.,  1900.] 
FxmELL,  iXTHjn  Bowxs,  MA.,  PhJ).  (Kuiaaa) ;  ProfeMor  of  Maths- 

matica,  MePhenou  College,  McPbenon,  Kana.     1010  Eiut  EueUd 

Street.    [No».,  18M.] 

Oaba,  Hktxb,  M.Sc;   Instmetor  in  Mathematiu,  Dartmonth  Collie, 

Hanover,  N.  H.     [Apr.,  1909.] 
Oazhb,  Paul  E1tn>iaiCE,  M.A.;   Profemor  of  Phjaiea,  Weill  Collie, 

Aurora,  N.  Y.    [Dec,  1908.] 
Gali,  Abtkdb  Sullivan,  BJl,.,  Ph.D,  (Tale) ;  Fayemeather  FrofeMor 

of  Matbematia,  Univeraity  of  Bocherter,  Boeheater,  N.  Y.    SS  Fiek 

Park  B.    [Oct.,  1899.] 
Oabkktt,  WiLiiABD  Hates,  B.Sc.;  Profevoi  of  Hathematiea  and  Astran- 

omy.  Baker  Univeraity,  Baldwin,  Kan.    [Apr.,  1909.] 
Qabbison,  Wilurt  a.,  ma.;  Agdatant  Profeaaor  of  Matheuiatiea,  Engi- 
neering   School,   Union   University,   Schenectady,   N,   Y.      $$    Van 

Vanlcen  Avenue.     [Feb.,  1909.] 
Qavett,   Qeorge  laviNO,  B.Sc.    (C.K.);   Aasetant  Profenor  of   Mathe- 

matira,    Univenity    of    WaabingtoD,    Seattle,    Washington.      5501 

Fifteenth  Aveitve,  K.  B.     [Dee.,  1904.] 
Gbhtbt,  Both,  Ph.B.,  Ph.D.    (Bryu  Hawr);  Stileaville,  Ind.     [Feb., 

1894.1 
GiRMANH,  Qeomb  B.,  BA.,  Ph.D.    (Columbia) ;  Principal  of  Public 

School  No.  130,  Ocean  Parkway  and  Fort  EamUton  Avenue,  Brook- 
lyn, N.  Y.     [Dec,  1897.] 
*Obi&ahb,  Hxnkt  Tbesawka,  M.A.;  Felloir  and  Lecturer  of  Worcester 

College,  Oxford,  England.    SO  St.  John  Street.    [Feb.,  1901.] 
Gibson,  Oeobok  Alixandeb,  M.A,  LL.D.;  Profenor  of  Matbematiea, 

Univeraity  of   Olaagow,  Olaagow,   Scotland.     10   The    Univereity. 

[Oct.,  1903.] 
Gillespie,  David  Cuhton,  M.A.,  Ph.D.   (OOttingen) ;   Aadstant  Pro- 

feasor  of  Mathematics,  Cornell  Univer«ity,  Ithaca,  N.  Y,     Grey 

Court.     [Feb.,  1907.] 
GiLLSSPii,  WillIau,  BA.,  Ph.D.  (Chicago) ;  Profenor  of  Mathematics, 

Princeton  University,  Princeton,  N.  J.    78  Alexander  Street.    [Apr., 

1904.] 
QiTHBKB,  Cdb&an  Ellswobth,  M.A.;  Supervising  Principal  of  Schools, 

Wheeling,  W,  Ya.    tS  Kentucky  Avenue.     [Feb.,  1910.] 
Qlaishkb,  Jauxs  Whitbbead  Lke,  UA.,  Sc.D.;  Editor  of  the  Meienger 

of  Mathematio*  and  of  the  Qvarterly  Jovrnal  of  Pure  and  Applied 
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IfatAmiatMii;    Fellow    of    Trinitj    College,    Cambridge,    BngUnd. 
[Jone,  18S2.] 
OLAaBAK,  John  Stdaxt  Caskmhxad,  LL.D.     Ottawa,  Canada.     [Utj, 

1891.] 
ni.tiTww^  HAxaixr  Eudoka,  M.A.;   Profeaaar  of  Uathematlca,  Weatarn 

Collega  for  Women,  Oxford,  Ohio.    [Sept.,  1906.] 
QLimr,  OuTXB  Edmunds,  M.A.,  P1lI>.  (PemuylTania) ;  Aatdotaiit  Pio- 
feasor  of   Hathematiw,   TTniveriitf   of   Pomte^lvania,   PhUadetphia, 
Pa.    Colb^e  Hall.    [Dee.,  1906.] 
Qlovib,  JAiua  Waixbiuh,  It.A.,  FhJ>.  (Harrard) ;  ProfeaMr  of  Matlie- 
matiea  and  Inmrance,  UiuTenitj  of  MiciiigaD,  Ann  Arbor,  Uieli. 
exo  Oxford  Soad.    [Nor.,  1896.] 
Qbahaii,  WtujAU  Joseph,  B.A.;   Equitable  Life  Aasuranee  Society, 

pan;,  Newark,  N.  J.     [Oct.,  1897.] 
QoirrscHALL,  Louis,  B.Se.,  M.A.     i6i  Broadway,  New  Tork,  N.  T. 

[Oct.,  1909.] 
Gould,  Auck  Bachx,  B.A.    88  Bay  Stale  Boad,  Boaton,  Maaa.     [Feb., 

1902.] 
GUBIK,  HiBON  Easlx,  M.A.;   Frofeesor  of  Phjaiea,  Heidelberg  Uni- 

veraitr,  Tiffin,  0.    ItX  Cireular  Street.     [Dec.,  1904.] 
Gk&hah,  Wiujau  Jobxfe,  B.A.;  Eqnitable  Life  Asaarance  Society, 

165  Broadtean,  New  York,  N.  T.     [Aug.,  1903.] 
Gbant,  EIiUxb  Daniel,  M.A.;  AaaiataDt  Profeaaor  of  Mathematiea  and 
PhTBiea,  Miehigsn  College  of  Miaea,  EoDghton,  Mich.    [Oct.,  1904.] 
Qkaktiuj,  William  Ahtbont,  B.Pb.,  FhJ).  (Tale),LL.D.  (Lafayette); 

Pratident  of  FenuajlTanla  College,  Oettjaborg,  Fa.    [Maj,  1897.] 
Qkadstein,  WiLUiM  CaSpax,  M.A.;  MecJcenlwimeTallee  U,  Bonn,  Oar- 
many.     [Sept.,  1011.] 
Gkatatt,  Tbohas  E.,  B.Se.;  Inttmctor  in  MatbematusB,  Feiiiia;Iv(uiia 

SUte  College,  State  College,  Pa.    [Oct.,  1906.] 
Gbatxs,  Gokdon  Haewood,  B.Se.,  M.A.;    Inatmctor  in  Uathanatica, 

SUte  AgricQltnral  College,  Fort  Collina,  Colo.     [Dec.,  1911.] 
*Geekkeill,  Sie  OiOBOK,  M.A.;  Late  Profenor  of  Mathematics,  Artillery 
Collie,  Woolwieb,  England.    1  Staple  Jak,  London,  W.  C.     [Oct., 
1897.] 
OsmiK,  Feahs  Loxlxy,  U.Sc.,  PhJ>.  (Chicago) ;  Profenor  of  Uathe- 

matica,  Beed  College,  Portland,  Ore.     [Apr.,  1006.] 
QBmnTH,  JoHH  Howell,  U.Se.;  Aaaociate  Engineer  FliTEncist,  In  Charge 
of  the  PhTsieal  Testing  Laboratory,  U.  8.  Bnreao  of  Standarda, 
FitUbnrgh,  Pa.     [Apr.,  1911.] 
Qedtiths,  Ida,  B.A.     8S  Qa/rden  Street,  Poughkeepaie,  N.  Y.     [Dec., 
1898.] 
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QuHES,  Nathan  Cbsma,  M.A.;  Professor  of  MathemBtiea,  UniTerstlr 
of  Ariiona,  TneaoD,  Arte     [Sept.,  1910.] 

«Oboat,  Binjauih  Felahd,  BSe.,  LL.M.;  Hydraulic  Engineer,  3415 
Wmiam  Pitt  ButUuv,  Pittsburgh,  Pa.     [Oct.,  1S99.] 

Obohwall,  Thouas  Hakon,  C.E.,  Ph.D.  (Upsala) ;  912  SchUXtT  Build- 
ing, Chicago,  lU.     [Apr.,  1912.] 

Gbote,  Charlis  Clatton,  ILA.,  Ph-D.  (Johns  Hopkins) ;  AssiaUnt  Pro- 
fessor of  Mathematics,  Colnmbia  University,  New  York,  N.  Y. 
[Feb.,  1907.] 

*Qdccia,  Oiovanni  Battibta,  Nob,  dei  Uakchesi  di  Ganzabu,  UathJ). 
(Rome) ;  Member  of  the  International  Commission  of  the  S^pertwre 
BibliogTaphiqve  de*  Scienett  MatMmatiqaet ;  Foonder  and  Director 
of  the  Rendiconti  del  drcoto  Matematicc  di  Palertno;  Professor  of 
Higher  Geometry,  Uoiveraity  of  Palermo,  PalerDW,  It&lj.  Via 
Buggiero  Settimo,  SO.    [Sept.,  190S.] 

^QUMiiESE,  Henkt  Volkmar,  B.Se.,  MA.;  Professor  of  Mathematics, 
Drezel  Inatitnte,  Philadelphia,  Pa.     [June,  1894.] 

GuNDELnNOER,  Geoboe  Feederick,  B.Ph.,  Ph.D.  (Tale);  Instmctor  in 
Mathematlca,  Sheffield  Scientifle  School,  Yale  UniTersit;,  New 
Haven,  Conn.    SSe  7ale  Station.     [Apr.,  1909.] 

GuNDEBSBN,  Cakl,  M.A.,  PbJ).  (Columbia);  Profeeeor  of  Mathematics, 
Oklahoma  Agricultural  and  Mechanical  College,  Stillwater,  OUa. 
[Feb.,  1902.] 

GcNTHEB,  Chables  Otto,  M,B.;  Professor  of  Mathematics  and  Head  of 
the  Department,  Stevens  Institute  of  Technology,  Hoboken,  N.  J. 
[Sept.,  1906,] 

Eau.,  Akthus  Qrahau,  B.Sc,  Ph.D.  (Leiptig) ;  Professor  of  Matbe- 
maties,  Univeisitj  of  HichigAn,  Ann  Arbor,  Mich.    [Dec,  1002.] 

Hallett,  George  Ekbvby,  M.A.,  Ph.D.;  Professor  of  Mathematics, 
Universitj  of  Penn^lvania,  Philadelphia,  Pa.    College  EaU.     [Oct-, 

1894.] 

Halsted,  Geohoe  Brcce,  M.A.,  Ph.D.  (Johns  Hopkins) ;  Professor  of 

Mathematics,  State  Teaehera  College   of  Colorado,  Greelej,  Colo. 

9«  Ninth  Aventie.    [May,  1891.1 
wHanawalt,  Francis  Wailand,  M.A.;  Professor  of  Mathematics  and 

Aatronomj,  Univermtj  of  Puget  Sound,  Tacoma,  'Wash.    SIS  Korth 

Steele  Street.    [Oct.,  1901.] 
Hancock,  Harris,  B.A.,  Ph.D,   (Berlin),  D.Sc.   (Paris);  Professor  of 

Mathematics,    University    of    CHDCinnati,    Cincinnati,    Ohio.     HIS 

Avbum  Avenue,  Hount  Avburn.     [Apr.,  1S95.] 
Hanna,  Ultssbb  8.,  M.A.,  Ph.D.   (Pennsylvania);   Associate  Professor 

of  Mathematics,  Indiana  Univerdty,  Bloomington,  Ind.    3t8  Atwattr 

Avenue.     [Dec,  1000.] 
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-^Hasdcastlk,  Francis.    3  Oibom  Terrtiee,  Newc&Btle-oa-Tyne,  England. 

[Feb.,  1SB4.] 
Hakdt,  James  O&ihau,  M.A.,  Ph.D.   (Johni  Eopkina) ;  Associate  Pro- 

fewor    of    HstbenBtice,    Williams    College,    Williamstowii,    Hasa. 

lApr.,  1902.] 
*HAKKNBSa,  Jaubs,  M.A.;  Profeasor  of  Matbematics,  McGiU  UuiTeraitjr, 

Montreal,  Canada.    [Maj,  I8«.] 
Eabshbakoir,  Williau  Asbubt,  B.Se.;  Profeaaor  of  Mathematics,  Wash- 
burn College,  Topeka,  Kaiu    UOl  College  Avenue,     [Apr.,  1009.] 
Habt,  Jaues  Nokbis,  C.E.,  M.Se.;  FrofesHir  of  Mathematics  and  Astron- 

omj,  TTsiverBitj  of  Maine,  Otouo,  Me.     [Apr.,  1691.] 
Habtwell,   Gbobob   Wilbkb,   M.A.,   Ph-D.    (Colambla) ;    Professor   of 

Mathematics,  Hamline  Univeraitr,  St.  Paul,  Minn.     73?  Fry  Street. 

[Apr.,  1907.1 
Habvbt,  Uenbt  Clat,  M.Se.;  Head  of  the  Department  of  Mathematics, 

State  Normal  School,  Kirksrille,  Mo.     131S  Eatt  Normal  Avenue. 

[Feb.,  1904.] 
Hasbuan,  Chables,  M.A.,  Ph.D.  (CUtttiDgen) ;  Professor  of  Mathematics 

and  Mechanics,  University'  of  Nevada,  Beno,  Mev.    [Oct.,  IS07.] 
Haskell,  Mellen  Woodiun,  M.A.,  Ph.D.   (Ofittingen) ;  Professor  of 

Mathematics,  Universitj'  of  California,  Berkeley,  Cal.    P.  O.  Box  3. 

[Dec.,  1899.] 
Haskins,   Chables   Nelson,   B.Sc,   Ph.D.    (Harvard);    Aasistant   Pro- 
fessor of  Mathematics,  Dartmonth  College,  Hanover,  N.  H.    B.  F. 

D.  1,  Lebanon,  N.  H.     [Feb.,  1903.] 
Hathawat,  Abthub  Staitobd,  B.Sc.,  Professor  of  Mathematiea,  Bose 

Polytechnic  Institute,  Terre  Haute,  Ind.    eg06  North  Tenth  Street. 

[May,  1891.] 
Hawkes,  Hebbebt  Edwin,  B.A.,  PhJD.   (Tale)j  Professor  of  Mathe- 
matics, Columbia  University,  New  York,  N.  T.     [Aug.,  1898.] 
Hawkeswobth,  Bbv.   Alae)  Spbnceb.     Sberidanville,  Pittsburgh,   Pa. 

[Oct.,  1900.] 
Eatnes,  Abthuk  Edwin,  M.Se.,  M.Ph.,  Sc.D.  (HUlsdale) ;  Professor  of 

Engineering  Mathematics,  retired,  University  of  Minnesota,  MinnO' 

apolia,  Minn.     103  Biver  Boad  East.     [Sept.,  1908.] 
Eatnes,  Eli  Stdabt,  M.A.;   Instructor  in  Astronomy,  University  of 

California,  Berkeley,  Cal.    St^ent'i  Observatory.     [Dee.,  1905.] 
H1)ouBLEB,  FBAtias  Todd,  M.A.,  Ph.D.    (WisconsiD);    Instructor  in 

Mathematics,  University  of  Wiseonsin,  Madison,  Wis.     ttl  North 

Brooks  Street.    [Sept.,  1910.] 
HlDEICE,   Eabu   Ratuond,   M.A.,   Ph.D.    (Gdttingen) ;    Profesot   and 

Eead  of  the  Department  of  Mathematics,  University  of  Missouri, 

Columbia,  Mo.     304  Eieki  Avenue.     [Aug.,  1901.1 
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Hendebsok,  Bobxbt,  BJl.;  Aetaarj  of  the  Equitable  Life  AHoranea 
Soeietj.    les  BToadwof,  New  York,  N.  T.    [Sept.,  IfilO.] 

Hiwxs,  Lauvincx  Ilblkt,  B.Sc.,  PbJ).  (Tale);  Chief  of  Haintenanes 
and  Eeonomies,  OIBm  of  Pnblic  Boada,  Waahinfton,  D.  C.  [.Dte^ 
IBOO.] 

HiODOK,  JoBH  E.,  BJk..;  AasiitaDt  Aetnaiy  of  The  State  life  luoruc* 
Companj,  IndiBDapolis,  Ind,    State  Life  Building.     [OeL,  1904.] 

HiOLiT,  HOMEB  Ransoh,  H.8e.;  Aariatant  Frofeaaor  of  MatbematiM, 
StereiM  Inetitate,  Hoboken,  N.  J.    lOet,  1900.] 

HiLOiBiAMDT,  THtoPHO.  Hkhkt,  B.A.,  M.Se.,  Ph.D.  (Chkago) ;  Inatne- 
tor  in  Mathematics,  Uuiverait;  of  MIehigaa,  Ann  Arbor,  Mich. 
BIS  Elm  Street.    [Sept.,  1907.] 

Hill,  Obome  Wuxuh,  PhJ).,  SeJ>.,  ULJi.;  Ex-PBiaiKENT;  Anataot 
Editor  of  the  AitronomieoX  Journal.  Weot  Nyaek,  N.  T.  [Dee., 
1S92.] 

HiLTEBKiTKL,  Anui  M1II.1B,  M.A.,  Ph.D.  (Princeton);  Instructor  in 
Uathematics,  Worcester  Aeadem;,  Worcester,  Uasa,     [Sept.,  1905.] 

Htuowica,  Adolph  A.,  M.Se.,  MJ>.  191S  Uadittm  Avenve,  New  Tork, 
N.  Y.    [Dec.,  1898.] 

Hitchcock,  Batuond  Boyce,  M.A.;  Avistuit  Professor  of  Mathematics, 
University  of  North  Dakota,  University,  N.  Dak.    [Oct.,  1910.J 

HoDOB,  Fredibick  Huubebt,  M.A.;  Professor  of  Mathematics,  Franklin 
College,  Franklin,  Ind.    870  Ba»t  Jefferion  Street.    (Feb.,  190S.] 

HODOI,  PEBCT,  B.A.,  B.Se.,  Ph.D.  (Cornell).  Professor  of  Fhyaici, 
Stevens  Institute  of  Technology,  Hoboken,  N.  J.     [Dee.,  1910.] 

HoDOKiNs,  Howard  Lincoln,  M.A,,  Ph.D.  (Qeorge  Washington);  Pro- 
fessor and  Head  of  the  Department  of  Mathematics  and  Dean  of 
the  College  of  Engineering,  George  Wadiington  University,  Wash- 
ington, D.  C.    [Apr.,  1902.] 

HoGKETE,  Louis  T.  W.,  Ph.C,  B.Se.;  Consulting  and  Besearch  Chemist. 
1119  Park  Flare,  Brooklyn,  N.  Y.    [Apr.,  1909.] 

HOLOATB,  Tqouas  Fkanklin,  M.A.,  Ph.D.  (Clark),  LL.D.;  Professor  of 
Mathematics  and  Dean  of  the  College  of  Liberal  Arte,  Northwestern 
Univertfty,  Evanston,  HI.    €17  Library  Street.    [Feb.,  1895.] 

Hopkins,  Lotris  Allen,  B.A.,  M.Sc.;  Instructor  in  Mathematics,  Uni- 
versity of  Michigan,  Ann  Arbor,  Mich.  1203  Church  Street.  [Apr., 
1912.] 

HosKiNS,  Leandes  Miller,  C.E.,  M.Sc;  Professor  of  Applied  Mathe- 
niatiu,  Stanford  University,  Palo  Alto,  Cal.  36S  Linool*  AveiHie. 
[Dec.,  1902.] 

Howe,  Charles  Svmneb,  Ph.D.,  Sc.D.,  LL.D.;  Preridant  of  the  Ca» 
School  of  Applied  Science,  Clevelaod,  Ohio.     [May,  1691.] 
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HowK,  Hkbbbbt  Alokzo,  H.A.,  ScD.,  LLJ>.;  Director  of  the  Ch&mbeilin 

Obeerratorj  and  Dean  of  the  College  of  Liberal  Arts,  UiuTeraitr  of 

Denver,  tJniversItr  Park,  Colo.     lUtj,  ISO].] 
EowXAND,  IiBOT  Albkkt,  U^A.,  Ph.D.  (Monich);  AMOCi«te  Profeoaor 

of  Hathematies,  Weeleyan  Univeraitr,  Middletown,  Conn.    61  WyUyt 

Avenue.     [Apr.,  1S09.[ 
HiTLBuxT,  LoB&AiK  Shzbxak,  B.A.,  Ph.D.  (Johns  Hopkins) ;  Collegiate 

Professor  of  Uathemsties,  Johns  Hopkins  Unifersitj',  Baltimore, 

Md.    [May,  IMl.] 
Huh,  John  Oali,  PhJ>.  (Johns  Hopkins);  Preceptor  in  Uathematici, 

Princeton  UniTersitr,  Princeton,  N.  J.     (Feb.,  1904.] 
HCNTiNOTOK,  Edwaxd  Veuhltz,  ma.,  Ph.D.  (Strassborg);  Assistant 

Professor  of  Mathematics,  Harvard  Univerdtj',  Cambridge,  Uass. 

e?  Everett  Street.     (Oct.,  IMl.] 
HuBwiTz,  Wauje  Abk&hau,  B.Sc,  H.A.,  Ph.D.  (OOttiDgen);  iDstroe- 

tor  in  Mathematics,  Cornell  University,  Ithaca,  N.  T.    8  White  Satt. 

[Sept.,  1906.] 
HuBBET,  'WtLLtAU  J.,  B.Sc.;  Professor  of  Astronomy  and  Director  of  the 

Observatory,  University  of  Michigan,  Ann  Arbor,  Mich.;  Profevor 

of  Astronomy  and  Geodesy  and  Director  of  the  Obaervatorio  Nacional 

de  la  PlaU,  Argentina.    [Apr.,  1891.] 
HUTCHINSOK,  JOHH  IBWIH,  B.A.,  Ph.D.  (Chicago);  Associata  Editor  of 

the  Trantaetiont  of  the  Amerioan  Mathemalieal  Sooiety;  Professor 

of  MathemsticH,  Cornell  UuiTersity,  Ithaca,  N.  Y.     ConeU  Heightt. 

[Nov.,  1886.] 
HiDi,  EnwABD  Wtllts,  C.E.;  Aetnaiy  of  the  Columbia  Life  Insurance 

Compaity,  Cincinnati,  Ohio.    SU  lAneoln  Avenue,  Station  D.    [May, 

1801.] 

Ikoold,  Louis,  M.A.,  Ph.D.  (Chicago) ;  Assistant  Professor  of  Mathe> 
maticB,  University  of  Missouri,  Columbia,  Mo.     [Apr.,  1904.] 

IBWIN,  E^UKE,  B.Sc.,  M.A.,  PhD.  (Harvard) ;  Instructor  in  Matha- 
maties,  Universi^  of  California,  Berkeley,  Cal.  tSSS  Saite  Street. 
[Dec.,  1908.] 

Jackson,  Dokhak,  M.A.,  Ph.D.  (CWttingen)  ;  Instructor  in  Mathematical 

Harvard   University,  Cambridge,   Mass.    S   Conant  Salt      [Sept., 

1911.1 
Jacksok,  Lavbbbt  Lincoln,  M.A.,  PbJ>.;   Head  of  the  Educational 

Department  of  D.  Appleton  and  Company,  New  Tork,  N.  Y.     3S 

Well  send  Street.    (Dee.,  1901.] 
Jacobos,  Davd)  8.,  M.E.;  Advisory  Engineer,  The  Babeock  and  Wilcox 

Company,  New  York,  N.   Y.;   Special   Lecturer  in   Experimental 
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Engineering,  Stevens  Inatituto  of  Teehnologj,  Hoboken,  N.  J.    70 

Summit  Avenue,  Jertey  City,  S.  J,     [Jan.,  1S92.] 
Jucu,  OiOBOK  Oscut,  Ph.D.  ( Johna  Hopkina) ;  AariaUnt  Piottmot  of 

Mstbematies  and  AtHioaoatj,  WaaUngton  Univenitj,  St.  Lonia,  Mo. 

[Sept.,  lW)a.1 
Jom,  S.  A.,  M.Sc;  Aaaiatant  Actuary  of  tbe  llutoal  Life  Inannnee 

Companj  of  New  York,    SS  Cedar  Street,  New  York,  N,  T.    [Apr., 

1897.J 
JOBKBOK,  Bknjuiin  Funkun,  M.A.;  Profenor  of  Mathematiu,  Mia- 

Bouri  State  Normal  Scfaool,  Cape  Oirardean,  Mo.    [Sept.,  1906.] 
JOBNSOH,  WiLUAU  WOOLGET,   M.A.;   ProfeBM>r  of  MatbematicH,  IT.  S. 

Naval  Aeademj,  Annapolis,  Md.    [Mar.,  1S91.] 
Jones,  Cbch.  Charles,  M.A.,  PbJ).  (New  Brunawiek),  LLJ>.  (Toronto)  ; 

Chancellor  of  tbe  University  of  New  Brunswick,  Fredericton,  N.  B., 

Canadft.    [Apr.,  190T.] 
JoKEB,  John  Lewis,  M.A.,  Pb.D.  (Tale);  Inatnietor  in  Mathematics, 

Cascftdilla  School,  Ithaca,  N.  Y.     [Oct.,  1911.] 
JOKDAN,  Hebbeit  Edwin,  M.A.,  Pb.D.  (Chicago);  Aaaistant  Professor 

of  Mathematics,  Universitj  of  Kansas,  Idwrence,  Kan.     1600  Ken- 
tucky Street.     [Feb.,  ISIS] 

Eaopinsei,  Lonia  Chables,  B.A.,  Ph.D.   (StrBasbarg);   Assistant  Pro. 

fesHor  of  Mathematics,  Universitj  of  Michigan,  Ann  Arbor,  Mich. 

1315  Cambridge  Boad.     [Oct.,  1904.] 
*Kasneb,  Edward,  M.A.,  Pb.D.    (Columbia);   AseoBiate  Editor  of  the 

Transactions  of  the  American  Mathematical  Society;  Professor  of 

Mathematics,  Columbia   University,  New  York,  N.   Y.     If   We*t 

119th  Street.    [Oct.,  1899.] 
Kbllooo,  Olives  Diuon,  M.A.,  Pb.D.  (GSttingen) ;  Professor  of  Mathe- 
matics, University  of  Missouri,  Columbia,  Mo.    ISOt  Kciier  Avenue. 

[Oct.,  1903.1 
Kbmpneb.  Aubrey  John,  Ph.D.  (GSttingen) ;  Instructor  in  Mathematics, 

University  of  Illinois,  Urbane,  Dl.    90i  West  ItHnoia  Street.     [Apr., 

1912.] 
BIennslly,   a.   E.,   M.A.,   D.Sc;    Professor   of   Electrical   Engineering, 

Harvard  University,  Cambridge,  Mass.     [Dec.,  1891.] 
Kent,  Frbdebick  Charles,  B.A.;  Associate  Professor  of  Mathematics, 

University  of  Oklahoma,  Norman,  Okla.    [Oct.,  1911.] 
Eenyon,  Alfred  Monroe,  M.A.;  Professor  and  Head  of  tbe  Department 

of  Mathematics,  Purdue  University.  Lafayette,  Ind.    31S  nnivertity 

Street,  West  Lafayette.    [Dec,  1900.] 
Keppel,  Hebbekt  Q.,  M.A.,  Ph.D.   (Clark)  ;   Professor  of  Mathematics 

University  of  Florida,  Gainesville,  Florida.     [Aug.,  1897.] 
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wKeyseb,  Cassics  jACKBO>f,  B.Sc.,  M.A.,  PhJ>.  (CalmnbU) ;  Amarican 

Editorial  Bepresentative  of  the  Sibbert  Journal;  Adiain  ProfeBHor 

and  Head  ot  the  Department  of  Mathematics,  Colombia  UnlTeinty, 

New  York,  N.  Y.     [Ang.,  1897.] 
Eiu^u,  8.  Douglas,  U.A.,  Ph.D.   (Oflttingen) ;  lustractor  ia  Matho- 

maties,  UDiversit;  of  Bochester,  Bochester,  N.  Y.    (Dec.,  1912.] 
Koch,  Ekxest  Hekuam,  Jr.,  B.Sc.;  InatrnctoT  in  Mathematlea,  Pratt 

Institute,  Brooklyn,  N.  Y.    S7i  South  ISth  8tr»et,  Newark,  If.  J. 

[Apr.,  1B03.J 
Ebathwohl,  Wiluau  Chables,  M.A.;  Uoiversity  of  Chicago,  Chicago, 

III.     6lt6  Lexington  Avenue.     [Dec.,  1907.] 
KuHN,  Eabrt  Waldo,  Ph.D.  (Cornell) ;  Profeeaor  of  Mathematics,  Ohio 

State  University,  Columboa,  Ohio.     i05  Btut  Town  Street.     [Oct., 

1901.] 
EttscHKx,  C&ASLE3  GtrsTATE  Paul,  M.A.,  Mecb.E.,  Ph.D.  (Califoniia) ; 

Instnietor  in  Mathematics,  University  of  California,  Berkeley,  CaL 

22n  Fulton  Street.     [Dec.,  1810.] 

"Ladue,  Pomebot,  B.Sc,    Asheville,  N.  C.   SS  Soco  Street.    [Apr ,  1894.] 

Laubert,  Fkestoh  Albebt,  M.A.;  ProfMsor  of  Mathematics,  Lebigb 
Uoiveraity,  South  Bethlehem,  Pa.  SIB  South  Center  Street,  Beth- 
lehem, Pa.    (Dee.,  1893.1 

Lambebt,  Walteb  Davis,  M.A.;  U.  B.  Coast  and  Qeodetie  Survey, 
WashiugtoD,  D.  C.     [Feb.,  1906.] 

Lauon'd,  John  Kbnyon,  B.Sc.,  M.A.,  Ph.D.  (Yale);  Instractor  in 
Mathematics,  Wesleyan  University,  Middletown,  Conn.  S8  Brainerd 
Avenue.     (Apr.,  1910.] 

Landis,  William  Weidiian,  M.A.,  Se.D.j  Professor  of  Mathematics, 
Dickinson  College,  Carlisle,  Pa.    [Jan.,  1897.] 

Lanza,  O&etako,  B.Sc,  C.  and  M.E.;  Emeritus  Professor  of  Theoretical 
and  Applied  Mechanics,  Massaehnsetts  Institate  of  Technology,  Bos- 
ton, Mass.    The  Uontevitta,  Philadelphia,  Fa.     [Apr.,  1898.] 

Laskeb,  Euanuzl,  PbJ>.  (Erlangen).  AtohaffenburgfrtlroKe  S", 
Berlin-Wilmersdorf,  Germany.     [Oct.,  1906.] 

Laves,  Eubt,  MjL.,  Ph.D.  (Berlin);  Assoeiato  Professor  of  Astronomy, 
University  of  Chicago,  Chicago,  BL    (May,  1897.] 

Letschetz,  Soldudk,  Ph.D.  (Qark);  Instmetor  in  Mathematics,  Uni- 
versity of  Nebraska,  Lincoln,  Neb.    [Dee.  1911.] 

Lebueb,  Dbrbics  Nobuan,  M.A.,  PIlD.  (Chicago) ;  Associate  Professor 
of  Mathematics,  Univeruty  of  California,  Berkeley,  Cal,  t7S6 
Begent  Street.    [Oct.,  ISOC] 
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Lkib,  David  Dkuch,  M.A.,  Ph.D.  ( Johiu  Eopkiua) ;  Inatrnetor  in  Matlw- 
matiea,  Tale  17iiiv«nit7,  New  Haven,  Conn.     [Feb.,  1909.] 

Lemhbs,  Nbls  Johann,  M.Sc.,  PhJ).  (CUcsgo);  Inrtruetor  in  Msthe- 
matlCB,  Columbia  UnivBrBity,  New  York,  N.  Y.    [Ang.,  1B08.] 

LiOMABD,  Heuan  Bube,  B.Sc.,  Pb.D.  (Colorado) ;  Professor  of  Matbe- 
matica,  Univerait;  of  Oregon,  Eugene,  Ore.     [Apr.,  1905,] 

Lester,  Olivxb  Clakengi,  M.A.,  Ph.D.  (Yale) ;  Frofenor  of  Phyeiea, 
VniTeraity  of  Colorado,  Boulder,  Colo.  IISI  Eleventh  Strtei. 
[Oct.,  1904.] 

IiECBCBNEB,  Aauin  Otto,  B.A.,  PIlD.  (Berlin),  Se.D.  (Honorarj); 
Profeaaor  of  Astronomy  and  Director  of  the  Students'  Obaerratory, 
University  of  California,  Berkeley,  Cal.  1816  Beenio  Avmnie.  [Feb., 
1892.1 

LEVi-CmTA,  Tvujo,  MatbJD.  (Padoa);  Editor  of  the  Bulletin  of  tke 
jjmmcon  Mathematieal  Sooiety;  Professor  of  Theoretical  Ue- 
ehaniCB,  Dniversity  of  Padua,  Padua,  Italy.  Via  Altinate,  14, 
[Sept.,  1904.] 

Lzwia,  Florence  Pabthxnia,  M.A.;  Aasistant  Professor  of  Mathe- 
matiea,  Qoneher  College,  Baltimore,  Md.     [Sept.,  1912.] 

Ijcht,  Oeoboe  Hxts^  M.A.;  Instructor  in  UathematicB,  Purdue  Uni- 
versity, Lafayette,  Ind.     [Dec,,  1911.] 

LiNEHAM,  Paul  Henbt,  B.A.;  Instructor  In  Matbematict,  College  of  the 
aiy  of  New  York,  New  York,  N.  Y.  607  West  138th  Street.  [Sept., 
1908.] 

Lino,  Gbokoe  Eerbb&t,  PhD.  (Columbia) ;  Professor  of  Mathematics, 
and  Dean  of  the  Faculty  of  Arts  and  Science,  Uoiveraity  of  Sas- 
katchewan, Saskatoon,  Canada.    [June,  1891.] 

LiFKB,  Joseph,  B.Sc.,  MA.,  Pb.D.  (Columbia);  Instructor  in  Matbe- 
maties,  Massacbusetta  Institute  of  Technology,  Boston,  Mass.  [Apr., 
1907.] 

Little,  Charles  Newton,  BjL.,  PhJ>.  (Yale)  ;  Profeuor  of  Civil  Eugi- 
neering,  and  Dean  of  the  College  of  Engineering,  University  of 
Idaho,  MoBCow,  Id.     [Dec.,  1900.] 

Locke,  Leslie  Lei.aiid,  M.A.  9S0  St.  John's  Place,  Brooklyn,  N.  T. 
[June,  1900.1 

LONOLBT,  William  Batkond,  M.Sc.,  Pb.D.  (Chicago) ;  Asaistant  Pro- 
fessor of  Mathematics,  Yale  University,  New  Haven,  Conn.  tBl 
Wiaov>  Street.    [Apr.,  1906.] 

Love,  Auoustub  Edwabd  HotroH,  M.A.,  D.So.  (Oxford) ;  President  of 
the  London  Mathematieal  Society;  Sedleian  ' Prof enor  of  Natural 
Philosophy,  Oif ord  Univereity,  Oxford,  England.  St  St.  Margaret 't 
Sood.     [Feb.,  1901.] 

Love,  Jaues  Lee,  M.A.;  Director  of  the  Provident  Teachers  Ageney, 
ItO  Tremotit  Street,  Boston,  Mass.    [Apr.,  1891.] 
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*LoTCTT,  Edoab  Odbll,  M.A.,  Ph.D.  (Virginia,  Leipzig),  LL.D.  (Drake, 
Tulane) ;  President  of  the  Riee  Institute,  Houston,  Texas.  [Oct., 
1694.] 

Lovin,  WiLLiAif  Vebn'jn.  B.A.,  Pb.M.;  loatructor  in  Mathematics, 
Univeraitr  of  Washiugloii,  Seattle,  Wash.     [Sept,  IBII.) 

LowBEB,  Jauis  Williau,  M.A,,  Ph.D.,  D.Se.,  UjJ).;  1706  Bratoi 
Street,  Austin,  Texas.    [Feb.,  1905.] 

LUBT,  WiLLiAH  A.,  B.A-i  Head  of  the  Department  of  Mathematiea,  Cen- 
trELl  High  8«liool,  Kansas  City,  Mo.    (Feb.,  1906.] 

»LuDLOw,  Henbt  Hunt,  Graduate  of  the  U.  S.  MiUtarjr  Aeadamr; 
Colonel,  U.  8.  Coast  Artillery.    Port  Moultrie,  8.  C.     [Nov.,  1898.] 

LuNN,  Abthdx  C,  M.A.,  Ph.D.  (Chicago) ;  Assistant  Professor  of  Ap- 
plied Mathematics,  University  of  Chicago,  Chicago,  HI.    [Feb.,  1908.] 

Ltuan,  Elueb  a.,  B.A.;  Professor  of  Mathematics  and  Principal  of  the 
Michigan  State  Normal  College,  Ypsilanti,  Mich.  It6  North  Wash- 
ington Street.    [Oct.,  1894.] 

Ltti£,  Ernkst  Babnes,  B.Sc.,  M.A.,  Pb.D.  (Yale) ;  Amoeiate  in  Mathe- 
matics, University  of  Illinois,  Urbana,  111.  BOS  South  Orchard 
Street.    [Dee.,  1904.] 

McClbnon,  Batuond  Benedict,  B.A,,  Ph.D.  (Yale);  Associate  Pro- 
fessor of  Mathematics,  Grinnell  College,  Orinoell,  la.  Hf)B  film 
Street.    [Apr.,  1B05.] 

«McClintogk,  Euobi,  M.A.,  Ph.D.,  LL.D.;  Ex-Pbxsident  ;  Consulting 
Actuary  of  the  Mutual  Life  losuraoce  Company  of  New  York, 
gSOS  De  Lancei/  Street,  Fhiladelphia,  Fa.    [Dee.,  1889.] 

McCoBUACK,  Thomas  Joseph,  LL.B.,  M.A.;  Principal  of  the  La  Sails- 
Peru  High  School,  La  SaUe,  HI.    [Aug.,  1903.] 

McDonald,  John  Hector,  BA.,  Ph.D.  (Chicago) ;  Aaditant  Professor 
of  Mathematics,  University  of  California,  Berkeley,  Cal.  iSS7  Tele- 
graph Avenue.     [Apr.,  1902.] 

McEwEM,  CIeoboe  Fbancis,  B.A.,  Ph.D.  (Stanford);  Eydrogrspher  of 
the  Sciipps  Institution  for  Biological  Besearch  of  the  l^niversi^ 
of  California.    La  Jolla,  Cal.    P.  0.  Box  111.     [Sept.,  1910.] 

McKelvit,  Joszfh  Vamci,  M.A.,  Ph.D.  (Cornell) ;  Instructor  in  M&thft- 
maties,  Cornell  University,  Ithaca,  N.  Y.  40S  College  Aveine. 
[Oct.,  1909.] 

McKiNNZT,  Tbomab  Emeby,  H.A.,  Pb.D.  (Chicago);  ProtesBor  of 
Mathematics  and  Astronomy,  University  of  South  Dakota,  Tennil- 
lion,  S.  D.     [Not.,  1895.] 

McMahok,  James,  M.A.;  Professor  of  Mathematics,  Cornell  Unirersitj, 
Ithaca,  N.  Y.    7  Central  Avenue.    [Apr.,  1891.] 

MoNbill,  Malcolm,  M.A.,  Ph.D.;  Professor  of  Mathematics  and  Astron- 
omy, Lake  Forest  University,  Lake  Forest,  III.     [Apr.,  1891.] 
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«MACAnuT,  Fkancis  Sowekbt,  M.A.,  D.Se.  (London) ;  A»oeiate  Editor 
of  the  Mathematictd  Qaeette.  The  Chetten,  Viearage  Boad,  East 
Sheen,  London,  8.  W.,  England.     [Dec,  1898.] 

UacDill,  Leslie,  M.&.;  Second  Lieutenant,  Coaat  Artillerjr  Corpa, 
Fort  Hamilton,  Brooklyn,  N.  Y,    [Sept.,  1912.] 

UiOFAXLun,  AJ.XX&NDEB,  M.A.,  D.Se.  (Edinbnigh),  LL.D.;  Premdent 
of  the  Auociation  for  Promoting  Quatemiona  and  Allied  Mathe- 
maties.     317  Fiotoria  Avenue,  Chatham,  Ontario,  Canada.     [Uaj, 

isei.] 

UacOkboob,  Hazel  Eopi,  B.Bc.,  M.A.;  Instnictor  in  Mathematics,  Uni- 

Toni^  of  Kanaaa,  Lawrence,  Kan.    1S4S  Tenneuee  Street.     {Oct., 

1B09.] 
UacIhnes,  Chaklu  Banald,  M.A.,  Ph.D.  (Jobna  Hopkina) ;  Preceptor 

in   Mathematiea,    Prineetou    Univerd^,  PiincetoD,  N.  J.      [Feb., 

1911.] 
MACLAaAH-WBDDZBBtmN,  JOSEPH  H.,  M.A.,  D.Se.;  Editor  of  the  Annait 

of  Mathematiea;  AmiBtant    Piofeasor    of   Mathem&tiei,   Princeton 

UniTeraity,  Princeton,  N.  J.    95  Mereer  Street.     [Feb.,  1905.1 
UacLaubin,  Riobabd  Cockbdbn,  U.A.,  Sc.D.,  LL.D.  (Cambridge) ;  Preai- 

dent  of   the   ManachusettB  Institute  of  Technology,  Boston,  Uasa. 

[Apr.,  1908.] 
Haclat,  jAuia,  C.E.,  Ph.D.   (Colombia);  Professor  of  Uathematiea, 

Columbia  UniTcrsily,  New  York,  N.  Y.    [Nov.,  1888.] 
UaoUillam,  William  Doncan,  M.A.,  Ph.D.   (Chicago) ;  AsBlstant  Pro- 

feasor   of  Astronomy,   University   of   Chicsgo,   Chicago,   IlL      5^07 

Woodlanm  Avenue.     [Apr.,  1906.] 
Hachejll,  Mubkat,  M.A.;    Professor   of  Ifathematics,   Dalhousie   Unl- 

versity,  Halifax,  Nova  Scotia,  Canada.     [Dec,  1907.] 
UacNkisb,  Habbis  Frankuk,  M.Se.,  Ph.D.   (Chicago);  Instructor  in 

Mathematiea,    SbefBeld    Seientifle    School,    Yale    Univerrity,    New 

Haven,  Conn.    Sit  Temple  Street.    [Sept.,  1908.] 
Maiuiison,  Isabel,  B.Sc,  Ph.D.    (Bryn  Mawr) ;  Becording  Dean  and 

Aeaistaut  to  the  President,  Bryn  Mawr  College,  Bryn  Mawr,  Pa. 

[Jan.,  1897.] 
Uaglott,  Mbs.  Eva  Sisson,  M.A.,  C.E.;  Profeaaor  of  Mathematics,  Ohio 

Northern  University,  Ada,  Oluo.    SIS  South  Sirnim  Street,     [Feb., 

1911.] 
Mahonet,  James  Owxk,  B.E.,  M.Se.;  Teacher  of  Mathematics,  High 

School,  Dallas,  Teiaa.    1900  Crockett  Street.    [Sept,  1907.] 
Maltbie,    Williak    Henrt,   M.A.,    LL.B.,    Pb.D.    (Johns    Hopkins) 

Attorney  at  Law.    626  Equitable  Building,  Baltimore,  Md.     [Aug. 

1897.1 
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Manchxsixb,  Jakes  Edoehx,  B.Sc,  D.Sc.  (TUbingeD).  Moora,  Hoot. 
IJime,  IBDO.] 

UA14K,  CHAKLI8  BiBOBO,  M.A.,  Fh.D.  (Berlin);  Associate  Professar  of 
Phjues,  Univendtj  of  Chicago,  Chicago,  111.     [Nov.,  1891.] 

Manmino,  Esnkt  Pakkeb,  B.A.,  Pb.D.  (Johns  Hopkins) ;  Associate  Pro- 
fessor of  Pure  Mathematics,  Brown  Univeraitj,  ProTidenee,  B.  I. 
[Nov.,  1881.] 

Mahkino,  V/tUAAU  Alsbkt,  H.A.,  Ph.D.  (Staoford);  Ateistant  Pro- 
fessor of  Applied  Matbematica,  Stanford  Dnivendty,  CaL  [Oct., 
1903.1 

Mascb,  Hebuan  WtLUAU,  M,A.,  Ph.D.  (Munich);  Assistant  ProfesBor 
of  Mathematics,  UuiTersity  of  Wisconsin,  Madison,  Wis.  SSS  Lang- 
don  Street.     [Sept.,  1B12.] 

Makkley,  Joseph  Ltbkand,  M.A.,  PhJ>.  (Harvard) ;  Professor  of 
Matbematies,  Universitf  of  Michigan,  Ann  Arbor,  Mich.  Qtddei 
and  Oxford  Bond.     [June,  1891.] 

Mabshall,  WtLLiAil,  M.Sc,,  Ph.D.  (Zurich);  Amociate  Professor  of 
Mathematics,  Purdue  Universitj,  Idfayette,  Ind.  S14  South  Tenth 
'street.     [Fbb.,  1909.] 

Mabtin,  Abtmiab,  M.A.,  Ph.D.,  li.D.;  Coast  and  Geodetic  Sorwy, 
Washington,  D.  C.    918  N  Street,  N.  W.     [Apr.,  1891.] 

Mabtin,  Eiiilib  Nobton,  Pb.D.  (Bryn  Mawr) ;  Anociate  Professor  of 
Mathematics,  Mount  Holyoke  College,  South  Hadley,  Mass.  [Dee., 
1899.] 

Mabtin,  Louis  AiwiiPHs,  Jb.,  M.E.,  M.A,;  Professor  of  Mechaniea 
and  Dean,  Stevens  Institute  of  Technology,  Hoboken,  N.  J.  911 
Cattle  Point  Terrace.     [Dec,  1903.] 

*Masok,  Max,  B.L.,  Ph.D.  (GUttingen);  Associate  Editor  of  the  Trant- 
actions  of  the  American  Mathematical  Society;  Professor  of  Mathe- 
matical Phydes,  University  of  Wisconsn,  Madison,  Wis.  [Oct., 
1S03.] 

Mathews,  Bobebt  Macbice,  B.A.;  Instructor  in  Mathematics,  Poly- 
technic High  School,  Biverside,  Cal.  238  Bandini  Street.  [Apr., 
1910.] 

Melcheb,  Geoboe,  B.A.;  Head  of  the  Department  of  Mathematics,  State 
Norma]  School,  Springfield,  Mo.  600  Broadway,  Jefferson  City,  Uo, 
lApr.,  1909.] 

MendizAbal-Taubobbel,  Joaquin  db,  M.A.,  D.Sc.,  Geographical  and 
Military  Engineer;  Captain  of  Engineer  Corps.  Soeiedad  "AUate," 
Falma  No.  IS,  Mexico,  D.  F.,  Mexico.    [Mar.,  1802.] 

«Mebbill,  Helen,  Abbot,  B.A.,  Ph.D.  (Tale) ;  Associate  Professor  of 
Mathematics,  Wellesley  College,  Wellesley,  Mass.    [Oct.,  1903.] 
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MmaiMAK,  Manbheld,  Ph.D.,  Se.D.;  Concolting  Eogineer.    1071  Madi- 

KM  Avenvt,  New  York,  N.  T.     [Apr.,  1891.] 
UcsSKNOER,   Eiuu   John,  lit.B.,   Ph.D.;    Aetnarj   of   the  TrAvelers 

InsuraDCe  Company,  Hartford,  Conn.     [June,  ISSO.] 
MiSBicx,  John  Fbjederick,  B.A.,  Ph.D.  {Johns  Hopkins) ;  FrofesBor  of 

Hatliematiee,  Alabama  Polytechnic  Inatitute,  Aobunt,  Ala.     [Sept., 

1B07.] 
•Mktzlkb,  William  H.,  B.A.,  Ph.D.   (Claik);   Editor  of  the  Uathe- 

matiei   Teacher;  Associate  Editor   of  the  Jounttd  of  Pedagogy; 

Frands  H.  Boot  Prof  enor  of  Uathematiea  and  Dean  of  tbe  Qrada- 

ate  School,  Syracuse  TTniversit]',  SyrBCiue,  N.  Y.     760  Comitoek 

Avnue.    [Oct.,  ISSl.) 
MiKzSH,  Jakes  Stephen,  B.A.;  Instructor  in  Bfathematiu,  Universitf 

of  Minnesota,  Minneapolis,  Minn.     [Feb.,  1910.] 
HiLEB,  EoBEBT  J.,  M.A.,  Ph.D.  (Chicago);  Instructor  in  Mathematics, 

Sheffield  Scientific  School,  Yale  University,  New  Haven,  Conn.    IIS 

BrowneU  Street.     [Apr.,  1908.] 
Unjjot,  Ekhest  Allen,  B.Sc.,  M.A.;  lis  Horth  Tioga  Street,  Ithaca, 

N.  Y.    [Oct.,  1903.] 
WiT.T.iiiB,  Fbane  Ellswobth,  M.A.,  Ph.D.;   Professor  of  Blatbematics, 

Otterbein  University,  Westerville,  Ohio.    [Apr.,  1910.] 
«MiLLEB,   Geobgi   a.,   Ph.D.;   Editor  of   tbe  American   Matlieijuitioal 

Monthly;  Professor  of  Mathematics,  University  of  Illinois,  Urbana, 

lU.    IIOS  West  Illinoit  Street.     [Apr.,  1898.] 
MlLLES,  John  Anthonv,  M.A.,  Ph.D.   (Chicago);   Professor  of  Mathe- 
matics and  Astronomy,  Swarthmore  College,  Swarthmore,  Pa.     [Oct., 

1899.] 
Milne,  Willuu  J.,  M.A.,  Ph.D.,  Lli-D.;   President  of  the  New  York 

SUte  Normal  College,  Albany,  N.  Y.     S  Elk  Street.     [Feb.,  1906.J 
MrroHELL,   Henby   Bedingeb,   E,E.,   M.A.;    Professor   of   Mathematies, 

Columbia  University,  New  York,  N.  Y.     The  Benedick,  SO  Wathiiig- 

ton  Square  East.     [Dec,  1900.] 
Mitchell,  Eowasd  Hawks,  B.Pli.,  Ph.D.   (Princeton);  Instmctor  in 

Mathematics,  University  of  Pennsylvania,  Pbiladelpbia,  Pa.    Collage 

SaU.    (Oct.,  1909.] 
MrrcHELL,  Ultsses  Obant,  M.A.,  Ph.D.   (Princeton) ;  Assistant  Pro- 
fessor of  Mathematics,  University  of  Kansas,  Lawrence,  Kan.    131S 

Uaetachveetts  Street.     [Oct.,  1909.] 
MONTOOMEBT,  WiLUAU  JoHN,  M.A.,  Ph.D.  (Clark) ;  State  Actuary  of 

the  Commonwealth  of  Massachusetts,  Boston,  Mass.    1€1  DevottMre 

Street.    [Oct.,  1910.] 
Moody,  William  Albion,  M.A.;   Professor  of  Mathematiu,  Bowdoin 

College,  Brunswick,  Me.    60  Federal  Street.     [May,  1891.] 


-obvGoo»^lc 


89 

Moore,  Clakexcb  I^uubl  Eusba,  B.Se.,  M^.,  Ph.D.  (Cornell) ;  Aidot- 
ant  Professor  ot  Mattiematiu,  Masaachmetta  Inatitute  of  Teeh- 
iio)og7,  BostoD,  Mass.     [Feb.,  1903.] 

MooRi,  Chaklzs  Napoleon,  B.A.,  M.Sc,  FIlD.  (Harvard) ;  Asfdatant 
Professor  of  Mathematiea,  Uafversit?  of  CindniiBti,  Cindiniatl, 
Ohio,     lies  B(ut  Third  Street.     [Dec.,  1907.) 

«U00BB,  EUASiu  Hastings,  B.A.,  Ph.D.  (Tale;  OSttlogeii,  honorary), 
LL.D.  (Wiseonaiii) ,  Se.D.  (Yalo),  Math.D.  (Clark);  Ez-Pbesideni; 
Editor  of  the  Betidieonti  del  Circolo  Matematico  d>  Palermo;  Pro- 
fessor and  Head  of  the  Department  of  Mathematics,  University  of 
Chicago,  Chicago,  III.    S€07  Monroe  Avenue.     [May,  1S91.] 

MooKE,  BoEEKT  Leb,  B.Sc.,  M.A.,  Ph.D.  (Chicago) ;  Instrnctor  in  Mathe- 
matics, University  of  Pennsylvania,  Philadelphia,  Pa.  £936  Waih- 
ington  Avenue.    [Oct.,  1906.) 

UOBSH&AD,  Jaues  Casdall,  M.A.,  M.Sc.,  Ph.D.  (Yale) ;  Assistant  Pro- 
fessor of  Mathematics,  Northwestern  University,  Ev&nstou,  111.  1939 
Sherman  Avenve.    [Apr.,  IMS.] 

UoBXKO,  Halcott  C,  U.A.,  PkD.  (Clark) ;  Associate  Professor  of  Ap- 
plied Mathematics,  Stanford  University,  Cal.     [Apr.,  1902.] 

MOBOAN,  Fbank  Millett,  M.A.,  Ph.D.  (Cornell) ;  Instnictor  in  Mathe- 
matics, Dartmouth  College,  Hanover,  N.  H.  5  Protpect  Street, 
[Oct.,  1912-1 

MoKiTZ,  BoBEBT  EnoDABD,  B.Bc.,  Ph.D.  (Nebraska),  Ph-N.D.  (Straso- 
bnrg) ;  Professor  and  Head  of  the  Department  of  Mathematics, 
University  of  Washington,  Seattle,  Wash,     [Dec,  1904.] 

MOBLET,  Fkane,  M.A.,  Sc.D.  (Cambridge) ;  Editor  of  the  Amerioan 
Journal  of  Mathematiet;  Professor  of  Mathematics,  Johns  Hopkini 
University,  Baltimore,  Md.     [May,  1891.] 

MoBBis,  Chables  Clements,  M.A.;  Assistant  Professor  of  Mathematics, 
Ohio  State  University,  Colnmbns,  Ohio.    [Oct.,  1910.] 

MoBBis,  BiCBARD,  M.Sc.,  Ph.D.  (Cornell) ;  Professor  ot  Mathematiea  and 
Qraphics,  Bntgers  College,  New  Brauswich,  N.  J.  9d  Eaiton  Avenue. 
[Feb.,  1806.] 

MOBBISON,  f^AMK  Mabion,  B.A.;  Assistant  Professor  of  MaUteroatics, 
University  of  Washington,  Seattle,  Wash.  4719  Fifteenth  Avenue, 
N.  B.    [Apr.,  1B04.] 

MoBBOW,  EuEBSON  Bo7D,  M.A.;  Senior  Master  and  Head  of  the  Depart- 
ment of  Mathematics,  Gilman  Country  School  for  Boys,  Baltimore, 
Md.     [Sept.,  1908.] 

MouLTON,  Elton  James,  B.Sc,  M.A.;  Instructor  in  Matbematics,  North- 
neetem  University,  Evanston,  111.  820  Samline  Street.  [Apr. 
IBll.] 
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iSowros,  FousT  Bat,  BjL.,  PbJ).  (Chicago) ;  AMoeUte  Editor  of  tbe 

Tramaetioni  of  the  Ameriean  Mathematiedl  Soeiety;  Asaoeiate  Pro- 
fessor of  ABtroooin;,  Univertitj'  of  Chicago,  Chicago,   HI.      [Fab., 

ISOO.] 
*MukhopAi>HTAt  Abutosb,  M.A.,  LL.D.;  Ezxminer  in  Mathematics  and 

Member  of  the  STodieate,  UiuTerBit7   of  Calcutta;    Froteasor  of 

MathematicB   at   the   Indiao    Agsoeiation    for    the    CoJCiTation    of 

Science.     77    Sutta   Boad   North,    Bhonanipore,    Calcutta,    India. 

tDec.,  leOO.] 
MDL1.BK,  LoBiNO  BuNCHABD,  Ph.D.;  luBtmcIor  in  MatbematicB,  Oiile' 

High  School,  Brooklj^,  N.  Y.    Hoatrand  Avenne.     [Oct.,  ISQS.] 
Udbut,  Daniel  Auxandeb,  B.A.,  Ph.D.  (Johna  HopkiDs) ;  Professor 

of    Applied    Mathematics,    McGiJ]    UniTeraitj,    Montreal,    Canada. 

[Dec.,  1800.] 
Mtxbs,  Okobos  Williak,  M.L.,  Ph.D.  (Munich) ;  Departmental  Editor 

of  School  Science  and  Mathematic4 ;  Profeteor  of  tbe  Teaching  of 

Mathematics,  and  Mathematical  Supervisor  of  the  School  of  EduCA- 

tion,  UniveTeit7  of  Chicago,  Chicago,  111.     1955  £<ut  7fnd  Street 

(Bryn  Mawr).     [Apr.,  19M.] 
Nkieibk,  Lewis  Irvino,  M.Sc,  Ph.D.    (Penn^lvania);    Instructor  in 

Mathematical  Univendtj   of  Washington,   Seattle,   Wash.      [Aug., 

1903.] 
NzLSOK,  Altbd)  Bbiebley,  M.A.,  M.D.;  Emeritus  Proferaor  of  Mathe- 

matica.   Central   Univeraitf,  Danville,   Kj.     44S    West    Lexington 

Avenue.    [June,  ISBl.] 
Nbwcomeb,  Habst  StDNET,  M.A.;  Sehreiberstriuee  U,  Freiburg  i.  B., 

Germaaf.     [Oct.,  1910.] 
Newiobk,  Bubt  Leboy,  M.A.,  Ph.D.  (Munich) ;  Aaaiatant  Professor  of 

Mathematics  and  Ueehanica,  College  of  Engineering,  Uoiversit7  of 

Minnesota,  Minueapolia,  Minn.     [Dee.,  1904.] 
NEweOH,  Mabt  Winston,  B.A.,  Ph.D.  (Qottingen}.    ISA)  Ueutachutetta 

Street,  Lawrence,  Kan.    [Jan.,  1897.] 
Nichols,   Thouas   Funt,  B.A.,  Ph.D.    (Clark);    Assistant  Engineer, 

SUte  Engineer's  Office,  Clinton,  N.  T.     [Aug.,  1899.] 
Nichols,  Walteb  Sutth,  U.A;  Editor  of  tbe  insurance  Monitor  and  tbe 

Intvranee  Laa  Journal;  Consulting  Actnarj.     100  William  Street, 

New  York,  N.  T.    [Dee.,  1900.] 
NOBLX,  Chablbs  Albxbt,  B.Sc.,  Ph.D.  (Gfittingen);  Asaociate  Professor 

of    Mathematics,    Universitj    of    California,   Berkeley,    Cal.      ttH 

Piedmont  ^iientic.    [Dec,  ISSS.) 
NoWLAK,  Fbboebick  Staklxt,  M.A.;  Columbia  University,  New  York, 

N.  y.    Livingiton  Eall.     [Feb.,  1912.] 
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Obeah,  Qioboe  Babxowb,  M.Sc.,  Ph.D.;  Profenor  of  Fhjsiea,  C0II7  Col- 
lege, Waterrille,  Me.     [Sept.,  1906.] 
Olds,  Oxobok  Dakibl,  M.A.,  LL.D.;  ProfesBor  of  Matbematiea,  Amherst 

College,  Amherst,  Mass.     [Dee.,  ISBI.] 
OsBORNK,   QxOBQE  ABBOTT,   B.Sc.;    Walker  Profeaaor  of   MathematlcB 

Emeritus,    Uasscliiuetta  Institute   of   Teehnology,   Boston,    Mass. 

[Apr.,  18B1.] 
Osgood,  Wiluak  Fooo,  M.A,,  PhJ).  (ErUngen),  LL.D.  (Clark);  Ei- 

Frxsidxht;   Editor  of  the  Sendiconti  del  Circolo  Matematieo  dt 

Palermo;  Profeeeor  of  Hatbematica,  H&rvHrd  Univerrity,  Cambridge, 

Mass.    74  Avon  Hill  Street.    [Feb.,  1896.] 
O'SEAuaHHESB?,  Louis,  C.E.,  M.A.,  Pk.D.  (Peonsrlvania);  Instmetor 

in  Mathematics,  UniveTsitj  of  Pennq'lvania,  Philadelphia,  Pa.    Box 

6,  College  Hall.     [Oct.,  1912.] 
Owens,  Frederick  W.,  M.Sc.,  Ph.D.  (Chicago);  Inatmctor  in  Uathe- 

maticB,  Cornell  Univerdty,  Ithaca,  N.  T.    57  Weit  Aveitve,  Cornell 

Heighta.    [Apr.,  1906.] 

Page,  Jaues  Uokbis,  M.A.,  Ph.D.  (Leipzig) ;  Profenor  of  Mathematics 

and  Dean  of  the  Usiversit}'  of  Virginia,  Charlottesville,  Ta.     [Dec, 

1900.1 
Paine,   Georoe   Pobteb,   M.A.;    Assistant   Professor   of   Mathematics, 

Middlebury   College,  Middlebnry,   Vt.     SO   South   Street.      [Feb., 

1910,] 
Paliikb,   Ebik    Schjoth,    Ph.B.;    ProfeEsor   of    Mathematics,   Bollins 

College,  Winter  Park,  Fla.     [Dec,  1911.] 
Pauieb,  Thomas  Watxbly,  M.A.,  LL.D.;   Piemdent  of  the  Alabama 

Girls  Technical  Institute,  Monteralla,  Ala.     [Feb.,  1907.] 
Falui£,  Anna  Helene,  B.Ph.;  Professor  of  Mathematiea,  College  for 

Women,   Western   Reserve  ITniverntj,  Cleveland,   0.     4tt  Mayfieli 

Boad.     [May,  1897.] 
«Paktkii>oe,  Edward  Anson,  B.Sc.,  M^.,  Ph.D.;  Head  of  the  Depart- 
ment of  Science  and  Professor  of  Phjisica,  West  Philadelphia  High 

School   .for    Bojs,    Philadelphia,    Pa.      48tA    and    Walnut    Street*. 

[Mar.,  1S94.] 
Patterson,  Jamxs  Lawson,  B.Ph.,  D.Se.  (Princeton,  honorary) ;  Bead 

Master  of  Chestnot  Hill  Academy,  Chestnut  Hill,  Philadelphia,  Pa. 

[Dee.,  1896.] 
Fattillo,  Nathah  Allek,  M.A.,  Ph.D.  (Johns  Hopkins) ;  Professor  of 

Mathematics,  Bandolph-Macon   Woman's  College,  Lpichborg,  Va. 

[Feb.,  1907.] 
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Fedebsin,  Fboiuck  Uallinq,  E.E.,  D.8c.;  AMistaot  Profeaor  of 
Hathem&tiu,  CoUege  of  the  Cit^  of  New  Yoik,  New  York,  N.  T. 
4ee  Wett  liiih  street.    [Sept.,  1906.] 

FxD>,  Mansfixu)  Thkodokb,  MA.;  ProfMior  of  Pure  MatheuiBtiea  and 
Astronom;,  Emoiy  College,  Oxford,  Go.    [Oct.,  1908.] 

Pimci,  Benjamin  Osgood,  Ph.D.  (Leipzig),  ScD.  (Hurard);  Hollia 
Professor  of  Mathematica  and  Natural  Philosopbjr,  Harvard  Uul- 
versit}',  Cambridge,  Maaa.  Jeffenon  PbyiieiU  Laboratory.  [Ua^, 
1S91.] 

Pell,  Alexamdeb,  Ph.D.  (Johua  HopkioB) ;  Aaaoeiate  Profeaaor  of 
Mathematiea,  Armoar  Institute,  Chicago,  HI.    [Oct.,  18SS.] 

Pell,  Anna  Johnson  (Mks.  Albxanpbk),  Ph.D.  (Cbieago);  Instmctor 
in  IfathematiCB,  Monnt  Eoljoke  College,  Soutli  Hadley,  Uasa.  [Feb., 
1S06.] 

PuiBEaiON,  Walkeb  S.,  B.Se.;  Professor  of  Mathematics,  Wheaton 
College,  Wheaton,  HI.    814  College  Avenue.     [Feb.,  190S.] 

Petteoexw,  David  Lthan,  P.  O.  Box  75,  Worcester,  Uass.  [Oct., 
1893.] 

pHiLLiPB,  Andbxw  Whbblek,  U.A.,  Pb.D.  (Yale) ;  Emeritus  Professor 
of  Mathematics  and  Dean  of  the  Graduate  School,  Yale  Univeralt;, 
New  Haren,  Conn,    SSi  York  Street.    [Nov.,  ISSfi.] 

PHiLLipa,  Eenbt  Batabd,  B.So.,  Ph.D.  (Johns  Hopkins) ;  lostruetor  in 
Mathematics,  MassachtAetta  lostitate  of  Techno]og7,  Boston,  Ma«. 
[Feb.,  1906.] 

PiiBCE,  Abchib  Bubton,  B.Sc,  M.A.,  Pb.D.  (Zurich);  Assistant  Pro- 
fessor of  Civil  Engineering,  Universitj  of  Michigan,  Ann  Arbor, 
Mich.    1017  Perdon  Soad.     [Aug.,  1903.] 

PiEBPONT,  James,  Ph.D.  (Vienna),  LL.D.  (Clark);  Professor  of  Mathe- 
matics, Yale  Universitf,  New  Haven,  Conn.  4t  Mamfield  Street. 
(Oct.,  1894.1 

Pitches,  Abthub  Duns,  M.A,,  Ph.D.  (Chicago) ;  Assistant  Professor  of 
Mathematics,  Dartmouth  College,  Hanover,  N.  E,     [Oct.,  1910.] 

Plant,  Lodib  Clabk,  Ph.M.j  Professor  of  Mathematics,  TTniveraity  of 
Montana,  Missoula,  Mont.    il2  Eddy  Avemte.    [Oct.,  1911.1 

FUMPTON,  Georob  Akthub,  B.A.,  LL.D.;  President  of  the  Board  of 
Trustees,  Amherst  College;  Trustee  of  Constantinople  College  and 
of  PhillipB  Exeter  Aeademj';  Treasurer  of  the  Academj  of  Political 
Science;  Treasurer  of  Barnard  College.  Ginn  and  Company,  70 
Fifth  Avenne,  Now  York,  N.  Y.     [Feb.,  1005.] 

FONZEB,  Ebnbst  William,  M.Se.;  Assistant  Professor  of  Applied  Mathe- 
matics, Stanford  Universitj,  Cal.    [Feb.,  1B05.] 
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PooK,  Chaxlis  IiiNi,  Ph.D.  (Johna  Eopkin*) ;  Frofessor  of  Celwtial 

Mechanics,  Columbia  Univerait^,  Neir  York,  N.   Y.     35   Thomat 

StTtet.     [Dec.,  1890.] 
POOB,  JOHH  MnBax,  B.A.,  Ph.D.  (Piineetoo) ;  Anistant  Profesaor  of 

AotTonomj,  Dartmonth  College,  Hbdovm,  N.  H.     [Sept.,  1905.] 
POOB,  Vincent  Coluns,  B.A.,  M.8e.;  Initnictor  in  MathemBtics,  Uoi- 

versitj  of  Micbi£aii,  Ann  Aihor,  Mich,    1018  Church  Street.    [Apr, 

I&12.] 
Poster,  Miltok  BaocKErr,  B.Se.,  M^.,  Ph.D.  (Harvard) ;  ProfeeBor  of 

Mathematics,  Xlniveraitr  of  Texas,  Austin,  Texas.    {Feb.,  1897.] 
PoBET,  Tmxcia  Dunninoton,  B.A.    i09  Biggin*  Building,  Los  Angelea, 

CaL    [Feb.,  1907.] 
Powell,  H.  Wheeled,  B.Se.;  Tutor  in  Mathematics,  College  of  the  Citj 

of  New  York.    £t.  if icAoIiM  rcm-oee,  New  York,  N.  Y.    [Sept.,  1&07.] 
PowEBS,  Balph  Ebmest.     TrewuTer'B  Office,  Denver  and  Bio  Orande 

Bailroad  Companj,  Denver,  Colo.     [Oct.,  1911.] 
FkiNTiss,  Bobebt  Woodwobth,  M.Sc.;  Professor  of  Mathematiei  and 

Astronomy,  Bntgers  College,  New  Brunswick,  N.  J.    7  Grant  Avemu, 

Biffhltuid  Fork.    [May,  1892.) 
«PcpiN,  MiOHAEL  IDVOBSKY,  B.A.,  Ph.D.   (Berlin),  Se.D.    (Columbia, 

honanry) ;    Professor  of   Electro-Mechanics,  Columbia  Universitj, 

New  York,  N.  Y.     [Dec,  1889.] 
,    PuTNUf,  Tboiub  Milton,  M.Se.,  PhJ}.  (Chicago) ;  Assistant  Professor 

of  Mathematics,  Univerait;  of  California,  Berkelej,  Cal.     [Apr., 

1902.] 
PuTNAU,  WiLLiAU  Lowell,  B.A.,  LL.B.;  Attorney  at  Law;  Chairman  of 

the  Committee  appointed  bj  the  Overseers  of  Harvard  Universit; 

to  visit  the  Department  of  Mathematics.    60  State  Street,  Boston, 

Mass.    [Feb.,  IBIO.] 

Raqsdalb,  Virginia,  B.A.,  Ph.D.  (Bryn  Mawi).  Jamestown,  N.  C. 
[Dee.,  1908.] 

Bahuu,  Abthub,  Ph.D.  (Chicago) ;  Editor  of  the  Bulletin  of  the  Ameri- 
can  Mathematical  Society;  Assistant  Professor  of  Mathematics, 
Cornell  University,  IthacH,  N.  Y.     US  Omun  Place.     [Oct.,  1904.] 

Basor,  S.  Eugene,  M.A.,  M.Sc.;  Associate  Professor  of  Mathematics, 
Ohio  State  Universitj,  Columbus,  Ohio.     [Dee.,  1903.] 

Batsoh,  Amy,  M.A.;  Joint  Principal  of  School  for  Girls,  New  York,  N. 
Y,    168  Wett  7Sth  Street.    [Dec.,  1891.] 

Batworth,  Joseph  Chappell,  M.A.;  lostnietoT  in  Mathematics,  Wash- 
ington Universitj,  St.  Louis,  Mo.     [Sept.,  1911.] 
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Bkatu,    Samuel   Wation,    B.Sc.,    U.A.;    ProfMMt   of    '. 

Univeriitf  of  Oklahoma,  Nonnan,  Okla.    4('7  Bojid  StreeL     [7^^ 

1908.] 
»BiDi>iCK,   Habbt   Wilpud,   H.A.,  Ph.D.    (Oolnntbla);    Initnietot  U 

Hathematiea,  Columbia  UoiTeraitf,  New  Yoik,  N.  T.     Lmt>{i$to» 

floJI.    [Feb.,  1905.1 
Seois,  Bbothkb  Fkamcis,  ma.;   ProfeMoi  of  Uatbematica,  Cluiatiait 

Brothers  CoUege,  St.  Lonii,  Mo.     [Apr.,  190T.] 
Bud,    LlOH    Wilber,    B.A.,    U.Sc,    Pb,D.    (aettingen) ;    ProfeMor   of 

MathematicB,  Haverford  College,  Haverford,  Pa.     [Apr.,  1900.] 
Be7N0U>8,  Fbedbbick  Gkeooby,  LL.B.,  Sc.D.;   Agartant  Profenor  of 

MathematiM,  CoUege  of  the  City  of  New  York,  New  Tork,  N.  Y. 

St.  KichoUu  Terrace.    [Feb.,  1903.] 
Bice,  Cbasleb  Moem,  B.A.    F.  O,  Sox  tlS,  Worcester,  Mass.     [Apr., 

1SS3.] 
BicHAKDSON,  MicuAEL  Balpb,  M.A.j  University  of  Chicago,  Chicago, 

111.    B51i  Madison  Avenue.     [Sept.,  1012.] 
*BiCHAiui&aN,  B.  Q.  D.,  B.A,,  Ph.D.    (Yale);  Asaociate  Profesor  of 

Mathematics,  Brown  Uoiveraity,  Providence,  B,  I,    [Apr.,  lOOfi.] 
BicsABDBOM,  SoFHU  FoBTEB,  B.A.;  Instnietor  in  Mathematics,  Vanar 

College,  PoDghkeepsie,  N.  T.     [Apr.,  lOOS.] 
*BicHUOND,  Hebbebt  Wiluau,  M.A.;  Unlveraity  Leetnrer,  Fellow  and 

Mathematical  Lecturer  of  King's  College,  Cambridge  UniTersitT, 

Cambridge,  England.     [Aug.,  1890.1 
BiETZ,  HiNKT  Lewis,  B.Sc,,  Ph.D.   (Cornell);  Associate  ProfeSKir  of 

Mathematics  and  Statistician  of  the  Agricoltaral  Experiment  Sta- 
tion, University  of  lUinoiB,  Urbana,  HI.    708  South  Qoodwin  A<oewt. 

[Oct.,  1902.] 
Biggs,  Nobuan  C,  M.Sc.;  Aaaociate  Professor  of  Applied  Mechanic*, 

Carnegie  Institute  of  Technology,  Pittsborgh,  Pa.     [Apr.,  1003.] 
BiSLEy,  Walteb  John,  B.Sc.,  M.A.;  Profenor  of  Mathematics,  Jamea 

Millikin  University,  Decatnr,  111.    13i0  Wett  Uaeon  Street.    [Apr., 

190S.] 
BoBEBTS,  Mabia  M.,  B.L.;    Associate  Professar  of  Mathematics  and 

Vice-Dean  of  the  Junior  Colleges,  Iowa  State  College,  Ames,  la. 

[Dec.,  1907.] 
BOCKWOOD,  Chables  Obbbnb,  Jk.,  M.A.,  Ph.D.  (Yale);  Emeritus  Pro- 
fessor of  Hathematlea,  Princeton  University,  Princeton,  N.  J.    [May, 

1891.] 
BOE,  EnwABO  Dbake,  Jb.,  M.A.,  PhJ>.    (Erlaugen);   John  Baymond 

French  Professor  of  Mathematics,  Syraeose  University,  Syracuse, 

N.  Y.    Its  Wett  Oitrander  Avemie.    [Apr.,  189fl.] 
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Boi,  JoBiPHiNX  BoBiNsoN  (Mbs.  E.  D.),  H.A.;  Its  Wat  OttTand«r 

Avenue,  SjracnBe,  N.  Y.     [Sept,  1910.] 
BOKVCB,  WiLUAK  Hknst,  B.Se.,  Ph.D.  (Harv&rd) ;  AsrisUat  Profeasor 

of   Mathematies,  Washington  UniTeriity,   St.   Louii,   Mo.     [Apr., 

1908.] 
BoOSEVKLT,  OiOBOE  EiiLKN,  B.A.     S3  Watt  Street,  New  York,  N.  Y. 

[Oct.,  1908.] 
Boot,  Kalph  Euokni,  M.Sc.,  Ph.D.    (Chie^go);  Inatruetor  in  Mathe- 

matiea,    University  of   Uissoari,   Colnmbui,    Mo.     1815    Confhorn 

Avenue.     [Feb.,  1011.] 
BOKEB,  Jonathan  Tatlob,  B.A.,  PhJ).  (PsnoBrlvania) ;  Head  of  the 

Departmeiit  of  Mathematics,  William  Penn  High  School  and  Central 

Evening  High  School,  Philadelphia,  Pa.     S3S  North  Sfth  Street. 

[Dec.,  1912.] 
BOTHBOCK,    DAvm    Andrew,    M.A.,    Ph.D.     (Leipzig);     Profenor    of 

MathemaUcs,  Indiana  TJniveraitf,  Bloomiugton,  Ind.     1000  Atieater 

Avenue.    [Feb.,  18S7.] 
BOWE,   JosxPH  EiTOKNB,  M.A.,   PhJ).    (Johns  Hopkins) ;    Instrnetor  In 

Mathematiea,  Dartmouth  Coll^^e,  HanoTer,  N.  H.    £  CoHege  Street. 

[Apr.,  1910.] 
BtJNNiNO,  Teeodobs  Budolph,  U.8e.,  PhJ}.  (Wiseon^) ;  Asnstant  Pro- 
fessor of  M&themBtiee,  Univerritj  of  Michigao,  Ann  Arbor,  Mich. 

1019  Miehigan  Avenue.     [Feb.,  1904.] 
BnsK,  WiLUAU  Jaubs,  M.A.;  Professor  of  Mathematics,  Qrinnell  Col- 
lege, Grinnell,  la.    lOtt  Fork  Street.    [Aug.,  1003.] 
BnsSELL,   WIU.LAU  Folk,   M.A.;    Associate  Profeesor   of  Mathematics, 

Pomona  College,  Claremont,  Cal.     [Oct.,  1906.] 
Bdtlcmi,  OKOBm,  B.A. ;  Besearch  Assistant  in  Mathematics,  Universitf 

Of  niinois,  Urbana,  HI.    90t  Weat  lUinoit  Street.     [Oct.,  1910.] 

SAnrOBD,  Fbidibiok  Eolubteb,  M.A.,  Ph.D.  (Harvard) ;  Assiatant  Pro- 
fessor of  Mathematics,  Universit7  of  Penn^Ivania,  Philadelphia, 
Pa.    College  Ball.     [Aug.,  1808.] 

Saubu.,  Paul  Lottis,  D.Sc.  (Bordeanx) ;  Associate  Professor  of  Mathe- 
matics, College  of  the  Cit7  of  New  York,  New  York,  N.  T.  St. 
Ntctolo*  Terraee.    [Dec.,  1897.] 

Saybe,  Hebbekt  Abuibtxad,  B.E.,  Ph.D.  (Johns  Hopkins) ;  Professor  of 
Mathematics,  Universit?  of  Alabama,  University,  Ala.    [Nov.,  1891.] 

SCABBOBOOOH,  Jaubs  Habbis,  M.Sc.,  M.A.,  Ph.D.;  Professor  of  Mathe- 
mstica,  Missouri  State  Normal  School,  Warren sbnrg.  Mo.  [Oct., 
1906-1 

'ScaxiEDEL,  OsCAK,  B.Sc.,  M.A.;  Professor  of  Mathematics,  Belleroe 
CoUege,  BeUevwe,  Neb.    [Feb.,  1892.] 
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BcHOTTEKFELS,  IDA  MAT,  U.A,     447  Eott  49th  street,  Chicago,  lU. 

[Oct.,  1900.1 
SoBTCATT,  Isaac  Joachim,  Ph.D.;  Profenor  of  Mathematics,  UniveTsitjr 

of  PeniiB^lTOnU,  Philadelphia,  Pa.     [Oct.,  1803.] 
Schweitzer,   Abthub  Bicbakd,  B.Pb.,  M.Se.     4Se   OakOaU  Avenue, 

Chicago,  lU.    [Feb.,  1E)0«.] 
Scott,  CHABLom  Angas,  D.Sc.  (London);  Co-editor  of  the  American 

Journal  of  Mathematiet;  Profeuor  of  Mathematics,  Bryn  Mawr  Col- 
lege, Brja  Mawr,  Pa.     [May,  ISftl.] 
Scott,  OaOROK  Habvet,  M.A.;  Profenor  of  Mathematics  and  Astronomjr, 

Yankton  CoUege,  Yankton,  So.  I^ah.     [Oct.,  IB0S.1 
auBLB,  Eev.  Oiobob  Mabt,  M.A.,  Ph.D.;  Catholic  Universitr,  Wadiiiig- 

ton,  D.  0.     [Jnne,  1S80.] 
Sn,  Thoicas  Jkttsbson  Jacssoh,  MA.,  M.Se.,  Ph.D.  (Berlin) ;  Pro- 

feesoi  of  Mathematics,  U.  S.  Navy,  Mare  Island,  CaL    NamU  Ob- 

tervatory.     [Aug.,  1SB5.] 
SfiGDiEB,  Jean  Axuahd  Mabib  Joseph  de,  D.Sc.    £6  Sue  dee  &nnla 

Firei,  Paris,  FraDce.     [Feb.,  1902.] 
Sellew,  OBOBaB  TucKXB,  M.A.,  Ph.D.;  Professor  of  Mathematics,  Enoz 

CoUege,  QaleibiiTg,  III.    [Aug.,  isgs.] 
Sbabfb,  FBAMas  BOBEBT,  B.A.,  Ph.D.   (Cornell) ;  Assistant  Profeasor 

of  Mathematics,  Cornell  UniTerdty,  Ithaca,  N.  Y.     tlS  MitcheO 

Street.    [Apr.,  1905.] 
Sbattuck,  Sauubl  Wai-ebb,  C.E.,  LL.D.;  Professor  of  Mathematics, 

tTniversitjr  of  Illinois,  Champaign,  HI.    lApr.,  18Q1.] 
Shaw,  Jaues  BYBtm,  M.Sc,  D.Sc. ;  Assistant  Professor  of  Mathematics, 

Univerfdty  of  lUiuois,  Urbana,  III.     [Mar.,  18B4.] 
Sheldon,  Ebnest  Wilson,  M.A.,  Ph.D.   (Tale);  Profeasor  of  Mathe- 
matics, UoiTerBtty  of  Alberta,  Strathcana,  Alberta,  Canada.     [Dec., 

1B07.] 
Sbepabd,  Elheb  I.,  M.A.;  Anistant  Professor  of  Mathenutties,  Wil- 
liams College,  Willlamstown,  Mass.    [Dec,  1006.] 
Sbobt,  Bobert  L.,  BA.;  Frineipal  of  the  West  Technical  High  School, 

Cleveland,  Ohio.    [Sept.,  1906.] 
Shumwat,  Soyal  R.,  B.A.;  Assistant  Professor  of  Mathematics,  TJnl- 

Tersit;  of  Minnesota,  Minneapolis,  Minn.    71€  Twelfth  Avenue,  S.  B. 

[Oct.,  1909.1 
SiCELOFT,  Lewis  Pabhbb,  B.A.,  Ph.D.  (Columbia);  Assistant  Profemor 

of  Mathematics,  Columbia  Universitj,  New   York,  N.  Y.     [Oct., 

1906.] 
Siltbbuak,  Louis  Lazaeds,  M.A.,   Ph.D.    (Missouri) ;    Instructor  In 

Mathematics,  Come)!  University,  Ithaca,  N.  Y,      [Feb.,  1908.] 
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SiKPSOH,  CHABLBe  Gaublb,  B^b.,  M.A.    505  We»t  IZini  Street,  New 

York,  N.  Y.     [Feb.,  1806.] 
Satseas,  Thouab  Masbball,  M.A,;   Inctraetor  in  Matbematiea,  Uni- 

Tenitj  of  Wisconsin,  Madison,  Wis.    SOS  Breeze  Terrace,     [Oct., 

19II.] 
SiHciiAiB,  Mabt  Euilt,  M^.,  Ph.D.  (Chicago) ;  Assoeiata  Professor  of 

Mathematiu,  Oberlin  CoUege,  Oberlin,  Ohio.      [Feb.,  1906.] 
»SiSAU,  Cbables  Hesgchel,  Ph.D.   (Cornell);  AtsUtant  Professor  of 

Matbematles,  Universitj  of  DUnois,  TTrbana,  HI.    €09  South  Btuey 

Avenue.    [Oct.,  1M4.I 
SsiNNBR,  Ebnest  Bbowh,  B.A.,  Pb.D.  (Chicago) ;  Associate  Profevor 

of    Mathematies,    UnlTerritj    of    WiseoDsiD,    Madison,    Wia.     tlO 

Lathrop  Street.     [Ang.,  1899.] 
SLAHOBT,  Eebbebt  Ellswokth,  M.A.,  FhJ>.  (Chicago),  Sc.D.  (honorary, 

Colgate) ;  Editor  of  the  Amerioan  Mathematieal  Uonthly;  Asaoeiate 

Professor    of    Matbematiea,    ITDirerBitj    of    Chicago,    Chicago,    III. 

5548  Monroe  Avenue.    [Oct.,  1S9S.] 
*8ucBTBR,  Chablis  S.,  H.Sc.;  Consulting  Engineer,  U.  S.  Beelamatlon 

Service;    ProfNeor  of  Applied  Mathematics,   UniverHit;  of  Wis- 

cousin,  MadJBOD,  Wis.    €36  Franeet  Street.    [Maj,  1B91.1 
Slobih,  Hericon  LEaTKK,  B.A.,  Ph.D.    (Clark) ;  InstnictoT  In  Mathe- 
matics, UaiveTsit;  of  Minnesota,  Minneapolis,  Minn.     [Oct.,  1909.] 
Slocdh,  Stxphxn  Elukb,  B.E.,  Ph.D.  (Clark) ;  Professor  of  Applied 

Matbematies,  Univeraitj  of  Cincinnati,  Cinoiimati,  Ohio.     [Apr., 

IHIl.] 
SUAIL,  Llovp  Lkbot,  M.A.;  Fellow  in  Mathematics,  Columbia  Univer- 

Bit7,  New  York,  N.  Y.    510  West  ISfth  Street.    [Sept.,  1911.] 
SuiTB,  Aethu*  WHDPMx,  M.Sc.,  Ph.D.   (Chicago)  ;  Associate  Profewir 

of  MatbemaUes,  Colgate  University,  Hamilton,  N.  Y.     [Feb.,  1905.] 
«SlllTH,  Claba  Eliza,  B,A.,  PbJ).   (Yale);  Instructor  in  Mathematics, 

Welled«7  College,  WeUesley,  Mass.    90  Shafer  ffall.    [Sept.,  1904.] 
«SinTH,  David  Edoinb,  M.Ph.,  Ph.D.,  ULJi.;  Editor  of  the  BuIMin  of 

the   American   Ualhematieal   Sooiety;   Professor   of   Mathematics, 

Teachers  College,  Colombia  University,  New  York,  N.  T.     [Oct., 

1893.] 
Shith,  Edwik  Bayuond,  M.A.,  Ph.D.  (Mnnieh) ;  Assistant  Piofesor  of 

Matbemstice,  Pennsylvania  StaU  College,  SUte  College,  Pa.     [Dec, 

1911.] 
Smith,  Eugene  BAMnoLPB,  M.A.;  Associate  Editor  of  the  Mathematia 

Teacher;  Headmaster  of  tbe  Park  School,  Baltimore,  Md.     [Apr., 

18B8.] 
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Skith,  Eva  Maru,  B.A.;  AuocUte  of  NewnliAiii  College,  Cambridge, 
England;  Lecturer  in  Mathematiea,  Ladiei'  College,  Cheltenliam, 
England.     [Dee.,  1909.] 

Smith,  Fbahkun  Hanb,  M.A.;  Instructor  in  Bfathematies,  Eastern 
District  High  School,  Brooklyn,  N.  T.  414  Wett  ItOtk  Street, 
ITew  ToTk,  N.  F.     [Oct.,  1605.] 

Smith,  Oertkddi,  M^.;  Instructor  in  Matbematies,  VaasaT  College, 
Poughkeepde,  N.  T.     [Feb.,  1807.] 

SiUTB,  IKVIH  Webbteb,  M.A.;  Aaaistant  Profeasor  of  Hatben»tiee, 
College  of  Agriculture  and  Mechanic  Arts,  Fargo,  N.  Dak.  IIOS 
Tenth  Street  North.    (Oct.,  1909.] 

Smith,  Jamis  Bbookis,  U.A.;  Profeaaor  of  Mathematics,  Hampden 
Sidnej'  College,  Hampden  Sidney,  Va.     [Feb.,  1809.] 

Smith,  Perot  F.,  PIlD.;  AMociate  Editor  of  the  Trantaetioiu  of  the 
Amerieait  Mathematieal  Sooiety;  Frofeeeor  of  Mathematiei,  Sheffield 
Scientifle  School,  Yale  Univerdty,  New  Haven,  Conn.  SSO  Wiilov 
Street.    [Nor.,  1881.] 

Smitb,  Sasab  Epfiz,  B.Sc;  Profesaor  of  Mathematics,  Mount  Holyoke 
College,  Booth  Hadley,  Moss.     [Feb.,  1911.1 

Smith,  William  Bkhjamin,  M.A.,  Ph.D.  (Ofittingen),  LL.D.  (Ken- 
tucky) ;  Piotessor  of  Philosophy,  Tnlane  University,  New  Orleans, 
La.    [Apr.,  1881.] 

Smith,  William  Magkkt,  B.Ph.,  Ph.D.  (Colnmbia) ;  Aaaistant  Pro- 
fessor of  Mathematics,  University  of  Oregon,  Eugene,  Ore.  [Feb., 
1908.] 

Sheluno,  Chablis  Uebceb,  Graduate  of  the  Virginia  Uilitaiy  Institute, 
M.A.;  Dean  of  the  University  and  Profeesor  of  Mathematics,  Uni- 
versity of  Oeorgia,  Athena,  Oa.    T.  0.  Box  183.     [Oct.,  19M.I 

Snook,  Thomas  Edwakd,  M.E.;  Architect  and  Engineer.  t€l  Broadmaj/, 
Nev  ToTic,  If.  r.     [Dec.,  1889.] 

Shydis,  Mohkoe  Benjamin,  M.A.;  Professor  of  Astronomy  and  Applied 
Mathematics  and  Head  of  the  Department  of  Hnthematica,  Central 
High  School,  Philadelphia,  Pa.;  Director  of  the  Philadelphia  Ob- 
servatoiy.    i40t  NoHh  Broad  Street.    [Apr.,  1885.] 

Sntdes,  Viboil,  M.A.,  Ph.D.  (Qottingen) ;  Editor  of  the  BvUetiit  of  the 
American  Mathematical  Society;  Professor  of  Mathematics,  Cornell 
University,  Ithaca,  N.  T.    ei4  Univereity  Avenue.    [Nov.,  1886.] 

Spaxkow,  Cabioll  Mason,  B.A.,  Ph.D.;  Adjunct  Professor  of  Physics, 
University  of  Virginia,  Charbtteaville,  Va.     [Feb,,  1909.] 

Spitexk,  Qeoboe,  B.Sc.;  Dairy  Chemist,  Purdue  University  Agricultural 
Experiment  SUtion,  Lafayette,  Ind.     [Apr.,  1911.] 

fipvNAR,  Talxntim  Max,  Mecb.E.,  E.E.;  Western  Electric  Company, 
Chicago,  111.    I13S  West  Chicago  Avenue.     [Feb.,  1910.] 
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Staobk,  Henbt  Walteb,  M.A.,  Ph.D.   (California);  Head  of  the  De- 

paitmetit  of  MBthetnaticB,  Fresno  Junior  College,  Fresno,  Cal.    3036 

Fremo  Street.     [Fab.,  1908.] 
Stampek,  Alta  Walker,  B.Se.,  M.A.,  Ph.D.  (Colnmbia);  Head  of  the 

Department  of  Mathematics,  Sta4«  Normal  School,  Chieo,  Cal.    SIS 

Salem  Street.     [Feb.,  1906.1 
*Stecxi31,  Hznby  F^uxmah,  U.Se.,  Ph.D.;  Auoclate  Profenor  of  Mathe- 

matiCB,  Pennsylvania  State  College,   SUte   College,  Pa.     306  MilU 

Street.     [Nov.,  18B4.] 
Steinuetz,  Charles  Pboteus,  Ph.D.;  Chief  Coneultiug  Engineer  of  the 

General   Electric  Company;    Professor   of  Electrical    Engineering, 

Union  University,  Schenectady,  N.  T,     Wendell  Avenue.     [Jan., 

1891.] 
Stephanos,  Citpakissos,  Ph.D.  (Atheos),  D.Se.  (Paris);  Professor  of 

Mathematics,  University  of  Athens,  Athens,  Greece.     tO  five  de 

Solon.     [Oct.,  1908.] 
Stefbehs,  Bobvtell  Powell,  B.A.,  Ph.D.   (Johns  Hopkins) ;  Associate 

Professor    of    Mathematics,    Univerrity    of    Georgia,    Athena,    Ga. 

[Apr.,  1906.] 
Stone,  John  C,  M.A.;  Head  of  the  Department  of  Mathematics,  State 

Normal  School,  Uontclair,  N.  J.     SSS  Faljey  Boad.     [Sept.,  IMS.] 
Stone,  Obhond,  M.A,;  Editor  of  the  AnnaU  of  Mathemaiict;  Emeritus 

Director  of  the  Leander  McCormick  Observatory  and  Professor  of 

Practical  Astronomy,  University  of  Virginia.    Manassas,  Va.    [May, 

1891.] 
Stone,   Palfh   Bushnell,    M.A.;    Instructor   in    Mathematics,   Purdue 

University,  Lafayette,  Ind.     629  BKsaett  Street,  West  Lafayette, 

[Apr.,  1912.] 
Stobt,  WlLUAH  Edwabd,  B.A.,  Ph.D.   (Leipzig) ;  Professor  of  Mathe- 
matics, Clark  University,  Worcester,  Mass.     [Feb.,  1S97.I 
STOurTEB,  Eluh  Baolbt,  M.Sc,  Ph.D.  (Illinois);  Instructor  in  Mathe- 
matics, University  of  Illinois,  Urbana,  111.    711  Weit  Illinou  Street. 

[Sept.,  1911,] 
Stbomquist,  Cabl  Eben,  B.Sc.,  Ph.D.  (Tale) ;  Professor  of  Mathematics, 

University  of  Wyoming,  Laramie,  Wy.    ISth  and  Thomburg  Streets. 

[Feb.,  1903.] 
Stbono,  Wendell  Melville,  LL.B.,  M.A,,  Ph.D.  (Tale);  Editor  of  the 

Tramactiont  of  the  Aetvarial  Society  of  Ameriea;  Associate  Actuary 

of  the  Mutaal  Life  Insurance  Company  of  New  York.    3t  Nataau 

Street.     [Dee.,  1895.] 
STimT,  Eduasd,  Ph.D.;  Professor  of  Mathematics,  University  of  Bonn, 

Bonn,  Qermany.    ArgelanderatroiM  It€.     [Oct.,  1904.] 
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Sullivan,  Cbablbs  Thoupbok,  B.A.,  M.Se.,  Ph.D.  (Chicago) ;  Lectarer 
in  Uathematies,  McOill  UniveTsity,  Montieal,  Canada.  Etgineering 
Bwlding.     [Oct.,  1912.] 

SWABTZTL,  £asl  Dale,  M.Bc;  Professor  of  Mathematics,  Ohio  State 
Unirersitj,  Columbus,  Ohio.    JSfif  Ivka  Avenue.     [Apr.,  1903.] 

«SwirT,  EUJAH,  M.A.,  Pb.D.  (GSttingen);  Editor  of  the  AntiaU  of 
Mathematici ;  Assistant  Professor,  Preceptor  in  Mathematics, 
Princeton  Universitj,  Princeton,  N.  J.  80  Murray  Place.  [Apr., 
IQOl.] 

*Tabeb,  Eenrt,  B.Ph.,  FIlD.  (Johns  Hopkins);  Professor  of  Mathe- 
matics, Clark  Universitf,  Worcester,  Mass.     [May,  1891.] 

«Tankeb,  John  Henbt,  B.Be.,  Ph.D.;  Professor  of  Mathematics,  Cornell 
University,  Ithaca,  N,  Y.     CorneU  Heighti.     [Nov.,  IMfl.] 

Taylor,  Edson  Bohbr,  BSc,  M.A.,  Ph.D.  (Harvard);  Teacher  of 
Mathematics,  Eastern  Ulinois  State  Normal  School,  Charleston,  III. 
[Oct.,  1903.] 

Taylor,    Jauis    Mobpokd,    M.A.,   LL.D.;    Professor    of    Mathematics,   . 
Colgate  University,  Hamilton,  N.  Y.     [Apr.,  1S9I.] 

Tatloe,  William  Erastub,  M.Pb.,  Ph.D.  (Syracuse);  Professor  of 
Applied  Mathematics,  College  of  Applied  Science,  Syracuse  Uni- 
versity, Syracuse,  N.  Y.    8tt  Irving  Avenue.    [Feb.,  1903.] 

Thomas,  Evan,  B.Se.;  Assistant  Professor  of  Mathematics,  University 
of  Vermont,  BurUngton,  Vt.     [Oct.,  1911.] 

wThoupbon,  Henrt  Dallas,  M.A.,  D.Sc.,  Ph.D.;  Profeaaor  of  Mathe- 
matics, Princeton  Univeraity,  Princeton,  N.  J.  11  Moreen  Street. 
[Apr.,  IBfll.] 

Tboupson,  John  Spbnczb,  MA.;  Assiatant  Actuary  of  the  Mutual  Life 
Insarance  Company,  31  Nassau  Street,  New  York,  N.  Y,  [Apr., 
190S.] 

THORNBtnta,  Charles  Lewis,  B.Sc,  C.E.,  PbJ>.;  Professor  of  Mathe- 
matics and  Astronomy,  Lehigh  University,  South  Bethlehem,  Pa.  5 
Univenity  Park.     [Jan.,  1897.] 

Tory,  Hrnry  M.,  M.A.,  D.Sc.,  LL.D.;  President  of  the  University  of 
AlberU,  Canada.     [Oct.,  1901.] 

TouTON,  f^NE  Charles,  B.Ph.;  Principal  of  the  Central  High  Sehoel, 
St.  Joseph,  Mo.    [Feb.,  1906.] 

TowNSEND,  Edoab  Jerome,  MA.,  Ph.D.  (Oottingen) ;  Professor  of 
Mathematics  and  Dean  of  the  College  of  Science,  University  of 
Illinois,  Champaign,  lU.    £10  John  Street.     [Nov.,  1895.] 

Tracey,  Joshua  Irving,  B.Sc.  Ph.D.  (Johns  Hopkins) ;  Instructor  in 
Mathematics,  Yale  University,  New  Haven,  Conn.  7fil  Tate  Station. 
[Sept.,  1912.1 
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Tluvis,  John  Francis,  M.A.  S9t7  Forbet  Street,  Fittaburgb,  Pa. 
[Sec.,  1»06.] 

Tbipp,  Mybon  Owen,  B.Sc.,  B.A,,  Ph.D.  (ColnmbU);  Instructor  in 
Mathematict,  High  School  of  CommcTce,  New  York,  N.  Y.  90  8edg. 
teick  Avenve,  Tonkera,  N.  T.    [Feb.,  1906.] 

Tyleb,  Habbt  Walteb,  B.Sc.,  Ph.D.  (Briangen);  Professor  o(  Mathe- 
matics, Masmchusetts  Institute  of  Tecboologj,  Boston,  Maoa. 
[Aug.,  1804.] 

Underbill,   Anthony  Lisfenabd,  B.Sc.,  FbJD.    (ChicBgo) ;    Assiatant 

Professor  of  Mathematics,  University  of  Minnesota,  Minneapolis, 

Minn.    eiS  Siath  Street,  S.  B.     [Feb.,  1907.] 
Upton,  Cuppobd  Bbewstes,  U.A.;  Assistant  Professor  of  MHthematiea 

and  Secretary,  Teachers  College,  Columbia  Univernty,  New  York, 

N.  Y.    [Aug.,  1903.1 
Ubneb,  Samuel  Btbbett,  Ph.B.,  Ph.D.   (Harvard);  Assistant  Professor 

of  Mathematics,  Miami  University,  Oxford,  Ohio.     [Sept.,  IBll.] 

Van  Aukinox,  J.  Howabo,  U.A.,  Ph.D.,  L.H.D.,  LL.D.;  Ex-Pkbbhwnt; 
EmeritDB  Professor  of  Matbematica,  Colnmbia  University,  New  York, 
N.  Y.    ^3  Wett  S9th  Street.    [Nov.,  1888.] 

Tan  Benschoten,  Anna  Lavinia,  U.Sc,,  Ph.D.  (Cornell) ;  Professor  of 
Mathematics,  Wells  College,  Aurora,  N.  Y.     [Oct.,  1903.] 

Tan  keb  Heyden,  Alexankeb  Fbisebick,  M.A.;  Mathematical  Master, 
Bliddlesbrongh  High  School,  Middlesbrough,  England.  3  Bt.  John'* 
Terraee.     [Feb.,  1902.] 

Tan  deb  Tries,  Jobn  Nicholas,  M.A.,  Ph.D.  (Clark) ;  Associate  Pro- 
fessor of  Mathematics,  Universitj  of  Kanns,  Lawrence,  Ean. 
[Sept.,  IBll.l 

Tanditer,  Harry  Shultz.  1Z5  Smith  Fifth  Street,  Philadelphia,  Pa. 
[Sept,  1912.] 

Tan  Obstrand,  Chablks  Edwin,  M.Sc.;  U.  S.  Geological  Survey;  Lec- 
turer on  Mechanics,  Oeorge  Washington  University,  Washington, 
D.  C.    Oeophytieal  iMboratory,  Carnegie  Inttitutum.     [Feb.,  1903.] 

Tan  Vlick,  Edward  Burr,  M.A.,  Ph.B.  (Oflttingen),  LL.D.  (Clark); 
Professor  of  Mathematiea,  University  of  Wisconsin,  Madison,  Wis. 
ei9  north  Pbteiney  Street.     [Apr.,  18M.] 

*Teblen,  Oswald,  B.A.,  Ph.D.  (Chicago) ;  Editor  of  the  AnnoU  of 
Mathematict;  Profeseor  of  Mathematics,  Princeton  UniTeralty, 
Princeton,  N.  J.    [Aug.,  1903.] 

TiviAN,  Boxana  Eatward,  B.A.,  Ph.D.  (Pennsylvania) ;  Associate  Pro- 
fessor of  Mathematics,  Wellesley  College,  Welleslcy,  Mass.  [Dee., 
1900.] 
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VoLTiuu,  Vm),  Ph78.D.  (Pin),  MathJ).  (Christiania),  Se.D.  (Cun- 
bridga),  Ph.D.  (Stockholm),  PI178.D.  (Clark);  Senator  of  the  King- 
dom of  Ital7;  ProfeasoT  of  Mathematical  Physics  and  Celettial 
M«elianics,  Universitj  of  Borne,  Rome,  Italj.  Via  in  Luoina,  17. 
IDee.,  1906.] 

WamiBLL,  Makt  Evelyk  Gebtbude,  M.A.  Toronto,  Canada.  S96  Spa- 
dtiKt  Avenut.     IDec,  1905.} 

Wablin,  GnSTAT  Gbic,  B.A.,  Ph.D.  (Tale);  Inatmetor  in  Mathematio, 
Univenity  of  Illinois,  Urbana,  111.  Marburg,  Germany,  [Sept., 
1909.] 

Wait,  Lucien  Adoustus,  B.A.;  Emeritus  Profeesor  of  Maithematies, 
CorneU  University,  Ithaca,  N.  Y.    Boekledge.     (Oct.,  1891.] 

Waldo,  Clarence  Abiathab,  M.A.,  Ph.D.;  Thayer  Professor  of  Mathe- 
matics and  Applied  Mechanics,  Washington  Univenity,  St.  Lonis, 
Mo.     [Apr.,  1891.] 

Waucks,  Buzz  M.,  M.Sc,  PbJ).  (Chicago) ;  Professor  of  Mathematics 
and  Director  of  the  School  of  Engineering,  Mississippi  Agricul- 
tural and  Mechanical  College,  Agricultural  College,  Miss.  [Dee., 
1S9S.1 

Wal£U,  Cbasles  Buston,  B.A.;  Teacher  of  Mathematics,  Zthieal  Cul- 
ture High  School,  New  York,  N.  T.  S3  Central  Park  Wett.  [Apr., 
IMS.] 

Wabhbubns,  Alva  Couktenat,  Actuary  of  the  Berkahiie  life  Insurance 
Company,  PittsSeld,  Mass.     (Apr.,  1898.] 

Watkeyb,  Charles  William,  M.A.;  Assiatant  Professor  of  Mathe- 
matics, University  of  Hocbester,  Bocbester,  N.  Y.    [Feb.,  1SI2.] 

Wkbb,  llAKRisON  Emmbtt,  B.A.;  Head  of  the  Department  of  Mathe- 
matics, Central  Commercial  and  Manual  Training  High  School, 
Newark,  N,  J.     IS  Irving  Place,  Summit,  N.  J.     [Apr.,  1902.] 

WktuTKE,  Arthub  Gordon,  B.A.,  Pb.D.  (Berlin),  Sc.D.  (Tufts),  LL.D. 
(llobart);  Professor  of  Physics,  Clark  University,  Woteestcr,  Mass. 
(May,  1891.] 

^'hkiKS,  BuFUS  Wells,  Vice-Pretident  and  Chief  Actuary  of  tbe  New 
Vurk  Life  Inaurance  Company.  S4S  Broadicaj/,  New  York,  N.  Y. 
[June,  1891.] 

Vifcii.,  Lak.sas  GifFORD,  B.Sc.,  M.A.,  LL.D.;  Director  of  the  Pullman 
kSve   School   of   Manual   Training,   Pullman,   Chicago,   HI,      (Feb., 

\kM.L-t,  Mary  Evelyn,  B.A.,  M.Sc.;  Instructor  in  Mathematics,  Mount 
tM,vuke  College,  South  Hadley,  Mass.     [Dec.,  1908.] 

Vthi-v-i,  WUSTER,  B.Sc;  Professor  of  Mathematics,  Massachusetts  Insti- 
kiuo  vS  Technology,  Boston,  Mass.     [Apr.,  1891.] 
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Wbhtwobte,  Geobqe.    Exeter,  N.  H.     [Apr.,  1910.] 

West,  Cau.  Joseph,  M.A.;  Asaivtant  Profenor  of  Hathematics,  Ohio 
St&te  Univereitj,  CoIumboB,  Ohio.     [Apr.,  1911.] 

WssTEB,  Chablib  Wiluau,  B.Se.;  UDiTenity  of  Chicago,  Chicago,  111. 
[Sept.,  1911.] 

»Westbbn,  Alfred  Edward,  ScD.  Si  Pembridge  Square,  London,  W. 
England.     [Dee.,  1B97.1 

WiSTFAU.,  W,  D.  A.,  B.A.,  Ph.D.  (GSttiDgen};  Assistant  ProfeBior  of 
Mathematics,  University  of  Missouri,  Columbia,  Mo.     [Dec,  1902.] 

Westlund,  Jacob,  Ph.D.  (Tale);  Professor  of  Mathematics,  Purdn» 
Univeratj,  Lafayette,  Ind.  4S9  Salisbury  Street,  We»t  Lafayette^ 
(Ang.,  189B.] 

White,  Hekbt  Seelt,  B.A.,  Ph.D.  (GOttingen);  Ex-Pbesideht;  Editor 
of  the  TranMctiant  of  the  Americatt  MatJiematiaU  Soeiety;  Pro- 
fessor of  Mathematics,  Vassar  College,  Ponghkecpsie,  N.  T.  [Nov., 
1892.] 

White,  Mabioh  Ballamtyne,  M.A.,  Ph.D.  (Chicago) ;  AMistant  Pro- 
fessor of  Mathematics,  TJoiversity  of  Kansas,  Lawrence,  Eao.  ISOi 
Ohio  Street.     [Dec.,  1910.} 

Whitfokd,  Edwabd  Evtbett,  M.A.,  Ph.D.  (Columbia) ;  Instructor  in 
Mathematics,  College  of  the  City  of  New  York,  New  York,  N.  Y. 
180  Claremont  Avenue.     [Sept.,  1909.] 

Wbitnet,  Albbbt  Wukts,  B.A.;  Associate  Professor  of  Mathematies 
and  Insurance,  University  of  California,  Berkeley,  Ca\.  SS  Canyon 
Boad.     [Apr.,  1902.] 

«Whitt4Keb,  Edmund  Taylob,  M.A.,  Hon.Sc.D.  (Dublin);  Profenor 
of  Mathematics,  University  of  Edinburgh,  Edinburgh,  Scotland. 
SS  George  Square.     [Dee.,  J897.] 

*Whitteuoke,  Jaues  Eblset,  M.A.;  Assistant  Professor  of  Mathe- 
matics, Western  Reserve  University,  Cleveland,  Ohio.     [Feb.,  1897.1 

WiLczTHSKi,  Ebnest  Juuas,  Ph.D.  (Berlin) ;  AMoeiate  Editor  of  the 
Trantactiotu  of  the  American  Mathematieal  Society;  Anoeiate  Pro- 
fessor of  Mathematics,  UniverBity  of  Chicago,  Chicago,  III.  S3S8 
Eimbark  Avenue.     [Feb.,  1899.] 

WiLLABD,  Joseph  Moodt,  M.A.;  Professor  of  Mathematics  and  Secretary 
to  the  Council  of  Administration,  Pennsykania  State  College,  State 
College,  Pa.    [May,  1892.] 

WiLLiAUS,  Clabkk  Benedict,  M.A.;  Oiney  Professor  of  Mathematics 
Kalamazoo  College,  Kalamazoo,  Mich.  ei4  Stuart  Avetme,  [May, 
1895.] 

WiLLiAUS,  Ella  Cobmelia,  M.A,  SO  Wett  SStk  Street,  New  York,  N,  Y. 
[May,  1892.] 
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WiLUAUB,  John  Edwabo,  M.A.,  Ph.D.  (Virginia) ;  Profuaor  of  Mftthe- 
matica,  Virgioia  PolTteehnie  luBtitate,  Blaekibnrg,  Va.  [Sept., 
1905.] 

WiLUAMS,  Kenkith  Powbbb,  M.A.;  loBtnietor  in  Uathematiea,  ludiaiu 
UoiTeraitf,  Bloom ingtoo,  Ind,     [Apr.,  1912.] 

WlLIJAllB,  WlLUAil  Hill,  M.A.;  Profeuor  of  Hsthematiu,  Wiaeonrin 
State  Normal  School,  PlatteTiUe,  WU.    [Apr.,  1898-1 

WiLLGON,  Fbxdeuck  Nbwtoh,  iLA.,  C.E.;  Profeaeor  of  DeaeriptiTo 
Geometr;,  Stereotom;,  and  Tecbnical  Drawing,  John  C.  Green 
School  of  Science,  Princeton  University,  Princeton,  N.  J.  P.  O, 
Boat  63.    [May,  1891.) 

Wilson,  Albebt  Habbis,  Ph.D.  (Cliioago) ;  Associate  Professor  of 
Mathematics,  Haverford  College,  Haverford,  Pa.     [Oct.,  1901.] 

Wilson,  Delokza  Tate,  M.A.,  Ph.D.  (Chicago) ;  Aseociate  Professor  of 
Uathematics  and  Astronomy,  Case  School  of  Applied  Science,  Clere- 
Und,  Ohio.    [Sept.,  1904.] 

Wilson,  Edwin  Bidwell,  B.A.,  Ph.D.  (Yale);  Member  of  the  Super- 
viaory  Board  of  the  American  Fear  Book;  Awociate  Editor  of  the 
Trantactions  of  the  American  Mathematicai  Society;  Profeawr  of 
Mathematics,  Massachnsetts  Institute  of  Technology,  Boston,  Mas. 
[Dec.,  1S99.] 

Wilson,  Nokman  Bicbabd,  M.A.,  Ph.D.  (Chicago) ;  Professor  of  Mathe- 
matics, Wesley  College,  University  of  Manitoba,  Winnipeg,  Canada. 
Suite  t,  389  Graham  Avenve.    [Dec,  1900.] 

Wilson,  Bobbbt  Edwakd,  B.Ph.,  M.A.;  Assistant  Professor  of  Mathe- 
matics, Northwestern  University,  Evanston,  III.  tOlS  Shervtan 
Avenue.     [Oct.,  1903.] 

Wilson,  Wali^cb  Alvin,  B.A.,  Ph.D.  (Tale);  Assistant  Professor  of 
Uathematics,  Yale  Uoiversity,  New  Haven,  Conn,  705  film  Street. 
[Apr.,  1910.] 

WiNOEB,  Boy  Mabtik,  B.A.,  Ph.D.  (Johns  Hopkins) ;  Instructor  in 
Mathematics,  University  of  Illinois,  Urbana,  IlL     [Dec.,  1912.] 

WoLTP,  Henbt  Chables,  M.Sc,  Ph.D.  (Wisconsin);  Asdstant  Pro- 
fessor of  Mathematics,  University  of  Wisconsin,  Madison,  Wis.  S 
South  Prospect  Avenue.     [Oct.,  1911.] 

Wood,  Buth  Gouldino,  B.L.,  Ph.D.  (Tale) ;  Associate  Professor  of 
Mathematics,  Smith  College,  Northampton,  Mass.  US  Creeeent 
Street.     [Dec.,  1899.] 

Woods,  Fbxderics  S.,  M.A.,  Ph.D.  (Glittiugeu) ;  Professor  of  Mathe- 
matics, Massachusetts  Institnte  of  Technology,  Boston,  Mass.  ItS 
Sumner  Street,  Newton  Centre,  Matt.     [Oct.,  1895.] 

«WooDWAXD,  BoBBBT  SiiiPSOK,  C.E.,  Ph.D.,  Se.D.,  LL.D.;  Ex-Fbbsi- 
dbnt;  Associate  Editor  of  Science;  President  of  the  Carnegie  Initi- 
tutioD,  Washington,  D.  C.     [May,  1891.] 
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WOBTHEN,  Thomas  Wilson  Dobk,  U.A,;  Gmeritos  Professor  of  Mathe- 
matiea,  Dartmouth  College,  Hanorer,  N.  H.;  Member  of  the  State 
Public  Service  Commia^on,  Concord,  K.  H.     [ISxj,  ISM.] 

WoBTHiNGTON,  EuFHUUA  BicBABDSoN,  B-A,,  Ph.D.  (Tale);  InatniBtoT 
ID  Mathematics,  Welleslej  College,  Welleelej,  MaM.    [Apr.,  1908.} 

Wbmht,  Walteb  Channino,  Consultuig  Aetuarj.  lil  MUk  Street, 
Boom  9i8,  Boatou,  Mass.     [Oct.,  1898.] 

Yannet,  Bbnjauin  FBA.NEUN,  M.A.;  Frofeaaor  of  Mathematiea, 
Universitj  of  Wooater,  Wooster,  Ohio.    [Oct.,  1902.] 

YOUNO,  Abcreb  Etebett,  B.A.,  Ph.D.  (Princetoo) ;  Professor  of  Mathe- 
maticB,  Miami  TJoirereitf,  Oxford,  Ohio.     [Dec.,  1903.] 

Totmo,  Jacob  Wiluau  Albebt,  U.A.,  Ph.D.  (Clark) ;  Associate  Pro- 
fessor of  the  Pedagogy  of  MathematiCB,  University  of  Chicago, 
Chicago,  III.     S4gg  Washington  Avenue.   (May,  ISQl.] 

Young,  John  Wislky,  M.A.,  Ph.D.  (Cornell);  Editor  of  the  bulletin 
of  the  American  Mathematical  Society;  Professor  at  Mathematiea, 
Dartmouth  College,  Hanorer,  N.  H.    22  Occam  Bidge.     [Feb.,  1902.] 

YowELL,  EvEKBETT  Ibvino,  M.Sc.,  C.E.,  Ph.D.;  PSret  Astronomer 
io  the  Oineionati  Observatory,  CiDcinnati,  Ohio.     [Mar.,  1893.] 

Zehbiko,  WiLLlAU  Akthub,  M.A.;  Assistant  Profesor  of  Mathematics, 
Purdue  UniveiBity,  Lafayette,  Ind.  303  Baateti  Street,  Wett  Lafay- 
ette.    [Oct.,  1911.] 

ZiwET,  Albxandeb,  C.E.;  Editor  of  the  BuUetin  of  the  American  Mathe- 
matical Society;  Professor  of  Mathematics,  Uiuvereity  of  MicUgan, 
Ann  Arbor,  Mich.    644  South  IngatU  Street.     [Apr.,  1891.] 


Number  of  members,  January  I,  191Z 668 

Number  of  members,  January  1,  IfilS 081 

Members  admitted   during   the  year   1912 33 

Members  withdrawing  during  the  year  1912 20 

Number  of  life  iremben  64 
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CONSTITUTION 


AsnoLi  L 
This  Society  shall  be  called  the  Ausicah  Hathbuatical  Socicn. 


Abtiols  m. 

The  officers  of  the  Society  shall  be  a  Presideiit,  two  Vice-Pred- 

denta,  a  Secretary,  a  Treasurer,  a  Librarian,  and  a  Comnuttee  of 

Publication  to  consist  of  three  members  who  at  the  same  time  may 

hold  individually  any  of  the  other  offices. 

Aktiouc  IV. 
The  officers  of  the  Society,  the  ex-Pmidents,  the  Editorial  Com- 
mittee of  the  Transactions,  and  twelve  other  members  of  the  Society 
shall  constitute  a  Council,  which  shall  have  general  cbai^  of  the 
affairs  of  the  Society. 

Abticle  V. 

1.  The  officers  of  the  Society  and  four  other  members  of  the 
Council  shall  be  elected  by  ballot  at  the  Annual  Meeting  of  each 
year.  An  official  ballot  shall  be  sent  to  each  member  at  least  one 
month  prior  to  the  Annual  Meeting,  and  such  ballots,  if  returned 
to  the  Secretary  in  envelopes  bearing  the  names  of  the  voters, 
shall  be  counted  at  the  Annual  Meeting.  Each  such  ballot  shall 
contain  a  name  proposed  by  the  Council  for  each  vacancy,  with 
blank  spaces  in  which  the  voter  may  substitute  other  names.  A 
majority  of  all  votes  cast  in  person  or  by  mail  shall  be  necessary 
to  election.  In  case  of  failure  to  secure  a  majority  for  any  office, 
the  members  present  at  the  Annual  Meeting  shall  choose  by  ballot 
between  the  two  having  the  highest  number  of  votes.  The  members 
of  the  Editorial  Committee  of  the  Transactions  shall  be  appointed 
by  the  Council. 

2.  The  es-Presidents  of  the  Society  shall  be  permanent  members 
of  tbe  Council;  the  term  of  office  otherwise  shall  be  two  years  for 
the  President,  one  year  for  other  officers,  and  three  years  for  other 
members  of  the  Council,  and  ontil  their  successors  snail  be  elected. 
For  election  as  Fremdent  shall  be  eligible  those  members  of  the 
Society  who  have  served  in  the  office  of  Vice-President  and  who 
are  not  holding  office  as  President  or  Viee-Preddent;  and  for  deetion 
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as  Vic8-Preddent  eball  be  eligible  those  members  of  the  Society  not 
holding  office  as  President  or  Vice-President.  No  elected  member 
of  the  Conncil,  having  completed  a  tenn  of  three  yeara,  shall  be 
reSIeeted  nntil  at  least  one  year  abalt  have  intervened. 

3.  If  the  President  of  the  Society  die  or  resign  before  the  expi- 
ration of  his  term  of  office,  the  Council  may  designate  one  of  the 
Vice-Presidents  to  serve  as  Acting  President  nntil  the  next  Annual 
Afeeting,  when  a  President  shall  be  elected  by  the  Society.  Snch 
vacancies  as  may  exist  at  any  time  among  the  other  offices  may  be 
filled  by  the  Conncil.  If  any  elected  member  of  the  Council  die  or 
resign  more  than  one  year  before  the  expiration  of  his  term,  the 
vacancy  for  the  nnexpired  term  shall  be  filled  by  the  Society  at  the 
next  Annual  Meeting. 

Article  VI. 

This  Constitntion  shall  not  be  amended  nnless  notice  of  the  pro- 
posed amendment  be  sent  by  mail  to  evei^  member  of  the  Soeietf 
at  least  four  weeks  in  advance  of  the  meeting  at  which  snch  amend- 
ment is  to  be  considered ;  and  snch  amendment  in  order  to  be  adopted 
must  receive  two-thirds  of  the  votes  cast  in  person  and  by  mail. 


BY-LAWS 


The  election  of  new  membrav  of  the  Society  shall  be  by  vote  of 
the  Conncil.  Application  for  admission  shall  be  made  by  the  appli- 
cant personally,  on  blanks  provided  by  the  Secretary,  and  shall  be 
endorsed  by  two  members  of  the  Society.  Such  applications,  being 
received  at  any  meeting  of  the  Council,  shall  be  laid  over  for  action 
at  any  subsequent  meeting. 

n. 

1.  Persons  elected  by  the  Council,  as  provided  in  By-Law  I,  shall 
be  admitted  to  memhership  in  the  Society  npon  the  payment,  within 
sixty  days  of  the  date  of  their  election,  of  an  initiation  fee  of  five 
dollars. 

2.  The  annual  dues  shall  be  five  dollars,  payable  on  the  first  of 
January.  Each  new  member  shall  pay  in  proportion  to  the  nnez- 
pired  fraction  of  the  year  at  the  time  of  his  election.  Should  the 
annual  dnes  of  any  member  remain  nnpaid  beyond  a  reasonable 
tune,  the  Council  shall  remove  his  name  from  the  list  of  members, 
after  due  notice. 

3.  On  the  payment  of  fifty  dollars  in  one  sum,  any  member  of  at 
least  four  yearn  standing  and  not  in  arrears  of  dues  may  become  a 
life  member  and  shall  thereafter  be  exempt  from  all  annual  dues. 
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The  times  aod  plues  of  meetmgB  of  the  Soetet;  shall  be  designated 
by  the  Council,  bat  the  Annnal  Ueetiiic  shall  be  hdd  on  a  date 
between  the  twenty-sixth  and  thirty-first  of  December,  inelneive;  and 
B^olar  UeetingB  shall  be  held  on  the  last  Satordar  of  Febriiaiy, 
April,  and  October,  unless  otherwise  ordered  by  the  ConneiL  Notice 
of  the  time  and  place  of  each  meeting  shall  be  aent  by  the  Secretary 
to  aU  memberB  of  the  Society. 

IV. 

Whenever  it  shall  appear  to  the  Cooneil  that  a  sofBcient  number 
of  members  of  the  Society  are  desirous  of  eondncting  in  any  locality 
periodic  meetings  for  the  reading  and  diacnssion  of  matoematie^ 
papers,  the  Cooneil  may  authorize  the  formation  of  a  Section  to  be 
composed  at  each  sectional  meeting  of  snch  members  of  the  Society 
as  may  be  present;  and  the  CouncU  shall  have  the  ri^t  to  withdraw 
snch  authorization. 

V. 

Papers  intended  tor  presentation  at  any  meeting  or  sectional  meet- 
ing of  the  Society  shall  be  passed  upon  in  advance  of  the  meeting 
by  a  progranmie  committee  appointed  by  or  under  the  authority  wc 
the  Council;  and  only  such  papers  shall  be  presented  as  shall  have 
been  approved  by  such  committee.  Papers  in  form  unsuitable  for 
publication,  if  accepted  for  presentation,  shall  be  referred  to  on  the 
programme  as  preliminary  communications  or  reports. 

■VI. 

1.  The  order  of  business  at  tbe  meetings  of  the  Society  shall  be 
as  follows: 

1.  Reading  of  the  minutes. 

2.  Recommendations  and  reports. 

3.  Ktections. 

4.  Uificellaneons  business. 

6.  Presentation  and  discussion  of  papers  previously  approved 
by  the  programme  committee. 

2.  No  question  relative  to  administration  shall  be  considered  at 
any  meeting  except  tbe  Annual  Meeting  without  the  recommendation 
of  the  Council. 

vn. 

It  shall  be  tbe  duty  of  each  President  to  deliver  an  address  before 
tbe  Society  at  tbe  Annual  Meeting  at  which  his  term  of  office  expires. 

vm. 

1.  The  President  may  convoke  the  Council  whenever  the  affairs  of 
tlie  Society  require  it. 

2.  A  request  in  writing  from  two  members  of  the  Council  shall 
render  the  convocation  obligatory. 
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IX. 

1.  The  Society  shall  publish  a  periodical  of  critical  and  histor- 
ical nature,  called  the  Bulletin  or  the  Aukkioak  Kathbuatical 

SOCIETI'. 

2.  The  BuLLBmi  shall  be  in  ohaine  of  the  Committee  of  Publica- 
tion, which  may  asBodate  with  iteeU  other  memhen  of  the  Society 
whose  editorial  assistanee  it  may  require. 


1.  The  Society  shall  publish  a  periodical  which  shall  have  for  its 
object  to  make  known,  as  widely  as  possible,  the  more  important 
researches  presented  at  the  meetings  of  the  Society.  This  periodical 
shall  be  called  the  Tbansaotiohs  or  thx  Ahebicak  Mathixatical 
SocnTT. 

2.  The  editorial  management  of  the  TKAHS&ciioifa  shall  he  en- 
tmsted  to  a  committee  of  three  editors,  to  he  appointed  by  the 
Council.  One  editor  shall  be  appointed  annnally  at  the  April  meet- 
ing, to  serve  for  three  years.  Each  editor  shall  begin  his  term  of 
office  on  the  first  day  of  October  of  the  year  in  which  he  is  appointed. 
Members  of  the  committee  shall  be  eligible  for  reappointment.  If 
a  member  of  the  committee  die  or  resign  before  the  completion  of 
his  tenn  of  office,  the  vacancy  shall  be  filled  for  the  unexpired  term 
by  the  Council. 

3.  The  editorial  committee  shall  have  power  to  elect  one  of  its 
members  as  editor-in-chief;  but  if  at  any  time  the  committee  shall 
report  to  the  Council  that  it  has  t^en  unable  to  agree  upon  an 
editor-in-chief,  the  Council  shall  designate  one  of  the  members  of 
the  committee  to  act  as  editor-in-chid.  The  committee  shall  have 
power  to  associate  with  itself  other  members  of  the  Society  whose 
editorial  assistance  it  may  require. 

4.  The  TRAKBA(7nONB  shall  not  be  distributed  free  to  the  members 
of  the  Society;  but  members  of  the  Society  shall  have  the  right  to 
subscribe  to  the  TuANSACnoNS  at  three-fourths  of  the  advertised 
price. 

XI. 
Ho  by-law  shall  be  enacted,  amended  or  snspended,  except  by  a 
two-thirds  vote  of  the  members  present  at  a  meeting  of  the  Society, 
and  upon  the  recc»nmendation  of  the  Council. 
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ANNUAL  REPORTS 


REPORT  OF  THE  TREASURER  FOR  THE  TEAR  1912 


Balfliioe  from  1911 $8,723.89 

Annual  dues  prior  to  1910 12.50 

Annual  dues  for  1910 200.00 

Annual  dues  for  1911 480.00 

Annual  dues  for  1912 2,375.00 

Annual  dues  for  1913 35.00 

Dues  from  new  members  for  parts  of  1911 9.20 

Dues  from  new  members  for  parts  of  1912 80.25 

Initiation  fees  for  1911 10.00 

Initiation  fees  for  1912 185.00 

Life  membership  fees 150.00 

Sale  of  reprints 177.44 

Royalties 12.76 

Sale  of  Evanston  Colloquium  Lectures 25.80 

Sale  of  Bulletin 682.14 

Sale  of  Transactions 1,110.24 

Interest  on  investments  and  bank  depoeita 380.85 

Advertisements  in  Bulletin 198.00 

$14,748.07 


Disbursements 

Secretary's  Office «   729.1« 

Treasurer's  Office 130.96 

Library  226.17 

Committee  of  Publication 121.03 

Editorial  Committee  of  Transactions 44.70 

Bulletin  (eleven  numbers) 1,845.98 

Transactions  (three  numbers) 1,429.24 

Annual  Register 209.49 

Chicago  Section «6-17 

San  Francisco  Section 22.20 

Soiithweateni  Section 19,00 

Insurance  24.80 

Exchange   ■ 0.40 

Euler  subscription 193.85 

$5,063.15 
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Investments  (par  value,  $8,600.00)  $8,259.50 

Balance  in  First  National  Bank  (Ithaca) . . .     1.425.42 

t  9,684.92 
$14,748.07 
The  Life  Ifembership  Fund  now  amounts  to  $4,433.69. 

J,  H.  Tanner, 
Treasurer. 
Ithaca,  N.  Y.,  December  21,  1912. 


REPORT   OF   THE   AUDITING   COMMITTEE 

The  undersigned  Auditing  Committee,  appointed  by  the  Amer- 
ican Mathematical  Society,  have  this  day  examined  the  accounts 

of  the  Treasurer,  compared  them  with  the  vouchers,  bank-books, 
and  securities,  and  find  the  following  to  be  correct: 

Balance  from  December  16,  1911 $8,723.89 

Cash  receipts  since  December  16,  1911 6,024.18 

"$14",748.07 
Balance  in  First  National  Bank  (Ithaca). ...  $1,425.42 

Investments  (par  value,  $8,500.00) 8,259.50 

Disbursements  since  December  16,  1911 5,063.15 

$14,748.07 

W.   A.  CoRHtSH, 

W.  H.  Metzler, 
Auditing  Committee. 
Ithaca,  N.  Y.,  December  31,  1912. 


BEPORT  OF  THE  LIBRARIAN  FOR  THE  TEAR  1911 

The  past  year  has  been  marked  by  generous  gifts  to  the  Library. 
Dr.  Emory  UcClintock,  second  President  of  the  Society,  has  pre- 
sented us  a  collection  of  about  500  volumes,  consisting  of  valuable 
journals  and  treatises  together  with  many  textbooks,  reprints,  etc. 
From  Dr.  Q.  W,  Hill,  third  President  of  the  Society,  we  have  re- 
ceived by  gift  a  set  of  the  Comptes  Rendus,  volumes  1-65,  a  com- 
plete set  of  Ferrusac's  Bulletin,  and  the  first  13  volumes  of  Dar- 
boux's  BuUetin,  with  other  books,  amounting  in  all  to  over  100 
volumes.  Several  members  of  the  Society  have  also  donated  to  the 
Library  copies  of  their  publications.  We  have  continued  to  re- 
ceive the  usual  liberal  gifts  from  publishers  of  mathematical  books. 
The  Library  is  now  rapidly  reaching  a  size  and  importance  which 
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indicate  it  as  a  euitable  depositor?  for  individual  works  and  collec- 
tions. It  is  hoped  that  our  membcTs  vill  bear  it  in  mind  whenever 
they  may  have  books  to  dispose  of. 

The  cataloged  accessions  in  1912  were  689  volumes.  Through 
exchange  of  duplicates  we  have  been  able  to  fill  several  gaps  in  our 
sets  of  Journals.  We  now  have  Crelle  complete  from  volume  68 
to  141,  and  will  soon  have  the  Fortschritfe  complete  from  volume  1 
to  date.  The  McClintock  gift  included  the  first  20  volumes  of  the 
Quarterly  Journal  in  continuous  sequence.  Still,  many  gaps  will 
be  noticed  in  the  lists  in  the  following  pages  of  the  Register,  aad 
the  Librarian  will  be  especially  grateful  to  our  members  for  any 
help  in  filling  these. 

The  table  below  shows  the  growth  of  the  Library  during  the  past 
eleven  years. 


"  r"^-7^^ 

>•" 

J»oujrr  1, 

'"mV  '■ 

Volumes  of  periodicmU. 

PeriodiciU  on  exchange  list ... 

....  1           32 

89 

'           84 

1,941 

608" 
167 

3352 

1,208» 
173 

NEW  YOBR,  December  28 

1912. 

David  Eugene  Smith, 

Librarian. 

LIBRARY  RULES 

1.  Applications  for  books  may  be  made  in  person,  or  by  letter 
addressed  to  the  American  Mathematical  Society,  501  West  116th 
Street,  New  York.  Members  may,  if  they  desire,  apply  in  person 
directly  to  the  superintendent  of  the  loaning  department  of  the 
Columbia  University  Library,  where  the  Society's  library  is  depos- 
ited. Books  will  be  delivered  directly  to  those  applying  in  person, 
and  will  be  sent  to  other  applicants  by  express  at  the  expense  of 
the  borrowers. 

2.  A  book  may  be  kept  four  weeks  from  the  date  of  leaving  the 
library,  but  the  loan  may  be  renewed  from  time  to  time  by  writing 
to  the  Society  in  advance  of  the  day  when  the  book  is  due, 

3.  Borrowers  should  return  the  books  in  person  or  by  prepaid 
express. 

*  Excluuvs  of  unbound  dissertations. 
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CATALOGUE  OF  THE  LIBRARY 
January  1,  1913 


[The  journals  are  liated  alphabetieaUj  according  to  place  of  pablieation.] 

Accademia  di  Scieme,  Lettere,  e  Arti,  Sendieonti  e  Memorie, 
Ser.  3,  Vota.  1-6  (1901-1908). 

Aeadimie  Sud-Slave  de»  Scienees  et  de»  Beavx-Arta,  Sad,  Clatae 
math,  et  phya.,  Voli.  50-51  (1911-1912) ;  LjetopU,  1910,  1912;  Cata- 
logue of  FublicatioDB,  1S67-1911. 

AlISTEBDAU. 

Nieuv  ArcTiief  vaor  Witlcwide,  Ser.  1,  Vols.  1-20;  Ser.  2,  Vols. 
1-9  (1875-1911). 

Eevue  temtttrielle  des  Pvilicationg  matliitnatiquea,  Vols.  1-20 
(1893-19^2).     Tables  des  Matifires,  1892-1907. 

Wiakvndige  Opgaven  met  de  OplosHngm,  Vols.  1-10  (1682-1910). 
Begiater,  1875-1910. 
Baltiuobg. 

American    Journal    of    Mathematica,    Vols.    1-34     (1878-1912); 
Index,   VolB.   11-20. 
BxauN. 

Akademie  der  Wittentchaften,  math.-p}ty*.  EUute,  Abhatidtungen 
(selected  matbematieal  memoirB),  1692-1894,  1697,  1901,  190S- 
1904,1906-1911;  Monatsberiehte.  1857-1861,  ^ilntn^tbrnchta,  1882- 
1911,  Indexes,  1636-1858,  1859-1873,  1874-1881. 

Jaltrbuch  uber  die  Fort»chritte  der  Mathematik,  Vols.  15-40 
(1886-1912). 

Jovntat  far  die  reine  wnd  angetoandte  Mathematik,  Vols.  68-141 
(1884-1912). 

SitzungtberiBhte  der  Berliner  mathematischen  GeteUsehaft,  Vols. 
1-4   (1901-1905). 

Dnterriehttbldtler  far  Mathematik  tmd  Naturwiaentehaften, 
Vols.  9-17   (1903-1911). 

Feroffeitttichungen  d,  K.  Preutt.  GeodStitehen  Inttitvtt,  Nos.  1-2, 
11,  19. 
BOLOOHA. 

Aeeademia  delle  Seiense,  Memorie,  Ser.  5,  Vols.  8-10;  Ser.  6, 
Vols.  1-8  (1899-1911);  Bendieonti,  New  Seriei,  Vols.  4-15  (1899- 
1911). 

BOBDSADZ. 

Soeiiti  des  Sciences  de  Bordeaux,  M&tnoiret,  Ser.  4,  Vols.  1-S;  Ser. 
5,  Vole.  1-6;  Ser.  6,  Vols.  1-4   (1893-1908);  Froeie-verhava,  18M- 
1911;  General  Index,  1850-1900;  Cinquantenaire,  1906. 
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Amerioan  Aeademj/  of  ArU  and  Seilnea,  Proceedingt,  Vola.  20- 
47  (1880-1912);  Memoin,  Vols.  12-13  (1908-1&08). 
Technology  Quarterly,  VoIb.  4-21  (lut)  (1891-1906). 
Bk&y-suk-Ssinb. 

Journal  dei  a4omitret.Expert$,  Vols.  1-3,  9-16   (1893-1911). 


■7aAret&«rieM    der    Sehletichen    Ge$eU*chaft    fir    vat«rltndi*eSe 
Cvltvr,  Vola.  80-82  (1903-1905). 

BUSBAHB,   QUKINSLUID. 

Froeeedingt  of  the  Boyal  Society,  Vols.  15-lS,  21-2S  (1900-1910). 


AeadAmie  Boyale,  Anntutire,  1635-1636,  1839,  1841-1845,  164fr- 
1849,  1652-1665,  1902-1912;  SvUetin  de  la  Clatte  dvt  Seieneei. 
1S02--1911;  Uimoireg  de  la  Chute  dea  Soienees,  ita,  Ser.  2,  Vols. 
1-3  (1904-1912);  Svo,  Vols.  2-3  (1910-1912);  iiimovrea  amronnU 
et  auUet  Mimoires,  Vols.  60-60  (1B0O-19D4);  Mimoiret  couronnis 
et  Mimoire*  det  Savants  ^rangert.  Vols.  58-62   (1899-1904). 

Aniiales  de  la  Sociiti  tcietitifique.  Vols.  26-36  (1902-1912); 
Index,  1875-1901. 

Annaaire  attronomiqve  de  I'Obtervatoire  Belgigue,  1906-1907, 

Novvetle  Correipondanee  malh^matique.  Vols.  1-6  (1874-1880). 
Bucharest. 

Gaeela  Matematica,  Vols.  1-17  (1695-1912). 
Budapest. 

See  Lbifzio. 

BUXHOS  AlBES. 

jinnies  de  la  Sociedad  Cimttijka  Argetitina,  Vols.  55-72  (1903- 

1912). 
Caubuixib,  Eno. 

Cambridge  Philosophical  Society,  Proceedings,  Vols.  10-16  (1899- 
1912);  rranaocttoB*.  Vols.  17-21  (1890-1912). 

Cambridge  and  Dublin  Mathematical  Journal,  Vols.   1-9   (1846- 
1854). 
Caubbikie,  Mass. 

The  Mathematical  Monthly,  Vols.  1-3  (1859-1861)   (eomplete). 
Cherboubo. 

M^moirei   de    la    SodHi    Nationals    des    Sciences    natarellet    et 
mathimatiques  de  Cherbourg,  Vols.  31-32,  34^38   (1897-1912). 
CmcAoo. 

AstTophytical  Journal,  Vols.  1-35  (1895-1912). 
The  MonUt,  Vols.  1-7,  9-22  (1890-1912). 
The  Open  Court,  Vols.  11-26  (1897-1912);  Index,  Vols.  1-20. 
School  Mathematics.  Vol.  1   (19U4). 

School  Science  and  Mathematics,  Vols.  3-12  (1003-1912). 
Chbistiama. 

Arkiv  for  U(ahematik  og  liaturvidenskab,  Vols.  21-31  (1899- 
1910). 

Videnslcabi-SeUlcahet    i    Chrimiania,    Forhandlinger,    1898-1899, 
1901-1011;   Skrifter,  1898-1911;   Overrigt,   1898-1900. 
CittA  di  Castello. 

Le  Matematiche  pure  ed  applicate.  Vols.  1-2  (last)  (1901-1903). 
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JonuA  de  Seieneiat  mathematical  e  attronomicai.  Toll.  B-IS 
(last)  (1889-1906). 

Atmaea  Scientifieot  da  Aeademia  PotyUehniea,  Vola.  l-^  (1906- 
1911). 

COPEMHAQEN. 

Kgl.  Danske  Viden»kaJ>emet  SeUiab,  ForJiandHnger,  Of^nipt, 
1000-1911;  SkHftrr  (See  BoCKs  OTHEb  than  JonSHALs,  nnder 
Copbnhaobh). 

Nyt  Ttdakrift  for  Uatematik,  Bar.  A,  Vols.  11-22  (1900-1911); 
Ser.  B,  Vols.  11-22   (1900-19U);  Geuer&l  BegiaUr,  18S9-100S. 
Cbacow. 

BiHtetin   International  de  I'Acadimie  det  Sciencea  de   Craeovie, 
1900-1909;  Ser.  A  (adwees  matK  et  naturelle«),  1910-1911. 
Kataiog  Literatury  NaukoweJ  PoUiiej,  Vols.  2-10  (1902-1910). 
Dbntxk. 

Colorado  'M.athematical  Society,  Second  Biennial  Ctroular,  1009, 
Dsa  Moines. 

The  Anatytt,  Vols.  1-10  (1874-1SS3)  (complete). 
Dublin. 

Boyal  Dublin  Society,  Scientific  Proeeedinga,  New  8«r.,  Tola.  1-lZ 
(1878-1911) ;  Soieatific  Traneaetiont,  Ser.  2,  Vola  1-9  (lft77-190») ; 
lodes  to  Proceedings  and  Tramaetione,  1S77-1898. 

Boyal  Irish  Academy,  Proceedinge,   Ser.   A,  Vola.   24-29   (1902- 
1912).    Index  of  Serial  Publications,  1780-1906. 
EDIHBtlBOH. 

Annalt  of  the  Boyal  Obtervatory,  Vol.  1  (1902). 
Proceedingt  of  the  Mathematical  Society  of  Edinburgh,  Tola.  1, 
11-30  (1883-1912);  Index,  Voli.  1-20. 
11-2B  (1883-1911);  Index,  Vols.  1-20. 

Boyat  Society  of  Edinburgh,  Proceedings,  Vols.  3-1,  10-12,  16-81 
(1850-1911);  Trantactiont,  Vola.  37-47  (1801-1911). 
Erlamoem. 

Sitsungiberiahte     der     phytilaliech-mediciniichen     Societit     M 
Ertangen,  Vola.  2S-43  (1893-1911). 
Flobxncx.  > 

Sivitta  di  Fitica,  Matematiea  e  Sciente  NaturcJi,   Vola.   1-25 
(1900-1912). 
FOBT    MOKBOB. 

Journal  of  the  United  States  Artillery,  Tola.  1-38  (1892-1912). 
Ghent. 

Mathetie.  Ser.  1,  Vola.  4-10;  Ser.  2,  Vola.  1-10;  Ser.  3,  Vola.  1-10; 
8er.  4,  Vol.  1  (1884-1911). 
Giiisoow. 

Proceeding*  of  the  Glasgow  FhHoBopMeal  Society,  Vol.  30  (189S- 
1899). 

QdTTIN<MN. 

GetelUehaft  der  Witsentchaften,  Naehriehtert  math.-phyt.  Klaue, 
1692-1911;  Qeschiftliche  Mitteilungen,  1894-1911. 
Mathemalischer  Terein,  Berichte,  1901-1908. 
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Gbknoble. 

Annalet  de  la  FaevM  de*  Scietieei  de  J 'FnitierHW  de  OrmohU, 
Vol*.  13-23  (1901-1811). 

Froeecdingt  and  Trantaetioiu  of  the  Nova  Scotian  InttittUe  of 
Science,  Ser.  2,  Vota.  1-3,  4  (1890-1904). 

K.  Leopoldinich-CaToUnieche  Deuttohe  Ahademie  der  tfaturforseher 
Abhaitdlungen.  Volg.  90-93   (1909-1810). 
Hahbobo.    See  Lupzia. 
Ithaca. 

BMetin  of  the  Ameriean  Phytical  Soeiety,  Vote.  1-2,  VoL  3,  No. 
1  (test)  (I899-1S02). 
Journal  of  Phyiical  Chemiitry,  Vote.  1-16  (1S90-1912). 

Bulletin  de  la  SoeUti  pkyiieo-ritathimatiqi>ie  de  Satax,  Ser.  2, 
Vote.  1-16  (1891-1910). 

EHABKOr. 

Commvnieationt  of  the  Mathemaiieal  Booiety  of  Kharlcof,  Ser.  1, 

1879-1887;  Set.  2,  Vols.  1-12  C1888-1911). 
KawT. 

UniveTiity  Itvietija,  Vols.  43-51   (1903-1911). 

XiANCAfiTEB. 

International  Aieodation  for  Promoting  the  Stvdy  of  Quotenuon* 
and  Allied  Syetenu  of  Mathematics,  Ballelin,  1901, 1903,  1908,  1910, 
X912. 
Lawkkncs. 

Eamae  Univertity  Quarterly,  Ser.  A,  Vote.  9-10  (1900--1901). 

Eanea*  Univereity  Science  Bulletin,  Vote.  1-S  (190S-1911). 
Leohobm. 

Periodica  di  Maiematica,  Ser.  1,  Vote.  6-11;  Ser.  2,  Vols.  12-18; 
Ser.  3,  Vote.  19-27  (1888-1912). 

StifpUmento  al  Feriodico  di  Matematica,  Vols.  2-15  (1898-1912). 
Lsip/jo. 

Archiv  der  Mathematik  un^  PhyeQc,  Ser.  3,  Vote.  1-19  (1901- 
1912). 

BiUiotheca  Mathemaliea,  Ser.  2,  Vote.  1-13;  Ser.  3,  Tote.  1-18 
< 1887-1 9J2). 

Jahreeberieht  der  Deutichen  Mathematiker-Vereinigung,  Tote. 
I-IO;  New  Ser.,  Voli.  11-20  (2  gets,  except  Vote.  1-4,  10)  (1890- 
1911);  Ergdnemigabatide  2,  4,  (1908-lBlO). 

Mathematitehe  Annalen,  Vote.  41-43,  45-72  (1893-1912). 

Mathematitche  und  naturwiMentehaftliehe  Beriehte  au*  Ungan, 
Vote.  1-25  (1882-1910). 

Mittheilangen  der  mathematitchen  GeeelUchaft  in  HambMrg,  Tote. 
2-i  (1890-1910). 

Siichsitche  Geielltehaft  der  Witieniehaften.  math.-phyi.  CUute, 
Abhandlungen,  Vote.  25-31  (1899-1909);  Berichte,  Vote.  45-63 
(1893-1911). 

Zeitichrift  fiir  Mathematik  und  Phyaik,  Vote.  44-flO  (1899-1918). 

Zeitechrift  fiir  mathematitchen  ttnd  naturv\»»e»tchaftK«hen  VMer- 
Tieht,  Vols.  23-29  (1892-1898). 
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SevetnkoGeieUtchaft    der    WUtensehafteH,    ChroniJc,    1904-1910. 
SammeUchrift,    matKematitdh-naUiTuiittemekaftliehe   Section,   Vola. 
e-14  (1903-1910). 
LtcK  Obsebvatoby,  Mt.  Haiciltok. 

Liek  Obtervatory  Contribvtiotu,  Vols.  3-5  (1893-1895) ;  Publiea- 
turns.  Vole.  1-6,  10  (18«7-1B07). 

LitOK. 

Mitnoire*  d«  la  Soeittt  Sogalt  det  Soiencet  de  Liige,  Ser.  2,  Vols. 
19-20;  Ser.  3,  Vols.  1-9  (1897-1912). 
Lima. 

Bevuta  de  Ciendai,  Vols.  1-14   (1838-1911). 
LivoRS'o.    See  Leghorn. 

LOKDOK. 

Brituh  Atiociation  for  the  Advancement  of  Science,  Ihporta, 
1859-1861,  1S63,  1865. 

Educational  Times,  Vols.  50-64   (1897-1911), 

Gentleman's  Diary,  1815-1818. 

Ladiet'  Diary,  1815-1835,  1837-1840. 

Jonmal  of  the  Institute  of  Actuaries,  Vols.  35-46  (1901-1912). 

London  Malhematical  Society,  Proceedings,  Vols.  1-35  (1865- 
1903);  Ser.  2,  Vols.  1-10  (1903-1912);  Index,  Vols.  1-30.  List  of 
Members,  1865-1899,  1901,  1903-1907. 

Mathematical  Gasette,  Vols.  1-5  (1SB6-1911). 

Messenger  of  Mathematics,  Vols.  1-5  (1862-1871);  New  Series, 
Vols.  1,  3-9,  24-^1   (1873-1912). 

Penny  Cyclvpaedia,  Vols,  1-27  (1833-1846);  Supplement,  Vols. 
1-2. 

Quarterly  Journal  of  Pure  and  Applied  Mathematics,  Vols.  1-20, 
22-28,  31-43   (1857-1912). 

Eoyal  Society,  Philoiophicdl  Traneactions,  Ser.  A,  Vote.  192-^11 
(1889-1912);  Proceedings,  Ser.  A,  Vote.  62-86   (1898-1912);   Tear 
Book,  Vols.  1-2  (1896-1898). 
LnzBUBURO. 

Institut   Grand-Dvcal,  Publication*   {Section  des   Sciences  nalw- 
elles  et  mathimatiqiies)    Vols.  3-9,  15,  17-21,  23-27  (1865-1904); 
Archives  trimestrieUes,  Vols.  1-4  (1906-1909). 
Maskas. 

Journal  of  the  Indian  Mathematical  Club,  Vola.  1-3  (1909-19)1). 
Madrid. 

Archivo  de  matematicas,  1896-1897   (last). 

Seal  Academia  de  Cieneias,  Memorias,  Vote.  14,  20,  22-26  (1890- 
1908);  Beviata,  Vola.  1^10  (1904-1912), 

Sociedad  Mat4matiea  Espanola,  Eevista,  Vol,  1   (1911). 
Uanchbsteb. 

Memoir*  and  Proceedings  of  the  Manchester  Literary  and  Philo- 
lophical  Society,  Vols,  37-55  (1892-1911). 
Marseilles. 

Annates  de  la  Faculli  des  Sciences  de  Marseilles,  Vols.   11-20 
(1901-1911). 
Mexico. 

Memorias  y  Siviita  de  la  Sociedad  Cimtifiea  Antonio  Aleate, 
Vote.  2-29  (1888-1910). 
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Milan. 

dnnali  di  Uatematka  pura  cd  appHcata,  Ser.  2,  Vol.  3  (1869); 
8er.  3,  Vols.  1-18   (1898-1B12);  General  Index,  1850-189T. 

Settle  Iitituto  Lombardo  d\  Sdenze  «  LeXtere,  Bendieonti,  Ser.  S, 
VolB.  33-44  (1900-1912);  Memoir*,  Vole.  18-20  (1900-1908). 

UODIMA. 

Segia  AecademUt  dt  Sderue,  Lettere,  ei  Arti,  Xenorie,  Ber.  8, 
Tols.  1-9  (1898-1910). 

MOHTFELLIER. 

Aeadimie  des  Soiettoet  et  Lettret  de  MontpeUier,  SeetUm  dei 
8oieitee$,  Mtmoirei,  Ser.  2,  Vols.  1-3  (1893-1908) ;  B%lUtin  Me»- 
mUl,  Vols.  1-3  (1909-1911). 
Moscow. 

Traniaetiont  of  tA«  Maihematieai  Society  of  iloicow,  Vola.  1-87 
(1S66-1911);  Index,  Tola.  1-15. 

Vnivertity   of   Motcote,  PhyticoMathematuial   Oatette,   VoU.   1. 
4-11,  13-27  (1880-1912). 
UOKIGH. 

EochsotMl-Naelirtchtm,  Vol.  13  (1902-1903). 

Kgt.  Bat/eritoh«  AkademU  der  WUteniehaften,  MatK-Phy*.  KJaiae, 
AbharuBungon,  Vok.  14-24   (1881-1909);  SxteimgAenehte.  Math.- 
Phy«.  KUme,  lSSl-1911;  InhalUverieichnig  IS71-1SSS;   Almaaaeli, 
1909. 
Nangt. 

8fhinx-(Edipt,  Vela.  1-6  (1908-1911). 
NAnzB. 

Aooademia  delle  Seienie  fttich«  e  matematiche  di  NapoU,  AIti, 
Ser.  2,  VoU.  8-14   (1899-1910);  Btndiconti,  Vola.  34-50   (1895- 
1911);  Indjce  generals  dei  Lavori,  173T-1903. 
Nbw  Yokk. 

Aetuarial  Society  of  America,  Papers  and  Transactiont,  Vols.  1-12 
(18SS-1911).     List  of  Members,  ISll. 

American  Mathematical  SooUty,  BulleUn,  Vols.  1-18  (1894-1912), 
General  Index,  1891-1904;  Tranmivtiont,  Vola.  1-12  (1900-1911) 
(2  satB),  Indexe^  Vole.  1-5,  1-10;  Annaal  Begitter,  1891-1906. 

American  Society  of  Civfi  Engineers,  TTOKtactiOTa,  Volt.  65-74 
(1905-1911);  Proceedingt,  Vols.  32^83   (1906-1907). 

Auoeiation  of  Teachers  of  Mathematici  in  the  Middle  Statea  and 
UaryUiTid,  Biilletin,  Vols.  1-^   (1904-1906). 

Neto  Tork  Mathematical  Society,  BuIMin,  Vols.  1-3  (1891-1894) 
(2  sets). 

Fhytieal  Sevievt,  Vols,  lB-35   (1903-1912). 

Science,  New  Ser.,  Vols.  1-35  (18B5-1912). 

NOKTBFIXLl). 

Attronomy  arid  Attrophyties,  1892-1894. 

Popular  Astronomy,  Vols.  10-20  (1902-1912). 
Odissa. 

Sooiety  of  Naturalitte  of  New  Bnitia,  Mathematical  Section, 
Zapitki,  Vols.  7,  16,  19-20,  25-29,  34-36  (1886-1911);  Index,  Vola. 
1-30. 

Vie$tn\k  Opytnoy  Fitiki,  Vols.  24-25. 
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Palibko. 

Aeeademia  di  ScUrue,  Letters  e  belle  Arti  di  Palermo,  Atti,  Bcr. 
8,  Vols.  1-9  (1891-1912). 

11  Pitagora,  Vols.  2-18  (1896-1912). 

Bendiconti  del  Cireolo  matematieo  dt  Falermo,  Vols.  1-34   (1884- 
1912);  Arnmario,  1898,  1900,  1904-lBlO;  ladici  deUe  Publicazione, 
1884-1B09,  1887-1011. 
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Acadimie  de»  Sciences,  Comptei  rendui.  Vols.  1-65, 136-153  (1S37- 
1911).      . 

Bulletin  de$  Seieneea  math^matiquea,  phyiiguei  et  chimigitet,  Tola. 
1-16  (1824-1831). 

iCuUetin  del  kdeneet  matMmatiqtiet  et  phyiiquel  4llmentaire*, 
Tola.  1-10  (1895-1804). 

Bulletin  deg  Bcieneei  mathimatiqvet,  Voli.  1-31;  Ser.  2,  Vola.  1-S, 
27-35  (1S70-1911);  General  Index,  1877-1906. 

Bvllelin  de  la  SociMi  matMnuiiique  de  France,  Vols.  1-30  (1872- 
1011). 

Bulletin  de  la  Soeiiti  phUomathique  de  Parit,  Ser.  9  Vols.  1-10; 
Ber.  10,  Vols.  1-3  (1898-lSlI). 

Bareau  det  Longitude*,  Annuaire,  1903-1906,  IB08-1913. 

Ecole  Folylechnique,  Journal,  Cabiers  3-5,  7-9  11-14,  16-18, 
20-64;  Ser.  2,  Cahiera  1-16  (17B5-1S12). 

iiwtitul  Catholique,  Bevue,  Vols.  7-14  (1902-190B)  (lut);  Bulle- 
tin. Vols.  1-2   (1910-1911). 

Journal  de  ilatb^matiquei  Elemenlairet,  Vols.  8-21   (1883-1897). 

Journal  de  Math&matiqixe*  purei  et  appliquiei,  Ser.  S,  Vols.  1-6, 
8-10   (1895-1B04);   Ser.  6,  Vols.  1-7   (1005-1911). 

L'Edueation  matMmatique,  Vols.  5-14   (1903-1912). 

L'Eneeignement  mathimatique,  VoU.  4-13   (1902-1011). 

L'Infermidiare  dee  Math^aticient,  Vols.  1-18  (1804-1911). 

Nouvellee  Annates  de  Mathematiques,  Ser.  1,  Vols.  1-20  (1842- 
1861);  Ser.  2,  Vols.  1-18  (1862-1879);  8er.  4,  Vols.  3-11  (1903- 
1011). 

Bevut  ginirale  det  Sciencei,  Vols.  13-22  (1902-1911). 

Sevue  de  MathSnatiquea  spicialei,  Vols.  1-3,  4„  7-8  (1890-1906). 
Philadelphia. 

American  Philotophicai  Society,  Proceedings,  Vols.  2B-50  (1891- 
1911);  Trantiwtione,  Vols.  20-21  (1902-1B08);  List  of  Surviving 
Members,   1802. 

Universit}/  of  PenHgylvania,  Publieatione,  Mathematicg,  Nor    ''  " 
(1807-1905). 
Pisa. 

Scuola  normale  euperiore,  Annali,  Vols.  1-12  (1871-1912). 

PBAOUE. 

Casopie  pro  piatovini  mathematiliy  a  fytiley  (Journal  of  i 
matica  and  Pkyeici),  Vols.  21,  23-25,  27-39  (1892-1910);  ] 
Vols.  1-30. 

Jednota  ieikych  Mathematiici  Shomik,  Vols.  1-11  (1898-1 
(See  Books  othbb  than  Jocbnals,  under  Pkaoue.) 

Ceakd  Akademie  Cisare  Prantiika  Joeefa  pro  Vedy,  Slovt 
a  VmSni  (Prancw  Joaeph  Bohemian  Academy  of  Soieneei,  L 
ture  and  Art).  Sotpravy  (The  memoirs  relating  to  mathei: 
only),  Vols.  1-20  (1891-1B12). 
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